
HAL Id: hal-00175694
https://hal.science/hal-00175694

Submitted on 30 Sep 2007

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

How can we recover Baire class one functions?
Dominique Lecomte

To cite this version:
Dominique Lecomte. How can we recover Baire class one functions?. Mathematika, 2003, 50, pp.171-
198. �hal-00175694�

https://hal.science/hal-00175694
https://hal.archives-ouvertes.fr


ha
l-0

01
75

69
4,

 v
er

si
on

 1
 -

 3
0 

S
ep

 2
00

7

How can we recover Baire class one functions?

Dominique LECOMTE

Mathematika50 (2003), 171-198

Abstract. Let X andY be separable metrizable spaces, andf : X → Y be a function. We want to recoverf from its

values on a small set via a simple algorithm. We show that thisis possible if f is Baire class one, and in fact we get a

characterization. This leads us to the study of sets of Baireclass one functions and to a characterization of the separability

of the dual space of an arbitrary Banach space.

1 Introduction.

This paper is the continuation of a study by U. B. Darji and M. J. Evans in [DE]. We specify the
term “simple algorithm” used in the abstract. We work in separable metrizable spacesX andY , and
f is a function fromX into Y . Recall thatf is Baire class one if the inverse image of each open set is
Fσ . Assume that we only know the values off on a countable dense setD ⊆ X. We want to recover,
in a simple way, all the values off . For each pointx ofX, we extract a subsequence ofD which tends
to x. Let (sn[x,D])n be this sequence. We will say thatf is recoverable with respect to D if, for
eachx inX, the sequence(f(sn[x,D]))n tends tof(x). The functionf is recoverable if there exists
D such thatf is recoverable with respect toD. Therefore, continuous functions are recoverable with
respect to any countable dense sequence inX. We will show that results concerning recoverability
depend on the way of extracting the subsequence. We letD := (xp).

Definition 1 LetX be a topological space. We say that a basis(Wm) for the topology ofX is a
good basis if for each open subsetU of X and each pointx of U , there exists an integerm0 such
that, for eachm ≥ m0,Wm ⊆ U if x ∈Wm.

We show that every separable metrizable space has a good basis, using the embedding into the
compact space[0, 1]ω . In the sequel,(Wm) will be a good basis ofX, except where indicated.

Definition 2 Letx∈X. Thepath to x based on D is the sequence(sn[x,D])n∈ω, denotedR(x,D),
defined by induction as follows:































s0[x,D] := x0,

sn+1[x,D] :=















sn[x,D] if x = sn[x,D],

x
min

{

p / ∃m∈ω {x,xp}⊆Wm⊆X\{s0[x,D],...,sn[x,D]}
} otherwise.

Now the definition of arecoverable function is complete.
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In Section 2, we show the

Theorem 4A functionf is recoverable if and only iff is Baire class one.

In Section 3, we study the limits of U. B. Darji and M. J. Evans’s result, using their way of
extracting the subsequence. We give some possible extensions, and we show that we cannot extend it
to any Polish space.

In Section 4, we study the question of the uniformity of sequence (xp) for a set of Baire class
one functions. We considerA ⊆ B1(X,Y ), equipped with the pointwise convergence topology. We
study the existence of a dense sequence(xp) of X such that each function ofA is recoverable with
respect to(xp) (if this happens, we say thatA is uniformly recoverable).

In the first part, we give some necessary conditions for uniform recoverability. We deduce among
other things from this an example of a metrizable compact spaceA ⊆ B1(2

ω, 2) which is not uni-
formly recoverable.

In the second part, we study the link between the uniform recoverability ofA and the fact that J.
Bourgain’s ordinal rank is bounded onA. J. Bourgain wondered whether his rank was bounded on
a separable compact spaceA whenX is a metrizable compact space. We show among other things
that, ifX andA are Polish spaces, then this rank is bounded (this is a partial answer to J. Bourgain’s
question).

In the third part, we give some sufficient conditions for uniform recoverability. We study among
other things the link between uniform recoverability andFσ subsets with open vertical sections of a
product of two spaces.

In the fourth part, we give a characterization of the separability of the dual space of an arbitrary
Banach space:

Theorem 30LetE be a Banach space,X := [BE∗ , w∗],A := {G⌈X/G ∈ BE∗∗}, andY := R. The
following statements are equivalent:

(a)E∗ is separable.

(b)A is metrizable.

(c) Every singleton ofA isGδ.

(d)A is uniformly recoverable.

In the fifth part, we introduce a notion similar to that of equicontinuity, the notion of anequi-
Baire class one set of functions. We give several characterizations of it, and we use it to study
similar versions of Ascoli’s theorems for Baire class one functions. Finally, the study of the link
between the notion of an equi-Baire class one set of functions and uniform recoverability is made.

2 A characterization of Baire class one functions.

As mentionned in Section 1, we show the

Proposition 3 Every separable metrizable space has a good basis.
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Proof. LetX be a separable metrizable space. ThenX embeds into the compact metric space[0, 1]ω ,
by φ. So let, forr integer,nr be an integer and(U rj )j≤nr be a covering of[0, 1]ω made of open
subsets of[0, 1]ω whose diameter is at most2−r. To get(Wm), it is enough to enumerate the sequence
(φ−1(U rj ))r∈ω, j≤nr

. �

Theorem 4 A functionf is recoverable if and only iff is Baire class one.

In order to prove this, we first give a lemma. It is essentiallyidentical to U. B. Darji and M. J.
Evans’s proof of the “only if” direction. But we will use it later. So we give the details. Notice that it
does not really depend of the way of extracting the subsequence.

Lemma 5 Assume that, forq ∈ ω, {x ∈ X / ∃n sn[x,D] = xq} is an open subset ofX. If f is
recoverable with respect toD, thenf is Baire class one.

Proof. Let F be a closed subset ofY . We let, fork integer,Ok := {y ∈ Y / d(y, F ) < 2−k}. This
defines an open subset ofY containingF . Let us fix an integerk. Let (xpj)j be the subsequence
of D made of the elements off−1(Ok) (we may assume that it is infinite and enumerated in a 1-1
way). We let, forj integer,Uj := {x ∈ X / ∃n sn[x,D] = xpj}. This set is an open subset ofX by
hypothesis. LetHk :=

⋂

i∈ω [(
⋃

j≥i Uj) ∪ {xp0, ..., xpi−1}]. This set is aGδ subset ofX.

Let x ∈ f−1(Ok) andi be an integer. Thensn[x,D] ∈ f−1(Ok) if n is bigger thann0 and there
existsj(n) such thatsn[x,D] = xpj(n)

; thusx ∈ Uj(n). Either there existsn ≥ n0 such thatj(n) ≥ i
andx ∈

⋃

j≥i Uj , orxpj(n)
is xpq if n is big enough, withq < i, andx = xpq . In both cases,x ∈ Hk.

If x ∈ Hk, either there exists an integerq such thatx = xpq andf(x) ∈ Ok, or for each integeri,
there existsj ≥ i such thatx ∈ Uj, and∃n sn[x,D] = xpj , and thusf(x) ∈ Ok.

Thereforef−1(F ) ⊆
⋂

k∈ω f
−1(Ok) ⊆

⋂

k∈ωHk ⊆
⋂

k∈ω f
−1(Ok) ⊆ f−1(F ). We deduce that

f−1(F ) =
⋂

k∈ω

Hk

is aGδ subset ofX. �

Proof of Theorem 4.In order to show the “only if” direction, let us show that Lemma 5 applies. Set

O(x,D, n) :=















∅ if x = sn[x,D],

W
min

{

m / {x,sn+1[x,D]}⊆Wm⊆X\{s0[x,D],...,sn[x,D]}
} otherwise.

Note thatO(x,D, n) 6= ∅ if and only if x 6= sn[x,D]. In this caseO(x,D, n) is an open neighbor-
hood ofx. If n < n′ andO(x,D, n), O(x,D, n′) 6= ∅, sn+1[x,D] ∈ O(x,D, n) \ O(x,D, n′), so
O(x,D, n) is distinct fromO(x,D, n′). As (Wm) is a good basis, for each open neighborhoodV of
x there exists an integern0 such thatO(x,D, n) ⊆ V if n≥ n0, and thereforesn+1[x,D] ∈ V . So
path tox based onD tends tox.

3



To show that{x ∈ X / xq ∈ R(x,D)} is an open subset ofX, we may assume thatq > 0 and
thatxr 6= xq if r < q. So lett0 ∈ X andn be a minimal integer such thatsn+1[t0,D] = xq. Letm
be a minimal integer such that{t0, xq} ⊆Wm ⊆ X \ {s0[t0,D], ..., sn[t0,D]}. By definition of the
path,q is minimal such thatxq ∈ Wm. Let us show that ifx ∈ Wm, thenxq ∈ R(x,D); this will
be enough sincet0 ∈ Wm. We notice that if we letpn(x) := min{p ∈ ω / xp = sn[x,D]}, then the
sequence(pn(x))n increases, strictly until it may be eventually constant. Wehavex ∈Wm, which is
a subset ofX \ {x0, ..., xq−1}. Thus, as the path tox based onD tends tox, there exists a minimal
integern′ such thatpn′+1(x) ≥ q. Then we havexq = sn′+1[x,D] ∈ R(x,D).

Let us show the “if” direction. The proof looks like C. Freiling and R. W. Vallin’s ones in [FV].
The main difference is the choice of the dense sequence, which has to be valid in any separable
metrizable space.

We say thatD approximates F ⊆ X if for all x ∈ F \D, R(x,D) \ F is finite. Let us show
that if (Fi) is a sequence of closed subsets ofX, then there isD ⊆ X which approximates eachFi.

Consider a countable dense sequence ofX, and also a countable dense sequence of each finite
intersection of theFi’s. Put this together, to get a countable dense sequence(qi) ofX. This countable
dense set is the setD we are looking for. But we’ve got to describe how to order the elements of this
sequence.

We will constructD in stages, calledDi, for each integeri. If F is a finite intersection of theFi’s
andG is a finite subset ofD, we set

AF (G) :=
⋃

m∈ω,x∈G\F,x∈Wm 6⊆X\F

{qmin{i/qi∈Wm∩F}}.

Put on2i = {σ1, . . . , σ2i} the lexicographic ordering, and letF σ :=
⋂

j∈σ Fj for each finite subset
σ of ω. We set

G0 := {qi},Gk+1 := Gk ∪A
Fσk+1

(Gk) (for k < 2i),

Di := (
⋃

k≤2i

Gk) \ (
⋃

l<i

Dl).

We order the elements ofDi as follows. Letσi(x) := {k < i/x ∈ Fk}. Put the elements ofDi

whoseσi is σ2i first (in any order). Then put the elements ofDi whoseσi is σ2i−1. And so on, until
elements ofDi whoseσi is σ1.

Now let us suppose thatFi is not approximated byD, with x as a witness andi minimal. Let
y ∈ R(x,D) \ Fi such thaty is put intoD at some stagej > i and satisfyingx ∈ Fk ⇔ y ∈ Fk for
eachk < i. Letm ∈ ω such thatx, y ∈ Wm. We havey /∈ F σ

j (x), andWm 6⊆ X \ F σ
j(x) because

x ∈ F σ
j (x). So we can definez := qmin{i/qi∈Wm∩Fσj(x)}

. Thenσj(z) > σj(y) in the lexicographic

order. We havez ∈ AF
σj(x)

({y}). We conclude thatz is put beforey and thaty /∈ R(x,D). This is
the contradiction we were looking for.

Now let (Yp) be a basis for the topology ofY . Consider the inverse images of theYp’s by f .
Express each of these sets as a countable union of closed sets. This givesD which approximates each
of these closed sets. It is now clear that the setD is what we were looking for. �
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3 About the limits of U. B. Darji and M. J. Evans’s method.

Let us recall the original way of extracting the subsequence. Fix a compatible distanced onX.

Definition 6 Let x ∈ X. The route to x based on D is the sequence(s′n[x,D])n∈ω, denoted
R′(x,D), defined by induction as follows:



























s′0[x,D] := x0,

s′n+1[x,D] :=











s′n[x,D] if x = s′n[x,D],

xmin{p / d(x,xp)<d(x,s′n[x,D])} otherwise.

If f is recoverable in the sense of Definition 6, we say thatf is first return recoverable. U. B.
Darji and M. J. Evans showed the following:

Theorem If f is first return recoverable, thenf is Baire class one. Conversely, iff is Baire class one
andX is a compact space, thenf is first return recoverable.

Definition 7 We will say that an ultrametric space(X, d) is discrete if the following condition is
satisfied:∀ (dn)n∈ω ⊆ d[X ×X] [(∀ n ∈ ω dn+1 < dn) ⇒ (limn→∞ dn = 0)].

We can show the following extensions:

Theorem 8 Assume thatf is Baire one. Thenf is first return recoverable in the following cases:

(a)X is a metric space countable union of totally bounded subspaces.

(b)X is a discrete ultrametric space.

Corollary 9 LetX be a metrizable separable space. Then there exists a compatible distanced on
X such that for eachf : X → Y , f is Baire class one if and only iff is first return recoverable
relatively tod.

This corollary comes from the fact that we can find a compatible distance onX makingX totally
bounded. Now we will show that the notion of a first return recoverable function is a metric notion and
not a topological one. More precisely, we will show that the hypothesis “X is discrete” in Theorem
8 is useful. In fact, we will give an example of an ultrametricspace homeomorphic toωω in which
there exists a closed subset whose characteristic functionis not first return recoverable (notice that
ωω, equipped with its usual metric, is a discrete ultrametric space). So the equivalence between “f is
Baire class one ” and “f is first return recoverable” depends on the choice of the distance. And the
equivalence in Theorem 4 does not depend on the choice of the good basis, and is true without any
restriction onX. The algorithm given in Definition 2 is given in topological terms only, as the notion
of a Baire class one function. Furthermore, Definition 2 usesonly countably many open subsets of
X, namely theWm’s.
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Lemma 10 LetX be an ultrametric space,t ∈ X, x, y ∈ X \ {t}. Then the open ballsB(x, d(x, t)[
andB(y, d(y, t)[ are equal or disjoint.

Proof. Let us show thatd(x, t) = d(y, t) orB(x, d(x, t)[ ∩B(y, d(y, t)[ = ∅. Let

z ∈ B(x, d(x, t)[ ∩B(y, d(y, t)[.

If for exampled(x, t) < d(y, t), let r be in ]d(x, t), d(y, t)[. As z ∈ B(x, r[,

B(x, r[ = B(z, r[ ⊆ B(z, d(y, t)[.

As z ∈ B(y, d(y, t)[, we can writeB(z, d(y, t)[ = B(y, d(y, t)[ ⊆ X \ {t}. But this contradicts the
fact thatt ∈ B(x, r[.

If B(x, d(x, t)[ ∩ B(y, d(y, t)[ 6= ∅, let z be in the intersection. Then we have the sequence of
equalitiesB(x, d(x, t)[ = B(z, d(x, t)[ = B(z, d(y, t)[ = B(y, d(y, t)[. �

Now we introduce the counterexample. We set

Z := {Q = (qn)n∈ω ∈ Q ω
+ / ∀ n ∈ ω qn < qn+1 and limn→∞qn = +∞}.

This space is equipped with

d :



























Z × Z → R+

(Q,Q′) 7→











2
−min(qmin{n∈ω/qn 6=q′n}

,q′
min{n∈ω/qn 6=q′n}

)
if Q 6= Q′,

0 otherwise.

Proposition 11 The space(Z, d) is an ultrametric space homeomorphic toωω and is not discrete.

Proof. We setW := {f ∈ 2R+ / ∃ Q ∈ Z f = 1I∪p∈ω[q2p,q2p+1]}; this space is equipped with the

ultrametric on2R+ defined byd̃(f, g) := 2−inf{x∈R+/f(x)6=g(x)} if f 6= g. Then the function fromZ
into W which associates1I∪p∈ω[q2p,q2p+1] toQ is a bijective isometry. Thus, it is enough to show the
desired properties forW .

We set

D := {f ∈ 2R+ / ∃ Q ∈ Z ∃ k ∈ ω f = 1I∪p<k[q2p,q2p+1] or f = 1I∪p<k[q2p,q2p+1]∪[q2k,+∞[},

V := W ∪D.

ThenW andV are ultrametric, viewed as subspaces of2R+ . SetD is countable and dense inV , so
V andW are separable.
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Let (fp)p∈ω be a Cauchy sequence inV , andm in ω. There exists a minimal integerN(m) such
that, forp, q ≥ N(m), we haved(fp, fq) ≤ 2−m; that is to sayfp(t) = fq(t) for eacht < m. We let,
if E(t) is the biggest integer less than or equal tot,

f :

{

R+ → 2
t 7→ fN(E(t)+1)(t)

If p ≥ N(m) andt < m,N(E(t) + 1) ≤ N(m) and we have

f(t) = fN(E(t)+1)(t) = fN(m)(t) = fp(t).

Thus the sequence(fp)p∈ω tends tof in 2R+ . We will check thatf ∈ V ; this will show thatV is
complete, thus Polish. AsW is aGδ subset ofV ,W will also be Polish.

Case 1.∃ r ∈ R+ ∀ t ≥ r f(t) = 0.

If p ≥ N(E(r)+1) andt < E(r)+1, fp(t) = f(t); thus, the restriction off to [0, E(r)+1[ is the
restriction of1I∪p<k[q2p,q2p+1] to this interval, and we may assume thatq2k−1 < E(r) + 1. Therefore,
we havef = 1I∪p<k[q2p,q2p+1] andf ∈ D ⊆ V .

Case 2.∃ r ∈ R+ ∀ t ≥ r f(t) = 1.

If p ≥ N(E(r)+1) andt < E(r)+1, thenfp(t) = f(t); thus, the restriction off to [0, E(r)+1[
is the restriction of1I∪p≤k[q2p,q2p+1] to this interval, and we may assume thatq2k < E(r)+1. Therefore,
we havef = 1I∪p<k[q2p,q2p+1]∪[q2k,+∞[ andf ∈ D ⊆ V .

Case 3.∀ r ∈ R+ ∃ t, u ≥ r f(t) = 0 andf(u) = 1.

Let (rn)n∈ω ⊆ R+ be a strictly increasing sequence such thatlimn→∞ rn = +∞ andf(rn) = 0
for each integern. If t < E(rn) + 1, then we havef(t) = fN(E(rn)+1)(t). Thus, the restriction off
to [0, rn] is the restriction of1I∪p<kn [q2p,q2p+1] to this interval, and we may assume thatq2kn−1 < rn.
The sequence(kn)n∈ω is increasing, andlimn→∞ kn = +∞ becausef is not ultimately constant.
For the same reason, limn→∞qn = +∞. Thusf = 1I∪p∈ω[q2p,q2p+1] ∈W ⊆ V .

Let f ∈ V andm in ω. There existsε ∈ Q ∩]0, 1[ andq ∈ Q +∩]m+ 1,+∞[ such that, for each
t ∈]q − ε, q + ε[, we havef(t) = 0, or, for eacht > q − ε, we havef(t) = 1. In the first case we set

g :















R+ → 2

t 7→







f(t) if t /∈ [q − ε/2, q + ε/2],

1 otherwise.

In the second case, we set

g :















R+ → 2

t 7→







f(t) if t ≤ q,

0 otherwise.
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In both cases we havef 6= g, d(f, g) ≤ 2−m andg ∈ V ; this shows thatV is perfect. Moreover,
asD is countable and dense inV , W is locally not compact. Finally,W is a0-dimensional Polish
space, and each of its compact subsets have empty interior; thus it is homeomorphic toωω (see
Theorem 7.7 page 37 of chapter 1 in [Ke]).

To finish the proof, we setfn := 1I[0,1−2−n−1]∪
⋃

p>0[2p,2p+1]. We havefn ∈W andd(fn, fn+1) is

2−1+2−n−1
, which strictly decreases to1/2. Thus, spaceW is not a discrete ultrametric space. �

Theorem 12 There exists aΠ0
1(Z) whose characteristic function is not first return recoverable.

Proof. Let F := {Q ∈ Z / ∀ n ∈ ω n < qn < n + 1}, D := (xp) be a dense sequence ofZ. Then
F is closed since fixing a finite number of coordinates is a clopen condition. We will show that there
existsx ∈ Z such that the sequence(1IF (sn[x,D]))n∈ω does not tend to1IF (x). Let us assume that
this is not the case.

• We setn∅ := 0, B∅ := Z. We haveZ \ {x0} =
⋃disj.
j∈ω B(yj, d(yj , x0)[. Let

nj := min{n ∈ ω / xn ∈ B(yj, d(yj , x0)[}.

For eachx in B(yj, d(yj , x0)[ we haveB(yj, d(yj , x0)[ = B(xnj , d(xnj , x0)[ = B(x, d(x, x0)[ and
s1[x,D] = xnj . Then we do this construction again. Fors ∈ ω<ω \ {∅}, we set

Bs := B(xns , d(xns , xns⌈|s|−1
)[.

We haveBs \ {xns} =
⋃disj.
j∈ω B(ys⌢j , d(ys⌢j, xns)[. Let

ns⌢j := min{n ∈ ω / xn ∈ B(ys⌢j , d(ys⌢j, xns)[}.

For eachx in B(ys⌢j, d(ys⌢j , xns)[, we have

B(ys⌢j, d(ys⌢j , xns)[= B(xns⌢j , d(xns⌢j , xns)[= B(x, d(x, xns)[ ⊆ Bs,

and alsos|s|+1[x,D] = xns⌢j .

• For eachx in Z \ {xn / n ∈ ω}, there isα in ωω with x ∈
⋂

m∈ω Bα⌈m andsm[x,D] = xnα⌈m
for

eachm in ω. Moreover, ifx ∈ F , then there existsm0 in ω such thatxnα⌈m
∈ F for eachm ≥ m0.

Case 1.∀ s ∈ ω<ω Bs ∩ F = ∅ or ∃ t ≻ 6= s Bt ∩ F 6= ∅ andxnt /∈ F .

AsB∅ = Z meetsF which is not empty, there existsα, β ∈ ωω such that0 < β(n) < β(n+ 1),
Bα⌈β(n) ∩ F 6= ∅ andxnα⌈β(n)

/∈ F for eachn in ω. It is enough to show the existence ofx in
⋂

m∈ω Bα⌈m. Indeed, if we have this, we will havesm[x,D] = xnα⌈m
for eachm ∈ ω. But the

diameter ofBα⌈m will be at most2d(sm[x,D], sm−1[x,D]), thus will tend to0. AsBα⌈β(n) meets
F , we will deduce thatx ∈ F . Thus, the sequence(1IF (sn[x,D]))n∈ω will not tend to1IF (x) since
sβ(n)[x,D] /∈ F .

Asxnα⌈m+1
∈ Bα⌈m+1 ⊆ Bα⌈m, the sequence(d(xnα⌈m+1

, xnα⌈m
))m∈ω is strictly decreasing; let

l be its inferior bound.
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Case 1.1.l = 0.

In this case, sequence(xnα⌈m
)m∈ω is a Cauchy sequence. LetΦ be the bijective isometry that we

used at the beginning of the proof of Proposition 12. We setfm := Φ(xnα⌈m
). Then the sequence

(fm)m∈ω is a Cauchy sequence inW ⊆ V , thus tends tof ∈ V which is complete.

Case 1.1.1.∃ r ∈ R+ ∀ t ≥ r f(t) = 0.

We havef = 1I∪p<k[q2p,q2p+1] and, ifm is big enough, then the restriction offm to [0, E(r) + 1[
is the restriction off to this same interval, and we haveq2k−1 < E(r) + 1. Thus,xnα⌈m

starts with
< q0, q1, ..., q2k−1, q

m
2k > and, ifm is greater thanp0 ≥ m0, thenqm2k ≥ 2k + 1. Letn0 in ω be such

thatβ(n0) > p0. ThenBα⌈β(n0) is disjoint fromF because, ify is in F , theny /∈ Bα⌈β(n0) since
d(y, xnα⌈β(n0)

) ≥ 2−y2k > 2−2k−1 ≥ d(xnα⌈β(n0)
, xnα⌈β(n0)−1

). Thus, this case is not possible.

Case 1.1.2.∃ r ∈ R+ ∀ t ≥ r f(t) = 1.

This case is similar to case 1.1.1.

Case 1.1.3.∀ r ∈ R+ ∃ t, u ≥ r f(t) = 0 andf(u) = 1.

In this case,f ∈ W , thus there existsx ∈ Z such that the sequence(xnα⌈m
)m∈ω tends tox.

We havex ∈
⋂

m∈ω Bα⌈m, since otherwise we can find an integerm′
0 such thatx /∈ Bα⌈m for each

m ≥ m′
0; but, asxnα⌈m

∈ Bα⌈m, x is inBα⌈m′
0

which is closed.

Case 1.2.l > 0.

Let r′ ∈ R be such thatl = 2−r
′
.

Case 1.2.1.E(r′) < r′.

We will show that there existsx ∈
⋂

m∈ω Bα⌈m. This will be enough. Ifm is big enough,

d(xnα⌈m
, xnα⌈m−1

) < 2−E(r′). AsBα⌈m meetsF , let y be in the intersection;y is of the form

(n+ 1 − εn)n∈ω,

whereεn ∈]0, 1[. If m is big enough, thenxnα⌈m
starts with< 1 − ε0, ..., E(r′) − εE(r′)−1 >. Then

the term numberE(r′) + 1 of sequencexnα⌈m
is calledxE(r′)

nα⌈m
.

Case 1.2.1.1.∃m ∈ ω x
E(r′)
nα⌈m

= x
E(r′)
nα⌈m+1

.

In this case, asBα⌈m+1 meetsF , xE(r′)
nα⌈p

is of the formE(r′) + 1 − εE(r′) for eachp ≥ m. This

shows that ifp is big enough, thenxE(r′)+1
nα⌈p

6= x
E(r′)+1
nα⌈p+1

. Thus we are reduced to the following case.
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Case 1.2.1.2.∀m ∈ ω x
E(r′)
nα⌈m

6= x
E(r′)
nα⌈m+1

.

The sequence(xE(r′)
nα⌈m

)m∈ω is strictly increasing. Indeed, assume thatx
E(r′)
nα⌈m

> x
E(r′)
nα⌈m+1

. Then we

haved(xnα⌈m
, xnα⌈m+1

) ≤ d(xnα⌈m+1
, xnα⌈m+2

), sincexE(r′)
nα⌈m+1

6= x
E(r′)
nα⌈m+2

; but this is absurd. Thus

the sequence(xE(r′)
nα⌈m

)m∈ω is strictly increasing, and limm→∞ x
E(r′)
nα⌈m

= r′. But if the pointx starts
with sequence< 1 − ε0, ..., E(r′) − εE(r′)−1, q >, whereq ∈ Q ∩]r′,+∞[, thenx ∈

⋂

m∈ω Bα⌈m
since

d(x, xnα⌈m
) = 2

−x
E(r′)
nα⌈m < d(xnα⌈m

, xnα⌈m−1
) = 2

−x
E(r′)
nα⌈m−1 .

Case 1.2.2.E(r′) = r′.

This case is similar to case 1.2.1;r′ − 1 plays the role thatE(r′) played in the preceding case.

Case 2.∃ s ∈ ω<ω Bs ∩ F 6= ∅ and∀ t ≻ 6= s Bt ∩ F 6= ∅ ⇒ xnt ∈ F .

Note that, for eachx in Z and eachq in Q +, there existsQ in Z such thatd(Q,x) = 2−q. Indeed,
there exists a minimal integern such thatq < xn, and we takeQ beginning with< x0, ..., xn−1, q >
if xn−1 6= q; otherwise, we takeQ beginning with< x0, ..., xn−2, xn >.

We may assume, by shiftings if necessary, thatxns ∈ F ands 6= ∅. Thus we have

xns = < 1 − ε00, 2 − ε01, ... > ,

where0 < ε0i < 1. Let j0 be a minimal integer such that2
ε0j0

−j0−1
< d(xns , xns⌈|s|−1

), and

s0 := < 1 − ε00, ..., j0 − ε0j0−1 >.

If t ≻ s, thenxnt begins withs0.

There arep0 in ω andQns⌢p0
in F such thatd(Qns⌢p0

, xns) = 2
ε0j0

−j0−1. ThenQns⌢p0
is of

the forms⌢0 < 1+ j0 − ε1, 2+ j0 − ε0j0+1, ... > , where0 < ε1 < ε0j0 . There exists an unique integer
n0 such that

Qns⌢p0
∈ Bs⌢n0 = B(Qns⌢p0

, 2
ε0j0

−j0−1
[.

AsBs⌢n0 meetsF , xns⌢n0
∈ F . Thus the pointxns⌢n0

is of the form

s⌢0 < 1 + j0 − ε1j0 , 2 + j0 − ε1j0+1, ... >,

where0 < ε1j0 < ε0j0. More generally, there existspk in ω andQns⌢n⌢
0 ...⌢nk−1⌢pk

in F such that

d(Qns⌢n⌢
0 ...⌢nk−1⌢pk

, xn⌢
s n⌢

0 ...⌢nk−1
) = 2

εk
j0
−j0−1. ThenQns⌢n⌢

0 ...⌢nk−1⌢pk
is of the form

s⌢0 < 1 + j0 − εk+1, 2 + j0 − εkj0+1, ... > ,

where0 < εk+1 < εkj0 .
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There exists an unique integernk such thatQns⌢n⌢
0 ...⌢nk−1⌢pk

is in Bs⌢n⌢
0 ...⌢nk

, which is

B(Qns⌢n⌢
0

...⌢nk−1⌢pk
, 2
εk
j0
−j0−1

[. AsBs⌢n⌢
0 ...⌢nk

meetsF , xns⌢n⌢
0

...⌢nk
is in F . Thus the point

xns⌢n⌢
0

...⌢nk
is of the forms⌢0 < 1 + j0 − εk+1

j0
, 2 + j0 − εk+1

j0+1, ... >, where0 < εk+1
j0

< εkj0.

We setγ :=< n0, n1, ... > andx := s⌢0 (j0 + 1 + k + ηk)k∈ω, whereηk ∈ Q + are chosen so
thatη0 := 0 andx /∈ {xn / n ∈ ω}. Thend(x, xns⌢γ⌈m

) = 2
εm
j0
−j0−1 decreases tor > 0, and the

sequence(xns⌢γ⌈m
)m∈ω does not tend tox. But x ∈

⋂

m∈ω Bs⌢γ⌈m; thussm+|s|[x,D] = xns⌢γ⌈m

and the sequence(sm[x,D])m∈ω does not tend tox. But this is absurd. �

4 Study of the uniformity of the dense sequence.

(A) Necessary conditions for uniform recoverability.

It is natural to wonder whether there exists a dense sequence(xp) ofX such that every Baire class
one function fromX into Y is first return recoverable with respect to(xp). The answer is no whenX
is uncountable. Indeed, if we choosex ∈ X \ {xp / p ∈ ω}, then1I{x} is not first return recoverable
with respect to(xp). We can wonder whether(xp) exists for a set of Baire class one functions.

Notation B1(X,Y ) is the set of Baire class one functions fromX into Y , and is equipped with the
pointwise convergence topology.

If A is a subset ofB1(X,Y ), then the map

φ :

{

X ×A→ Y
(x, f) 7→ f(x)

has its partial functionsφ(x, .) (respectivelyφ(., f)) continuous (respectively Baire class one). There-
foreφ is Baire class two ifA is a metrizable separable space (see p 378 in [Ku]).

Definition 13 We will say thatA ⊆ B1(X,Y ) is uniformly recoverable if there exists a dense
sequence(xp) ofX such that every function ofA is recoverable with respect to(xp).

Proposition 14 If A is uniformly recoverable and compact, thenA is metrizable.

Proof. Let D := (xp) be a dense sequence ofX such that every function ofA is recoverable with
respect toD. Let I : A→ Y ω defined byI(f) := (f(xp))p. This map is continuous by definition of
the pointwise convergence topology. It is one-to-one because, iff 6= g are inA, then there isp ∈ ω
such thatf(xp) 6= g(xp). Indeed, if this were not the case, then we would have, for each x in X,

f(x) = limn→∞ f(sn[x,D]) = limn→∞ g(sn[x,D]) = g(x)

(becausef andg are recoverable with respect to(xp)). AsA is compact,I is a homeomorphism from
A onto a subset ofY ω. Therefore,A is metrizable. �
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Example. There are some separable compact spaces which are not metrizable, and whose points
areGδ. For example, “split interval”A := {f : [0, 1] → 2 / f is increasing}, viewed as a subset of
B1([0, 1], 2), is one of them (see [T]).A is compact because it is a closed subset of2[0,1]:

f ∈ A⇔ ∀ x ≤ y f(x) = 0 or f(y) = 1.

A is separable because{1I[q,1] / q ∈ [0, 1] ∩ Q } ∪ {1I]q,1] / q ∈ [0, 1] ∩ Q } is a countable dense sub-
set ofA. The family of continuous functionsφx : f 7→ f(x) separates points, and for every se-
quence(xn)⊆ [0, 1], (φxn)n does not separates points. ThusA is not analytic and not metriz-
able (see Corollary 1 page 77 in Chapter 9 of [Bo2]). Finally,every point ofA is Gδ; for exam-
ple, {1I[x,1]} =

⋂

n∈ω,x≥2−n{f ∈ A / f(x− 2−n) 6= 1} ∩ {f ∈ A / f(x) 6= 0}. By Proposition 14,
“split interval” is not uniformly recoverable.

Proposition 15 If A is uniformly recoverable andY is a 0-dimensional space, thenφ is Baire class
one.

Proof. Let F be a closed subset ofY . We haveφ(x, f) ∈ F ⇔ x ∈ f−1(F ). Remember the proof
of Lemma 5. We replace theOk ’s by a sequence of clopen subsets ofY whose intersection isF (it
exists becauseY is a 0-dimensional space). The sequence(xpj )j is finite or infinite and enumerates in
a one-to-one way the elements of(xp) ∩ f

−1(Ok). We haveUj := {t ∈ X / xpj ∈ R(t,D)} if xpj

exists (Uj := ∅ otherwise), andHk :=
⋂

i∈ω[(
⋃

j≥iUj) ∪ {xp0 , ..., xpi−1}] (in fact, between braces
we have thexpj that exist, forj < i). So thatf−1(F ) =

⋂

k∈ωHk. The sequence(xpj)j can be
defined as follows, by induction on integerj:

q = p0 ⇔ f(xq) ∈ Ok and∀ l < q f(xl) /∈ Ok

q=pj+1 ⇔ ∀ l < q xl 6=xq and∃ r<q (r=pj andf(xq)∈Ok and∀ l∈]r, q[∩ω f(xl) /∈Ok)

We notice that the relation “q = pj” is clopen inf . Then we notice that

x ∈ (
⋃

j≥i

Uj) ∪ {xp0 , ..., xpi−1}

if and only if [∃j≥ i ∃q∈ω q=pj andxq ∈ R(x,D)] or ∃r≤ i such that[(∀m<r ∃q∈ω q=pm)
and(∀m∈ [r, i[∩ω ∀q∈ω q 6= pm) and(∃m<r ∀q∈ω q 6= pm or x=xq)]. We can deduce from
this that the relation “x ∈ (

⋃

j≥i Uj)∪{xp0, ..., xpi−1}” is Gδ in (x, f); thus the relation “x ∈ Hk” is
too. �

Corollary 16 (a) There exists a continuous injectionI : 2ω → B1(2
ω, 2) such thatI[2ω ] is not

uniformly recoverable(and in fact such thatφ /∈ B1(2
ω × I[2ω], 2)).

(b) There existsA ⊆ B1(2
ω, 2), A ≈ ωω, which is not uniformly recoverable and such thatφ is in

B1(2
ω ×A, 2).

Proof. (a) LetS := {s ∈ 2<ω/s = ∅ or [s 6= ∅ ands(|s| − 1) = 1]} and

I(α) :=







2ω → 2

β 7→

{

1 if ∃s ∈ S [s ≺ α andβ = s⌢0ω],
0 otherwise.

If α⌈n = α′⌈n andα(n) = 1−α′(n) = 0, thenI(α)(α⌈n⌢10ω) = 0 = 1−I(α′)(α⌈n⌢10ω). Thus
I is one-to-one.
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It is continuous because

I(α)(β) = 1 ⇔







α ∈ ∅ if β ∈ P∞ := {α ∈ 2ω / ∀n ∃m ≥ n α(m) = 1},

α ∈ Ns if β = s⌢0ω and s ∈ S.

Moreover,{β ∈ 2ω / I(α)(β) = 1} = {0ω} ∪
⋃

n/α(n)=1 {α⌈(n + 1)⌢0ω} ∈ D2(Σ
0
1)(2

ω), thus
I[2ω ] ⊆ B1(2

ω, 2). Let us argue by contradiction. We have

φ−1({0}) ≡ (P∞ × 2ω) ∪ (
⋃

s∈S

{s⌢0ω} × Ňs) =
⋃

n

Fn ∈ Σ
0
2(2

ω × 2ω).

The diagonal ofP∞ is a subset ofφ−1({0}), so there exists an integern such that∆(P∞) ∩ Fn is
not meager in∆(P∞). Therefore there exists a sequences in S \ {∅} such that∆(Ns ∩ P∞) ⊆ Fn.
Thus∆(Ns) ⊆ Fn and(s⌢0ω, s⌢0ω) ∈ φ−1({0}), which is absurd.

(b) LetA := I[P∞]. As I is a homeomorphism from2ω onto its range andP∞ ≈ ωω, we have
A ≈ ωω. We haveF := φ−1({1}) ∩ (2ω × A) ≡

⋃

s∈S {s⌢0ω} × (Ns ∩ P∞). Let us show that

F
2ω×P∞ ⊆ F ∪∆(P∞). ThenF = F

2ω×P∞ \∆(P∞) will beD2(Σ
0
1)(2

ω ×A) ⊆ ∆
0
2(2

ω ×A). As
φ−1({0})∩(2ω×A) = (2ω×A)\φ−1({1}), we will haveφ ∈ B1(2

ω×A, 2). If (s⌢n 0ω, s⌢n γn) ∈ F
tends to(β, α) ∈ (2ω × P∞) \ F , we may assume that|sn| increases strictly. So for each integerp
and forn big enough we haveβ(p) = sn(p) = α(p). Thusα = β.

If A were uniformly recoverable, we could find a dense sequenceD := (xp) of 2ω such that every
function ofA is recoverable with respect to(xp). Let s ∈ S. ThenI(s⌢1ω) is in A, and it is the
characteristic function of the following set:

{s⌈n⌢0ω / n = 0 or (0 < n ≤ |s| and s(n− 1) = 1)} ∪ {s⌢1p+10ω / p ∈ ω}.

For n big enough,sn[s⌢0ω,D] is in this set, thuss⌢0ω ∈ D andPf := 2ω \ P∞ ⊆ D. So the
functions ofI[2ω] are all recoverable with respect toD. But this contradicts the previous point. �

(B) Study of the link between recoverability and ranks on Baire class one functions.

So there exists a metrizable compact set of characteristic functions ofD2(Σ
0
1) sets which is not

uniformly recoverable. So the boundedness of the complexity of functions ofA does not insure that
A is uniformly recoverable. Notice that the example of the “split interval” is another proof of this,
in the case where the compact space is not metrizable. Indeed, functions of the “split interval” are
characteristic functions of open or closed subsets of[0, 1] (of the form]a, 1] or [a, 1], with a ∈ [0, 1]).

In [B2], the author introduces a rank which measures the complexity of numeric Baire class one
functions defined on a metrizable compact space. Let us recall this definition, which makes sense for
functions defined on a Polish spaceX which is not necessarily compact.
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• Let A andB be two disjointGδ subsets ofX, andR(A,B) be the set of increasing sequences
(Gα)α≤β of open subsets ofX, with β < ω1, which satisfy

1. Gα+1 \Gα is disjoint fromA or fromB if α < β.

2. Gγ = ∪α<γ Gα if 0 < γ ≤ β is a limit ordinal.

3. G0 = ∅ andGβ = X.

ThenR(A,B) is not empty, becauseA andB can be separated by a∆0
2 set, which is of the form

Dξ((Uα)α<ξ) :=
⋃

α<ξ with parity opposite to that ofξ

Uα \ ( ∪θ<α Uθ),

where(Uα)α<ξ is an increasing sequence of open subsets ofX and1 ≤ ξ < ω1 (see [Ke]). Then we
check that(Gα)α≤ξ+1 ∈ R(A,B), whereGα+1 := Uα if α < ξ.

• We setL(A,B) := min{β < ω1 / ∃ (Gα)α≤β ∈ R(A,B)}. If f ∈ B1(X,R) anda < b are real
numbers, we letL(f, a, b) := L({f ≤ a}, {f ≥ b}). Finally,

L(f) := sup{L(f, q1, q2) / q1 < q2 ∈ Q }.

In [B2], the author shows that, ifA ⊆ C(X,R) is relatively compact inB1(X,R), then

sup{L(f, a, b) / f ∈ A
p.c.

} < ω1

if X is a compact space and ifa < b are real numbers. He wonders whether his result remains true
for a separable compact subspaceA of B1(X,R).

We can ask the question of the link between uniform recoverability of A and the fact that

sup{L(f)/f ∈ A}<ω1.

If Dξ(Σ
0
1)(X) := {Dξ((Uη)η<ξ)/(Uη)η<ξ ⊆ Σ

0
1(X) increasing} andA ∈ Dξ(Σ

0
1)(X), one has

Ǎ ∈ Dξ+1(Σ
0
1)(X) andL(Ǎ,A) ≤ ξ + 2 by the previous facts. So the rank of the characteris-

tic function of A is at mostξ + 2. In the case of the example in Corollary 16 and of the “split
interval”, one has sup{L(f) / f ∈ A} ≤ 4 < ω1. Therefore, the fact thatL is bounded onA does
not imply uniform recoverability ofA, does not imply thatφ is Baire class one, and does not imply
thatA is metrizable. But we have the following result. It is a partial answer to J. Bourgain’s question.

Proposition 17 If X is a Polish space,Y ⊆ R andA ⊆ B1(X,Y ) is a Polish space, then we have
sup{L(f) / f ∈ A} < ω1.

Proof. Let a < b be real numbers,A := {(x, f) ∈ X ×A / f(x) ≤ a} and

B := {(x, f) ∈ X ×A / f(x) ≥ b}.

As φ is Baire class two,A andB areΠ
0
3(X ×A) with horizontal sections inΠ0

2(X).
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So there exists a finer Polish topologyτA onA such thatA ∈ Π
0
2(X × [A, τA]) (see [L1]). The

same thing is true forB. Let τ be a Polish topology onA, finer thanτA andτB (see Lemma 13.3 in
[Ke]). As A andB are disjoint, there exists∆a,b ∈ ∆

0
2(X × [A, τ ]) which separatesA from B. Let

ξa,b < ω1 be such that∆a,b ∈ Dξa,b
(Σ0

1)(X × [A, τ ]). For each functionf of A, the set∆f
a,b is a

Dξa,b
(Σ0

1)(X) which separates{f ≤ a} from {f ≥ b}. ThusL({f ≤ a}, {f ≥ b}) ≤ ξa,b + 1.
Therefore sup{L(f) / f ∈ A} ≤ sup{L(f, a, b) / a < b ∈ Q } < ω1. �

Corollary 18 If X is a Polish space,Y ⊆ R and if A ⊆ B1(X,Y ) is uniformly recoverable and
compact, then sup{L(f) / f ∈ A} < ω1.

We can wonder whether this result is true for the set of recoverable functions with respect to a
dense sequence ofX. We will see that it is not the case.

Proposition 19 Let (xp) be a dense sequence of a nonempty perfect Polish spaceX, andY := 2.
Then sup{L(f) / f is recoverable with respect to(xp)} = ω1.

Proof. SetD of the elements of the dense sequence is countable, metrizable, nonempty and perfect.
Indeed, ifxp is an isolated point ofD, then it is also isolated inX, which is absurd. ThusD is
homeomorphic toQ (see 7.12 in [Ke]). For1 ≤ ξ < ω1, there exists a countable metrizable compact
spaceKξ andAξ ∈ Dξ(Σ

0
1)(Kξ) \ Ďξ(Σ

0
1)(Kξ) (see [LSR]). So we may assume thatKξ ⊆ D (see

7.12 in [Ke]). Thus we haveAξ /∈ Ďξ(Σ
0
1)(X). We will deduce from this the fact thatL(1IAξ+1

) > ξ.

To see this, let us show that, ifL(1IA) = L(Ǎ,A) ≤ ξ, thenA ∈ Ďξ+1(Σ
0
1)(X). Let (Gα)α≤ξ′

be inR(Ǎ,A), whereξ′ ∈ {ξ, ξ + 1} is odd. We let, forα < ξ′,

Uα :=







⋃

θ<α Uθ ∪
⋃

θ≤α/A∩Gθ+1\Gθ=∅Gθ+1 if α is even,

⋃

θ<α Uθ ∪
⋃

θ≤α/Ǎ∩Gθ+1\Gθ=∅Gθ+1 if α is odd.

ThenDξ′((Uα)α<ξ′) separatesǍ from A. Indeed, ifx /∈ A, let α′ ≤ ξ′ be minimal such that
x ∈ Gα′ . Thenα′ is the successor ofα < ξ′, andx ∈ Ǎ ∩ Gα+1 \ Gα. SoA ∩ Gα+1 \ Gα = ∅,
by condition 1. Ifα is even, thenx ∈ Uα \ (∪θ<αUθ) becauseUθ ⊆ Gθ+1 if θ < ξ′. If α is odd,
thenx ∈ Uα+1 \ Uα. In both cases,x ∈ Dξ′((Uα)α<ξ′). If x ∈ Uα \ (∪θ<αUθ) with α < ξ′ even,
there existsθ ≤ α such thatx ∈ Gθ+1 andA ∩ Gθ+1 \ Gθ = ∅. Let η′ ≤ ξ′ be minimal such that
x ∈ Gη′ . As before,η′ is the successor ofη < ξ′. Let us argue by contradiction: we assume that
x ∈ A. Thenx ∈ A∩Gη+1 \Gη 6= ∅, soǍ ∩Gη+1 \Gη = ∅. If η is odd, thenx ∈ Uη, thusη = α.
This contradicts the parity ofα. If η is even, thenx ∈ Uη+1 andη = α = θ. Sox ∈ Gθ+1 \Gθ ⊆ Ǎ.
This is the contradiction we were looking for.

It remains to check that1IAξ+1
is recoverable. Ifx ∈ D, thensn[x,D] = x for almost all integer

n. Thus1IAξ+1
(sn[x,D]) tends to1IAξ+1

(x). If x is not inD, thenx /∈ Aξ+1 ⊆ Kξ+1 ⊆ D. So, from
some point on,sn[x,D] /∈ Kξ+1, and1IAξ+1

(sn[x,D]) is ultimately constant and tends to1IAξ+1
(x).�

Remark. We can find in [KL] the study of some other ranks on Baire class one functions. The
rankL is essentially the separation rank defined in this paper. In the case whereX is a metrizable
compact space and where the Baire class one functions considered are bounded, Propositions 17, 19
and Corollary 18 remain valid for these other ranks.
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(C) Sufficient conditions for uniform recoverability.

Theorem 20 Assume thatY is a metric space, and thatA, equipped with the compact open topology,
is a separable subset ofB1(X,Y ). ThenA is uniformly recoverable.

Proof. Let (lq) be a dense sequence ofA for the compact open topology. By the lemma showed in
[Ku], page 388, for each integerq there exists a sequence(hqn)n ⊆ B1(X,Y ) which uniformly tends
to lq, functionshqn having a discrete range. Enumerating the sequence(hqn)n,q, we get(hn)n. Every
function ofA is in the closure of this sequence for the compact open topology. For each integer
n, one can get a countable partition(Bn

p )p of X into ∆
0
2 sets on whichhn is constant. Express

each of these sets as a countable union of closed sets. Putting all these closed sets together gives
a countable sequence of closed subsets ofX. As in the proof of Theorem 4, this givesD which
approximates each of these closed sets. Now letf ∈ A, x ∈ X andε > 0. Consider the compact
subsetK := R(x,D) ∪ {x} of X. By uniform convergence onK, there existsN ∈ ω such that, for
eacht in K, we havedY (f(t), hN (t)) < ε/2. Let p be an integer such thatx ∈ BN

p . NowK \ BN
p

is finite and we havehN (sn[x,D]) = hN (x) for eachn ∈ ω, except maybe a finite number of them.
So we have the following inequality, for all but finitely manyn:

dY (f(x), f(sn[x,D])) ≤
dY (f(x), hN (x)) + dY (hN (x), hN (sn[x,D])) + dY (hN (sn[x,D]), f(sn[x,D]))<ε

(this last argument is essentially in [DE]). �

The following corollary has been showed in [FV] whenX = R and with another way of extracting
the subsequence.

Corollary 21 LetA ⊆ B1(X,Y ) be countable. ThenA is uniformly recoverable.

Proof. Put a compatible distance onY . �

Proposition 22 Let (Yp) be a basis for the topology ofY , and

(1) For each integerp, φ−1(Yp) ∈ (Π0
1(X) × P(A))σ.

(2) There exists a finer metrizable separable topology onX, made ofΣ0
2(X), and making functions

ofA continuous.

(3)A is uniformly recoverable.

Then (1)⇔ (2) ⇒ (3).

Proof. (1)⇒ (2) We haveφ−1(Yp) =
⋃

n∈ω F
p
n×B

p
n, whereF pn is a closed subset ofX andBp

n ⊆ A.
If f ∈ A, thenf−1(Yp) = φ−1(Yp)

f =
⋃

n/f∈Bp
n
F pn . Therefore, it is enough to find a finer metrizable

separable topology onX, made ofΣ0
2(X), and making theF pn ’s open. Let(Xn) be a basis for the

topology ofX, closed under finite intersections, and(Gq) be the sequence of finite intersections of
F pn ’s. Then setτ of unions of sets of the formXn orXn ∩Gq is a topology, with a countable basis,
made ofΣ0

2(X), finer than the initial topology onX (thus Hausdorff), and makes theF pn ’s open. It
remains to check that it is regular.
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So letx ∈ X andF ∈ Π
0
1(X, τ), with x /∈ F . We haveX \ F =

⋃

pXnp ∪
⋃

kXmk
∩ Gqk .

Either there existsp such thatx ∈ Xnp ; in this case, by regularity of initial topology onX we can
find two disjoint open setsV1 andV2 with x ∈ V1 andX \ Xnp ⊆ V2. But these two open sets
areτ -open andF ⊆ X \ Xnp ⊆ V2. Or there existsk such thatx ∈ Xmk

∩ Gqk ; in this case, by
regularity of initial topology onX, we can find two disjoint open setsW1 andW2 with x ∈ W1 and
X \Xmk

⊆ W2. But thenW1 ∩ Gqk andW2 ∪ (X \ Gqk) areτ -open and disjoint,x ∈ W1 ∩ Gqk
andF ⊆ (X \Xmk

) ∪ (X \Gqk) ⊆W2 ∪ (X \Gqk).

(2) ⇒ (3) Let τ be the finer topology. Then identity map fromX, equipped with its initial topology,
into X, equipped withτ , is Baire class one. Therefore, it is recoverable. So let(xp) be a dense
sequence ofX such that, for eachx ∈ X, sn[x, (xp)] tends tox, in the sense ofτ . Let f ∈ A. As f
is continuous ifX is equipped withτ , f(sn[x, (xp)]) tends tof(x) for eachx ∈ X. Thereforef is
recoverable with respect to(xp).

(2) ⇒ (1) Let (Xn) be a basis for finer topologyτ (therefore, we haveXn ∈ Σ
0
2(X)). Let

Cpn := {f ∈ A / Xn ⊆ φ−1(Yp)
f}.

Thenφ−1(Yp) =
⋃

nXn × Cpn ∈ (Π0
1(X) × P(A))σ. �

Remark. If X is a standard Borel space andA is a Polish space, conditions (1) and (2) of Proposition
22 are equivalent to “For each integerp, φ−1(Yp) ∈ (Π0

1(X) × ∆
1
1(A))σ”. Indeed, letP be a Polish

space such thatX is a Borel subset ofP , andf ∈ A. As f is continuous ifX is equipped withτ ,
f−1(Yp) =

⋃

kXnp,f
k

for each integerp. LetCpn := {f ∈ A / Xn ⊆ φ−1(Yp)
f}. ThenCpn is Π

1
1(A),

becauseφ is Baire class two:

f ∈ Cpn ⇔ ∀x ∈ P x /∈ Xn or φ(x, f) ∈ Yp.

Moreover,φ−1(Yp) =
⋃

nXn ×Cpn. By ∆
1
1-selection (see 4B5 in [M]), there exists a Borel function

Np : P ×A→ ω such that(x, f) ∈ XNp(x,f) × CpNp(x,f) if f(x) ∈ Yp. Let

Spn := {f ∈ A / ∃x ∈ X Np(x, f) = n and φ(x, f) ∈ Yp}.

ThenSpn ∈ Σ
1
1(A) and is a subset ofCpn ; by the separation therem, there exists a Borel subsetBp

n of
A such thatSpn ⊆ Bp

n ⊆ Cpn. Then we haveφ−1(Yp) =
⋃

nXn ×Bp
n ∈ (Π0

1(X) × ∆
1
1(A))σ.

Proposition 23 If A has a countable basis, then there exists a finer metrizable separable topology on
X making the functions ofA continuous. Moreover, ifX is Polish, we can have this topology Polish.

Proof. Let (An) be a basis for the topology ofA, andXp
n := {x∈X/An ⊆ φ−1(Yp)x}. As

φ−1(Yp)x = {f ∈ A / f(x) ∈ Yp} ∈ Σ
0
1(A),

we haveφ−1(Yp) =
⋃

n∈ωX
p
n × An andf−1(Yp) = φ−1(Yp)

f =
⋃

n/f∈An
Xp
n for eachf ∈ A.

Thus it is enough to find a finer metrizable separable topologyonX makingXp
n’s open.
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We use the same method as the one used to prove implication (1)⇒ (2) of Proposition 22. We
notice that the algebra generated by theXp

n’s is countable (we let(Gq) be the elements of this algebra).

As φ is Baire class two,φ−1(Yp) is aΣ
0
3 set with vertical sections inΣ0

1(A). If X andA are
Polish, we deduce from [L1] the existence of a finer Polish topology τp onX such that

φ−1(Yp) ∈ (Σ0
1(X, τp) × Σ

0
1(A))σ.

Let (Bp
n)n be a basis forτp. Then there exists a finer Polish topologyτ onX making the Borel sets

Bp
n’s open (see Exercises 15.4 and 13.5 in [Ke]). Then we are done, becauseτ is finer than theτp’s.�

Therefore, the problem is to find the finer topology inΣ
0
2(X). We have seen that it is not

the case in general. If we look at Propositions 15 and 22, we can wonder whether conditions of
Proposition 22 and the fact thatφ is Baire class one are equivalent, especially in the case where
Y is 0-dimensional. This question leads to the study of Borel subsets of2ω × 2ω. The answer
is no in general. First, because of Corollary 16. It shows that the fact thatφ is Baire class one
does not imply uniform recoverability (withA Polish, in fact homeomorphic toωω). Secondly, let
A := {f ∈ B1(2

ω, 2) / f is recoverable with respect to(xp)}, where(xp) := Pf is dense in2ω.
ThenA is uniformly recoverable, but we cannot find a finer metrizable separable topologyτ on 2ω,
made ofΣ0

2(2
ω) and making the functions ofA continuous. Otherwise, the characteristic functions

of the compact setsKx := {x} ∪ {sn[x, (xp)] / n ∈ ω} would be continuous forτ , and this would
contradict the Lindelöf property, with

⋃

x∈P∞
Kx. ButA has no countable basis. Otherwise, the set

of charateristic functions of the setsKx (for x ∈ P∞) would also have one; this would contradict the
Lindelöf property too (this last set is a subset of

⋃

x∈P∞
{f ∈ B1(2

ω, 2) / f(x) = 1}). This leads us
to assume thatA is aKσ and metrizable space, to hope for such an equivalence.

If φ is Baire class one, thenφ−1(Yp) is aΣ
0
2 subset ofX × A with vertical sections inΣ0

1(A).
Thus it is natural to ask the

Question. Does everyΣ0
2 subset ofX × A with vertical sections inΣ0

1(A) belong to the class
(Π0

1(X) × P(A))σ?

If the answer is yes, then the fact thatφ is Baire class one implies condition (1) in Proposition 22,
and the conditions of this proposition are equivalent to thefact thatφ is Baire class one. The answer
is negative, even if we assume thatX andA are metrizable compact spaces:

Proposition 24 There exists ǎD2(Σ
0
1) subset of2ω × 2ω with vertical sections in∆0

1(2
ω) which is

not (Π0
1(2

ω) × P(2ω))σ.

Proof. Let E := (P∞ × 2ω) ∪
⋃

s∈S {s⌢0ω} × (Ňs ∪Ns⌢0) (we use again notations of the proof
of Corollary 16). Clearly, vertical sections ofE are∆

0
1(2

ω). We set

G := {α ∈ 2ω / ∀n ∃m ≥ n α(m) = α(m+ 1) = 1}.

This is a denseGδ subset of2ω, included inP∞. If α /∈ G, then the horizontal sectioňEα is finite.
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Otherwise, it is infinite and countable (it is a subset ofPf ), and it is a sequence which tends to
α. If (s⌢n 0ω, s⌢n γn)n ⊆ Ě tends to(β, α), then there are essentially two cases. Either the length of
sn is strictly increasing andα = β. Or we may assume that(sn) is constant and(β, α) /∈ E. As

diagonal∆(2ω) ⊆ E, we can deduce from this thaťE = Ě \ ∆(2ω) ∈ D2(Σ
0
1)(2

ω × 2ω). Assume
thatE ∈ (Π0

1(2
ω) × P(2ω))σ. We haveE =

⋃

n Fn × En, whereFn ∈ Π
0
1(2

ω) andEn ⊆ 2ω.
Let Cn := {α ∈ 2ω / Fn ⊆ Eα}. ThenCn ∈ Π

1
1(2

ω) andE =
⋃

n Fn × Cn. As ∆(2ω) ⊆ E,
2ω ⊆

⋃

n Fn ∩ Cn. So there exists an integern such thatFn ∩ Cn is not meager, and a sequence
s ∈ 2<ω such thatNs ∩ Fn ∩ Cn is a comeager subset ofNs. In particular,Ns ⊆ Fn. As G is
comeager, there existsα ∈ G ∩ Ns ∩ Cn. Let (βm) ⊆ Ěα converging toα. From some point
m0 on, we haveβm ∈ Ns. So (βm, α) ∈ Fn × Cn ⊆ E if m ≥ m0. But this is absurd because
(βm, α) /∈ E. �

We can specify this result:

Proposition 25 There exists a metrizable compact spaceA ⊆ B1(2
ω, 2) which is uniformly recover-

able, but for which we cannot find any finer metrizable separable topology on2ω, made ofΣ0
2(2

ω),
making the functions ofA continuous.

Proof. We use again the notation of the proof of Proposition 24. Letψ : ω → S be a bijective map
such that fors, t ∈ S, s ≺ 6= t impliesψ−1(s) < ψ−1(t). Such a bijection exists. Indeed, we take
ψ := (θ ◦ φ⌈S)−1, whereθ : φ[S] → ω is an increasing bijection, and where

φ :



















2<ω → ω

s 7→











0 if s = ∅,

q
s(0)+1
0 ...q

s(|s|−1)+1
s(|s|−1) otherwise.

(where(qn) is sequence of prime numbers). We letx2n := ψ(n)⌢1ω, x2n+1 := ψ(n)⌢0ω, and
xs := xmin{p∈ω/s≺xp}

if s ∈ 2<ω.

• Let us show that, ifs ∈ 2<ω \ {∅}, thenxs ∈ P∞ is equivalent tos ∈ S. If s ∈ S andxs ∈ Pf ,
then there existsu in S such thatxs = s⌢u⌢0ω. Thenx2ψ−1(s) comes strictly beforex2ψ−1(s)+1,
which comes beforex2ψ−1(s⌢u)+1 = xs. But s ≺ s⌢1ω = x2ψ−1(s), which is absurd.

If s /∈ S andxs ∈ P∞, there existsu in S such thatxs = s⌢(1|u| − u)⌢1ω. Let s′ ∈ S andm
be an integer such thats = s′⌢0m+1. Thenx2ψ−1(s′)+1 comes strictly beforex2ψ−1(s⌢(1|u|−u)⌢1),
which comes beforexs. But s ≺ s⌢0ω = s′⌢0ω = x2ψ−1(s′)+1, which is absurd.

• We set

I :































2ω →B1(2
ω, 2)

α 7→















2ω → 2

β 7→







0 if ∃s ∈ S β=s⌢0ω and α∈Ns⌢1,

1 otherwise.
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ThenI is defined because{β ∈ 2ω / β /∈ I(α)} is {β ∈ 2ω / β /∈ I(α)} \ {α} ∈ D2(Σ
0
1)(2

ω) if
α ∈ G, and is finite otherwise.I is continuous because

I(α)(β) = 1 ⇔







α ∈ 2ω if β ∈ P∞,

Ňs ∪Ns⌢0 if β = s⌢0ω and s ∈ S.

Therefore,A := I[2ω] is an analytic compact space and is metrizable.

AsE = (Id2ω × I)−1(φ−1({1})), φ−1({1}) /∈ (Π0
1(2

ω) × P(A))σ, by Proposition 24. So there
is no finer metrizable separable topology on2ω, made ofΣ0

2(2
ω) and making the functions ofA

continuous, by Proposition 22. ButA is uniformly recoverable with respect to(xp).

Indeed, asPf ⊆ (xp), it is enough to see that ifα ∈ G, thenI(α) is recoverable with respect to
D := (xp). The only thing to see is that from some integern0 on, sn[α,D] ∈ Eα. We may assume
thatα /∈ D becauseG ⊆ P∞.

We take(Wm) := (Ns)s∈2<ω as a good basis for the topology of2ω. So that, ifα /∈ D,

sn+1[α,D] = xmin{p∈ω/∃s∈2<ω α,xp∈Ns⊆2ω\{s0[α,D],...,sn[α,D]}}
= xmin{p∈ω/α⌈(maxq≤n|α∧sq[α,D]|+1)≺xp}

.

But as the sequence(|α ∧ sn[α,D]|)n is strictly increasing, maxq≤n|α ∧ sq[α,D]| = |α ∧ sn[α,D]|.
Thussn+1[α,D] = xα⌈(|α∧sn[α,D]|+1). By the previous facts, it is enough to get

xα⌈(|α∧sn[α,D]|+1)∈E
α.

LetMn := |α ∧sn[α,D]|. If α(Mn) = 1, thensn+1[α,D] is in P∞ ⊆ Eα. Otherwise,

sn+1[α,D] = α⌈(Mn + 1)⌢u⌢0ω,

whereu ∈ S. If u 6= ∅, thensn+1[α,D] is minimal inNα⌈(Mn+1)⌢u ⊆ Nα⌈(Mn+1), sosn+1[α,D] is
in P∞, which is absurd. Thusu = ∅ andsn+1[α,D] ∈ Eα. �

Now we will see some positive results for the very first classes of Borel sets. We know (see [L1])
that ifX andA are Polish spaces, then every Borel subset ofX ×A with vertical sections inΣ0

1(A)
is (∆1

1(X) × Σ
0
1(A))σ.

Proposition 26 If A has a countable basis, then everyΠ
0
1(X × A) with vertical sections inΣ0

1(A)
is (Π0

1(X) × Σ
0
1(A))σ. If moreoverA is 0-dimensional, then everyD2(Σ

0
1)(X × A) with vertical

sections inΣ0
1(A) is (Π0

1(X) × ∆
0
1(A))σ.
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Proof. Let F be a closed subset ofX × A with vertical sections inΣ0
1(A). As in the proof of

Proposition 23,F =
⋃

nXn × An, where(An) is a basis for the topology ofA. But asF is closed,
we also haveF =

⋃

nXn ×An ∈ (Π0
1(X) × Σ

0
1(A))σ.

If A is a 0-dimensional space, letU (respectivelyF ) be an open (respectively closed) subset of
X ×A such thatU ∩ F has vertical sections inΣ0

1(A); thenU =
⋃

n Un, where

Un ∈ Π
0
1(X) × ∆

0
1(A).

For eachx ∈ X, we have

(U ∩ F )x = Ux ∩ Fx =
⋃

n

(Un)x ∩ Fx =
⋃

n

(Un ∩ F )x.

Moreover,(Un∩F )x = (Un)x ∩ (U ∩F )x is Σ
0
1(A), soUn∩F is Π

0
1(X×A) with vertical sections

in Σ
0
1(A). By the previous facts,Un ∩ F ∈ (Π0

1(X) × ∆
0
1(A))σ andU ∩ F =

⋃

n Un ∩ F too. �

Proposition 27 There exists ǎD2(Σ
0
1) subset of2ω × 2ω with sections in∆0

1(2
ω) which is not in

(Π0
1(2

ω) × Σ
0
1(2

ω))σ.

Proof. This result is a consequence of Proposition 24. But we can findhere a simpler counter-
example. We will use it later. Letψ : ω → Pf be a bijective map, and

E := (2ω × {0ω}) ∪
⋃

p

(2ω \ {ψ(p)} ×N0p1).

ThenE is the union of a closed set and of an open set, so it isĎ2(Σ
0
1)(2

ω × 2ω). If α /∈ Pf
(respectivelyα = ψ(p)), then we haveEα = 2ω (respectively2ω \N0p1); soE has vertical sections
in ∆

0
1(2

ω). If E =
⋃

n Fn × Un, then we haveE0ω
= 2ω =

⋃

n/0ω∈Un
Fn. By Baire’s theorem, there

existss ∈ 2<ω and an integern0 such that0ω ∈ Un0 andNs ⊆ Fn0 . From some integerp0 on, we
haveN0p1 ⊆ Un0. AsPf is dense, there existsp ≥ p0 such thatψ(p) ∈ Ns. We have

(ψ(p), 0p10ω) ∈ (Ns ×N0p1) \ E ⊆ (Fn0 × Un0) \ E ⊆ E \E.

This finishes the proof. �

Now we will show that the example in Corollary 16 is in some wayoptimal. Recall that the
Wadge hierarchy (the inclusion of classes obtained by continuous pre-images of a Borel subset ofωω;
see [LSR]) is finer than that of Baire. The beginning of this hierarchy is the following:

{∅} Σ
0
1 D2(Σ

0
1) Σ

0
2

∆
0
1 Σ

0
1
+

· · ·
{̌∅} Π

0
1 Ď2(Σ

0
1) Π

0
2

The classΣ0
1
+ is defined as follows:Σ0

1
+

:= {(U ∩O) ∪ (F \O) / U ∈ Σ
0
1, F ∈ Π

0
1, O ∈ ∆

0
1}.
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Proposition 28 LetA be a metrizable compact space,B ⊆ X × A with vertical (resp., horizontal)
sections in∆0

1(A) (resp.,Σ0
1
+
(X)). ThenB ∈ (Π0

1(X) × P(A))σ. In particular, if Y = 2 andA is
made of characteristic functions ofΣ

0
1
+
(X), then conditions of Proposition 22 are satisfied andφ is

Baire class one.

Proof. Forf ∈ A, we haveBf = (Uf ∩Of ) ∪ (F f \Of ). We set

B1 := {(x, f) ∈ X ×A / x ∈ Uf ∩Of}, B2 := {(x, f) ∈ X ×A / x ∈ F f \Of}.

Therefore we haveB = B1 ∪B2. Let (Xn) be a basis for the topology ofX. We have

B1 =
⋃

n

Xn × {f ∈ A / Xn ⊆ Of ∩ Uf}.

ThusB1 ∈ (Π0
1(X) × P(A))σ. In the same way,{(x, f) ∈ X ×A / x /∈ Of} =

⋃

nXn × En,
whereEn := {f ∈ A / Xn ∩ Of = ∅}. Let us enumerate∆0

1(A) := {Om / m ∈ ξ}, where
ξ ∈ ω + 1. We haveB2 =

⋃

n,m {x ∈ Xn / Om ∩En ⊆ Bx} × (Om ∩En). It is enough to see that
{x ∈ Xn/Om ∩ En ⊆ Bx}∈Π

0
1(Xn). Let (fnp )p be a dense sequence ofEn. If x ∈ Xn, then

Om ∩ En ⊆ Bx ⇔ ∀p ∈ ω fnp /∈ Om ∩En or x ∈ Bfn
p

⇔ ∀p ∈ ω fnp /∈ Om ∩En or x ∈ F f
n
p \Of

n
p .

Therefore,B2 ∈ (Π0
1(X) × P(A))σ andB too. �

Proposition 29 Assume thatX andA are Polish spaces, thatY = 2, and thatA is made of charac-
teristic functions ofD2(Σ

0
1)(X). Thenφ−1({1}) ∈ (Π0

1(X) × P(A))σ.

Proof. As φ is Baire class two,φ−1({1}) is ∆
0
3(X × A) with horizontal sections inD2(Σ

0
1)(X).

So there exists a finer Polish topologyτ onA and some open subsetsU0 andU1 of X × [A, τ ] such
thatφ−1({1}) = U1 \ U0. The reader should see [L1] and [L2] to check this point (it isshowed for
Borel sets with sections inΣ0

ξ in [L1]; we do the same thing here, using the fact, showed in [L2], that

two disjoint Σ 1
1 which can be separated by aD2(Σ

0
1) set can be separated by aD2(Σ

0
1 ∩ ∆

1
1) set).

Let (Aq) (resp.,(Xn)) be a basis for the topology ofA (resp.,X). LetEn := {f ∈ A / Xn ⊆ Uf1 }.
There existsFnl ∈ Π

0
1(X) such thatU1 =

⋃

n Xn × En =
⋃

n,l F
n
l × En. We set

Fn,l := [Fnl × En] ∩ φ
−1({1}) = [Fnl × En] \ U0

=
⋃

q {x ∈ Fnl / Aq ∩ En ⊆ φ−1({1})x} × (Aq ∩ En).

This is a closed subset ofFnl × [En, τ⌈En], and union of theFn,l’s is φ−1({1}). So we have
φ−1({1}) =

⋃

n,l,q {x ∈ Fnl / Aq ∩En ⊆ φ−1({1})x} × (Aq ∩En) ∈ (Π0
1(X) × P(A))σ. �

These last two propositions show that the example in Corollary 16 is optimal. In this example,
one hasφ−1({0}) /∈ Σ

0
2(X ×A) ∪ (Π0

1(X) × P(A))σ.
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(D) The case of Banach spaces.

The reader should see [DS] for basic facts about Banach spaces. LetE be a Banach space,
X := [BE∗ , w∗], Y := R andA := {G⌈X / G ∈ BE∗∗}. If E is separable, thenX is a metrizable
compact space. If moreoverE contains no copy ofl1, Odell and Rosenthal’s theorem gives, for
everyG ∈ E∗∗, a sequence(ep) of E such thatf(ep) → G(f) for eachf ∈ E∗ (see [OR]). Let
i : E → E∗∗ be the canonical map, andGp := i(ep). Then(Gp) pointwise tends toG. By definition
of the weak* topology, we havei(e)⌈X ∈ C(X,Y ) for eache ∈ E, thusG⌈X is the pointwise limit
of a sequence of continuous functions. Therefore,G⌈X ∈ B1(X,Y ) (see page 386 in [Ku]). We set

Φ :

{

[BE∗∗ , w∗] → [B1(X,Y ),p.c.]
G 7→ G⌈X

By definition of weak* topology,Φ is continuous, and its range isA. SoA is a compact space because
Φ’s domain is a compact space.

If E∗ is separable, thenE is separable andE contains no copy ofl1. Indeed, ifφ was an em-
bedding ofl1 into E, then the adjoint mapφ∗ : E∗ → l∗1 of φ would be onto, by the Hahn-Banach
theorem. Butl∞ ≃ l∗1 would be separable, which is absurd. The domain ofΦ is a metrizable compact
space, thus it is a Polish space. Therefore,A is an analytic compact space. So it is metrizable (see
Corollary 2 page 77 of Chapter 9 in [Bo2]). In particular, every point ofA isGδ. Conversely, ifE∗

is not separable, then{0E∗∗} is not aGδ subset ofBE∗∗. Indeed, if(xp) ⊆ E∗, closed subspace
spanned by{xp / p ∈ ω} is notE∗ (see page 5 in [B1]), and we use the Hahn-Banach theorem. Thus
{0E∗∗⌈X} is not aGδ subset ofA, becauseΦ is continuous. So the following are equivalent:E∗ is
separable,A is metrizable, and every point ofA isGδ.

Assume thatE∗∗ is separable. ThenE∗ is separable, andA is uniformly recoverable. Indeed,
A ⊆ C([BE∗ , ‖.‖], Y ), and the following map is continuous:

Φ′ :

{

[E∗∗, ‖.‖] → [C([BE∗ , ‖.‖], Y ), ‖.‖∞]
G 7→ G⌈BE∗

Therefore,[Φ′[E∗∗], ‖.‖∞] is a separable metrizable space and containsA. Then we can apply Theo-
rem 20. But we have a better result:

Theorem 30 LetE be a Banach space,X := [BE∗ , w∗], A := {G⌈X/G ∈ BE∗∗}, andY := R.
The following statements are equivalent:

(a)E∗ is separable.

(b)A is metrizable.

(c) Every singleton ofA isGδ.

(d)A is uniformly recoverable.

Proof. We have seen that conditions (a), (b) and (c) are equivalent.So let us show that (a)⇒ (d). We
have seen thatX andA are metrizable compact spaces, and thatA ⊆ B1(X,Y ). Thus we can apply
Proposition 22, and it is enough to check that condition (2) is satisfied.
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The finer topology is the norm topology. Let us check that it ismade ofΣ0
2(X). We have

‖f − f0‖ < ε ⇔ ∃n ∀x ∈ BE |f(x) − f0(x)| ≤ ε− 2−n.

(d) ⇒ (c) LetG ∈ A. Then{G} = A ∩
⋂

p,q{g ∈ RX / |g(xp) − G(xp)| < 2−q}. Thus{G} is
Π

0
2(A). �

So we get a characterization of the separability of the dual space of an arbitrary Banach space.
Notice that the equivalence between metrizability of the the compact space and the fact that each of
its point isGδ is not true for an arbitrary compact set of Baire class one functions (because of the
“split interval”).

This example of Banach spaces also shows that the converse ofTheorem 20 is false. Indeed,
we setX := [Bl1 , σ(l1, c0)], A := {G⌈X/G ∈ Bl∞}, andY := R. By Theorem 30,A is uniformly
recoverable, sincel1 is separable. But sinceX is compact, compact open topology onA is the uniform
convergence topology. IfA was separable for compact open topology,l∞ would be separable, which
is absurd. Indeed, if(Gn) ⊆ Bl∞ is such that{Gn⌈X / n ∈ ω} is a dense subset ofA for the
uniform convergence topology, we can easily check that{q.Gn / q ∈ Q+ and n ∈ ω} is dense in
l∞. Notice that this gives an example of a metrizable compact space for the pointwise convergence
topology which is not separable for the compact open topology.

Finally, notice that the mapφ is Baire class one ifE∗ is separable. Indeed, it is the composition
of the identity map fromX × A into [X, ‖.‖] × A (which is Baire class one), and of the map which
associatesG(f) to (f,G) ∈ [X, ‖.‖] ×A (which is continuous).

(E) The notion of an equi-Baire class one set of functions.

We will give a characterization of Baire class one functionswhich lightly improves, in the sense
(a)⇒ (b) of Corollary 33 below, the one we can find in [LTZ].

Definition 31 Let X and Y be metric spaces, andA ⊆ Y X . ThenA is equi-Baire class one
(EBC1) if, for eachε > 0, there existsδ(ε) ∈ B1(X,R

∗
+) such that

dX(x, x′) < min(δ(ε)(x), δ(ε)(x′)) ⇒ ∀f ∈ A dY (f(x), f(x′)) < ε.

Proposition 32 Let X and Y be metric spaces. Assume thatX is separable, that all the closed
subsets ofX are Baire spaces, and thatA ⊆ Y X . The following conditions are equivalent:

(1)A is EBC1.

(2) For eachε > 0, there exists a sequence(Gεm)m ⊆ Π
0
1(X), whose union isX, such that for each

f ∈ A and for each integerm, diam(f [Gεm]) < ε.

(3) There exists a finer metrizable separable topology onX, made ofΣ0
2(X), makingA equicontin-

uous.

(4) Every nonempty closed subsetF ofX contains a pointx such that{f|F / f ∈ A} is equicontinu-
ous atx.
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Proof. (1) ⇒ (2) We set, forn integer,Hn := {x ∈ X / δ(ε)(x) > 2−n}. As δ(ε) is Baire class
one, there exists(Fnq )q ⊆ Π

0
1(X) such thatHn =

⋃

q F
n
q . We construct, forξ < ω1, open subsetsUξ

of X, and integersnξ andqξ satisfying
⋃

η<ξ Uη 6= X ⇒ ∅ 6= Uξ \ (
⋃

η<ξ Uη) ⊆ F
nξ
qξ . It is clearly

possible sinceX =
⋃

n,q F
n
q andX \ (

⋃

η<ξ Uη) is a Baire space. AsX has a countable basis,
there existsγ < ω1 such that

⋃

ξ<ω1
Uξ =

⋃

ξ≤γ Uξ. In particular we haveUγ+1 ⊆
⋃

ξ≤γ Uξ, thus

X =
⋃

ξ≤γ Uξ =
⋃

ξ≤γ,disj.Uξ \ (
⋃

η<ξ Uη). Let (xξq)q ⊆ X satisfyingUξ ⊆
⋃

q B(xξq, 2−nξ−1[. Let

Gεq,ξ := B(xξq, 2−nξ−1[∩Uξ \ (
⋃

η<ξ Uη). ThenGεq,ξ ∈ Σ
0
2(X) andX is the union of the sequence

(Gεq,ξ)q,ξ≤γ. If x, x′ ∈ Gεq,ξ, then we havedX(x, x′) < 2−nξ < min(δ(ε)(x), δ(ε)(x′)). Thus

dY (f(x), f(x′))<ε

for each functionf ∈ A. It remains to write the(Gεq,ξ)q,ξ≤γ ’s as countable unions of closed sets. So
that we get the sequence(Gεm)m.

(2) ⇒ (3) Let us take a look at the proof of the implication (1)⇒ (2) in Proposition 22. There
exists a finer metrizable separable topology onX, made ofΣ0

2(X), and makingG2−r

m ’s open. This is
enough (notice that we do not use the fact that every closed subset ofX is a Baire space to show this
implication).

(3)⇒ (4) Let(Xn) be a basis for the finer topology. AsXn ∈ Σ
0
2(X), Fn := (F ∩Xn)\ Int(F ∩Xn)

is a meagerΣ0
2 subset ofF . ThusF \ (

⋃

n Fn) is a comeagerGδ subset ofF . AsF is a Baire space,
thisGδ subset is nonempty. This gives the pointx we were looking for. Indeed, let us fixε > 0.
Let n be an integer such thatx ∈ Xn and supf∈A diam(f [Xn]) < ε. Thenx ∈ Int(F ∩ Xn) and
supf∈A diam(f|F [Int(F ∩Xn)]) < ε.

(4) ⇒ (2) Let us fix ε > 0. We construct a sequence(Uξ)ξ<ω1 of open subsets ofX such that
supf∈A diam(f|X\(

⋃

η<ξ Uη)[Uξ \ (
⋃

η<ξ Uη)]) < ε andUξ \ (
⋃

η<ξ Uη) 6= ∅ if
⋃

η<ξ Uη 6= X. As in
the proof of the implication (1)⇒ (2), there existsγ < ω1 such thatX =

⋃

ξ≤γ Uξ. It remains to
write the(Uξ \ (

⋃

η<ξ Uη))ξ≤γ ’s as countable unions of closed sets to get the sequence(Gεm)m.

(2) ⇒ (1) Forx ∈ X, we setmε(x) := min{m ∈ ω / x ∈ Gεm}, and

δ(ε) :

{

X → R∗
+

x 7→ dX(x,
⋃

r<mε(x)G
ε
r)

Thenδ(ε) is Baire classe one since ifA,B > 0, then we have

A < δ(ε)(x) < B ⇔ ∃m [x ∈ Gεm and ∀r < m x /∈ Gεr and A < dX(x,
⋃

r<m

Gεr) < B].

If dX(x, x′) < min(δ(ε)(x), δ(ε)(x′)), then we havex′ /∈
⋃

r<mε(x)G
ε
r, and conversely. Therefore,

mε(x) = mε(x′) andx, x′ ∈ Gεmε(x). ThusdY (f(x), f(x′)) ≤ diam(f [Gεmε(x)])<ε, for each func-
tion f ∈ A (notice that we do not use the fact that every closed subset ofX is a Baire space to show
these last two implications). �
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Corollary 33 LetX andY be metric spaces. Consider the following statements:

(a) f is Baire class one.

(b) ∀ε > 0 ∃δ(ε) ∈ B1(X,R
∗
+) dX(x, x′) < min(δ(ε)(x), δ(ε)(x′)) ⇒ dY (f(x), f(x′)) < ε.

(1) If Y is separable, then (a) implies (b).

(2) If X is separable and if every closed subset ofX is a Baire space, then (b) implies (a).

Proof. To show condition (1), the only thing to notice is the following. Let (yn) ⊆ Y satisfying
Y =

⋃

nB(yn, ε/2[. By condition (a), let(Fnq )q ⊆ Π
0
1(X) satisfyingf−1(B(yn, ε/2[) =

⋃

q F
n
q .

We enumerate the sequence(Fnq )n,q, so that we get(Gεm)m. We haveGεm ∈ Π
0
1(X), X =

⋃

mG
ε
m,

and diam(f [Gεm])<ε for each integerm. Then we use the proof of implication (2)⇒ (1) in Proposi-
tion 32. �

Remark. Let X be a Polish space,Y ⊆ R, andA ⊆ Y X be a Polish space. We assume that every
nonempty closed subsetF of X contains a point of equicontinuity of{f|F / f ∈ A}. Then, by
Proposition 32,A ⊆ B1(X,Y ) and by Proposition 17, J. Bourgain’s ordinal rank is boundedonA.
This result is true in a more general context :

Corollary 34 LetX be a metrizable separable space,Y ⊆ R, A ⊆ Y X and a < b be reals. We
assume that every nonempty closed subsetF ofX contains a point of equicontinuity of{f|F / f ∈ A}.
Then sup{L(f, a, b) / f ∈ A} < ω1. In particular, sup{L(f) / f ∈ A} < ω1.

Proof. Using equicontinuity, we construct a sequence(Uξ)ξ<ω1 of open subsets ofX satisfying
supf∈A diamf|X\(

⋃

η<ξ Uη)[Uξ \ (
⋃

η<ξ Uη)] < b− a andUξ \ (
⋃

η<ξ Uη) 6= ∅ if
⋃

η<ξ Uη 6= X. As
X has a countable basis, there existsγ < ω1 such thatX =

⋃

ξ≤γ Uξ. LetG0 := ∅,Gα+1 := ∪ξ≤αUξ
if α ≤ γ, Gλ := ∪α<λGα if 0 < λ ≤ γ is a limit ordinal, andGγ+2 := X. Let us check that, if
f ∈ A, then(Gα)α≤γ+2 ∈ R({f ≤ a}, {f ≥ b}) (this will be enough). By the proof of Propo-
sition 32,f is Baire class one. So{f ≤ a} and{f ≥ b} are disjointGδ subsets ofX. We have
Gα ⊆ ∪ξ<αUξ if α ≤ γ + 1, so the sequence(Gα)α≤γ+2 is increasing. Ifα ≤ γ is the successor
of ρ, thenGα+1 \Gα = (∪ξ≤αUξ) \ (∪ξ≤ρUξ) = Uα \ (∪ξ<αUξ). SoGα+1 \ Gα is disjoint from
{f ≤ a} or from {f ≥ b}. If α ≤ γ is a limit ordinal, then

Gα+1 \Gα = (∪ξ≤αUξ) \ (∪ξ<αGξ) ⊆ (∪ξ≤αUξ) \ (∪ξ<αUξ)

becauseUξ ⊆ Gξ+1 if ξ < α. Thus we have the same conclusion. Finally,

Gγ+2 \Gγ+1 = X \ (∪ξ≤γUξ) = ∅,

and we are done. �

Now, we will study similar versions of Ascoli’s theorems, for Baire class one functions. A similar
version of the first of these three theorems is true:

Proposition 35 If A is EBC1, thenA
p.c.

is EBC1.
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Proof. It is very similar to the classical one. We setδ
A

p.c.(ε) := δA(ε/3). Assume that

dX(x, x′) < min(δ
A

p.c.(ε)(x), δ
A

p.c.(ε)(x′)),

and letg ∈ A
p.c.

. The following set is an open neighborhood ofg:

O := {h ∈ Y X / dY (h(x), g(x)) < ε/3 and dY (h(x′), g(x′)) < ε/3}

(for the pointwise convergence topology). SetO meetsA in f . Then we check that

dY (g(x), g(x′)) < ε/3 + ε/3 + ε/3 = ε.

This finishes the proof. �

A similar version of the third of Ascoli’s theorem is true in one sense:

Proposition 36 Assume thatX andY are separable metric spaces, and thatX is locally compact.
If A ⊆ B1(X,Y ), equipped with the compact open topology, is relatively compact inY X , thenA is
EBC1 andA(x) is relatively compact for eachx ∈ X.

Proof. As X is metrizable,X is paracompact (see Theorem 4, page 51 of Chapter 9 in [Bo2]).By
Corollary page 71 of Chapter 1 in [Bo1], there exists a locally finite open covering(Vj)j∈ω of X
made of relatively compact sets (we use the fact thatX is separable). Forx ∈ X, we set

Jx := {j ∈ ω / x ∈ Vj}.

It is a finite subset ofω. Let e(x) ∈ ω be minimal such thatB(x, 2−e(x)[⊆
⋂

j∈Jx
Vj. Notice that

e ∈ B1(X,ω). Indeed, let(xjq)q be a dense sequence ofX \ Vj . We have

e(x)=p ⇔







∃k {∀j>k x /∈ Vj} andx∈Vk and∀j≤k {∀q xjq /∈B(x, 2−p[ or x /∈ Vj}

and ∀l < p ∃j ≤ k {∃q xjq ∈ B(x, 2−l[ andx ∈ Vj}.

• Let us show thatA
c.o.

⊆ B1(X,Y ). Forx ∈ X, we letUx be a relatively compact open neigh-
borhood ofx. As X is a Lindelöf space,X =

⋃

n Uxn ; let Kn :=
⋃

p≤n Uxp . Then(Kn) is an
increasing sequence of compact subsets ofX and every compact subset ofX is a subset of one of the
Kn’s. By Corollary page 20 of Chapter 10 in [Bo2],Y X , equipped with the compact open topology,
is metrizable.

So letf ∈ A
c.o.

. By the previous facts there exists a sequence(fn) ⊆ A which tends tof ,
uniformly on each compact subset ofX. So we have

∀m ∈ ω ∃(pmn )n ∈ ωω ∀x ∈ Km ∀n ∈ ω dY (f(x), fpm
n

(x)) < 2−n.

Therefore, ifF ∈ Π
0
1(X), then

f−1(F ) =
⋃

m

Km \ (
⋃

p<m

Kp) ∩ {x ∈ Km / ∀n ∈ ω dY (F, fpm
n

(x)) ≤ 2−n}.

We deduce from this thatf−1(F ) isGδ, because it is union of countably manyGδ ’s, partitionned by
some∆0

2(X). Sof is Baire class one andA
c.o.

⊆ B1(X,Y ).

27



• Let f ∈ A
c.o.

, ε > 0 andK be a compact subset ofX. We set

U(f, ε,K) := {g ∈ A
c.o.

/ ∀x ∈ K dY (f(x), g(x)) < ε/3}.

ThenU(f, ε,K) is an open neighborhood off for the compact open topology, so there exists an

integerpε,K and(f ε,Ki )i≤pε,K
⊆ A

c.o.
such thatA

c.o.
=

⋃

i≤pε,K
U(f ε,Ki , ε,K), becauseA

c.o.
is

compact.

• By Corollary 33, iff ∈A
c.o.

, then there existsδ(f, ε)∈B1(X,R
∗
+) such thatdY(f(x), f(x′))<ε

if dX(x, x′) < min(δ(f, ε)(x), δ(f, ε)(x′)). We set

δ(ε) :

{

X → R∗
+

x 7→ min(2−e(x),minj∈Jx,i≤pε/3,Vj
[δ(f

ε/3,Vj

i , ε/3)(x)])

If dX(x, x′) < min(δ(ε)(x), δ(ε)(x′)) andf ∈ A, thendX(x, x′) < 2−e(x) andx′ ∈
⋂

j∈Jx
Vj. Let

j ∈ Jx (so j ∈ Jx′) and i ≤ pε/3,Vj
be such thatf ∈ U(f

ε/3,Vj

i , ε/3, Vj). As x, x′ ∈ Vj and

dX(x, x′) < min(δ(f
ε/3,Vj

i , ε/3)(x), δ(f
ε/3,Vj

i , ε/3)(x′)), we havedY (f(x), f(x′)) < 3.ε/3 = ε.
Let us check thatδ(ε) is Baire class one. IfA,B > 0,A < δ(ε)(x) < B is equivalent to















∃ k {∀ j > k x /∈ Vj} andx ∈ Vk

and{e(x) > −ln(B)/ln(2) or ∃ j ≤ k x ∈ Vj and∃ i ≤ pε/3,Vj
δ(f

ε/3,Vj

i , ε/3)(x) < B}

and{e(x) < −ln(A)/ln(2) and∀ j ≤ k x /∈ Vj or ∀ i ≤ pε/3,Vj
δ(f

ε/3,Vj

i , ε/3)(x) > A}.

• The last point comes from the continuity ofφ(x, .), for eachx ∈ X; this implies thatA
c.o.

(x) is
compact and containsA(x). �

Counter-example.A similar version of the second of Ascoli’s theorem is false,in the sense that there
are some metric spacesX andY ,X being compact, and a metrizable compact space

A⊆ [B1(X,Y ),p.c.]

which is EBC1 and such that, onA, the compact open topology (i.e., the uniform convergence topol-
ogy) and the pointwise convergence topology are different.Indeed, we setX := [Bl1 , σ(l1, c0)],
A := {G⌈X/G ∈ Bl∞}, andY := R. We have seen thatA is not separable for the uniform conver-
gence topology. So this topology is different onA from that of pointwise convergence. Nevertheless,
A is EBC1. Indeed, the norm topology makesA uniformly equicontinuous, and we just have to apply
Proposition 32. Moreover,A(x) is compact for eachx ∈ X andA is a closed subset of [RX , c.o.]
(we check it in a standard way). AsA is metrizable and not separable in this space, it is not relatively
compact. Therefore, the converse of Proposition 36 is falsein general.

Corollary 37 Assume thatX andY are separable metric spaces and thatX is locally compact. If
moreoverA ⊆ B1(X,Y ), equipped with the compact open topology, is relatively compact inY X ,
thenA is uniformly recoverable.

Proof. By Proposition 13 page 66 of Chapter 1 in [Bo1] and Theorem 1 page 55 of Chapter 9 in
[Bo2], we can apply Propositions 32 and 36, and use Proposition 22. �
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Remarks. There is another proof of this corollary. Indeed, as in the proof of Proposition 36,Y X ,
equipped with the compact open topology, is metrizable andA

c.o.
⊆ B1(X,Y ). ThusA

c.o.
is a

metrizable compact space for the compact open topology. Thus it is separable for this topology. Then
we apply Theorem 20.

Let X and Y be separable metric spaces. Assume that every closed subsetof X is a Baire
space, and thatA ⊆ Y X . If A is EBC1, thenA ⊆ B1(X,Y ) and the conditions of Proposition
22 are satisfied, by Proposition 32. The converse of this is false. To see this, we use the example of
Proposition 27 :X := 2ω, Y := 2 etA :=

⋃

p {1I2ω\{ψ(p)}}. By the proof of (1)⇒ (2) in Proposition
22, there exists a finer metrizable separable topologyτ on 2ω, made ofΣ0

2(2
ω), and making the

{ψ(p)}’s open, forp ∈ ω. Thusτ makes the functions ofA continuous. But assume thatτ ′ is a finer
metrizable separable topology on2ω, made ofΣ0

2(2
ω), and makesA equicontinuous. We would have

P∞ /∈ Σ
0
1([2

ω, τ ′]). So we could findα ∈ P∞ in the closure ofPf for τ ′. If V is a neighborhood of
α for τ ′, we could chooseψ(p) ∈ V ∩ Pf . We would have|1I2ω\{ψ(p)}(α) − 1I2ω\{ψ(p)}(ψ(p))| = 1.
But this contradicts the equicontinuity ofA. Then we apply Proposition 32. This also shows the
utility of the assumption of relative compactness in Proposition 36 (A is an infinite countable discrete
closed set; so it is not compact, inB1(2

ω, 2) equipped with the compact open topology).
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