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July 8, 2008

Abstract

The rotated multiplier method is performed in the case of the boundary stabilization of the
wave equation by means of a (linear or non-linear) Neumann feedback. This method leads to new
geometrical cases concerning the ”active” part of the boundary where the feedback is applied. Due to
mixed boundary conditions, these cases generate singularities. Under a simple geometrical condition
concerning the orientation of the boundary, we obtain a stabilization result in both cases.

Introduction

In this paper we are concerned with the stabilization of the wave equation in a multi-dimensional body
by using a feedback law given by some part of the boundary of the spacial domain and some function
defined on this part. The problem can be written as follows

v —Au=0 in QxR

u=20 on 0Qp x R,
o,u=F on QN x R,
u(0) = uo in Q,
u'(0) = uq in Q,

where we denote by v/, v”, Au and 9, u the first time-derivative of u, the second time-derivative of the
scalar function u, the standard Laplacian of u and the normal outward derivative of u on 92, respectively;
(0Qp, 00Np) is a partition of 9Q and F' is the feedback function which may depend on the state(u,u’),
the position z and time t.

Our purpose here is to choose the feedback law, that is to say the feedback function I’ and the “active”
part of the boundary, 0Qy, so that for every initial data, the energy function

Blut) = 5 [ (W0F + 1Vu(P) do.

is decreasing with respect to time ¢, and vanishes as t — oo.
Formally, we can write the time derivative of E as follows

E'(u,t) = Fu'do,
0N

and F is non-increasing if Fu’ < 0 on 9.
Thanks to the multiplier method introduced by L.F. Ho [12] in the framework of Hilbert Uniqueness
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2 Stabilization and rotated multiplier method

Method [I1], it can be shown that the energy function is uniformly decreasing as time t tends to oo,
under suitable assumptions.
In this method, one chooses some vector field  — m(z) =  — zp and

Ny ={z€dQ/m(x)vix) >0}, F=—(mvW,

where v is the normal unit vector pointing outward of 2.

This method has been performed by many authors, especially by Komornik and Zuazua [I0]. Following [7],
Bey, Lohéac and Moussaoui obtained in [4] similar results under weaker geometrical conditions concerning
the interface I' = 0Qx N O0Np. We here extend the above result for rotated multipliers introduced by

Osses [15] [16].

1 Notations and main results
Let Q be a bounded open connected set of R™(n > 2) such that
0S) is C? in the sense of Necas [I4]. (1)

Let z¢ be a fixed point in R™. We denote by I the n x n identity matrix, by A a real n x n skew-symmetric
matrix and by d a positive real number such that d? + ||A||?> = 1. We now define the following vector
function:

Ve e R", m(z) = (dl + A)(x — xg).

We consider a partition (0Qy,9Qp) of 9 such that
I' =0Qp NNy is a C3-manifold of dimension n — 2,
m.av=0onT, 2)

IQNw is a C3-manifold of dimension n — 1,
H=1(60p) > 0,

where w is a suitable neighborhood of I and H"~! denotes the usual n— 1-dimensional Hausdorff measure.
Let ¢ : R — R be a measurable function such that

g is non-decreasing, and 3K > 0; |g(s)| < K|s] a.e.. (3)

Let us now consider the following wave problem

u' —Au=0 in Q x RY,

u=20 on 0fdp x R7,
(S)¢ dyu=—(mr)g(v') on QN x RY,

u(0) = uo in Q,

u (0) =wy in Q,

for some initial data
(uo,u1) € HH(Q) x L*(Q) :=H

with H5(Q) = {v € H}(Q); v =0 on 0Qp}.
This problem is well-posed in this space. Indeed, following Komornik [9], we define the non-linear operator
Aon H by

A(u,v) = (—v, —Au),
D(A) = {(u,v) € H5(Q) x HH(Q); Au € L*(Q) and d,u = —(m.v)g(v) on IQn},

so that () can be written in the form

It is classical that 4 is a maximal-monotone operator on H and that D(A) is dense in H for the usual
norm. Following Brézis [I], we can deduce that for any initial data (ug,v9) € D(A) there is a unique
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strong solution (u, v) such that u € WH>°(R; Hf,(2)) and Au € L*°(R; L?*(Q)). Moreover, for two initial
data, the corresponding solutions satisfy:
Ve >0, [(u'(8), 01 (1) = (@), v* )1 < Il(ug,vo) — (ug, v5)|m -
Using the density of D(A), one can extend the map:
(uo,v0) F— (u(t),v(t))
DA — H

to a strongly continuous semi-group of contractions (S(t))¢>o and define for (ug, vo) € H the weak solution
(u(t),u'(t)) = S(t)(ug,u1) with the regularity u € C(R,; HL(2)) N CH(Ry;L3(€)). We hence define the
energy function of solutions by:

E(u,0) :%/Q(|u1|2+ Vuol?) dz,  E(u,t) = %/Q(|u’(t)|2+ Vu(t)R)dz if t > 0.

In order to get stabilization results, we need further assumptions concerning the feedback function g
Ip>1, k>0, |g(s)]>kmin{|s| [s[’}, a.e.. (4)
Concerning the boundary we assume
NN C {x € 9Q, m(z).v(x) >0}, 00p C {z € I, m(x).v(z) <0}, (5)
and the additional geometric assumption
m.7 <0 onl, (6)

where 7(x) is the normal unit vector pointing outward of 9Qy at a point x € T' when considering 09y
as a sub-manifold of 9f).

Remark 1 [t is worth observing that it is not necessary to assume that
H ({x € 0Qn; m(x).v(z) > 0}) > 0.

to get stabilization. In fact, our choices of m imply such properties (see examples in Section 4) whether
the energy tends to zero.

Following [12], Rellich type relation [I7] is useful in control of the wave problem. Then, Komornik and
Zuazua [I0] have shown how these relations can also help us to stabilize the wave problem, but failed to
generalize it in higher dimension than 3. The key-problem was to show the existence of a decomposition
in regular and singular part ([0} [§]) which can apply to stabilization problems or control problems in any
dimension. The first results towards this direction are due to Moussaoui [I3], and Bey-Lohéac-Moussaoui
[4] who also have established a Rellich type relation in any dimension. In this new case of Neumann
feedback introduced by Osses [15] [I6], our goal is then to generalize those Rellich’s relations to get
stabilization results about (5). This will lead us to get a stabilization result under (&), ().

As well as in [9], we shall prove here two results of uniform boundary stabilization.

Exponential boundary stabilization

We here consider the case when p =1 in (). This is satisfied when g is linear:
da >0 : VseR, g(s)=as.

In these cases, the energy function is exponentially decreasing.

Theorem 1 Assume that geometrical conditions @), [@) hold and that the feedback function g satisfies

@) and @) with p = 1.
Then under the further geometrical assumption (), there exist C' > 0 and T > 0 (independent of d) such
that for all initial data in H, the energy of the solution u of satisfies

T d
Vit > 7 E(u,t) < E(u,0) exp(l - Et) .

The above constants C and T depend only on the geometry.
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Rational boundary stabilization

We here consider the general case and we get rational boundary stabilization.

Theorem 2 Assume that geometrical conditions @), [@) hold and that the feedback function g satisfies

@) and @) with p > 1.
Then under the further geometrical assumption ([Ol), there exist C' > 0 and T > 0 (independent of d) such
that for all initial data in H, the energy of the solution u of satisfies

T
V> =, E(u,t) < Ct¥=Y

where C' depends on the initial energy E(u,0).

Remark 2 Taking advantage of the works of Banasiak-Roach [2] who generalized Grisvard’s results [G]]
in the piecewise reqular case, we will see that Theorems[dl and [2 remain true in the bi-dimensional case
when assumption (@) is replaced by following one

00 is a curvilinear polygon of class C?, (7)
each component of O\ T is a C2-manifold of dimension 1,

and when condition ([B)) is replaced by
Veel, 0<w, <7 and, if w, =m, m(z).7(z) <0. (8)
where w, is the angle at the boundary in the point x.

These two results are obtained by estimating some integral of the energy function as well as in [9]. This
specific estimates are obtained thanks to an adapted Rellich relation.

Hence, this paper is composed of two sections. In the first one we build convenient Rellich relations and
in the second one we use it to prove Theorems [I] and

2 Rellich’s relation

2.1 A regular case

We can easily build a Rellich relation corresponding to the above vector field m when considered functions
are smooth enough.

Proposition 3 Assume that Q is an open set of R™ with boundary of class C? in the sense of Necas. If
u belongs to H?(Q) then

2/ Au(m.Vu)de =d(n — 2)/ |Vul? do + / (20,u (m.Vu) — (m.v) [Vul?) do .
Q Q o0
Proof. Using Green-Riemann identity we get
2/ Au(m.Vu)dx = / 20,u(m.Vu)do — 2/ Vu.V(m.Vu)dz.
Q. 9. Q.
So, observing that

1
Vu.V(m.Vu)) = (D*u)(m, Vu) + (dVu + AVu).Vu = 5m.V(|Vu|2) +d|Vul? + AVu.Vu

(D?u is the Hessian matrix of u) and since A is skew-symmetric, we get
2/ Au(m.Vu)dx = / 20,u(m.Vu)do — 2d/ |Vul? de — / m.V(|Vu|?) dz.
Q. 0. Qe Q.

With another use of Green-Riemann formula, we obtain the required result for div(m) =nd. m
We will now try to extend this result to the case of an element u belonging less regular when €2 is smooth
enough.



Cornilleau, Lohéac, Osses 5

2.2 Bi-dimensional case

We begin by the plane case. It is the simplest case from the point of view of singularity theory and its
understanding dates from Shamir [I§].

Theorem 4 Assume n = 2. Under geometrical conditions @) and (@), let u € H' () such that
Au€L2(Q), upo, € H¥2(00n), 9,190, € H/2(00N). (9)

Then 20,u(m.Vu) — (m.v)|Vu|?> € L1(0Q) and there exist some coefficients (cy)zer such that

2/QAu(m.Vu) dx = /QQ(2&,u(m.Vu) — (m.v)|Vul?) do + 1 Z 2 (m.1)(x).

z€l /=7

Proof. We first begin by some general considerations which will be used in the general case too. It is a
classical result that u € H?(w) for every open domain w such that w € Q\I'. For sake of completeness,
let us recall the proof.

A trace result shows that there exists ur € H?(w) such that ug = v on dQp and d,ur = d,u on I
Hence, setting f = Aug — Au € L2(2), us = u — up satisfies

—Aug =f inQ,
ug =0 on 9p, (10)
d,ug =0 on 0.

Now, if w € Q\I'U9Qp and & is a cut-off function such that £ = 1 on w and supp(§) C €, then, for a
suitable g € L2(Q), u,, = us¢ satisfies the Dirichlet problem

Au, =g on,
Uy, =0 on 0,

and using classical method of difference quotients ([]), one can now conclude that u,, € H?(Q), hence
ug € H2(w). Else, if w € Q\I'U dQy, and £ is a cut-off function such that £ =1 on w and supp(&) C Q,
then, for a suitable g € L2(Q), u, = us¢ satisfies the Neumann problem

—Auy, +uy, =g on ),
dyu, =0 on 0€,

and, using similar argument, one gets ug € H?(w).
Let Q. = {z € Q; d(z,T') > £}. By compactness of ., we get u € H?({2.). An application of Proposition
to our particular situation gives us the following relation

2/ Au(m.Vu)dx = / (20,u(m.Vu) — (m.v)|Vul?) do
Q. 9.
and we will try to let ¢ — 0. Using derivative with respect to v and 7, we get

2/95 Au(m.Vu)dx = /BQE (m.v) ((8yu)?® — (0ru)?) do + 2/ (m.7)(0yu)(0-u) do.

0.

First, since Au € L?(Q) and u € H' (), Lebesgue’s dominated convergence theorem immediately gives

lim Au(m.Vu)dx = / Au(m.Vu) dx
e—0 0. O

Now, we work on boundary terms. We shall introduce the following partition of 92.: let 9. = 9Q. NI,
00 = 0Q. N Q. and a decomposition result.

We use a decomposition result due to Banasiak and Roach [2]: every variational solution of (I0) can be
split as a sum of singular functions. There exists some coefficients (¢, )zer and ug € H?(Q) such that

u:uR+Zch§ =:UR + ug (11)
zel



6 Stabilization and rotated multiplier method

where Ug are singular functions which, in some neighborhood of z € I', are defined in local polar
coordinates by:
0).

UE(r,8) = p(r)r 7= sin( 5~
Wy

with p some cut-off function(see Fig. 1). _
Using the density of C1(2) in H(Q), we will be able to assume that ur € C*(). Let us look at boundary

terms on 0. first. We claim first that for some constant C' > 0 ,
|m.v| < Cd(.,T).
In fact, if x € Q and 21 € I which satisfies |[z— z1| = d(z,T"), one gets:
m.v(x) =m(z).(v(x) —v(r1)) + (m(x) —m(z1)).v(r1) (observe that m.v(xy) =0).

Hence, using the fact that v is a piecewise C'! function (see Fig. 2), we get

Im.v(2)] < ([[mlocllv'lloc + Dd(,T).
Now, working in local coordinates, one gets

d(z,T)|Vul* € L= (09).

Hence Lebesgue theorem implies

lim (m.v) ((Oyu)? — (0-u)?) do = / (m.v) ((0,u)* — (0-u)?) do.

=0 /0. o0

On the other hand, assumptions (@) give d,u € H'/2(0Qx), d;u € H/2(0Qy) and
o,u € H*1/2(6QD), O-u € Hl/g(aQD). Hence we get

/ (7Y (Do) (D)o — | (mor) (Do) (Do) dor
00

[2}9]

Now, we have to consider the boundary term on 09QF, I.(Vu). This quadratic form in Vu can be
decomposed using () in
IE(VUR) + ZJE(VUR, VUS) + IE(V’LLS),

where J; is the corresponding bilinear form.
Concerning I.(Vug), regularity of m gives the estimate

L (Vun)| < c/ Vur|? do
o9

This term is then an O(e) since Vup is bounded on .
For the term I.(Vug), we first note that, adjusting the cut-off functions, the supports of % and u¥ are
disjoint. Hence, using decomposition ([II), we can write

I.(Vug) = Z ci/ (20,uE(m.Vug) — (m.v)|Vug|*)do.
C.(z)

zel

If w, <, one has
20,u%(m.Vul) — (m.v)|Vug|> = O(e== ~2) on C.(z).
Hence, after integrating on C.(z), we get lim._,o IT(e) = 0.

If w, = m, we will need the following identity

1
20,uE(m.Vug) — (m.v)|Vu§|* = 4—€m.7(x) on Ce(x).

If we observe that C.(x) behaves as a half-circle when € — 0, an integration gives

lir% (2(v.Vug)(m.Vug) — (m.v)|Vu§|*)do = %m(x)T(a:)
e— C.(z)
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00N

p

Figure 1: Shape of the boundary near an angular point x.

00y

Figure 2: Unit vectors v(z), 7(z), v(y) and 7(y) when 0Q is regular at x.

Finally, the bilinear term J.(Vug, Vug) can be written entirely

Oyur(m.Vug) do + Oyus(m.Vug)do — / (m.v)Vug.Vug do.
oz a0z oz

Using the regularity of m and Cauchy-Schwarz inequality, we get an estimate of the form
1/2 1/2
1] (Vun, Vug)| < c(/ [Vug|do ) (/ VusPdo)
oQ: o0

We have seen that the first term in this inequality vanishes when € — 0. For the other term, we now
observe that, if € is small enough

o0 = | | C.w)

zel

where C¢(x) is an arc of circle of radius ¢ centered in z. Then, we may write

|Vug|* do < 2 02/ |VUY|? do.
/69; 2. cw)

x,yel’

A similar computation shows that, for z € T', / |VU%|*do = O(1). Moreover, if x # y, U4 is bounded
Ce(x)

near x, we get / |VU%|?do = O(e). This completes the proof. m

s(w

Remark 3 The assumption H(0Qp) > 0 is not necessary in the above proof. We will now see why we
need this assumption on the Dirichlet part in higher dimension.
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2.3 General case
We now state the result in general dimension.

Theorem 5 Assume n > 3. Under geometrical conditions @) and @), let u € H'(Q) such that
AueL*(Q), wuspq, € H/?(00), dyussa, € H/*(00N). (12)

Then, 20,u(m.Vu) — (m.v)|Vu|? € LY(9Q) and there exists ¢ € HY/2(T') such that:

Z/QAu(m.Vu)dx:d(n—Z)/Q|Vu|2da:+/ag(23l,u(m.Vu)—(m.y)|Vu|2)da+/F(m.7')|C|2d’y.

Proof. We will essentially follow [4]. As in the plane case, we let Q. = {x € Q; d(2,T') > ¢}. For any
given € > 0, we have the identity of Proposition [3]

/ Au(m.Vu)dz = d(n — 2)/ |Vu|? da +/ (20,u(m.Vu) — (m.v)|Vu|?) do

€ =

and we will again analyze the behavior of each term as e — 0.
First, since Au € L2(Q) and u € H!(Q), Lebesgue’s dominated convergence immediately gives

lim Au(m.Vu) dx—/AumVu dzx, lim |Vu|2dx:/ |Vul|? dz.
e—0 Q. e—0 0. Q

Next, we will work on boundary terms.

o

€

%

Figure 3: Picture of 9§} and 0.

We define again 0. = 09. N 9N and o = 00, N (see Fig. 3). As well as in the plane case, there
exists some constant C' > 0 such that |m.v| < Cd(.,I'). Thus, using the fact that

d(.,T)|Vu|* € L} (99)

(see [4], Proposition 3), we can use again Lebesgue’s theorem to conclude that, as e — 0,

/ (m.l/)|Vu|2dU—>/ (m.v)|Vul?do.
. a0

For the second integral, defining Vg as the gradient of derivatives along OS2, we write that

dyu (m.Vu) = (m.v) |d,ul* + d,u (m.Vaqu).
The first term is integrable. The second one is, on 9y, the product of a H'/? term by a H='/2 one and,
on N p, the product of a a H~1/2 term by a H'/? one. Hence, Lebesgue’s theorem gives again, as ¢ — 0,

_ dyu(m.Vu)do — dyu(m.Vu)do.
9. o)
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Now, we consider the terms on 0Q%. We assume that € < g and we define: w,, := Q\Q,,. Now, as well
as in the plane case, we can write
u=upr+usg (13)

where ug is the variational solution of some homogeneous mixed boundary problem and ug belongs
to H?*(we,). Working by approximation if necessary, we can suppose that up € C!(wgz,). Consid-
ering the same quadratic form as in the bi-dimensional case, this leads to the following splitting of

/ (20,u(m.Vu) — (m.v)|Vu|?)do:
Ok

IE(VUR) + IE(VUS) + QJE(VUR, VUS).

Sice Vur € L®(we,) and H""1(9QF) — 0 as ¢ — 0, it is obvious that the first term I.(Vug) tends to
zZero.
The bilinear term J.(Vug, Vug) is, as above,

Oyur(m.Vug)do + Oyus(m.Vur)do —/ (m.v)Vug.Vugdo.
oQx o0 oQx
Using the regularity of m and Cauchy-Schwarz inequality, we get an estimate of the form

|Je(Vur, Vugs)| < C(/

1/2 1/2
|Vug|? do) (/ |Vug|? do) (14)
o0 o0z

As above, it is clear that the first term tends to zero as ¢ — 0. In order to analyze I.(Vug) we will need
further results.

To begin with, we shall use some definitions. Every z € 9Qf belongs to a unique plane z* + (7%, v*)
(setting: 7" = 7(2*), v* = v(z*)) and more precisely to an arc-circle Cz(z*) in this plane of center z* € T’
and of radius € (the figure is similar to Fig. 2 in the plane «* + (7*,v*) ). We define

D.(z") :=we N (x" + (77, 07)).

For any x € D, (z"), we separate the derivatives of v along the sub-manifold x—2*+4TI" with the co-normal
derivatives:
Vu(z) = Vru(x) + Vau(x), Vru(zr) € T,-T, Vau(z) € (t",v"). (15)

Using methods of difference quotients (see for instance [4], Theorem 4), one gets Vru € H!(w,,) i.e.
Vrus € H'(w.,). We will also need the following result concerning the behavior of boundary integrals

Lemma 6 Let gy > 0. Assume that u is such that w =0 on Ow., N Op,
Vaz* €T, wu(z*,.) € H(D,, (x%))

and
(5 = e, Y.y ey ) € LA(T).

Then there exists C' > 0 depending only on  such that, for any e sufficiently small,

(@, M2, e dy < Ce | Nul@®, )l o, ooy dry(@®).
r r

Proof of Lemma [l We begin by changing coordinates as well as in [4]. For every xf € T, there exists
po > 0, a C?diffeomorphism © from an open neighborhood W of zj to B(po) := B—2(po) x Ba(po) (see
Fig. 5) such that

O(zy) = 0,
oW nQ) = {ye€ B(po)yn >0},
oW noiQp) = {y€B(po);yn-1 >0,y =0},
OWNaQyN) = {y€ B(po);yn-1 <0,y = 0},
oW nr) = {y€ B(po);yn-1 =0,y =0} :=v(po).
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Figure 4: The set W.

Reducing ¢ if necessary, we may assume that D, (xf) C W. We then get, writing for x € W, O(x) =
(v',y) and v :=uo O~ L

/ (/ udé dm«* / / vdé@))
wnr N Ce(z*) ¥(r0) ()

Setting

B (p) :=={7 = (Yn—1,yn) € Bap);yn >0}, CF(p) :={¥ = Yn—1,yn) € 0Ba2(p); yn > 0},

we first observe that we can choose p,- such that {y'} x By (p) C ©(D.(z*)). Hence if we denote by w2
the projection on {Og»—2} x R?, the change of variables

Pri=p
151l
m(0(C:(x")) — C3(p)

Yy — z=

gives the estimate
[ e[ e (16)
O(Ce(z*)) c (p)

for a constant C' depending only on zj.
We will now estimate this latter integral in terms of ||V2U||L2({y,}xB;(p)). If v,(y) := v(y’,y), one gets

Vv, € L*(B5 (1)) and

HVUPHL2(B+(1 = ||V2U||L2 ({v'}xBT (p ||Up||L2 (chy) = P 5 ||U||L2({y IxCf(p)

Observing that v, = 0 on By "(1) := {(yn—1,yn) € By (1);yn > 0}, trace theorem and Poincaré’s
inequality give, for some universal constant C' > 0, the estimate

2(,./ 2
/ W ) S OOV g

Hence, thanks to (@), one gets

2
VUl 1y xBs (o))

/ 2y DdE) < Cpa-
O(Ce(z¥))

Observing that pz« is uniformly O(e) on W NI and the diffeomorphism O(z*,.) (see Fig. 6), we can
conclude that, for some constant C: depending only on g

/ Ry PdE) <
O(Cc(zx))

S OISE

( )”Hl(@ 1({y}><B+( 1)) |u(m*a')||12{1(Ds(x*))'

*
To
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s

Figure 5: The C%-diffeomorphism ©(z*,.) in the plane z* + (7%, v*).

Hence, after an integration on W NI

[ (] wdd)ara) < Cue [ uta oo, e dr(a)
wnr N Ce(ar) wnr

We finally complete the proof by using a partition of unity on the open sets (Wyz)zzer-
End of proof of Lemmald W
Let us come back to our problem. Using (1)) for ug, Pythagore’s theorem gives

/ |Vus|*do =/ |VFUS|2dU+/ |Vaus|*do.
a9z o9z o0z

Applying Lemmal[flto Vrug, we get that the first term vanishes as € — 0. As well as in the bi-dimensional
case, we will see that the second term above is bounded, using more information on ug.
Thanks to [4] (Theorem 4) and Borel-Lebesgue theorem, we may write

us(x) = n(a*)Us(z — ") := n(a")U§ (x) on we,, (17)

with Ug locally diffeomorphic to Shamir’s function, and € H'/?(I'). We then get, thanks to Fubini

theorem
| VausPdo = [aR( [ vaUg Pae) ane)
80; r CE(I*)

and, as well as in the bi-dimensional case, we show that this term is bounded by O(1) HnHiz(F). We have
now proven that the second term in ([I4) is bounded, that is

J:(Vugr) — 0 as e — 0.
To treat the last term I.(Vug), we will use the same tools as above. The splitting ([3) for ug gives us

IE(VUS) = IE(VQUS) + IE(VFUS) + QJE(VQUS, VFUS).

As above, the term I.(Vpug) is estimated by / |Vpus|2 do; it then vanishes for ¢ — 0. The bilinear
o9

([ stae) ([, orustan)™

it then tends to zero since the first term is bounded and the second one vanishes for ¢ — 0.
For the last term I.(Vaug), we use (7)) and Fubini’s theorem to write it

term is estimated by

/Fn(x*)z(/c - 2(v.VoUg )(m.VoUS ) — (m.v)|V2UE ?) dé) dy(z*).
We first work in the plane * + (7%, —*) and, as above, we get

lim 2. VoUZ Y (m.VoUZ') — (mv)|VoUS|2) de = %m(az*).r(x*).
e Ce(z*)
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Moreover, for any e > 0, this integral term on C.(2*) is dominated by Z|/m[/oc € L*(T'); so dominated
convergence theorem applies and finally

lim I.(Vaug) = Ul / n*m.rdy.
e—0 4 T

The proof is now complete with ¢ = @ n. W

We will now apply Rellich’s relation to the stabilization of solutions of (.5).

3 Proof of linear and non-linear stabilization
We begin by writing the following consequence of Section 2.

Corollary 7 Assume that t — (u(t),u(t)) is a strong solution of (S) and that the geometrical additional
assumption (@) if n >3 or @) if n = 2 holds, then, for every time t, u(t) satisfies

2/9Au(m.Vu) dx <d(n— 2)/Q |Vul? dx + /BQ(Z&,U(m.Vu) — (m.v)|Vul|?) do.

Proof. Indeed, under theses hypotheses, for each time ¢, (u(t),u'(t)) € D(A) so that u(t) satisfies (@) or
([I2). The corollary is then an application of Theorem @ or[ll m

We will be able to prove Theorems [ and ] showing that, for o = pT’ one can apply the following

result ([9]):

Proposition 8 Let ' : Ry — Ry a non-increasing function such that there exists « > 0 and C > 0
which fulfills

vt >0, / E“Tl(s)ds < CE(t).
t

Then, setting T = CE*(0), one gets
t
ifa=0, Yt>T, E(t)<E(0)exp <1 - T) ,

T+ T\ Y
T+ ot '

ifa>0, Vt>T, B(t)<E() <

We come back to our proof now.

Proof. Following [9 and [5], we will prove the estimates for (ug,u;) € D(A) which, using den-
sity of the domain, will be sufficient to get the result for all solutions.
Setting Mu = 2m.Vu + d(n — 1)u, we prove the following result.

Lemma 9 For any 0 < S < T < 00, one gets
T _ T _ T
2d/ EPTHdt < - [EpTl/ulMud:r} +p_1/ EpTgE' </ u'Mud:r) dt
s Q s 2 Js Q
o1 N2 2 ’
+ E (m.v)((u')” — |Vu|” — g(u')Mu) do | dt.
s 20N

Proof of Lemma 9l Using the fact that w is solution of (S) and noting that v’ Mu = (v'Mu)’ — v M/,
an integration by parts gives:

o
Il

T —
/ EPTI/(u" — Au)Mu dx dt
5 Q

{E”Tl/u’Mudm] —p—l/ BT E </ u'Mudm) dt—/ EpTl/(u'Mu'—l—AuMu) dz dt.
Q S 2 S Q S Q
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Corollary [Ml now gives
/ AuMudx < d(n — 1)/ Auudx 4 d(n — 2)/ |Vul? dx + / (20,u(m.Vu) — (m.v)|Vul?) do.
Q Q Q o0
hence, Green-Riemann formula leads to
/ AuMudx < —d/ |Vul? dz —|—/ (O, uMu — (m.v)|Vul?) do.
Q Q a0
Using boundary conditions and the fact that Vu = d,ur on 0Q2p, we then get

/ AuMudx < —d/ |Vul? dz —/ (m.v)(g(u/)Mu + |Vu|?) do.
Q Q 0N

On the other hand, using div(m) = nd, an other use of Green formula gives us

/u’Mu’dx: —d/(u/)zdﬂi—f-/ (m.v)|u'|* do.
Q Q 00N

End of proof of Lemmald. W
Coming back to our problem, Young inequality gives

|/ u' Mudz| < CE(t).
Q
Lemma [ shows that

p+1

T T
2d/ E"rdt < C(E%(T)JFET(S)HC/ E"Z E'dt
S S
T b1
+/ foa </ (mv) (W) — |Vul? — g(u)Mu) da) dt
S BQN

For simplicity, let do,, = (m.v)do. If we observe that E'(t) = —/ g(u ' do, <0, we get, for a
o2
constant C' > 0 independent of E(0) if p =1,

T T
Zd/ Bt < CB(S) +/ o </ (W) — |Vul? —g(u’)Mudam) dt.
S S 00N

Using the definition of Mwu and Young inequality, we get, for any € > 0,

T T 2 2
_ -1
Zd/ B dt < CE(S) +/ BT (/ <(u’)2 + <||m|zO + M) g(u')? + suQ) dam)dt.
s s 0N de
Now, using Poincaré inequality, we can choose € > 0 such that
5/ (m.v)u?do < é/ |Vul? de < dE,
00N 2 Ja
so we conclude
T ptl T p—1 2 72
d E=>dt<CE(S)+C E™= ((u)* + g(u')?) doy, )dt.
s s QN

We split Q0 to bound the last term of the above estimate

oY = {x € 00nN; W/ ()] > 1}, 00% = {x € 0Qn; |/ (2)] < 1}



14 Stabilization and rotated multiplier method

Using @) and (@), we get

/T B (/agl ((u’)2 —l—g(u’)Q) dom)dt < C/ST B (/BQN u'g(u’) dUm)dt < CE(S),

where C' neither depend on E(0) if p = 1.
On the other hand, using [@]), [@); Jensen inequality and boundedness of m, one successively obtains

pri
[ (@R g?) dow < € [ o) 20 do,, < € </ u’g<u'>d0m> < O(-F)7.
032, o

902, 032,

Hence, using Young inequality again, we get for every ¢ > 0

T —1 / / T pT_H / ’ pT-H
/S B (/MN () + gu')?) d0m> dtg/ (cE —C(g)E)dtgs/s B dt + C(e)B(S),

S

so finally, we get, for some C(¢) and C' independent of E(0) if p =1

T T
d/ E"* dt < C(e)E(S) + 50/ E"2 dt.
s s
. d .
Choosing now C' < ok theorems results from Proposition8l m

4 Examples and numerical results

4.1 Examples

We here consider the case when ) is a plane convex polygonal domain. The normal unit vector pointing
outward of ) is piecewise constant and the nature of boundary conditions involved by the multiplier
method can be determined on each edge, independently of other edges.

Along each edge, vector v is constant and the boundary conditions are defined by the sign of

m(x).v(x) = (Ro(x — x0)).v(z) = (x — x0).R_p(v(z)) .

Hence we build v, R_y(v) and we we can determine the sign of above coefficient with respect to the
position of . To this end, we construct two straight lines, orthogonal with respect to R_g(r) so that
each of them contains one vertex of the considered edge.

This determines a belt and if 2y belongs to this belt, we obtained mixed boundary conditions along this
edge, if o does not belong to this belt, then we get Dirichlet or Neumann boundary conditions along
whole the edge (see Figure 6).

/v /
/ /
R79<V) /
/ ~ O
/ 7
/ /

D /" ND 4 N
[ / e aalidaen
/ /

/ /
/ /

Figure 6: Boundary conditions along some edge depending on the position of xg.

Performing this method for a square, 2 = (0,1)%, we show in Figure 7 the different cases of boundary
conditions depending on the position of zy. Three main cases are considered

1. 0<b< T . above belts controlling opposite edges have a non-empty intersection, which is a belt

of positive thickness,
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2. 8 = — : this intersection is a straight line,

I

T T
3. 1 <f< 5 the intersection is empty.
The case when 6 is negative can be easily deduced by symmetry.

In the three above cases, there are four angular sectors (shaded areas in Figure 7) such that if 2y belongs
to one of them, then geometrical condition (@) is satisfied.

=l ewasnyits o1k Lo A
il A I

Figure 7: Shape of boundary data with respect to z¢ (from left to right, cases 1,2,3).

4.2 Numerical results
We perform numerical experiments by considering the following case

Q=(0,1)%, aQDz({o}x[0,%})u([0,1]x{0}), 0N =00\ 0Qp,

and using above vector field
m(z) = Ro(z — w0) .

We only consider the case of a linear feedback. Let us write down the problem.

u —Au=0, in Q@ xR%,
u=20, on dQp x R,
Ou=—(mwv)u', ondQy x RY,
u(0) = ugp , in Q,

u (0) = uq, in Q.

We will investigate cases when @ varies in [0, arctan(2)]. A particular case is given in Figure 8.

d c

0N

Figure 8: When z belongs to Dy, geometrical condition (@]) is satisfied at c.

Our aim here is to study numerically the variations of the speed of stabilization with respect to the
position of zy and the value of 6.
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To this end, we have built a finite differences scheme (in space). This leads to a linear second order
differential equation
U’"+BU +KU =0, (18)

where B is the feedback matrix and —K is the discretized Laplace operator.
This differential equation can be rewritten as follows

(0 )= (e 57) ()

and the energy function is approximated by 2((U KU)+ U1 = 5 (||VH2 + |U"1?) with V = K'/2U.

The decreasing rate is given by the highest eigenvalue of above matrix. Results of our computations are
shown in Figure 9 where we built the decreasing rate as a function depending on 6 and the position of
x( represented by the abscissa A along Dy.

0.07 ~
0.06
0.05

0.04

decreasing rate

0.03

theta lambda

Figure 9: Dependance of the decreasing rate with respect to 6, A.

It can be observed that in this case, the decreasing rate is increasing with 6 and the best position for xg
is the origin of half-line Dy.
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