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Boundary stabilization of the wave equations
by means of a rotated multiplier method.

Pierre Cornilleau, Jean-Pierre Lohéac and Axel Osses
Ecole Centrale de Lyon and Universidad de Chile

October 12, 2007

Abstract

The rotated multipliers method is performed in the case of the bound-
ary stabilization by means of a(linear or non-linear) Neumann feedback.
this method leads to new geometrical cases concerning the ”active” part
of the boundary where the feedback is apllied. Due to mixed boundary
conditions, these cases generate singularities. Under a simple geometrical
conditon concerning the orientation of boundary, we obtain a stabilization
result in both cases.

Introduction

Let © be a bounded open connected set of R™(n > 2) such that, in the sense
of Neéas([ﬂ]), its boundary 052 is of class C? if n > 3 or a curvilinear polygon
of class C? if n = 2. We define a partition of 09 in the following way. Let xq
be a fixed point in R™. Let us denote by I the n x n identity matrix, by A a
real n X n skew-symmetric matrix and by d a positive real numbersuch that:
d? + ||A||? = 1. We now define the following vector function:

Ve e R", m(x)= (dI + A)(x — zo).

(1)

Denoting by v(z) the normal unit vector poinitng outward of  at a point
x € 00 , we set:

My = {z € 9Q, m(x).v(z) >0}, INp = {x € 9N, m(zr).v(x) < 0},

and we suppose:

meas(9Qp) # 0, meas(Iy) # 0,
I'=00p NNy is a C3-manifold of dimension n — 2,

and, if n=2:

each component of IQ\T is a C2-manifold of dimension 1

(2)

(3)

(4)



or, if n > 3, for a suitable neighbourhood w of I':
INNw is a C3-manifold of dimension n — 1. (5)
Let g : R — R be a continuous non-decreasing function such that:
K >0; 0<g(s)s < Ks* ae. . (6)

Let us now consider the following wave problem:

u' —Au=0 in Q x RY,
u =0 on 0Qp x R,
dyu=—(mv)g(u') on 80y x RY, (7)
u(0) = u® in €,
u,(()) =yl n ),

where u/(resp. u) is the first (resp. second) time-derivative of u, 8,u =
Vu.v is the normal outward derivative of v on 912, and initial data satisfy:

(ug,u1) € HH(Q) x L*(Q) := H

with H},(Q2) = {v e HY(Q); v =0 on 0Qp}.
This problem is well-posed in this space. Indeed, following Komornik([ﬁ]), we
define the non-linear operator A4 on H by A(u,v) = (—v, —Au) on the domain:

D(A) = {(u,v) € HL(Q)xHEL(Q); Au € L*(Q) and d,u = —(m.v)g(v) on 90N},
so that (5) can be written in the form:

{ (u,v) + A(u,v) = 0;
(u,v)(0) = (ug, u1)-

It is classical that A is a maximal-monotone operator on H and that D(A) is

dense in H for the usual norm. Using the works of Brézis, we can deduce that
for any initial data (u®,v%) € D(A) there is a unique strong solution (u,v) such
that u € WhH°(Ry; HLH(Q)) and Au € L®(Ry; L*(Q)). Moreover, for two
initial datum, the corresponding solutions satisfy:

Vt >0, ||(ur(t), v1(8)) — (ua(t), v2(t))llm < [1(ul, v) — (w3, v3)llz -

Using the density of D(A), one can extend the map: (ug,u1) € D(A) —
(u(t),w'(t)) € H to a strongly continuous semi-group of contractions (S(t)):>0
and define for (u°,v°) € H the weak solution (u(t),v(t)) = S(t)(u®v°) with
the regularity u € C(R4; H5(Q))NCYH(Ry; L%(Q)).We hence define the energy
function of solutions by:

E(u 0) =3 Jo (|u1|2+ \Vuo|?)dz
t) =L (u ) + |Vu(t)|?)dz  ift>0.



Following Grisvard([f]), Rellich type relation([[[J]) is usefull in control of the
wave problem. Then, Komornik-Zuazua([ff]) have shown how these relations can
also help us to stabilize the wave problem, but failed to generalize it in higher
dimension than 3. The key-problem was to show the existence of a Grisvard-
like decomposition([f]) which can apply to stabilization problems or control
problems in any dimension. The first results towards this direction are due
to Moussaoui([ff]), and Bey-Lohéac-Moussaoui([ff)who also have established a
Rellich type relation in any dimension. In this new case of Neumann feedback
introduced by Osses([[L],[L1]), our goal is then to generalize those Rellich’s
relations to get stabilization results about (7).

Taking advantage of the works of Banasiak-Roach([l]) who generalized Gris-
vard’s results([d]), we will see that in the case of the plane we have such a re-
lation if the boundary is only piecewise differentiable, provided a condition on
the angle w, of I' at the point x:

Veel, 0<w, <wandifw, =m, m.7(z) <0 (8)

where 7(x) is the normal unit vector pointing outward of 9Qy at a point x € T’
when considering 0{2x as a sub-manifold of 9€2.

We will then show how to generalize the proof of Bey-Lohéac-Moussaoui([d])
to get a Rellich inequality in dimension n > 3 under the following simple geo-
metrical condition:

m.7 <0onT. 9)

2 Rellich’s relations

2.1 Plane case

Theorem 1 Assume n = 2. Under the hypotheses (1)— (4), and assuming that
Ve €T, 0 < w, <, let (u,v) € D(A). Then 20,u(m.Vu) — (m.v)|Vu|* €
LY(09Q) and there exists some coefficients (cz)zer such that:

4

T; We=T

Q/QAu(m.Vu)d:E:/(%Z(QGVu(m.Vu)—(m.y)|Vu|2)da+— Z c2(m.7)(x).

Proof. We first begin by some general considerations which will be used in the
general case two. Let (u,v) € D(A). Tt is a classical result that u € H?(w)
for every open domain w such that w € Q\I'.For sake of completeness,let us
recall the proof. Using (6), it is obvious that (m.v)g(v) € H2 (). A trace
result shows that there exists ug € H?(Q) such that ug = 0 on 99 and d,ur =
(m.v)g(v) on 0. So, letting f = Augr — Au € L*(Q), us = u — up satisfies:

—Aug = f in §,
usg =0 on 0 p,
d,us =0 on OQy.



Now, if w € Q\I'U 9Qp, and £ is a cut-off function so that £ = 1 on w and
supp(§) C Q then, for a suitable g € L?(Q), u, = usé is the solution of the
Dirichlet problem:

Au, =g on
U, =0 on 0f,

and using classical method of difference quotients(see [E]), one can now conclude
that u, € H2(2), so us € H?(w) . Else, if w € Q\I'U 0y, and € is a cut-off
function so that ¢ = 1 on w and supp(§) C Q then, for a suitable g € L2(f2),
u, = ug€ is the solution of the Neumann problem:

—Nug, +u, =9 onf,
Oyu, =0 on 09,

and, using the same argument, one has ug € H?(w) .Let Q. = {x € Q; d(x,T) >
e}. By compactness of Q., we have u € H?(f).), and in this case Rellich’s
relation is shorter.

Lemma 2 For any given € > 0, we have the following identity:
2/ Au(m.Vu)de = d(n—2)/ |Vu|2d:13—|—/ (20, u(m.Vu)—(m.v)|Vu|?*)do.
Q. Q Q.

€

Proof. Using Green-Riemann identity we get:

2 Au(m.Vu)dz:/

20,u(m.Vu)do — 2/ Vu.(m.Vu)dz.
Qe 0.

Qe

So, noting that Vu.(m.Vu) = D*u(m, Vu)+(dVu+AVu).Vu = im.V(|Vul?*)+
d|Vul? + AVu.Vu and using the fact that A is skew-symmetric:

2/ Au(m.Vu)dz:/ 28l,u(m.Vu)dJ—2d/
Q. 090,

|Vu|2dxf/ m.V(|Vul?)dz.
Qe Q.

With another use of Green-Riemann formula, we obtain the desired result for
divim) =nd. =
Coming back to our particular situation, we have the following relation:

2 [ Au(m.Vu)dx = / (20, u(m.Vu) — (m.v)|Vu|*)do

Q. 0.

and we will try to let € — 0. Using derivative with respect to v and 7, we have:

2/ Au(m.Vu)de = / (m.v) ((Byu)® — (0ru)?) d0+2/ (m.7)(0yu)(0ru)do.
Q. 89 89

Firstly, because Au € L*(Q2) and u € H'(Q2), Lebesgue’s dominated convergence

theorem immediatly gives:

lim [ Au(m.Vu)de = | Au(m.Vu)dx
=0Jq, Q



Now, we work on boundary terms. We shall need a partition of 9).: we define
0 = 00, N O, 00 = 00 NQ and a decomposition result. Banasiak and
Roach([]) have shown that, under the hypothesis (4), every variationnal solu-
tion of a mixed boundary value problem with smooth data does have a Grisvard-

like decomposition. Consequently, there exists some coefficients (¢;)zer and
ur € H?(Q) such that:
u= UR+ZCIU§ (10)
xzel

where u% singular functions of x € I' which, in a neighbourhood of z, are defined
in local coordinates by:

x T
§(r,0) = r2vs s ).
ug(r,0) =r s1n(2wm )
Using the density of C1(Q2) in H2(Q), we will be able to assume that ur € C*(Q).

Let’s look at bounday terms on 0f). first. We claim first that for some
constant C > 0 ,
|m.v| < Cd(.,T).

In fact, if x € Q and z1 € T which satisfies |[z— z1| = d(,T'), one has: m.v(z) =
m(z).(v(x)—v(z1))+(m(x)—m(z1)).v(x1) (note that m.v(x1) = 0); so using the
fact v is a piecewise C*function, we get: |m.v(x)| < (|[m]|col|V|loo + 1)d(z,T).
Now, working in local coordinates, one has:

d(z,T)|Vu|? € L>(09)
so Lebesgue’s dominated convergence theorem implies

iig(l) . (m.v) ((Opu)® — (8ru)?) do = /ém(m.u) ((8yu)? = (9-u)?) do.

On the otherhand, if we note that |(9,u)(8,u)| < C||ml|os(d(.,T)|Vu|?) |v|on
09, it is then obvious that:

/w (m.7)(0yu)(0ru)do — (m.7)(0yu)(0ru)do.
9. o9

Now, we have to consider boundary terms on 9€2f. We first note that, if ¢ is

sufficently small: 0Q} = H C.(x) with C.(x) an arc-circle centered in x and

zel
of radius e. We can then write

/ (20,u(m.Vu) — (m.v)|Vu|*)do = Z / (20,u(m.Vu) — (m.v)|Vu|*)do.
(2197 zel Ce(z)
So, using decomposition (10), the left term in this equality I.(u) can be split

: Ia(u):ZCiIf(E)+QZc$I§(5)+2 Z CICyIZ’y(g)

zel zel r#yel



with:

e = / (20,05 (m. VL) — (m.v)| Ve 2)do,
Ce(z)

e = /C O T ) — () (V. V),

I*Y(e) = /C()(Q&,Ug(m.Vug)—(m.u)(Vufg.Vug))da.

We will consider I () first. If w, < m, one has
20,u%(m.Vug) — (m.v)|[Vug|? = O(e == %) on C.(x),
so, after integrating on C.(x), we get lim._o IT () = 0.

If w, = m, we will need the following identity:

20,u%(m.Vug) — (m.w)|Vug|? = %Em.T(:E) on Ce(x).

If we note that C.(x) behaves like an half-circle when e — 0, an integration
brings

limO 2(v.Vug)(m.Vug) — (m.w)|Vug|?*do = %m(m)T(m)
e— C.(z)

Considering I5(¢) and I*¥(g) now, we have, thanks to Cauchy-Schwarz inequal-

ity, estimates of the form:
</ |VUR|2dO’>
Ce(z)

C (/ |Vu§|2da>
Ce(z)

or C (/ |Vu§|2d0> </ |Vug|2da>
C.(z) C.(x)

If we note that fCE(I) |Vug|?do = O(1) and Vug, Vuu are bounded near z,

we have then proved that these terms also tend to 0 when € — 0. The proof is
now complete. m

N[
N

1
2

2.2 General case

Theorem 3 Assume n > 3. Under the hypotheses (1) — (4), let (u,v) € D(A).

Then, 20,u(m.Vu) — (m.v)|Vul> € LY(0Q) and there exists ¢ € H*(T') such

that:

2/ Au(m.Vu)dr = d(n72)/ |Vu|2dx+/ (20, u(m.Vu) — (m.v)|Vu|*)do
Q Q 0

+ [[mrictan.



Proof. We will essentially follow Bey-Lohéac-Moussaoui([f]) for the proof of
this relation. As in the plane case, we let Q. = {x € Q; d(z,T') > €}. For any
given € > 0, we have the identity of lemma 2:

2/ Au(m.Vu)dz:d(n—Q)/ |Vu|2dz+/ (20, u(m.Vu)—(m.v)|Vu|*)do,
Qe Q. 0.

and we will again analyse the behaviour of each term as ¢ — 0.
Firstly, since Au € L*(Q) and u € H'(Q2), Lebesgue’s dominated conver-
gence immediatly gives

lim Au(m.Vu)de = [ Au(m.Vu)dx
=0 Jq, Q

and

lim |Vu|?de = / |Vu|*de.

e—0 Q. Q
Next, we will work on boundary terms. We define again 5\/95 = 00 N O and
0 = 00, N As in the plane case, there exists some constant C > 0 such
that [m.v| < Cd(.,T"). Thus, using the fact that d(.,I)|Vu|?> € L1(dQ)(see [{],
Proposition 3), we can use again Lebesgue’s theorem to conclude that, when
e — 0,

/\/ (m.v)|Vul>do H/ (m.v)|Vu|*do.
00, o2

For the second integral, if we note that
3

[0, u(m.Vu)| < (|(m.v)o*[m]|%[Vul*)? < Cllm|Z(d(.,T)|Vul*)2[0| on 02,

Lebesgue’s theorem gives again, when € — 0,

~ dyu(m.Vu)do — dyu(m.Vu)do.
9. o9

Now, we consider the terms on 0. We put:

I.(u) =2 dpu(m.Vu)do — / (m.v)|Vu|?do.
a0z o0z

To begin with, we shall use some definitions. For £ > 0 sufficently small, every
x € 00 belongs to a unique plane z* + (7%, v*) (putting: 7* = 7(z*), v* =
v(x*)) and more precisely to an arc-circle C;(2*) in this plane of center z* € T’
and of radius e.We put: w. := Q\Q. and D.(2*) := w. N (z* + (7*,0v*)). We
split Vu(x) = Vyu(x) + Vau(z) € Tp=I' @ (7%, v*) . This leads to a splitting of
I.(u) = I} (u) + 212 (u) + I3 (u) with:

ID(u) = 2/(BQ;(I/.VTU)(T)’L.VTU)CIO' - /BQ; (m.v)|Vrul“do,

I?(u) = / (v.Vau)(m.Voru) + (v.Vru)(m.Vau) — (m.v)(Vru.Vau)do,
o0

Bu) = /am 2(v.Vau)(m.Vau) — (m.v)|Vaul?do.



We will need the following result of behaviour of boundary integrals:

Lemma 4 Let u be such that for all z* € T, u(z*,.) € HY(D., (z*)) and
[w(z*, e (D @) € L2(T") for a fived g > 0. Assume also that u = 0
on Qwe, NOQp , we have then for some C' > 0 depending only on Q and for any
e sufficently small:

/F e, )2 oy dr < Cs / TE | p—

Proof. We begin by using a change of coordinates as in [E] For every zj € T,
there exists p, > 0, © a C?diffeomorphism from an open neighbourhood W of
xito B(pg) := Bn—2(py) X Ba(py) such that:

O(z) = 0,
oW nQ) = {ye B(py);yn > 0},
OWNdp) = {ye Blpy);yn-1>0,yn = 0},
OWNIQN) = {y€ Blpy);yn—1 <0,yn =0},
oW NT) = {y€B(py)iyn-1 =0,y =0} :=7(py)-

Reducing ¢ if necessary, we can assume that D, (z§) C W. We have then,
writing for x € W, O(x) = (y*,Y) and v :=uo O~ L

/W”F </CE<Z*> um) hen= / </®(cs<z*>> U2dl(y>> "

v(p0o)
B;(P) =1{Y = (y1,92) € Ba2(p);y2 > 0}, C;(P) =1{Y = (y1,42) € 0Ba(p); y2 > 0},

we first note that we can choose p,. such that {y*} x By (p) C ©O(D.(x*)).
Consequently, one has, using the C'diffeomorphism

Setting

Y em(0(C:(z%))) — Y € G5 (p),

/*p Y
1Yl

the estimate:

/ Wy, Y)Y ) < C V2, YY) (11)
O(Ce(z*)) C5 (p)

for a constant C' depending only on .
We will now estimate this latter integral in terms of HVQ’UHLQ({y*}XB;(p)). If

v, == v(y*, p.), one has Vv, € L?(BF (1)) and:

IVVoll 2t )y = V20l Lagyey s oy 100llzacerayy = P72 100 Lagyeyxeg o)



Using now the fact that v, = 0 on By 1 (1) := {(y1,92) € By (1);y1 > 0}, trace
theorem and Poincaré’s inequality give, for some universal constant C' > 0, the
estimate:

2/, % ! ! 2
YY) < Coll Vol )
Cy (p)

So using (11), one gets

2/, % 2
vy, Y)dI(Y) < Cppe [ Vavll 72 g, -
/®<cs<z*>> B3y By (pr))

Using the fact that p,. is uniformly O(e) on W N T and the diffeomorphism
O(x*,.), we can conclude that, for some constant C,» depending only on zj:

Py YV)AY) < Coellu@, )2 o
/e@m) 0 H (O ({y*} < B (0))

A

< Copellule® ).y

so, after an integration on W NI

/ (/ u2dl> d’y(x*)Sczg/ (@, M (b @) dr-
wnr \JC.(z*) wnr

The proof finally ends using of a partition of unity on the open sets (W )z er-
]

Now, it suffices to show that Vu satisfies the hypotheses of lemma 4 to get
that lim._o I1(u) = 0. First, it is obvious that Vzu = 0 on dw., N 9NQp. The
other part is stated in the first part of theorem 4 in [ﬂ}, thanks to Borel-Lebesgue
theorem.

To treat 12(u), we will have to use the initial work by Moussaoui([§). Thanks
to a suitable diffeomorphism and using again Borel-Lebesgue theorem, we can
write u = ug +n®ug with ug locally diffeomorphic to Shamir’s function([@]),
n(z*,.) € L®(D.,(x*)) for all z* € T, ||n(z*,.)|lc0 € L*(T) and ug € H?(we, ).

Working by approximation if neccessary, we can suppose that ur € C1(wg,).
Now, using Fubini’s theorem, one can write:

12 (u):fF (fca(I*)(V.VTU)(m.VguR)dZ> d'y-i—fr (fca(I*)(m.VTu)(V.VguR)dZ> dy
,fr (ICE(I*) (m.u)(VTu.VguR)dé) d'erfF (fci(x*) n(v.VTu)(m.Vgus)dl) dry

+fF (fca ) n(m.VTu)(V.Vgus)dé) d’Y*fp (fCE ) n(m.u)(VTu.Vgus)dl) dry.

For the three first terms of this sum, Cauchy-Schwarz inequality brings an esti-

mate of the form
C (/ |VTu|2do> </ (/ |V2uR|2d€> d7> .
o0 r Ce(z*)

N[=



Using lemma 4 again to Vru, noting that the other integral term is domi-
nated by [|[Vaug|le(2my(I')e)2, we have now proved that these terms tend
to 0 when ¢ — 0. For the three last terms, a simple calculus shows that

Vaug|?dl < 2m. Consequently, Cauchy-Schwarz inequality brings an
estimate of the form

C </ |VTu|2d0> (/ 772d7>
a9z o0

and we have proved that these terms also tend to 0.
Using Fubini’s theorem, the last term I2(u) may be written

ng(ac*)

1
2

NI

12 0= (o ey 72 (0. Vou8) (m.Faus) —(m.0) | Vaus|2)de) dsy
+2 fl‘(fcs(m*) n((l/.VguR)(m.Vgus)—(m.u)(Vgu.VguR)-i-(u.Vgus)(m.VguR))dé) dvy
+ fl“(fcg(m*) 2(1/.V2uR)(m.V2uR)—(m.1/)|V2uR|2dé> dry.

The same technique as above shows that the two last integrals tend to 0 when
e — 0. As in the plane case, and working in coordinates a* + (7%, —v*) , we
have:

lim 2(v.Vaug)(m.Vaus) — (m.v)|Vaug|?dl = Em.T(:c*).
e—0 Co(z*) 4

Moreover, this integral term is dominated by 7 ||m||o0; so dominated convergence
theorem applies and finally:

lim I3 (u) = g/n2m.7'd7.
r

e—0

The proof is now complete with { = 4 n. n

We will now see some applications of Rellich’s relations to the stabilization
of solutions of (7).

3 Linear and non-linear stabilization

We begin by a classical elementary result due to Komornik([f]):

Lemma 5 Let F : Ry — Ry a non-decreasing function such that there exists
a >0 and C > 0 which fullfil:

vt >0, / E“t(s)ds < CE(t).
t
Then, putting T = CE*(0), one has:

ifa = 0: E@{)<E0)exp(l—=) Vt>T,




We will now show the following stabilization result:

Theorem 6 Assume (1) — (3), (6) and n >3, (5), (9) orn =2, (4), (8), and
suppose that there exist p € N* and k > 0 such that

Vs € R, |g(s)] > kmin(|s|, |s|?). (12)

Then for every (ug,u1) € H, there exists T > 0 such that the energy of the
soluion u of (5) satisfies:

t T

ifp = 1: E(u,t)ﬁE(u,O)exp(l—E) Vt>g,
T
ifp > 1:  E(u,t) < Ct¥0-p) > =,

where C' depends on the initial energy E(u,0) in the second case, not in the

first.

Proof. Following [[f], we will prove the estimates for (ug,u1) € D(A) which,
using density argument, will be sufficent. Putting Mu = 2m.Vu + d(n — 1)u,
we prove the following result:

Lemma 7 For any 0 < S < T < oo, one has:
T

T 1T
2d/ ESdt < — {Epz/u’Mudz] +p—1/ B E </ u’Mudz) dt
s Q s 2 Js Q
T b1
+/ E=T (/ (m.v)((u')? — |Vul* — g(u’)Mu)do) dt.
s 90N

Proof. Using the fact that u is solution of (7) and noting that v”Mu =
(W' Mu)" —u'Mu', an integration by parts gives:

T
0 = / Ep%/(u”—Au)Mudzdt
S Q

o T 1 T L
= {Ep? / u’Mudx} _p—- E* T E </ u’Mudx) dt
Q s 2 Js Q

T
—/ B /(u’Mu’ + AuMu)dzdt.
S Q
Now, thanks to theorems 1, 3 and (8) or (9), we have :

/ AuMudxr < d(n-1) | Auudx+d(n— 2)/ |Vu|*dx
Q Q

Q
+[99(23yu(m.Vu) — (m.v)|Vul|“)do.

Consequently, Green-Riemann formula leads to:

/ AuMudx < —d/ |Vu|2dx+/ (O,uMu — (m.v)|Vu|*)do.
Q Q a0

11



Using boundary conditions and the fact that Vu = d,ur on 9Qp, we have then:

AuMudz < —d/ |Vu|*dz f/ (m.v)(g(v')Mu + |Vul|*)do.
Q 9]

Q QN

On the other hand, using div(m) = nd, an other use of Green formula gives us:

/u'Mu’d:E: —d/(u')2dx+/ (m.v)|u|?do.
Q Q 0N

The proof is now complete. m
Thanks to Young’s inequality, one gets: | [, W' Mudz| < CE(t). So, lemma
8 shows that:

T T
2d/ Erdt < C(E%(THE%(S)HC/ E"z E'dt
S S

+/ST o (/BQN(m.u)((u')Q Yl - g(u')Mu)da) dt

Set do, = (m.v)do. If we note that E'(t) = — [, g(u')u'dow, <0, we have
then for a constant C' > 0 independent of E(0) if p = 1:

T T
2d/ E"* dt < CE(S) +/ E"> (/ (u')? — |Vul? —g(u’)Mudom) dt.
S S 00N
Using the definition of Mu and Young’s inequality, we get for any € > 0:

pt+1 . p—1 2(n—1)2
24 [T EY5 dt<CE(S)+/T E™2 (faQN(uf)2+(|\m||go+%)g(uf)2+su2dam)dt.

Now, using Poincaré’s inequality, we can choose € > 0 such that:

d
5/ (m.v)uldo < —/ |Vul*dz < dE,
20N 2 Ja

so we conclude that:

T T
d/ E"T dt < CE(S) + C/ E"T (/ (u')? +g(u’)2dom) dt.
S S 0N

We are going to make a partition of 9Qn to majorize the two last terms of
this estimation. Set Q% = {z € 9Qy; [/ (z)] > 1} and 99Q% = {x € I0n;
()] < 1}.

Using (7) and (11), we get:

T T
/ BT / (u)? + g(u')doy, | dt < C’/ BT </ u’g(u')dom> dt,
s a9l s o0
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where C neither depend on E(0) if p = 1.

On the other hand, using (7) and Jensen’s inequality, one succesively obtains:

/ W) + g(uVdom < C / (g () P do,,
002, 002,

C </ u’g(u’)dom> ,
002,

< C(-E)w.

IN

Hence, using Young’s inequality again, we get for every ¢ > 0:

T T
/ E"> / (u)? + g(u')do,, | dt < / eE"T — C(e)Edt,
s 002, s

T
5/ E* dt + C(e) E(S),
S

IN

so finally, we have for some C(e) and C independent of E(0) if p=1:

T T
d/ E"rdt < C(E)E(S)+€C/ E" dt.
S S

Choosing now €C < d, the theorem results from lemma 6. =
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