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A SECOND ORDER ACCURACY IN TIME FOR A FULL DISCRETIZED
TIME-DEPENDENT NAVIER-STOKES EQUATIONS BY A TWO-GRID SCHEME

HYAM ABBOUDT, VIVETTE GIRAULT! AND TONI SAYAH*.

ABSTRACT. We study a second-order two-grid scheme fully discrete in time and space for solving the
Navier-Stokes equations. The two-grid strategy consists in discretizing, in the first step, the fully non-
linear problem, in space on a coarse grid with mesh-size H and time step At and, in the second step, in
discretizing the linearized problem around the velocity up computed in the first step, in space on a fine
grid with mesh-size h and the same time step. The two-grid method has been applied for an analysis of
a first order fully-discrete in time and space algorithm and we extend the method to the second order
algorithm.

Keywords Two-grid scheme, Non-linear problem, Incompressible flow, Time and Space discretizations,
Taylor-Hood finite element, Duality argument, “ superconvergence*“.

1. INTRODUCTION.

Let  be a bounded domain of R? with a polygonal boundary 99 and let |0, T[ be a given time-interval.
Consider the following Navier-Stokes problem for an incompressible fluid

g—?(m,t) —vAu(z,t) + u(z,t) - Vu(z,t) + Vp(z,t) = f(z,t) in 2x]0,T], (1.1)
with the incompressibility condition
divu(z, t) =0 in Qx]0,T7, (1.2)
the homogeneous Dirichlet boundary condition
u(z,t) = 0 on INx]0,T7, (1.3)
and the initial condition
u(z,0) =0 in Q, (1.4)

where u and p represent respectively the velocity and the pressure of the fluid. All the quantities are
taken at the point (z,t) where 2 = (z;)1<i<2 € R? denotes the position and ¢ € [0,T] the time. We
suppose that the fluid density is a constant (p = 1); f denotes the external forces applied to the fluid
and v is the viscosity. The notations u - Vu, Au and divu mean :
2
ou

2
0%u )
u-Vu = ;ula—xz,Au—;asz and divu =

2
(’)ui

ox;’
i=1 v

The term w - Vu is the convection term and vAu is the diffusion one.

The purpose of this article is to solve by a second-order, in time and space, two-grid scheme, on
a coarse grid and a fine grid, the non-stationary incompressible Navier-Stokes problem and to show that
the two-grid algorithm’s global error is similar to the error of the direct resolution of the non-linear prob-
lem on a fine grid. The two-grid strategy is a general method for solving a non-linear Partial Differential
Equation (PDE), depending or not in time, with solution u. This technique consists on what follows :
In a first step, we discretize the fully non-linear PDE on a coarse grid of mesh-size H and we compute
an approximate solution uz. Then, in a second step, we linearize the PDE around uy and we discretize
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the linearized problem on a fine grid of mesh-size h; let ulh”‘ be the corresponding solution. Then, under
suitable assumptions, we can prove that if h, H and the time step At are well-chosen, the global error
of the two-grid algorithm || u — ™ || has the same order as the error || u — uy, || that would have been
obtained if the non-linear problem had been directly discretized on the fine grid.

Two-grid discretizations have been widely applied to linear and non-linear elliptic boundary value
problems: J. Xu in [22], [23], [24] has pioneered their development. These methods have been extended
to the steady Navier-Stokes equations, cf. for instance the work of W. Layton in [13], W. Layton & W.
Lenferink in [14] and V. Girault & J.-L. Lions in [7]. Also, this method has been applied to the time-
dependent Navier-Stokes problem, cf. V. Girault & J.-L. Lions [8] in which they analyze a semi-discrete
algorithm, H. Abboud & T. Sayah in [2] and H. Abboud, V. Girault & T. Sayah in [3] for an analysis of a
first order fully-discrete in time and space algorithm and in [1] for a numerical analysis of a second-order
totally discrete in time and space scheme.

Setting L3(Q) = {q € Lz(Q);/ q dz = 0} and assuming that f belongs to L%(0,T; H~1(2)?), it is
Q

well-known that (1.1)—(1.2) has the following variational formulation in |0, T[: Find u(t) € H}()?, such
that in the sense of distributions on |0, T,

Yo € Hy (), %(u(t), v) + v(Vu(t), Vo) + (u(t) - Vu(t),v) — (p(t),dive) = (f(t),v), (1.5)
Vg € L(Q), (q,divu(t)) = 0, (1.6)

and
u(0) =0, (1.7)

where u(t) = u(z,t).

Furthermore, this problem has one and only one solution u in L*(0,T; L*(Q)?) N L(0,T; H'(2)?) and
p in the dual space of Wy (0, T; L2(Q)) (see e.g. J.-L. Lions in [15] and O.A. Ladyzenskaya in [12]).

In addition, we have the following regularity result:

Theorem 1.1. If Q is convex and f € L*(0,T; L*(Q)?), then
u€ L0, T; HY(Q)%) N L*(0,T; H*(2)?) and p € L*(0,T; H*(Q)). (1.8)

For discretizing (1.5)—(1.7), let > 0 be a discretization parameter in space and for each 7, let 7, be a
corresponding regular (or non-degenerate) family of triangulations of Q, consisting of triangles such that
any two triangles are either disjoint or share a vertex or an entire side. For an arbitrary triangle «, we
denote by 7, the diameter of x and by p, the diameter of the circle inscribed in x. Then 7 denotes the
maximum of 7, and we assume that 7, is regular in the sense of Ciarlet [6] : there exists a constant o
independent of 1 such that

sup UL o, < 0. (1.9)

Let X, and M, be a “stable” pair of finite-element spaces for discretizing the velocity u and the pressure
p, stable in the sense that it satisfies a uniform discrete inf-sup condition: there exists a constant S* > 0,
independent of 7, such that

1 .
Vg, € M,,, sup 7/ ¢y divuydr > B || gy ||l2() - (1.10)
v E€EXy, ‘rUn|H1(Q) Q

Let P, denote the space of polynomials with total degree less than or equal to k. For a second-order
two-grid scheme, we choose the Taylor-Hood finite-element, where in each triangle x, each component of
the velocity is a polynomial of IP; and the pressure p is a polynomial of IP;. Therefore, the finite-element
spaces are:

X, ={v, €C°(V* VK €Ty, vy, € ]Pg,v,”aQ =0}, (1.11)

M, = {q77 €C(Q); VR €Ty, qp), € Pl,/ qpdr = O}. (1.12)
Q
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There exists an approximation operator P, € L(Hg(Q)?%; X)) such that (see V. Girault and P.-A. Raviart
in [9]):

Yo € H(Q)?, Vg, € M,, / qn div(Py(v) — v)dz = 0, (1.13)
and for k= 0,1 or 2, !
Vo € [HYHQ) N HYQP, || By) — v ey < Cn ol ), (1.14)
and forall r > 2,k = 0,1 or 2,
Yo € W (Q) N HE(Q))?, |Py(v) = vlwir) < Cr'r]k:|’U|W1+k,r(Q). (1.15)

In addition, as M, contains all polynomials of degree one, there exists an operator r, € L(L3(Q); M,),
such that for any real number s € [0, 2],

Vg€ H*() N LS(Q), l Tn(‘]) —q ||L2(Q)§ CnS|Q|HS(Q)- (1.16)

T
To discretize in time, we divide the interval [0,7] into N subintervals of equal length k = N with
grid-points t" =nk,0 <n < N.

With these spaces, we propose the following two-grid scheme for discretizing (1.5)—(1.7). We use two
regular triangulations of Q : a coarse triangulation 7z and a fine one 7j,, that for practical purposes, is a
refinement of 7. On each of these, we define the same stable pair of finite-element spaces, (X, Myg) and
(X1, Mp) such that X C Xj, and My C Mj,. At each time step, we solve (1.17)—(1.18) and (1.19)—(1.20)
below. The two-grid algorithm reads :

e Step One (non-linear problem on coarse grid): Knowing u;fl and u}, find (u"HH,pZH) with values
in Xy x My, solution of

1
o € Xog, g B o)+ oV Vo) + S )
1 : n n n : n ’
—|—§(dlqu+17uH+1 “vp) — (pHH,dlva) =(f H'l,vH),

Yqr € My, (qu,divuly™) =0. (1.18)

e Step Two (linearized problem on fine grid): Knowing (v}, pi™), find (u) ™, pp*?!) with values in

X}, x My, solution of
1

Von € X, gaz(Buit! — duf bt~ on) + (Ve Vo) 4 Vetm) g
- (pz+1’ diVUh) = (fn+1a Uh))
Yan € My, (qn,divul™) =0. (1.20)

By assumption, u}; = u% =0 and u}; and u}L are computed by solving one iteration of an Euler scheme.

In both (1.17) and (1.19), f"*! is a suitable approximation of f at time t"**. The purpose of this two-grid
algorithm is to reduce the time of computation for both velocity and pressure.

In the sequel, we shall take (At)? of the order of H? : there exist constants a; and as that do not
depend on H and At such that

O[lHB S (At)2 S OZQHS.

The remainder of this article is organized as follows : In Section 2, we present some conventions and
notations that will be used throughout the article. In Section 3, we present a first error estimate for
the fully-discrete Step One, then in section 4 we establish a duality argument based on the backward
semi-discrete Stokes system and we derive some uniform bounds that allow us to prove the Stokes prob-
lem’s error estimate in L?(2x]0,7T[)?, then we apply it to the Navier-Stokes problem. We also prove a
“superconvergence” result for the non-linear part. Finally, the pressure is estimated in section 5 and the
error estimation for the solution of Step Two is studied in section 6.
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2. PRELIMINARIES.

To begin with, we present some conventions and notations that will be used throughout the article.
As usual, for handling time-dependent problems, it is convenient to consider functions defined on a time
interval ]a, b[ with values in a functional space, say X (cf. Lions and Magenes [16]). More precisely, let
I . [|x denote the norm of X; then for any r, 1 < r < oo, we define

b
L"(a,b; X) = {f mesurable in ]a,b[;/ I £@) | dt < oo}

equipped with the norm

I £ e @eso= ( / I I ar)”.

with the usual modifications if r = co. It is a Banach space if X is a Banach space.

Let (k1,k2) denote a pair of non-negative integers, set |k| = k1 + k2 and define the partial derivative 9"
ol*ly
.896]{183352
non-negative integer m and number r > 1,

Wm,T(Q) — {’U c L’"(Q),@’“U € LT(Q)7V|]§| < m}

by okv = . Here X is usually a Sobolev space, such as (cf. Adams [4] or Necas [17]): for any

This space is equipped with the seminorm

/r
olwmrey = [ 3 /Q|8kv|rda:}1 |

|k|=m

and is a Banach space for the norm

1/r
lolwere=] 3 e
0<|k|<m

with the usual extension when r = co. When r = 2, this space is the Hilbert space H™(Q). In particular,
the scalar product of L?(€) is denoted by ( ., . ). Similarly, L?(a,b; H™(Q)) is a Hilbert space and in
particular L?(a,b; L?(Q2)) coincides with L?(2x]a, b[).

For functions that vanish on the boundary, we recall Poincaré’s inequality: there exists a constant P such
that

Yv € Hé(Q), || v ||L2(Q)§ P|1}|H1(Q). (21)

More generally, recall the inequalities of Sobolev imbeddings in two dimensions: for each r € [2, 0o[, there
exits a constant S, such that

Vo e Hy(Q), || v 2 )< Srlvlm (@), (2.2)
where
vl ) =l Vv 2o - (2.3)

When r = 2, (2.2) reduces to Poincaré’s inequality and So is Poincaré’s constant. The case r = oo is
excluded and is replaced by: for any r > 2, there exists a constant M, such that

Yo € Wo " (), || v ||lze@< Melolwir ). (2.4)
We also have in dimension 2,
1/2 1/2
19 lea@< 24 |l g It ll Vo 15, - (2.5)

Owing to (2.1), we use the seminorm |.| g1 (o) as a norm on Hg(€2) and we use it to define the norm of
the dual space H~1(Q) of H(Q):
(f,v)

| fllz-1@= sup ———,
vEHL(Q) \U|H1(Q)
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where (-, -) denotes the duality pairing between H~1(Q) and H} (). Also, we recall the spaces we intro-
duced at the beginning:

V={ve H;(Q)?*dive=0in Q} and L%(Q):{qGLQ(Q);/qdaj:O},
Q

and the orthogonal complement of V in H}(Q)? :
Vi ={ve H}(Q)*Vw e V,(Vo, Vw) = 0}.
The results of this article are based on the identity:
2(a™, 3" —4a™ +a" ) = |a" T2+ |2a"T — a2 + 620" — |a"]? — [2a™ — a" T3, (2.6)

where
5%a™ = a"tt — 20" +a" L. (2.7)

3. ERROR ESTIMATES FOR THE SOLUTION OF STEP ONE

The results in this paragraph are written for the non-linear scheme (1.17)—-(1.18).
To simplify, we denote by n the mesh parameter. First of all, we prove the existence and the uniqueness
of the solution of (1.17)—(1.18).

Lemma 3.1. (Stability) Let up™' be a solution of (1.17)~(1.18) with the initial datas u) and u,, € V,);
We have

N 1/2
sup 14 sy + sup_ | 20— oy +vE2( 3 AL Va ooy )
2§n£NH w2 ) 2§ngNII n Uy e STAL VU (30

n=2

=y 2, n |2 1/2 2522 al n |12 12 1 0 12 1/2
(X 1% ey ) S C(Z2 DAL ey + Il Iy + 1 205 — 8 Paqey )
n=1 n=2

Proof. We take the scalar product of (1.17) by 4Atup™!, use (2.6) and sum the result over 1 < n <
m — 1.

OJ

The stability of (1.17)—(1.18) results from the following a priori estimation:

Lemma 3.2. (Uniqueness) The scheme (1.17)~(1.18) has a solution for all v > 0, all initial datas
ug, u}, €V, and for all data f € CY([0,T]; L*(Q)?). The solution is unique for At sufficiently small.
Proof. For all1 <n < N-—1, the problem (1.17)—(1.18) is a square system of algebric non-linear equations
in finite dimension. Due to the anti-symetrisation of the non-linear term, we prove, by the theorem of the
seddle point of Brouwer and the inf-sup condition, that for all 1 < n < N — 1, the problem has at least
a solution (uy,py). For the unicity, we consider two solutions (u%l), p%l)) and (u7(72), pgf)). Their difference
(wy, piy) satisfies:

1
Yo, € Vi, 5 (Bup ™ — 4wy + wﬁfl,vn) + V(Vw:;“, Vu,) + (w:;“ - VuIn L )

2At K
1 1
2)n+1 . n n : n n
+ (u% ) ~wpth o) + §(d1V wnH,uS’l) o))+ §(d1v u%z) wttvy) = 0.
By using the identity (2.6) and choosing v, = wg"’l, we obtain
1 ) B
g (i ey + 1 205+ = w) 32y + | 82w 320y — Il w] 132y = I 205 —wf™ 32 )

1
1)n+1
Ao o= L wn ™ 174 us" g ) — 5IwZ“|Hl<Q) | wp ™ [ pageyll ulD™ || s )< 0.
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Due to the fact that in finite dimension, all the norms are equivalent, summing the precedent inequality
from n =1 to m — 1, and using Lemma 3.1 and w,O] = w}, = 0, we obtain

m—1 m
(RT3 )+V2At|w e + 2 0wy 72 + | 20y — w720y < CAEY || wy |72,
n=2 n=1 n=1

(3.1)
with a constant C' that depends on 1 but does not depend on At. For the last term of the sum of the
right-hand side, we write:

m __ 2 m—1 m—1_ , m—2
wy =0 w4 2wy wy'

Then

I gy < 2( 1 6%wf = oy + I 205~ = w2 3, ),

and for At sufficiently small, the term
20At< H (52’U}:7n_1 ||2LZ(Q) + H 211}21_1 — w,TI”_Q H%Q(Q) )

can be absorbed by the term in the left-hand side of the inequality. Applying Gronwall’s lemma, we
obtain wy = 0 then, the inf-sup condition implies p;y = 0,2 <n < N. O

In the next proposition, we will establish the error estimate for the solution computed by one iteration

of Euler’s scheme (u), — u(At), p}, — p(At)):

Proposition 3.3. Suppose that v” € C°(0,T; L*(Q)?),u(At) € H*(Q)? and p(At) € H?(Q), the error
of the solution computed by one iteration of Euler’s scheme satisfies the following estimations, for At <
ko > 0 sufficiently small,

1 VAt
3 Il = u(At) |72 +—5= g = u(A8)[F )
3.2
(At) "2 4 2 2 6 2 ( )
< = T oz +CAON (Ju(A0 s @) + 1P(AY) 2y ) + Cr*lu(AD s,
and
?
(8072 | (A0 = b} |20 (AP 02 + =), (3.3)
Proof. Due to the regularity assumption of u, there exists 6 €]0, 1[ such that
0 = up = u(At) — (At)u'(At) + %(At)%”(&At),
and u717 satisfies the following error equation
1 1 At ,
Yo, € Vy, — A7 (u —u(At),vy) + v(V(u, — u(At)), Vo) = 7(u (0AL), vy) )
3.4
1
—(p(At) — ryp(At), divv,) + (u(At) - Vu(At) — uy - Vg, vy) — §(div u},, u717 ).
Setting v, = v} = u), — Pyu(At) and @} = Pyu(At) — u(At), we obtain
! L3 12 _ At "(OAL), v} At At),div v} -V
Az | o0 22 () Vil @) = 5 (" (0A), vy) + (rop(At) — p( )7 iv ) — (v - Vg, vy)
1, . .
L v b 0d) — (01 - T vd) = Saiv b o) (35)

1
—(u(At) - Vgp}], vy) — Kt(go}?,v}?) — V(V@l77 Vv}]),
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Then (3.2) follows readily by applying the error approximation of P;,.
For the pressure, we have

(rpp(At) — p(At), divv,) + (p717 — rpp(At), dive,) = Alt (un —u(At),vy) + U(V(u}, —u(At)), Vuy)
fg(u”(ﬁAt),vn) — (u(At) - Vu(At) — u)) - Vu,,vy) + %(div Uyt - V),

2 n
(3.6)
and owing to the inf-sup condition (1.10), there exists v, € an such that

. 1
(py — ap(AL), divvy) =[| py — rp(AL) |72y and [oy]g1 () < G | py — rap(AL) || 220
with 6* > 0 independent of 1. Then, by applying (3.2), we obtain (3.3). O

The next result, stated in Lemma 3.4, is a standard error estimate. We give the proof for the sake of
completeness.

Lemma 3.4. Let X,) and M, be defined by (1.11) and (1.12) and approzimate f™* by fr+t = f(t"*1).
At each time step, (1.17)~(1.18) has a solution up™' and this solution is unique if At is sufficiently small.
Suppose that u € L*(0,T; H>(Q)?), v’ € L?(0,T; H*(Q)?), u® € L2(Qx]0,T[)? and p € L*(0,T; H*(Q)),
there exist a constant C that does not depend on n and At and a constant kg > 0 that does not depend
on 1 such that, for all At < ko,

N-1 1/2
sup | ul —u(t™) 120 +< Z 162w = u(t™) 1320 ) ( Z Atfuntt — t"“)lglm))
n=1

1<n<

< O + (A1)2). .

Proof. Setting v} = upy — Pyu(t") and ¢p = Pyu(t") — u(t"),0 < n < N, we substruct (1.17) and (1.1)
taken at t = t"“ and by using the following second-order backward finite difference scheme

Ou u(t"t) — du(t) + u(t" 1)

"ty = At)? .
() o +O((A12), (35)
we have ,
Su(t + At) — 4u(t) +u(t — At)| _ (At)3/2
u/(t+ At) - N | <3505 14 I aceran, (3.9)
and by summing the result over 1 < n < m — 1, we obtain :
m—1 m—1

o 122 ) + I 20 = o™ 122y + Z I 6%03 11720 +4VZ Atloy™ i q)

< (1 od oy + 1208 = 09 220 ) +2‘ 34,0"“ a7 + o o) ) )| +40] Z AV, Vot
m—1 =l
At)3/2
+4‘ Z At(p(t" ) — ryp(t™ 1), divepth) ‘ +4 Z At( 2\)/§ | u® || p2n-rynsny || 02 1200
—1 " 1
m— 1 m—
+4‘ Z At(u(t™) - Vu(t™ ) — u;”“l . Vug"’lm;;“ Z At(div u”+17u2+1.v2+1)‘.
n=1 n=1

(3.10)
Let us study the terms of the right hand side of (3.10) denoted by ((trhs)i)1<i<7. The first term (t,55)1
is bounded as in Proposition 3.3.

To study the second term, we have

390n+1 4@77—’_30:; 1

_ rign41y 1 gn+l
SAL =P/ (t") —u (t") + Ra,
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with
At 3/2
1Rl < 0 1 P® gz sy
Hence, by assuming that P, is stable in the norm L? (cf. Girault and Lions [8]), we have
3oy L —Aph + e
= s
C(at* | . N =
< E | ||2L°°(O,T;H2(Q)2) + 9, | u® ||2L2(Qx]o,T[)2 Y Z At\%“@rl(m-
n=1
The third term is bounded as follows :
2Cvnt e
|(trhs ‘41/ Z At V(pn+1 V’UH—H)‘ S c || u ||L2 0,T;H3(2)2) +2VE3 Z At|’l}n+1‘H1(Q
n=1
For the pressure contribution, we have :
A n+1 n+1 : n+1 2077 — IA n+1|2
ThS )4 Z t t p(t ), div 1177 )’ (O T;H2(Q)) +2€4 Z tlU H(Q)*
n=1

The fifth term is treated as follows :

4 At At 23 n+1
(trns)s| = Z | w2 (n-15m+1) ]l v [l L2(0)
n=1
1
(At)45 S n
< 3e 2 u® ||L2(Q>< 0,72 €5 Z Atlop* 7 -
n=1

Let us consider now the non-linear terms, (t,1s)s + (trns)7, which are treated like follows :

+1 +1 +1 1 ,n+1 1 n4l | ntl
(—u(™ ) - Vu(t" ) + uy -Vu” s up )+ (dlvu" Sup o)

= —( ,’;"’1 . Vv”“,P u(t"th)) — (dlv v"'H P, u(t"'H) -U"'H) — (90:7”'1 . V’U:;-H, Pnu(t"H)) (3.11)

—f(dlv cp"+1 Pu(t™t!) - ”+1) - (u(t"+1) Vo n+17 @:;Jrl)

The study of the three terms in the right-hand side of (3.11), denoted by ((¢.hs)67)-J, 4 = 1,2, 3, will end
the proof. Setting

C1 = sup [u(t") |1 ()

applying on one hand

div(e ™ = (e ) gy de = [ @ -l ) - Vule ) gy
Q Q (3.12)
_ Un—i—l —u t”+1 . v n+1 U f"+1 dl‘,
n Pn
Q
and on the other hand
pop 1 1
ab < a——l——,, avec — + — =1, (3.13)
p p p

we have

m—1
n n n 1 : n n n
((trns)or) Al = [4 32 At((vn“ VUt Pu(t) + S(div ot Pl ot )|
n=1

4/3 m—1

35401 n 954018
< 1 Z At | optt 1F2i) +—m— 6 Z Atfop 3 g,
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m—1
|<<tms>67>.2|:\42At((soz“-wz“,Pnu@"“» S(iv g P o)

n=1
m—1

< 352001{ 1w 720,73 (02) e Z Atfoptt %1(9)}7
and

|((trns)er).3] = ‘47712:1 At<u(tn+1) v "+17<p2+1)‘

n=1
S2Cy [ C2pt it
< 47{ Il 720,715 02y Fe8 Z Atfop ™t |H1(Q)}
n=1

After a suitable choice of ¢;, (3.10) becomes
m—1
o 72y + Il 205" — o=t 172y + Z | 620y 1172() +V Z Atlop ™7

< a(A)* + Bt + ¢ Z At | UZH ||L2(Q)7

n=1

(3.14)

where «, § and ¢ are constants that do not depend on n and At.

Then after applying Gronwall’s lemma and for At sufficiently small, the result follows from this in-

equality:
N-1

n n n—1 2, n (|2 1/2
sup || vy llzz) + sup 11207 = op ™ loagey +( D 11020 ey )
1<n<N 1<n<N ot (3.15)
— +12 1/2 / 2 /2 .
V(Y At ) < a/(A02 +
n=1
Finally, (3.7) follows by applying a triangular inequality and the P,’s properties. g

Remark 3.5. We suppose that there exist two constants o and v > 0 that do not depend on n and At
such that
o'’ < (At)? <A1, (3.16)

which means that (At)? is of the same order of .

4. SOME ERROR ESTIMATES FOR THE STOKES PROBLEM

The error estimate of order two in L?(2x]0, T[)?, that will be established in the next section, is based
on a duality argument for the transient Stokes problem:

%(x,t) — vAv(z,t) + Vq(z,t) = g(z,t) in 0x]0, T, (4.1)

divo(z,t) =0 in Qx]0,T[, v(z,t) =0 on 90x]0,T[, v(z,0) =0 in Q. (4.2)

The fully-discrete scheme for (4.1)~(4.2) is: Find (v, ¢pt) with values in X, x M, for each 1 <n <
N — 1, solution of:

Vap € Xy, = Bup™ —dop + 007 2) + v(Vop T Vzy) — (¢p T divz,) = (6", 2y), (4.3)

2At
VA, € My, (Ap,dive)™h) =0. (4.4)

These equations are completed by initial conditions similar to the Navier-Stokes problem’s ones.

This linear problem (4.3)—(4.4) has a unique solution, owing to the inf-sup condition (1.10), without
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any restriction on At. This solution satisfies the following error estimates in norm L>°(0,7; L?(£2)?) and
L?(0,T; H'(2)?): We prove, first of all, that the initial value v, , as in the Navier-Stokes problem, satisfies:

If v(At) € H3(2)?%,q(At) € H2(Q) and v € C°([0, T]; L*(2)?), then

H ’1)717 - ’U(At) ||%2(Q) +I/At|’l}717 - ’U(At)ﬁfl(g)

Agy (4.5)
<

0" 3 02,222y +COM* (oA sy + a(A8) ra(ey ) + Cn [o(AD raqa-

Secondly, in the general case, we have the following result (the proof is similar to the one of Lemma 3.4,
but simpler because of the absence of the convection term).

Lemma 4.1. Let (v,q) and (v, q;) be the respective solution of (4.1)~(4.2) and (4.3)~(4.4). In addition

to the precedent hypotheses, we suppose that g is reqular enough in space and in time,
v e L2(0,T; H3(Q)?), v’ € L*(0,T; H*(Q)?), v® € L2(Q2x]0,T[)? and q € L*(0,T; H*()). There exists
a constant C' that does not depend on n and At such that

sup || vy — v(t") L2 —|—1<sup | 2(v) — v(t™)) — (v:;*l — (")) s

1<n<N

N - 1/2 ) ) (4.6)
+(Zl””’”"‘““ D ey ) +f(2At|v ot ) < COP+ (A2,

In addition, the solution (v)*!, g *!) of (4.3)-(4.4) satisfies an error estimate in L>°(0,T; H'(Q2)?). To
simplify, we introduce the followmg notation

3a" T — 4a™ 4+ g™t

§ta" = 4.7
¢ 2At (4.7)
The proof is based on the following Stokes projection: V(u,p) € V x L3(9), S, (u) € V,, satisfies
Yo, € Vi, v(V(S,(u) —u),Vu,) = —(p,divyy,). (4.8)
The operator S, satisfies the following inequalities:
Lemma 4.2. Let (u,p) € V x L§(2). S,(u) defined by (4.8) satisfies
1

|Sn(w) = ulmi(e) < 2[B(w) —ulmi@) + 5 1 74(p) =P llz2c) - (4.9)
If in addition Q is convex, there exists a constant C' that does not depend on n such that

1Sy () = w |22 )< Cn(1Sy (u) — ulmr @)+ [ () — P llL2(2))- (4.10)

Lemma 4.3. In addition to the hypotheses of Lemma 4.1, suppose that v' € C°(0,T; H*(Q)?),
v € L2(0,T; HY(Q)?), v®) € L2(Qx]0,T)2, ¢ € C°0,T; H'(Q)) and ¢" € L*(2x]0,T]). Then, if Q is
convez, there exists a constant C' that does not depend on n and At such that

sup [oy —o(t")| g+ sup [2(vp T —o(t"Hh) = (v — (") o)
1<n<N 1<n<N-1

N- 1/2 N-1 1/2 3
(gm I8 (g — o) By )+ (; 9200 oD ay) < COP + (A0 + ).
(4.11)
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Proof. Setting o(t) = v(t)—Syv(t), ¢, = ¢(t') and e} = v} —S,v(t') and applying (3.9) to (4.3), we obtain

Vz, € Vi, (8'er, zy) + v(Veptt, Vz,) = (0'¢), 2y) + R3, (4.12)
where
(At)3/2
el < S5 | v Jl2(n-1,0001z2@p) | 24 2oy -
) . 3€Z+1 —dep + e’,}‘l )
Taking the scalar product by z, = 2! = SAL , summing over 1 < n < m — 1, and
applying Jensen’s inequality, (4.12) becomes
1 m—1 v m—1
5 At | 23t H%?(Q) +Z(|€nm\%11(sz) + [2€7" — 6?71@11(9) + Z |52€Z|§{1(sz))
n=1 ) n=1 4.13
SV 19 (Ar)* (3) |12 = 1, n 2 ( :
< Z‘en‘Hl(Q) T3 0™ 220,502 (02)2) + Z At || 6oy 112 -
n=1
Then (4.11) follows readily by applying (4.5), (4.9) and (4.10). O

The parabolic duality argument (cf. [21]) consists in defining the solution (w1, \»~1) of the backward
semi-discrete Stokes system of second order in time :

wtl — 4w 4 3wt

= SAL +rvAw" T - VAT = v,’fl —o(t"HinQ, 1<n<N+1, (4.14)
divw" ' =0inQ, 1<n<N+1, (4.15)

w" Moo =0, 1<n<N+1, (4.16)

w2 =0, wV T =0in Q. (4.17)

For each n,0 < n < N, the Stokes problem (4.14)—(4.17) has a unique solution w™ € H}(Q)2,\" € L3(Q),
(cf. [9], [20)).

The next lemma establishes basic estimates for the velocity w™ of the backward semi-discrete Stokes
problem (4.14)—(4.17).

Lemma 4.4. Standard arguments give the uniform bounds:

N 1/2
sup | w” llpae) +_sup | 20" = w [lpag) +v20( D At )
0<n<N 1<n<N+1 n—0 4.18
Nit (4.18)

2, n |2 25, al n n |12 1/2
+ 30 6" ey (| 2 (XAt vt = v e )
n=1 n=0
where Sy is the constant of Poincars inequality, and

> \/? N+1 22 1/2 \/j 1
— sup |w"|giq) + 7< w" |51 ) +4/= sup 20" —w" 1
\/;ogngpjv' | (@) 5 HZ:: \ [ () 5 OgngN‘ |1 (@)

1
N+1 n+1 n n—1 N

w1 — 4™ + 3w 1/2 n n 1/2

H(S e . B ) = (A0 —of By )

n=1 n=0

If Q is convez, then V0 <n < N,w™ € H*(Q)%,\" € HY(Q) and (4.19) implies the uniform bound

(4.19)

N 1/2 N 1/2
(3 At (lwBra@ + W) ) < (3 Al o) - vy 132 ) (4.20)
n=0 n=0

with a constant C independent of At and n.
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Proof. For the first inequality, we take the scalar product of (4.14) with z = 4Atw"™~!, and we use the
incompressibility condition. Multiplying the result by At, summing it over n from m 4+ 1 to N + 1, and
applying the Poincars inequality, we obtain for any € > 0

N N+1
H w™ H%?(Q) + H 2™ — ™M+l “%2(0) +4y Z At|wn|§{1(9) + Z || 62wn ||%2(Q)
n=m n=m-+1
9 N N
S g Z At || ’U(tn) - U;L ||%2(Q) +2552 Z At|w”|12ql(9),
n=m n=m

where S5 is Poincars constant. Then (4.18) follows after the suitable choice of € = .
2

wn+1 — 4™ + 3wn—1
2At ’

Similarly, for the second inequality, we take the scalar product of (4.14) with z =

we multiply the equation by At and sum it over n. We obtain (4.19) by choosing ¢ = AL
Now, we assume that Q is convex. Since (4.14)—(4.17) is a steady Stokes problem with right-hand

n+1 _ Q™ n—1
side — 2 2wAt+ Sw + (") — "), we have w™ € H2(Q)2, A" € H(Q) (cf. [10]) and (4.19)

7
implies also the uniform bound (4.20). O

From now on, we assume that (2 is convex. Using these inequalities, the next theorem establishes that
the error satisfies an estimate of order two in L?(2x]0,T[)%.

Theorem 4.5. If g € L*(Qx]0,T[)%,v € L?(0,T; H*(Q)?),q € L*(0,T; H*(Q)), v' € L?(0,T; H*(Q)?)
and v € L?(Qx]0,T))?, then there exists a constant C, that depends on the norm of v,v",v®) and q,
but not on n and At such that

N 1/2
(ZAt | v — v(t™) ||2LQ(Q)) / <O + (A1)? + n(At)?). (4.21)

In particular, if (3.16) holds, then

al n n 2 1/2 3
(ZAt oy —o(t™) 1720 ) < Cnb. (4.22)
n=0

Proof. Let e~ = v:;_l —v(t"~1). Taking the scalar product of (4.14) by e"~!, summing over n form 1
to N + 1 and applying a discrete integration by parts, we obtain

N N—-1

1
STAL e T y= D { - 5(3e"+1 —4e™ + "L Pw™ ) — v AV Pyuw Y, Ve"—l)}
n=0 n=1

N+1 N+1

1
- n+1 n n—1 n+l n+1y n—1 _ n—1 n—1
5 g 1(36 de™ + e w Pow™™) —v g 1 At(V(w Paw"™ ), Ve ) (4.23)
n= n=

N+1

+ Z AN — A dive ) — {§

5 (wh,e') + vAL(Vel, Vinl)}.

n=1

Denote the terms in the right-hand side of (4.23) by (Wgs);,J = 1,...,5. The first term is treated as
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follows :

N
(W] < ‘ > A (Q(t”“) — ryq(t" 1), div(Pyuw™ ! — w"+1)) ‘

n=1
N-1
P " 1/2
+7§(At)2 | 0P || L2 (xj0.7p2 ( > At|Pyuwt ?11(9))
n=1

P 1/2
< [Cﬂ?’ I lz2(o,7:m1 (2)) +\/§(At)2 | 0@ |22 (axj0,7p2 } (Z At |l e 720 ) :
The second term is bounded as follows :

= 1 . n |12 1/2 = n+1 n+1 12 1/2
(W)l < (D At 6" 32y ) (ZAt | w = Py e )
n=1

< Cn?((A1)32 42 (ZAf e 1720 )

Owing to Lemma 4.1, the third and fourth terms can be bounded by:

N ) 12, N ) 1/2
[(Whi)s| < cn(ZAt\ele(m) (ZAt|w"\H2(Q)>

< Cn((Ar)? (ZAt | e ||L2<Q>) ,
and
[(Wi)al < Cu((At)? (Zm e oy )

Finally, the last term can be written as follows :

3 3
(Wrn)s| = =5 (' = Pyul,e') = 5 [(inl, ) + vAL(Ve!, Vinl)} + gAt(Vel, VP,w').

Let us consider the terms between square brackets and write the error equation at time t! : there exists
6 €]0, 1] such that

A 2
(¢!, Pywt) + vAt(Ve, VPw') = At(r,q(At) — g(At), div Pyw') — %(v”(@At),inl),
then

At
(¢, Pywt) + AT, TPut)| < C[ 010 @) + S0 | o 1= irizeco |
N

2
1/2
(Do athe e )
n=0

The first and last parts of (Wgp)s are bounded by using (4.5).
Substituting these inequalities into (4.23), we obtain (4.21). In addition, if (3.16) holds, then (4.21)
implies (4.22). O

Now, we split uy — u(t") into a linear contribution, vy — u(t"), and a non-linear one u; — v;’. Here

vpt! is the solution of the Stokes problem (4.3)~(4.4) with g = f — u - Vu. Therefore, v = u and v}
solves the discrete problem Vw, € V,,
n+1 n n—1
(Bupy ™ — Aoy + v wy)
2At

Therefore, Theorem 4.5 gives

+ V(VUZH,an)—(qZH,diV wy) = (FET)—u(@" ™) Vu ("), w,). (4.24)
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Corollary 4.6. Suppose that u satisfies the hypotheses on v in Theorem 4.5 and that f € C°([0,T]; L*(2)?) 1
then

1/2
(Z Atllvp —u(t") [Fa@ ) S CW* + (AD* + n(At)?), (4.25)
with another constant C’(f,u,p, v, T) that does not depend on n nor on At.
Furthermore, if p’ belongs to L*>(0,T; H*(RY)), Lemma 4.3 implies that

3
Y o < C(0% + (A2 + ). 4.26
Ogsgva u(t™)| o) < C(n” + (A?) \/E) (4.26)

On the other hand, we prove the following “superconvergence” result for the non-linear part.

Theorem 4.7. Under the assumptions of Corollary 4.6 and if p’ € L*(0,T; H'()),u € L?(0,T; H'(Q)?)
and u € L>(0,T; WH4(Q)?) then there exists a constant C that does not depend on n and At, such that

sup oy =y llzaey + sl 2(vy —up) = (T =) e
<n N 1<n

1/2 (4.27)
( Z 18207 —ul) g ) + ( Z Atfor !t — gt ip(m) < O + (A1)?).
n=0

Proof. In one hand, we take the difference between (4.24) and (1.17). We split the non-linear term as
follows :

"H Vu”HJr dlvunﬂu’”rl u(t" ) - Vu (")

n
= —<,0 Vu”'H - = le <p”+1 ZJrl - 11,7 -V ”+1 - = dlv U”Jrl(p:]“q
O ) Vg )+ L e et

+(optt —w(t™th)) - Vu(tn ) + %div( ;;“ —u(" ) u(" ) 4wt - V(o —u @ ).

On the other hand, we multiply the resultant equation by @Z“ and sum it over n = 1, ---, m—1. We obtain:

3

( n+1 350n+1 4902 +90?7 —I—V Z At|§0n+1 2

N

?EM

Ju

m—1

At{( QL gt oty — (dIV ot uptt ”“} ZAt () - V(optt —u(t™th), epth)

i
=

+
(]

AR (™ = ult™)) - Vgt = ), )+ g (div (ot = ), (et = () o )

i
,‘_.)—‘

£ At ) Vule ), gt + i (g —u( ), () g

"~ 428
The left-hand side of (4.28) can be written as follows : 2
TN oy —7 1 0 Iacey +3 1267 — 07 acey —3 1205 — 6 ey

m—1 m—1
b1 3100 ey +v 3 Al .
n=1 n=1

We note (Urg)i,@ = 1,...,4, the terms in the right-hand side of (4.28). For the first term, setting
Cy = sup |uy |1 (), we can write

21/435454/3 = V2 2MAG, S N
(Ol < SH{(VEer + ) 3 At ey + (5 + 5 ZAt ey o) }-
€2
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tn+1)

Setting C5 = sup || u( | o< () and due to Corollary 4.6, the second term is bounded as follows :

m—1
CC4 Cses
|(Urr)2| < ng(n6 + (A + (At)'n?) + 5 Z AtlopH q)-
n=1
For the third term, we use Lemma 4.1 and (4.26) and we obtain :
2

CS 3S
Z20 (0 4 (AT + (AL 4 224 Z At 2 -

U <
(Whi)al < 52

n=1

In order to bound the last term, we use the well-known formula (3.12) :

(0 — 1)) Vult+1), ) 4 (v (o =t ) u(E ) - o)

Lo nt1 nt1 n+1 n-l—l 1 ! n+1 ntl , ntl (4.29)
= () ), ) - (e () - Vil (),
we set Co = sup |u(t”+1)|W1,4(Q) and we obtain :
1<n<N
C(Cy84 + C S4Cs + C3)es &=
(Una)al < %5%6 (A0t (anh) 4 BTG N sy
n=1

Finally, we still have to estimate <p717 :
I 5 17200y +V AL e H ) = At|(uy, - Vg, — u(At) 'U(At)7¢},)‘~
The non-linear term is splitted as the general one. The first part is bounded by :
Cl 21/438464/3 \@ 21/454
V2 + =)Aol iy + (- + g DA o) I

and if At is sufficiently small, these terms are absorbed by the left-hand side of (4.28). In the second
part, we obtain :

At || vy = ult') 2y < C(n° + (A1),
and in the third one :
Atlvy — u(At)| g1 (q) H vy — u(At) [[La@) \%\Hl(ﬂ)

1
eg At + - c +15(A)32 + = +n*(An)T/?).
5 (es |onl (o) (n® +n°(At) \/E +1°(At)"77)
In the last part, we obtain
At [l vy —u(th) |72y < C° + (AD)Y).
Then (4.27) follows readily by applying these results. O

Combining Corollary 4.6 and Theorem 4.7, we obtain :

Corollary 4.8. Under the assumptions of Theorem 4.7, there exists a constant C' that does not depend
on n and At, such that

N 1/2
(ZAt | u(™) —up 17200 ) / < C(n® + (At)?), (4.30)

n=0
In particular, if (3.16) holds, then

= n+1 n+1 112 1/2 3
(D Atlu@ ) = wptt 3y ) <O (4.31)



16 H. ABBOUD, V. GIRAULT & T. SAYAH.

5. AN ESTIMATE FOR THE PRESSURE

The results of the preceding section allow one to establish an error estimate for the pressure. We start
with a general bound.

Lemma 5.1. Under the assumptions of Lemma 3.4, let (u(t"™'), p(t" 1)) and (up', pptt) be the re-
spective solution of (1.1)—(1.4) and (1.17)—(1.18). We have

n n 1
Z At || pp™ = ryp(t") (|72 () < @{01(772 +(A1)?) + Co(AL)? [| u®) || 2@xj0,2
N (5.1)
+Csn? || p |20,z () 520 At || 6" (upp — u(t™)) H%mz))m},

n=1

where 3* is the constant of the inf-sup condition (1.10) and the coefficients C;, 1 < i < 3, are independent
of n and At.

Proof. Let us substruct the non-linear terms and set e}, = u} — u(t"). We obtain

n

1 1
n+1y | n+1 n+1 | n+1 : n+1, n+1 n+1y | n+1 n+1 n+1 : n+1l, n+1
w(t™t) - Vu(t"t) Uy Vu, 3 divu, ™ upy T = u(t™) Ve, €n Vu, 5 dive, ™ u, ™

Then, for all w; € X, and due to (3.9), we have

N-1 3entl _ gen + en—1 N-1
Z At(p n+1 ryp(t™1), divwl}“) _ Z At( n QAZ n__ n+1) +u Z At(VeZ;H,VwZ;H)
— n=1

n n noon

N—-1
1
+ Z Ry + Z At tn+1 Ve n+1 n+1 + Z At{ n+1 vunJrl wnJrl) + §(diven+1un+1 wn+1)}
n=1

n=1

+ Z At(p(t™ ) — ryp(t"th), div w’nﬂ'l).

Owing to the inf-sup condition (1.10), there exists a function w, € VUJ- such that
(v, ™ = rp(t ) =1y = () [y and gl @ < 35 1257 = rplt™) e -
Let (Prp)i,i = 1,...,6, denote the terms of the right-hand side of (5.2).

We deduce by standard arguments:

N-1

/2 /
|(PRH (Z At ” slen HLQ(Q )1 (Z Atlw”+1|H1 Q))l 2,
n=1

N—
/
(Prn) (Z AP )~ u(t ) ney) Z At )
SCI( (ZAt‘wn—H %11(9)1/2’

N-1

1/2
[(Prim)s) < Co(AL? | 1 zasgorpe (D Atlwy )

n=1
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The fourth and fifth terms (Prg )4, (Pra)s are bounded as follows :
12 N1 . 1/2
|(Pri)4| < SZ(SIth [u(t)] () ( Z Atleptt \Hl(g)) ( Z At|wn+l|?ﬁ11(9))
n=1

N— 1/2

|(PrH)s ‘ Z At{ mELL gt n ) — (et vt un+1)‘

n n n >n

2 1 — n+12 1/2 = n+12 1/2
< SE(sup |up™ |H1(Q))< Z Atley |H1(Q)) ( Z Atfwy |H1(Q))
n=1 n=1

N-1

< 04(7’] —|— At (Z At|w ntl |H1(Q)>1/27

and the last term is bounded as follows :

N-1

2 n+1|2 1/2
(Pre)s < s 1| p o msmcay (3 Ml Bgy) -
n=1
Then (5.1) follows easily by substituting these inequalities into (5.2). O
1/2
We have to estimate ( Z At || 6* (uy —u(t™)) ||2L2 ) ) . This estimate is proven assuming the trian-

gulation satisfies a mllder regularity property than uniform regularity (1.9): there exists a constante 7
that does not depend on n or At such that

Pmin > 71°, where po, = inf py. (5.3)
KET,

More precisely, this assumption is used in proving that uy is bounded in L>(0, T} WL5/2(Q)?)

Lemma 5.2. Under the assumptions of Theorem 4.7 and if T,, satisfies (5.3), there exists a constant C
that depends neither on m nor on At, such that

Sup|u:7‘|W1,5/z(Q) S C. (54)

Proof. We refer to [2] for the sketch of this proof. O

Lemma 5.3. Under the assumptions of Theorem 4.7, there exists a constant C = C(u,u',u(3)) that does
not depend on n and At, such that

N-1 1/2
(D atlatwy —ult™) IFe@ ) + Vo sup fug = ut™) o)
n=1 1<n<N
n n n—1 n—1 = 2/ n nyy\|2 1/2 (5 5)
Vv osup 20wy —u(t™)) = (ugT —u(t"T)) o) + ﬁ( D 167 (uy — ult ))|H1(Q)> '
n=1

1<n<N

3
< O + (A2 4 —).
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Proof. The proof is similar to that of Lemma 5.1. By taking e = u — Syu(th), gon = u(t") — S,u(t’) and
the test function w, = wpt!t = §le’ :

3

m—1

Z At | otep HL2(Q) +5 (\6 |H1(Q) |€717‘?—11(Q) + |2e" — 6?71@11(9) — |2¢;, — 69,@11(9) + Z ‘5262‘%{1(9))
- m—1
+ 2 AL, 8t ZRl
n=1

1
+ Z A{ () - Tu(E) =t Vut gten) — S (divay T dtep) },

n=1

<v ’ZAt v@n+1 Véle n

+ ‘ Z At(p(t™*h), divé'ey)
n=1

with

1
w(t" ) - V(i) — uZ;'H . Vuj,”‘l -3 div uZHuZ’H

1
= (") V(u(" ) — uZ;'H) + (u(t™ ) — u;”‘l) . Vul,”‘l -5 div(u(t"th) — u:;“)u:;“.

Due to the definition of the operator S,, we only have to estimate the three last terms (Vzg)i, i =1, ..., 3,
in the right-hand side of (5.6).

The first one is bounded as precedently as follows :

m

Z (0tpr, otem)| <

< 5o P U I mmaqps) + 19 [ om o)

|(VrRH)1

m—1
€1 n
HA20 (| u” 720,750 )2y + 11 P lz2(@x10,70 }+ ) Z At || 6%es 172q)
n=1

The second term is bounded as follows:

m—1 C(At)4 c m—1
2 n
((Vem)2| = | Y Rl < 50y I w® 720,72 t3 SO At 8ten (17200 -
n=1 n=1

For the last term, it is splitted into two parts that we treat succesively. The first part is treated as
follows :

]Zm( (") - D) — wth), o)

Cll ullpe@xjo,rp2 (€ ey 1n
< 5 (n + (A e3> At 8] 320

n=1

and for the second part, we notice that :

| (w(E" 1) —upth) - Vult |2 ) —

lup ™ yy1sr2 (a1 ul uptt || Lio(q)
Srolupt sz [u™ ) —uptt g oy,

then it is bounded as follows :
1
‘ Z At(( tn+1) :71+1) . VUZJFI,(sleZ) + §<div(u(t”+1) _ u;t+1)u:’l+1’ 514]1))‘
C m—1
< (G + 10) sup [ sy 2 Atlu(t™) = i ey 110z
n=1

! m—1
<C”< (n* + (A" +s4ZAt|51"||L2(Q>

S
4 n=1
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Then by setting Cy =|| u || L (ax]o,77)2, the last term of the right-hand side of (5.6) is bounded by :

Cies

( Cl C’ loldo4
+
263 €4

m—1
)t (A0Y) + (S Cea) 32 A6 e
n=1

Finally the initial datas are bounded due to Proposition 3.3. Then, choosing suitably the parameters ¢;,
the equation (5.6) becomes

m—1
(D2 A8 uly = Syut") [Fagey)/* + V7 sup fuf = Syult")
n=1 RS

N—-1
Vv sup 2wy — Syu(t™)) = (up ™t = Syu(t ) ) + V(Y 18 (uy — Spu(t™)) i o))"
1<n<N n=1 @
3
<O+ (Ap¥2 + ).
7 + (802 + L)
Finally (5.5) follows readily from this result and by applying a triangular inequality and \S,’s properties.

O

From these three lemmas, we easily derive an estimate of the pressure.

Theorem 5.4. Under the assumptions of Lemma 5.1, there exists a constant C that does not depend on
n nor on At, such that

N 1/2 3
n
> AL p(t") = Py 720 <O + (AP + —=). (5.7)
(n_l K ) VAL

6. ERROR ESTIMATE FOR THE SOLUTION OF STEP TwO

We assume at this stage that we know the solution u?f“l of the first step. Then at each time step, the
second step (1.19)—(1.20) is a square system of linear equations in finite dimension, and if At is small
enough, it has a unique solution. First, we will establish the error estimate for the solution computed by
one step of Euler’s scheme (uj, — u(At),p}, — p(At)) :

Proposition 6.1. The error of the solution computed by one iteration of Fuler’s scheme satisfies the
following estimations, for At < ko > 0 sufficiently small,

1 VAt
3 | up, — u(AL) [[72(0 +T|u}11 —u(At)[51 ) < C(H® + h' + (A1)Y), (6.1)

and
(A2 || p(AL) = p}, |12y < C(h? + H? + (At)*/2). (6.2)

Proof. The error’s equation is similar to (3.2).

Vo, € Vi, (up — u(At),vp) + vAL(V (uy, — u(At)), Vop,) = @(u”(GAt), vp)
—At(p(At) — rpp(At),divoy) + At(u(At) - Vu(At) — uly - Vu,, vp).

(6.3)

By setting vy, = v} = Pyu(At) — uj, and ¢} = Pyu(At) — u(At), the non-linear term can be written as
follows :

(u(At) - Vu(At) — uly - Vul,vp) = (u(At) — uly) - Vu(At),vp) + (uly - V(u(At) — Pou(At)), vp)
+((w(At) —uy) - V(uy, — Pyu(At)), va) + (u(At) - V(Pru(At) — uy), vp)
— (A1) — uly) - Tu(At), ) — (uly - ok, vn) — (@(A8) — uly) - Tod,un).
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Then, we have three contributions of the non-linear term. For the first part, we write :
At ((A) = ) - Vu(At),0})| < Siloh] s ) Sup fu(At) sy A | () = ! ey
1
<3 (slAm}Lﬁp(m + E—CzAt(HG + (At (At)H4)).
1

For the second part, we know that || u}; [|14(q) is bounded and we write :

At‘(u% : Vs@iw}b)) < Sultlop | [l ugr s [u(At) — Pru(At)|gro)

C

1 4
< B (EzAth}h‘Hl(Q) + — (At)h )

Finally, the last term can be written as :
At‘ (At) —ul,) - Vvh,vh)‘ < AMCH [0} 21 o luly — u(AD) |1 (s,

with
3

H
ul, — u(A)| <O((AH)3? + H? + .
lugr — u(At)| 1) < C((At) \/E)

In that case, for H (and At) sufficiently smooth, this term is absorbed by the left-hand side of the
equation. And for the linear terms, we introduce Pyu(At) in (6.3) and we obtain:

(A
I ok W3y A0 s ) < [(ohowh)| + wA¢| (Vioh, Ve[ + 57 swp | N oh llscon g

+At || p(At) — rpp(At) || L2¢0) |0} |1 (@) + non-linear term.
For the pressure, we obtain :

At(rpp(At) — p(At),divoy) + At(p), — rpp(At), divvy)
A 2
= (up, — u(At),vp) + vAL(V (u}, — u(At)), Vo) — (Tt)(u”(é‘At)mh) — At(u(At) - Vu(At) — uly - Vg, o).

(6.5)
We choose vy, € V;- such that

(ph — rap(At), div o) =| py, — rap(At) [|72(q) and |valmi @) < = | o — rap(AL) [|L2(0),

ﬂ*
with 0* > 0 that does not depend on h. Thus
1/2

At Sa
(A2 | pj, = rap(At) [ 120 < ( ( I rap(At) = p(A) 120y +55 [ un = u(At) 20

)
6*
S
+v|Pru(At) — u(At)| o) + ?Q(At) | 0" (0A) [| 20y +ST([u(A8) () + [uglmr0)uh — U(At)\Hl(Q)>
< C(h? + H? + (At)*/?).
O

The fine velocity satisfies the following error estimate:

Theorem 6.2. Under the hypotheses of Theorem 4.7, the solution of Step 2, (u ”H,pzﬂ), satisfies the
following error estimate

LN lufy —u®) Nl + sup | 2(uh —ult™)) - (up ™" = u(t" ™) llz2(@)
N-1

+HO 8% = utt™) Hm )2+ Vi Z Aty = ult™) s )2 (6.6)
< C(H5 + h? + (At)? + H(At)?),
with a constant C' that does not depend on h, H and At.
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Proof. By substructing the equations (1.19) and (1.17), by setting v} = Pyu(t?)—u}, ¢} = Pyu(t?)—u(t"),

by taking the test function v, = U;LH_ and by summing the result from n =1 to n = m — 1, we obtain

1 _
v Z Atfop ) + ( o 122y = I on 22y + | 207 = v ™" 1720y — || 205 = vh Z2(q)
m— 1

+ Z | 62w H%Q(Q) ) <] Z Ry + v Z ALVt Vot + | Z At(p(t" ) — rypp(t™Th), div oyt
n=1 —

+| Z At(8 op, vp | + | ZN Vgt () V), o).
n=1
(6.7)
Let us estimate the terms (T'GRrp)i, i = 1,...,4 in the right-hand side of (6.7). The first term is bounded
as follows :

C(At) €1 o N
(TGRru)1| < e, | u®® 172 0xj0,77)2 T3 Z At [ o |72y -
n=1

The second term and third terms are bounded respectively as follows :

C’z/h4 1/52
(TGRrHu)2| < Il 720,083 00)2) + Z Atlopt 3 q)-
n=1
and
ch4 £3 o -
(TGru)s| < 5— H P 72012 () t Z Atlop ™ @)
n=1

and the fourth term is as follows :

N C(At)* Ch? £y ' N
Z At( 51%7, vt < o5, | u® ||%2(Q><]O,T[)2 +E [| H%N(O,T;HQ(QP) T Z At || optt H%?(Q) .

The non—hnear term in the right-hand side can be written as follows:

() )V  Pra(H) —u(t ) - V(P —
We study the four parts (NL);,i = 1, ...,4, of the non-linear term separately. Setting Coo.1 = sup |u|w1.4(0),|]
the first part is treated as follows :

it Vgt — () V() = (uptt — w(th) - Vet +ultt - VPt — u(tvth)) I
n+1)

At((NL) n+1 Coo.lc HS & (A S3Co.185.1 m_lA n+12
’HZ;) t( )1,0 )‘_?51 (H” +( t))‘*‘f; tvp " )

Setting Coo.2 = sup || uf;’ ||L4 (@), the second part is treated as follows :

o CCocah? S3Coe2%5.2 K~ pup n
’ Z At((NL)2,v +1)‘ < T, I 220,733 (2)2) +4f > At q).

For the third part, we use the following estimation (cf. [7]): there exists a constant C, that does not
depend on 7 such that, for all u, € V,

Vg € X | (ty - Vg wy)| < On'= | divy |12y w35 ), (6.8)

we have
| Z AH(NL)s, v )| < CH'==(H + (At + Z At B

And the last part is bounded as follows :

)mzlAt((NL)4, nt1 ’_o
n=0
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Then, collecting these inequalities, choosing suitably the parameters ¢; and  and applying Gronwall’s
Lemma, we get

sup || ujp — Phu(t™) |2 + sup || 2(uf — Pau(t™)) — (up ™" = Pou(t™ 1)) |20
1<n<N 1<n<N

N
Z | 62 (up — Pru(t™)) ||2LQ(Q))1/2 + W(Z Atlup — Phu(tn)@[l(g))l/g
n=1
< CUP +1 + (A1),

Then, (6.6) follows readily from the above result and the P,’s properties. O

Finally, we consider the error of the pressure. As in Section 5, the pressure satisfies the following bound.

Lemma 6.3. Let (u(t"*1), p(t"*1)) and (u} ™', pi*") be the respective solution of (1.1)~(1.4) and (1.19)-
(1.20). We have

1/2 1
( Z AL = rapt™ ) oy ) < 52 { O I sy +Co(80) 0 lzx@jompe

N-1

1/2
+C3(H® + (A1) + Cab? + 55 ( D7 At |1 —u(t")) IBeey ) 1
n=1
(6.9)
where §* is the constant of the inf-sup condition (1.10) and the coefficients C;,i = 1,...,4, do not depend
on H,h and At.

Proof. The steps of this proof are similar to those of the proof of Lemma 5.1 and the only difference
between these proofs concerns the non-linear term. Here we write

w(t™ ) - Vu () — u"H'H . VuZ'H = (u(t"*t) — u”;'l) V() + (u?ﬁ'l —u(t™th)) - V(u(t"tl) — uZ'H)
Fu(t" ) - V() — upth).

Then, let us estimate the terms that compose the non-linear term.

N-1
Z At(u(t™™) - Vau (") —witt s vt wptt
n=1
N-1 1/2 1/2
< 54( Z At‘wnJrl %1(9)) {(sup \u |W1 4(Q) ( Z At || u tn+l n+1 HL2(Q) )
n=1

n+1 n+1(2 1/2
—|—S4(sup ‘u(t ) — quHl(Q + bup |u |H1(Q ( Z At|u t — Up, |H1(Q)) }

< (o + )(Z A B ey)

Then, (6.9) follows readily from these bounds and from the inf-sup condition (1.10). O

N-1 12
Therefore, here again, we must derive an estimate for ( Z At || 6 (uf — u(t™)) ||2Lz(Q) ) .

n=1
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Lemma 6.4. Under the assumptions of Theorem 4.7 and Corollary 3.4, there exists a constant C that
does not depend on H,h and At such that :

Nl 1/2
(3 atl o wy = u(t™) e )+ VP sup_Jug = ult") o)
n=1

1<n<N
n n n—1 n—1 = 2/ n ny\ |2 1/2 (610)
HVB sup (20— ul(t") = (= 0l ) gy + V(3 1907 — ) o)
RS n=1

< C(h? + H3 + (At)?).

Proof. We substruct the equations (1.17) and (1.19), we set e}, = u}, — Spu(t’) and ¢} = u(t*) — Spu(t’)
and we take the function test wj, = d'e}. Due to the definition of the Stokes operator S,, we have

m—1
Z At || 8tep 220y +2 Z At(ve;;“, 5162) -y At(tslgoh, ) Z R
n=1

n=1
+ Z At( ") - Va (") —utt vt (5162).
The first term of the right-hand side is bounded as follows :

Z At('gr,8'eh) | <

C
< 251{h4(‘| U | Fe o,z + 1P [T o )

m—1
€1 n
AR W ooz + 12" Iraxiorp) } + 5 D0 At 8% aqq -

n=1

The second term is bounded as follows :

m—1 m—1

C(At)4 £2 n

Z Rl‘ < e, | ut® H%2(Q><]O,T[)2 "'5 Z At || otep ||2L2(Q) :
n=1

n=1

Setting Coooo = sup || u(t"*") || (q), the third term is bounded as follows :

Coooo€3

m—1
DAt 8 172 -

n=1

ZAt( (1) — ;;H)-w(tnﬂ),aleg) < C2°°°°(H6+(At)4)+

€3

Using Theorem 6.2, the fourth and fifth terms are respectively bounded as follows :

mi At((u"H+1 o u(tn+1)) . V(u(thrl) n+1) 51 )

n=1

Sf n+1 n+1 2 n+1 n+l 2 5454 — 1 2
< 2?4(5171}) [ w(t™™) —uf"™ (=) Z Atu(t"™) — Hi(Q) T Z At [ 6 ep 720

SZ 6 4 4 5264 = 1.n 2
< EC(H + R+ (At + = ;At I 6 eR 1172,

and
C Cooools e
n+1 n+1 n+1 1 _n 0000 6 4 4 0000<H 1 _n (|2
( (1) - D () ), ot )| < o CUHC + I (A0)) + =5 Z:At | 6ep ||L2(Q).I
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Thus, after a suitable choice of €;,7 = 1, ...,4 and by applying the error of the solution computed by one
iteration of Euler’s scheme established in Proposition 3.3, we obtain

N-1 1/2
(ZAt | 8lem ||2L2(Q)) FV sup [eR e + VP sup 126 — el oy
n=1 1<n<N 1<n<N

N-1 1/2
+ﬁ( 3 |52eg|§,1<9)) < C(h? + H? + (AD)?).
n=1

O
These two lemmas yield immediately the following theorem.
Theorem 6.5. Under the assumptions of Lemma 6.4, we have :
- +1 +1 12 1/2 2 3 2
(3 Atlpt™™) = pp ey ) < OO+ H + (A1), (6.11)
n=1
with a constant C' that does not depend on h, H and At.
Remark 6.6. As a consequence, h, H and At satisfy (3.16), then
- 1 12 1/2 2
(X atlp) =pptt ey ) < o2 (6.12)
n=1

This theoretical analysis is confirmed by numerical results cf. [1].
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