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Abstract

We consider an Allen-Cahn type equation of the form u; = Au +
e~ 2f¢(x,t,u), where € is a small parameter and f&(z,t,u) = f(u) —
eg®(x,t,u) a bistable nonlinearity associated with a double-well po-
tential whose well-depths can be slightly unbalanced. Given a rather
general initial data ug that is independent of €, we perform a rigor-
ous analysis of both the generation and the motion of interface. More
precisely we show that the solution develops a steep transition layer
within the time scale of order £?|In¢|, and that the layer obeys the
law of motion that coincides with the formal asymptotic limit within
an error margin of order €. This is an optimal estimate that has not
been known before for solutions with general initial data, even in the
case where ¢° =

Next we consider systems of reaction-diffusion equations of the form

up = Au+¢e72 f(u,v)
vy = DAv + h(u,v),

which include the FitzHugh-Nagumo system as a special case. Given
a rather general initial data (ug,vo), we show that the component u
develops a steep transition layer and that all the above-mentioned re-
sults remain true for the u-component of these systems.

Key Words: nonlinear PDE, reaction-diffusion system, singular pertur-
bation, Allen-Cahn, FitzHugh-Nagumo, interface motion E|

LAMS Subject Classifications: 35K55, 35K57, 35B25, 35R35.



1 Introduction

1.1 Perturbed Allen-Cahn equation

In some classes of nonlinear diffusion equations, solutions often develop in-
ternal transition layers — or “interfaces”— that separate the spatial domain
into different phase regions. This happens, in particular, when the diffusion
coefficient is very small or the reaction term is very large. The motion of
such interfaces is often driven by their curvature. A typical example is the
Allen-Cahn equation u; = Au + 2 f(u), where ¢ > 0 is a small parameter
and f(u) is a bistable nonlinearity, whose meaning will be explained below.
A usual strategy for studying such phenomena is to first derive the “sharp
interface limit” as ¢ — 0 by a formal analysis, then to check if this limit
gives good approximation of the behavior of actual layers.

In this paper we study a perturbed Allen-Cahn type equation of the form

up = Au + E%(f(u) —eg®(x,t,u)) in Q x (0,400)

€ ou
P - —
(P9) £y 0 on 9 x (0,400)
u(z,0) = up(z) in Q,

and study the behavior of layers near the sharp interface limit as e — 0. Here
Q) is a smooth bounded domain in RY (N > 2) and v is the Euclidian unit
normal vector exterior to 9. The nonlinearity is given by f(u) := —W'(u),
where W (u) is a double-well potential with equal well-depth, taking its
global minimum value at u© = a. More precisely we assume that f is C?
and has exactly three zeros a_ < a < ay such that

fl(ax) <0, f'(a) >0 (bistable nonlinearity), (1.1)

and that oy
f(u)du = 0. (1.2)
o
The condition ([L.1]) implies that the potential W (u) attains its local minima
at w = a_, a4, and ([[.7) implies that W(a—) = W(ay). In other words,
the two stable zeros of f, namely a_ and a4, have “balanced” stability. A
typical example is the cubic nonlinearity f(u) = u(1 — u?).

The term £¢° represents a small perturbation, where ¢°(z, ¢, u) is a func-
tion defined on  x [0, 4+00) x R. This has the role of breaking the balance
of the two stable zeros slightly. In the special case where g = 0, problem
(P?) reduces to the usual Allen-Cahn equation. As we will explain later,
our main results are new even for this special case.

We assume that ¢° is C? in « and C' in ¢, u, and that, for any 7" > 0
there exist ¥ € (0,1) and C > 0 such that, for all (x,t,u) € Q x [0,T] x R,

|ALg%(z,t,u)| < Ce™  and g (x,t,u)| < Ce™?, (1.3)



9o (@, t,u)| < C, (1.4)
ng('v B U)

Moreover, we assume that there exists a function g(z,¢,u) and a constant,
which we denote again by C, such that

<
”01”’1—?(@[011) =

|ga($7t>u) - g(m,t,u)| < 067 (16)

for all small e > 0. Note that the estimate ([L.J) and the pointwise conver-
gence ¢° — g (as € — 0) imply that g satisfies the same estimate as ([[.F).
For technical reasons we also assume that

dg°
ov

0 ondQx[0,T] xR, (1.7)

which, in turn, implies the same boundary condition for g. Apart from these
bounds and regularity requirements, we do not make any specific assump-
tions on the perturbation term ¢°.

Remark 1.1. Since we will consider only bounded solutions in this paper, it is
sufficient to assume ([.3)—([.5) to hold in some bounded interval —M < u <
M. Note that if g° does not depend on ¢, then the assumptions ([[.3)-(LF)
are automatically satisfied on any interval —M < u < M. U

Remark 1.2. The reason why we do not assume more smoothness on g is that
we will later apply our results to systems of equations including FitzHugh-
Nagumo system, in which ¢° loses C%>!-smoothness as € — 0. (]

As for the initial data ug(z), we assume ug € C?(Q2). Throughout the
present paper the constant Cy will stand for the following quantity:

Co = [[uollcoy + Vuollco@) + [[Auollco)- (1.8)
Furthermore we define the “initial interface” I'g by
Ip:={x€Q, u(z)=a}, (1.9)

and suppose that T'g is a C3T? hypersurface without boundary such that, n
being the outward unit normal vector to 'y,

I'yccQ and Vu(x) -n(x)#0 ifzely, (1.10)

up>a inQf, wp<a inQy, (1.11)

where € denotes the region enclosed by I'g and Qa' the region enclosed
between 02 and I'y.

It is standard that problem (P¢) has a unique smooth solution, which we
denote by u®. As € — 0, a formal asymptotic analysis shows the following:



in the very early stage, the diffusion term Aw is negligible compared with
the reaction term = 2(f(u) — eg®(x,t,u)) so that, in the rescaled time scale
T = t/e2, the equation is well approximated by the ordinary differential
equation u, = f(u)+O(e). Hence, in view of the profile of f, the value of u®
quickly becomes close to either oy or a— in most part of €2, creating a steep
interface (transition layer) between the regions {u® ~ a_} and {u® ~ a4 }.
Once such an interface develops, the diffusion term becomes large near the
interface, and comes to balance with the reaction term. As a result, the
interface ceases rapid development and starts to propagate in a much slower
time scale.

To study such interfacial behavior, it is useful to consider a formal asymp-
totic limit of (P¢) as e — 0. Then the limit solution @(z,t) will be a step
function taking the value ay on one side of the interface, and «_ on the
other side. This sharp interface, which we will denote by I'y, obeys a certain
law of motion, which is expressed as follows (see Section | for details):

(P { Vi=—=(N -1k +co(G(z,t,ay) — G(x,t,a_)) on I}
Til,_g = To,

where V,, is the normal velocity of I'; in the exterior direction, x the mean
curvature at each point of I'y,

co = [\/5/;+(W(8) - W(oz_))l/zds} _1, (1.12)

W(s) = — / Cfeydr, Glat,s) = / oot r)dr

It is well known that problem (P°) possesses locally in time a unique smooth
solution. Let 0 <t < T™a* T™M ¢ (0, +00], be the maximal time interval
for the existence of the solution of (P%) and denote this solution by I' =
Uo<tepmasz L'y x {t}). Hereafter, we fix T' such that 0 < T' < 7™ and work
on [0,T]. More precisely, so as g(-,-,u), the function G(-,-,u) is of class
C’1+ﬁ’#, which implies, by the standard theory of parabolic equations,
that T is of class C3T%5” . For more details, we refer to [, Lemma 2.1.
Next we set
QT = x (O,T),

and, for each t € [0,7], we denote by Q; the region enclosed by the hyper-
surface I'y, and by Q; the region enclosed between 99 and I';. We define a
step function u(x,t) by

. QJ’_
ae,t) =4 T M forte 0,1, (1.13)
a_ in €



which represents the formal asymptotic limit of u (or the sharp interface
limit) as € — 0.

The aim of the present paper is to make a detailed study of the limiting
behavior of the solution u® of problem (P¢) as ¢ — 0. Our first main result,
Theorem [[.J, describes the profile of the solution after a very short initial
period. It asserts that: given a virtually arbitrary initial data wug, the solu-
tion u® quickly becomes close to a4, except in a small neighborhood of the
initial interface Iy, creating a steep transition layer around I'y (generation
of interface). The time needed to develop such a transition layer, which
we will denote by t°, is of order €2|Ine|. The theorem then states that the
solution u® remains close to the step function @ on the time interval [t¢, T
(motion of interface); in other words, the motion of the transition layer is
well approximated by the limit interface equation (P?).

Theorem 1.3 (Generation and motion of interface). Let n be an arbitrary
constant satisfying 0 < n < min(a — a_, a4 — a) and set

p=f'(a).

Then there exist positive constants €y and C such that, for all € € (0,eq)
and for all ¢ <t < T, where t* := p~'e?|Ine|, we have

[ —n,aqp +n] if xe€Ng(T'y)
ut(z,t) €  [am —n,a- +n] if xeQ \ Nee(Iy) (1.14)
lay —nyaqr +n) if xeQf \ Nee(Ty),

where N;.(T'y) := {z € Q,dist(x,Ty) < r} denotes the r-neighborhood of T'y.

Corollary 1.4 (Convergence). As e — 0, u® converges to u everywhere in
+
UO<t§T(Qt x {t}).

The next theorem is concerned with the relation between the actual
interface I'; := {x € Q, u(z,t) = a} and the formal asymptotic limit I';,
which is given as the solution of (P?).

Theorem 1.5 (Error estimate). There exists C > 0 such that
I CNe(Ty)  for 0<t<T. (1.15)
Corollary 1.6 (Convergence of interface). There exists C > 0 such that
dy(T5,Ty) < Ce for 0<t<T, (1.16)

where dy (A, B) := max{sup,c4 d(a, B), sup,cg d(b, A)} denotes the Haus-
dorff distance between two compact sets A and B. Consequently, I'; — I’
as € — 0 uniformly in 0 <t < T, in the sense of Hausdorff distance.



Note that the estimates ([L.15) and ([.L14) follow from Theorem [[.3 in
the range t* < t < T, but the range 0 < t < ¢ has to be treated by a
separate argument since the behavior of the solution in this time range is
quite different from that of the later stage.

The estimate ([.L14) in our Theorem [[.3 implies that, once a transition
layer is formed, its thickness remains within order € for the rest of time.
Here, by “thickness of interface” we mean the smallest r > 0 satisfying

{l‘ S Q7 u€($7t) Q [Oé_ -n, a— +77] U [Oé+ - a4 +77]} CNT(Ff)

Naturally this quantity depends on 7, but the estimates ([.14) and ([L.16)
assert that it is bounded by 2Ce (with the constant C' depending on 7)
regardless of the choice of n > 0.

Remark 1.7 (Optimality of the thickness estimate). The above O(g) estimate
is optimal, i.e. the interface cannot be thinner than this order. In fact,
rescaling time and space as 7 :=t/e%, y := x /e, we get

ur = Ayu+ f(u) —eg’.

Thus, by the uniform boundedness of u and by standard parabolic estimates,
we have |V u| < M for some constant M > 0, which implies

Vau(z, )] < 2.

€
From this bound it is clear that the thickness of interface cannot be smaller
than M ~!(a; —a_)e, hence, by ([[L1), it has to be exactly of order ¢. Intu-
itively, this O(e) estimate follows also from the formal asymptotic expansion
(B-3), but the validity of such an expansion is far from obvious for solutions
with arbitrary initial data. O

Our O(e) estimate is new, even in the special case where ¢° = 0, pro-
vided that N > 2. Previously, the best thickness estimate in the literature
was of order £|lne| (see [[f]), except that X. Chen has recently obtained
an O(e) estimate for the case N = 1 by a different argument (private
communication). We also refer to the forthcoming papers [B(] and [I9],
in which the same O(ge) estimate is established for different but related
problems. The paper [R(] is concerned with a “balanced type” Allen-Cahn
equation with large spatial inhomogeneity, namely an equation of the form
uy = V(k(z)Vu) +e72h(z) f(u), and [[J] is concerned with a Lotka-Volterra
competition-diffusion system with large spatial inhomogeneity whose non-
linearity is of the balanced bistable type.

Remark 1.8 (Optimality of the generation time). The estimate ([[.14)) also
implies that the generation of interface takes place within the time span
of t¢. This estimate is optimal. In other words, a well-developed interface
cannot appear much earlier; see Proposition for details. O



The singular limit of the Allen-Cahn equation was first studied in the
pioneering work of Allen and Cahn [J] and, slightly later, in Kawasaki and
Ohta [ from the point of view of physicists. They derived the interface
equation by formal asymptotic analysis, thereby revealing that the interface
moves by the mean curvature. These early observations triggered a flow of
mathematical studies aiming at rigorous justification of the above limiting
procedure; see, for example, [[], [[], § and 4, BJ] for results in the frame-
work of classical solutions, and [[f], [[l, ] and )] for the case where I'; is
a viscosity solution of the interface equation.

As for problem (P¢), whose nonlinearity is slightly unbalanced, the limit
interface equation involves a pressure term as well as the curvature term as
indicated in (P?). This fact has been long known on a formal level; see e.g.
[B7. Ei, Iida and Yanagida [[4] proved rigorously that the motion of the
layers of (P¢) is well approximated by the limit interface equation (P?), on
the condition that the initial data has already a well developed transition
layer. In other words, they studied the motion of interface, but not the
generation of interface.

1.2 Singular limit of reaction-diffusion systems

Our results can be extended to reaction-diffusion systems of the form

up = Au + éfe(u,v) in Q x (0,+00)

vy = DAv + h(u,v) in Q x (0,+00)
(RD®) { Ou _ v _

5 = By 0 on 09 x (0,400)

u(x,0) = up(z) in Q

v(z,0) = vo(x) in Q,

where D is a positive constant, and f¢, h are C? functions such that
(F) there exist C? functions fi(u,v), fs(u,v) such that
fe(u,v) = f(u)+€fl(u7v) +€2f2€(u7v)7 (117)

where f(u) is a bistable nonlinearity satisfying ([.1]), (I.J), and fs,
along with its derivatives in u, v, remain bounded as € — 0;

(H) for any constant L, M > 0 there exists a constant M; > M such that

h(u,—My) >0 > h(u, M) for |u| < L. (1.18)

The conditions (F) and (H) imply that the ODE system
1 .
—2f€(u,v), U:h(u’v)

u =



has a family of invariant rectangles of the form {|u| < L, |v| < M}, provided
that e is sufficiently small. The maximum principle and standard parabolic
estimates then guarantee that every solution of (RD¥®) exists globally for
t > 0 and remains bounded as t — oo (see Proposition [7.1]). Apart from
(IL.1§), we do not make any specific assumptions on the function h.

Problem (RD¢®) represents a large class of important reaction-diffusion
systems including the FitzHugh-Nagumo system

1
up = Au + E—g(f(u) — €v) (1.19)

vy = DAv 4+ au — B,

which is a simplified model for nervous transmission, and the following type
of prey-predator system:

1
u = Au+ 5 ((1-w)(u—-1/2) - ev)u (1.20)

vy = DAv + (ou — fo)v.

Remark 1.9. In some equations such as the prey-predator system ([[.20),
only nonnegative solutions are to be considered. In such a case, we replace

the condition ([.1§) by
h(u,0) >0 > h(u, M) for 0<u<L,
and assume f€(0,v) > 0. The rest of the argument remains the same. [

Now the same formal analysis as is used to derive (P°) shows that the
singular limit of (RD¢) as € — 0 is the following moving boundary problem:

Vi=—(N— 1)k —co F1(0(x,t)) on I'

0 = DAV + h(a,0) in Q x (0,400)
(RD%) { Tty =To

%:O on 990 x (0,400)

i(z,0) = vo(x) in Q,

where 4 is the step function defined in ([.13) and

Fi(v) = o fi(r,v)dr.

o

This is a system consisting of an equation of surface motion and a partial
differential equation. Since @ is determined straightforwardly from Iy, in



what follows, by a solution of (RD?) we mean the pair (I',7) := (I'y, 9(x, t)).
In the case of the FitzHugh-Nagumo system ([.19), (RD°) reduces to

Vo=—(N—=1)k+co(ay —a_)o(z,t)
G = DAD + aii — B9,
while in the prey-predator system ([:20), (RD?) reduces to
Vo =—(N—1)k+ cov(z,t)/2
B = DAD + (i — )i,

Note that the positive sign in front of the term cyo(x,t) in the interface
equation implies an inhibitory effect on 4, since the velocity V,, is measured
in the exterior normal direction, toward which @ decreases.

Lemma 1.10 (Local existence). Assume that vg € C*(Q) and that T is a
C? hypersurface which is the boundary of a domain Dy CC Q. Then there
exists T™ € (0, +oc| such that the limit free boundary problem (RD®) has
a unique solution (I',v) in the interval [0, T™).

This existence result was established in [[[J]. The uniqueness can be
obtained by using the estimates in [f].

Hereafter, we fix T" such that 0 < 7" < T™% and work on [0,7]. Our
main results for the system (RD°®) are the following:

Theorem 1.11 (Thickness of interface). Let ([.17) and ([.I§) hold (or let
the assumptions in Remark [[.9 hold). Assume also that ug satisfies ([.10)
and (L.11)). Then the same conclusion as in Theorem [[. holds for (RD*®).

Corollary 1.12 (Convergence). Under the assumptions of Theorem [1.11,
the same conclusion as in Corollary holds for (RDF®).

Theorem 1.13 (Error estimate). Let the assumptions of Theorem hold.
Then the same conclusion as in Theorem holds for (RD¥%). Moreover,
there ezists a constant C > 0 such that

v — [ oo (@x(0,1)) < Ce.

Corollary 1.14 (Convergence of interface). Under the assumptions of The-
orem [1.11, the same conclusion as in Corollary [[.4 holds for (RD¥).

The organization of this paper is as follows. In Section fl, we derive the
interface equation (PY) from (P¢) by formal asymptotic expansions which
involve the so-called signed distance function.

In Sections B and [, we present basic estimates concerning the generation
of interface for (P¢). For the clarity of underlying ideas, we first consider



the special case where g° = 0 in Section f], and deal with the general case in
Section f§.

In Section | we prove a preliminary result on the motion of interface
(Lemma p.1]), which implies that if the initial data has already a well-
developed transition layer, then the layer remains to exist for 0 < ¢t < T
and its motion is well approximated by the interface equation (P?).

Our approach in Sections [ to f| is based on the sub- and super-solution
method, but we use two completely different sets of sub- and super-solutions.
More precisely, the sub- and super-solutions for the motion of interface are
constructed by using the first two terms of the formal asymptotic expansion
(B-3), while those for the generation of interface are constructed by modifying
the solution of the equation in the absence of diffusion: u; = e=2f(u).

In Section i, we prove our main results for (P¢): Theorems [[.3, and
their respective corollaries.

In the final section, we study the reaction-diffusion system (RD€) and
prove Theorems [[.11], and their corollaries. These results are obtained
by applying a slightly modified version of the results for (P¢). The strategy
is to regard f¢(u,v) as a perturbation of f(u). Indeed, the equation for u
in (RD°®) is identical to (P¢) if we set ¢° = —f; — ef5. However, what
makes the analysis difficult is the fact that ¢° is no longer a given function
but a quantity that depends on the unknown function v®. In particular,
the existence of the limit ¢° — ¢ (¢ — 0) is not a priori guaranteed, and
the estimate ([[.) is far from obvious. As it turns out, the standard L? or
Schauder estimates for v° would not yield ([L.), because of the fact that u®
converges to a discontinuous function as ¢ — 0. In order to overcome this
difficulty, we derive a fine estimate of v® that is based on estimates of the
heat kernel and the fact that u® remains uniformly smooth outside of an
O(e) neighborhood of the smooth hypersurface T';.

2 Formal derivation of the interface motion equa-
tion

In this section we derive the equation of interface motion corresponding to
problem (P¢) by using a formal asymptotic expansion. The resulting inter-
face equation can be regarded as the singular limit of (P¢) as ¢ — 0. Our
argument is basically along the same lines with the formal derivation given
by Nakamura, Matano, Hilhorst and Schétzle [2¢], who studied a similar
but slightly different type of spatially inhomogeneous equations by formal
analysis. Let us also mention some earlier papers [[I], [ and [7] involving
the method of matched asymptotic expansions for problems that are related
to ours.

As in [Pg], the first two terms of the asymptotic expansion determine
the interface equation. Though our analysis in this section is for the most

10



part formal, the observations we make here will help the rigorous analysis
in later sections.

Let u® be the solution of (P¢). We recall that I'; := {z € Q,u®(z,t) = a}
is the interface at time ¢ and call T := J;5((I'f x {t}) the interface. Let
I' = Up<t<r(T't x {t}) be the unique solution of the limit geometric motion

problem (P°) and let d be the signed distance function to I' defined by:

- { dist(z,T;) for x € Qf 2.1)

—dist(z,I'y) for z € Q,

where dist(x, ;) is the distance from x to the hypersurface I'y in Q. We
remark that d = 0 on I' and that |Vd| = 1 in a neighborhood of I'. We then

define
Qr= U @ x{}), Qr= |J @ x{t}h.

0<t<T 0<t<T

We also assume that the solution u* is of the form
3 o + . +
uf(x,t) = ax +euy (z,t)+---  in Qf (2.2)
away from the interface I" (the outer expansion), and
’U,e(x,t) :UQ(-Z',t,f)*FEUl(%,t,ﬁ)‘i‘"' (23)

near I' (the inner expansion), where Uj(z,t,2), j =0,1,-- -, are defined for

r€Q,t>0,2z€Rand £ :=d(x,t)/e. The stretched space variable ¢ gives
exactly the right spatial scaling to describe the rapid transition between the
regions {u® ~ a_} and {v® ~ a4 }. We normalize Uy in such a way that

Uo(x,t,0) =a

(normalization conditions). To make the inner and outer expansions consis-
tent, we require that

Uo(z,t,+00) = oy, Up(z,t,—00) = a_. (2.4)

As we will see below this will determine Uy uniquely, which will then deter-
mine U7.

In what follows we will substitute the inner expansion (.J) into the
parabolic equation of problem (P¢) and collect the e=2 and e~! terms. To

11



that purpose we compute the needed terms and get

d, -
ui = Upt + UOz;t +eUn + Urdy + - -

d ~
Vu® = VU, + UOZV? +eVUL + U, Vd + - --

d Ad d|?
Auf = AU + 2% Vo + Vo2 + UOZZ’VE—Q’ N
Vd|?

+9Vd - VU, + Uy, Ad + Uns—— 4+

f(w®) = f(Uo) +f'(Uo)Ur + O(?)
g (x,t,u) = gz, t,u’) + O(e) ( «— in view of (L.4) )
= g($7t> UO) + 0(6)7

where the functions U; (i = 0,1), as well as their derivatives, are taken at

the point (z,t,d(z,t)/e). Note also that V and A stand for V, and A,
respectively. Collecting the e~2 terms yields

UOzz + f(UO) = 0.

In view of the normalization and matching conditions, we can now assert
that Up(z,t,2) = Up(z), where Up(z) is the unique solution of the stationary
problem

{ Uo” + f(Us) =0 25)

Up(—0) =a—, Uy(0)=a, Uy(+0)=a;.

This solution represents the first approximation of the profile of a transition
layer around the interface observed in the stretched coordinates. Note that
the integral condition ([.2) guarantees the existence of a solution of (R.5).
For example, in the simple case where f(u) = u(1 — u?), we have Uy(z) =
tanh(z/v/2). In the general case, the following standard estimates hold:

Lemma 2.1. There exist positive constants C' and A such that

0<ay—Uy(z) < Ce M for z>0
0<Uy(z) —a_ <Ce NI forz<o0.

In addition, Uy is a strictly increasing function and, for j = 1,2,

|DIUy(2)| < Ce N2 for 2 e R. (2.6)

12



Proof. We only give an outline. Rewriting the equation in (£.5) as

we see that (Up(z),Uj(z)) is a heteroclinic orbit of the above system con-
necting the equilibria (a_,0) and (a4, 0). These equilibria are saddle points,
with the linearized eigenvalues {\_, —A_} and {\;, —A;}, respectively,

where
Ao=v=fllaz), A =v—=flag).

Consequently, we have

a_ +Crer*+o(e?) as z — —00,

Uo(2) = { oy + Cye M7 4 o(e™M7) as z — 400, (2.7)

for some constants C1,Cy. The desired estimates now follow by setting
A=min(Ap, A\_). O

Next we collect the e~! terms. Recalling that VU, = 0 and that |Vd| =
1 near I';, we get

Ulzz + f,(UO)Ul = UO/(EZVt - AC’ZV) + g(ajat? UO) (28)

This equation can be seen as a linearized problem for (R.§) with an inho-
mogeneous term. As is well-known (see, for instance, [24]), the solvability
condition for the above equation plays the key role in determining the equa-
tion of interface motion. The following lemma is rather standard, but we
give an outline of the proof for the convenience of the reader.

Lemma 2.2 (Solvability condition). Let A(z) be a bounded function on
—o0 < z < 00. Then the problem

{ VYoo + f(Uo(2))Y = A(2),  z€R 29)
¥(0) =0, o€ L>®R),
has a solution if and only if
/ A(2)Uy' (2)dz = 0. (2.10)
R
Moreover the solution, if it exists, is unique and satisfies
() < CllAl~  forz € R, (2.11)

for some constant C' > 0.
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Proof. Multiplying the equation by Uy’ and integrating it by parts, we
easily see that the condition (R.1() is necessary. Conversely, suppose that
this condition is satisfied. Then, since Uy’ is a bounded positive solution to
the homogeneous equation 1., + f'(Up(2))¢ = 0, one can use the method of
variation of constants to find the above solution ¢ explicitly. More precisely,

v =e) [ (¢ [ a@pterae)ac

) 8 (2.12)
= et [ (720 | A@ete)de)ac

where ¢ := Uy’. The estimate (R.11) now follows from the above expression

and (7). O
From the above lemma, the solvability condition for (R.§) is given by
[ [0 - Ad)a.t) + gtat, Un(2)00 ()] = =0
R

for all (x,t) € Qp. Hence we get

 Jrga,t, Up(2))Uo' () dz
fR U0,2(Z) dz

d; — Ad =

)

which gives

G(.’L’, 2 CY+) — G(Z’, 2 CY_)
Jz Uy'?(2) dz '

Moreover, multiplying equation (R.§) by Uy’ and integrating it from —oo to
z, we obtain

dy = Ad —

0 = /z (U(]//U()/ + f(U(])U(]/) (s)ds

— 00

_ %Uoﬂ(z) — W (Up(2)) + W(a),

where we have also used the fact that Uy(—oc) = a— and Uy’ (—o0) = 0.
This implies that

Uo'(2) = V2(W (Us(2)) - W(a))"?,
and therefore

/ Uy(2)dz = / Uy (V2 (W (Uo(2)) — W(a))d
R R

ay

=V2 [ (W(s)—W(a_))2ds.
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It then follows, in view of the definition of ¢j in ([[.12), that
dy = Ad — co(G(z,t, 00 ) — Gz, t,a)). (2.13)

We are now ready to derive the equation of interface motion. Since vd (=
V. d(z,t)) coincides with the outward normal unit vector to the hypersurface
I';, we have czg(x, t) = =V, where V,, is the normal velocity of the interface
I's. It is also known that the mean curvature  of the interface is equal to

Ad/(N —1). Thus the equation of interface motion is given by:

Vo =—(N —1)k+co(G(x,t,ar) — G(z,t,a—)) on I'y. (2.14)
Summarizing, under the assumption that the solution u® of problem (P¥¢)
satisfies

Ot
w — { Tan as ¢ — 0,
o in Qr,

we have formally proved that the boundary I'; between 2, and ©; moves
according to the law (R.14).

To conclude this section, we give basic estimates for Uj (x, t, z), which we
will need in Section [J to study the motion of interface. Substituting (R.13)

into (B.§) gives

{ Urzz + f'(Uo(2))Ur = g(,t, Uo(2)) — y(z, t)Uo' (), (2.15)
U (x,t,0) = 0, Ui(z,t,-) € L®(R), '
where
v(x,t) = co(G(x, t,aq) — Gz, t, ). (2.16)
Thus Ui (z,t, 2) is a solution of (R.9) with
A= Ag(z,t,2) = g(x,t,Up(2)) — v(z,t) Uy’ (2), (2.17)

where the variables z, ¢t are considered parameters. The problem (R.19) has a
unique solution by virtue of Lemma P.3. Moreover, since Ag(z,t,2) remains
bounded as (z,t,z) varies in  x [0,T] x R, the estimate (R.11]) implies

|Ui(x,t,2)| < M for x€Q, t€[0,T], z€R, (2.18)
for some constant M > 0. Similarly, since VU; is a solution of (2.9) with
A= Voho(a,t,2) (= Valgle,t,Uo(2) = 1@, )00 (2)) ).
and since g is assumed to be C! in z, we obtain

\VoUi(,t,2)] < M for x€Q, t€0,T)], z€R, (2.19)
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for some constant M > 0.
To obtain estimates as z — 400, we first observe that (R.7) implies

Ao(z,t,2) — g(z,t, 00 ) = O(e N2 as z — +00, (2.20)

uniformly in z € Q, ¢t € [0,T]. We then apply the following general esti-
mates:

Lemma 2.3. Let the assumptions of Lemma B.3 hold, and assume further
that A(z) — AT = O(e™F) as z — +oo for some constants AT, A~ and
0 > 0. Then there exists a constant X > 0 such that

=0 M), WEI+ ) =0, (2:21)

as z — +oo.

Proof. We only state the outline. To derive the former estimate, we need
a slightly more elaborate version of (2.7). Since f(u) is C?, we have f(u) =
(u—az)f'(a+) + O((u — ax)?). Consequently,

Aoz 2 _z s
Uo(2) = { a_ +Cre?*+0(e**7) as z 0, (2.92)

oy + Cye M7 4 Oe2M+7) as z — +00.

Using the expression (B-19) along with the estimate A(z) — A* = O(e~%?)
and (B.22), we see that

A* -
V() =~y + O(Izle™ ) + O(emmOAIH) as 2 — oo,
=+

This implies the former estimate in (R.21), where A can be any constant sat-
isfying 0 < A < min(A_, A\4,d). Substituting this into equation (R.9) gives
the estimate for 1,,. Finally, the estimate for 1, follows by integrating .,
from +oo to z. U

From the above lemma and (P-2() we obtain the estimate
U1, (2,8, 2)| + Uz (2, £, 2)| < Ce M2, (2.23)
for x € Q, t € [0,7), z € R. Similarly, since (R-f) implies
(Vodo)(@,t,2) — (Vag)(z,t,az) = O(e M) as 2z — +oo,
we can apply Lemma to ¥ = V, Ui, to obtain
IVoUis (2,8, 2)| + |VaUiss (2,8, 2)] < Ce M2l

for x € Q,t € [0,7], 2 € R. As a consequence, there is a constant, which we
denote again by M, such that

|V Uiz (2, t,2)| < M. (2.24)
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Next we consider the boundary condition. Note that ([.7) implies

((%Ao = ({% [g(m,t, Uo(2)) — ’y(a:,t)Uol(z)] =0 on 090. (2.25)

Consequently, from the expression (R.13), or equivalently the expression

it ) =04 [ (WH0)* [ At 00 )t

we see that

oUy

3 Generation of interface: the case ¢° =0

This section deals with the generation of interface, namely the rapid for-
mation of internal layers that takes place in a neighborhood of 'y = {x €
Q, ug(r) = a} within the time span of order £2|Ine|. For the time being we
focus on the special case where ¢g° = 0. We will discuss the general case in
Section [|. In the sequel, 7y will stand for the following quantity:

Mo := min(a — a_,aq — a).
Our main result in this section is the following:

Theorem 3.1. Let n € (0,19) be arbitrary and define p as the derivative of
f(u) at the unstable zero u = a, that is

= f'(a). (3.1)
Then there exist positive constants €y and My such that, for all € € (0,¢q),

(i) for all z € Q,
a_—n<u(z,p e’ Inel) <ay +n, (3.2)
(i) for all x € Q such that |up(x) — a| > Moe, we have that

if uo(x)
if uo(x)

a+ Moe then uf(x,pte?|lnel)>ay —7n,  (3.3)

>
<a— My then u(z,p 'e?|lne)) <a_+n.  (3.4)

The above theorem will be proved by constructing a suitable pair of sub-
and super-solutions. Note that we do not need condition ([[.J) in proving
this theorem.
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3.1 The bistable ordinary differential equation

Let us first consider the problem without diffusion:

1
Bo= 5 f@), a(,0) = ugla)
This solution is written in the form
t
ie,t) = ¥ (55, uola)),
where Y (7,£) denotes the solution of the ordinary differential equation

{ Yi(1,€) = f(Y(r,§)) forT>0 35)

Here £ ranges over the interval (—2Cy,2C)), with Cy being the constant
defined in ([[.§). We first study basic properties of Y.

Lemma 3.2. We have Y¢ > 0, for all § ¢ {a_,a,a4}, 7 > 0. Furthermore,

er.g) = {28,

Proof. First, differentiating equation (-J) by &, we obtain

Y%T = Y%f/(Y)
}/6(075) = 17

which is integrated as follows:
Vi) =exn| [ F((s.€)ds] >0 (36)
We then differentiate equation (B.§) by 7 and obtain

YTT = YTf,(Y)
Y2(0,8) = f(),

which in turn implies
Yo(,§) = f(§)exp [/0 f’(Y(s,g))ds]

= f()Ye(7.9).
This last equality, in view of (B.J), completes the proof of Lemma .3. O

For € ¢ {a_,a,a.}, we define a function A(7,§) by

F'Y(.6) ~ f'(€)

Al = G

(3.7)
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Lemma 3.3. We have, for all £ ¢ {a_,a,ay}, 7> 0,

Ar) = [ 10 (. 9)Vels. ).
Proof. Differentiating by £ the equality of Lemma leads to
Yee = A(T,§)Ye, (3.8)

whereas differentiating (B.€]) by ¢ yields

Yee = Y /0 (Y (5,€))Ye(s, €)ds.

These two last results complete the proof of Lemma B.3. O

Next we need some estimates on Y and its derivatives. First, we estimate
the speed of the evolution of Y when the initial value & lies between a— +n
and ay — 1.

Lemma 3.4. Letn € (0,70) be arbitrary. Then there exist positive constants
Cy = C1(n), Co = Co(n) and Cs = C3(n) such that

(i) if & € (a,aq4 — ) then, for every T > 0 such that Y (7,§) remains in
the interval (a,aq —n), we have

CNfle;“— < Y%(T7 g) < ~2€M77 (39)
[A(T, ) < C3(e"™ = 1), (3.10)
where  is the constant defined in (B]);

(ii) if £ € (a— +m,a) then, for every T > 0 such that Y (7,§) remains in
the interval (a_ +n,a), we have (B.9) and (B-10).

Proof. We take ¢ € (a,a+ — 1) and suppose that, for s € (0,7), Y(s,€)
remains in the interval (a,a; — 7). Integrating the equality

Y (s,§)

SRLASIL VAR |

f(Y(5,6))

from 0 to 7 yields
T YT(S7 g)
———<ds =T. (3.11)
/0 f(Y(s,6))
Hence by the change of variable ¢ = Y'(s,£) we get

Y(rg)
/5 @ (3.12)



Moreover, the equality of Lemma B. leads to

Y(7,8) g1
s - "1
YO ) Pl - fla)
‘/5 o T @ e G

Y ()
= pT+ L h(q)dq,

where h(q) = (f'(q) — 1)/ f(q). As h(q) tends to f"(a)/f’(a) when ¢ tends
to a, h is continuous on [a, a4 — n]. Hence we can define

H = H(n) = Hh”LC’o(a,our—n)’

Since |Y (7,&) —&| takes its value in the interval [0, oy —a—n] C [0, ay —al,

it follows from (B.13) that
ur— Hias —a) <InYe(r,€) < jur + oy — a)

which, in turn, proves (B.9). Next Lemma and (B.9) yield

AME)] < 1o s /0 Coeh™ds
< 03(61“' - 1)7

which completes the proof of (B.10). The case where & and Y (7,&) are in
(— + 1, a) is similar and omitted. O

Corollary 3.5. Let n € (0,19) be arbitrary. Then there exist positive con-
stants C1 = C1(n) and Co = Cy(n) such that

(i) if & € (a,aq4 — ) then, for every T > 0 such that Y (7,§) remains in
the interval (a,cq —n), we have

Cre"(§ —a) <Y(7,8) —a < Coe"(§ —a); (3.14)

(ii) if £ € (a— 4+ n,a) then, for every T > 0 such that Y (7,§) remains in
the interval (a— +n,a), we have

Coe! (£ —a) <Y(1,6) —a < C1e' (€ — a). (3.15)
Proof. We can find By = By(n) > 0 and By = By(n) > 0 such that, for all

q € (a,aq — ),
Bi(q —a) < f(q) < Ba2(q — a). (3.16)
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We use this inequality for a < Y (7,€) < oy — 1 to obtain
Bi(Y(7,§) —a) < f(Y(7,8)) < Bo(Y(7,£) — a).
We also use this inequality for a < £ < ay —n to obtain

Bi(§ —a) < f(§) < Bz(§ —a).
Next we use the equality Ye = f(Y)/f(§) of Lemma B.9 to deduce that

B B
V(16 — ) < (€ - )Ye(r,€) < 22V (1,€) - a),
2 1
which, in view of (B.9), implies that
By =~ By -~
B—;C’le‘”(g —a)<Y(r,§) —a< B—iC’ge‘”(ﬁ —a).

This proves (B.14). The proof of (B.I7) is similar and is omitted. O

We now present estimates in the case where the initial value £ is smaller
than a— + n or larger than ay —n.

Lemma 3.6. Let n € (0,m0) and M > 0 be arbitrary. Then there ezists a
positive constant Cy = Cy(n, M) such that

(i) if € € [ay — n,aq + M], then, for all T > 0, Y(7,€) remains in the
interval [ay —n, aq + M] and

|A(T,&)| < Cyr for 7> 0; (3.17)

(ii) if £ € [a— — M,a— + 1|, then, for all T > 0, Y(7,£) remains in the
interval [a— — M,a_ +n] and (B.17) holds.

Proof. Since statement (i) and statement (ii) can be treated in the same
way, we will only prove the former. The fact that Y (7,£) remains in the
interval [oy — 1, oy + M| directly follows from the bistable properties of f,
or, more precisely, from the sign conditions f(ay —n) > 0, f(ay + M) < 0.

To prove (B.17), suppose first that & € [ay, oy + M]. In view of ([L.1), f’
is strictly negative in an interval of the form [,y +¢] and f is negative in
[ay, 00). We denote by —m < 0 the maximum of f on [y +¢, M]. Then, as
long as Y'(7,§) remains in the interval [oy + ¢, M|, the ordinary differential
equation (B.§) implies

Y, < -—m.

This means that, for any & € [ay, aq + M], we have

M —c

Y(7_7 g) € [Oé+,Oé+ + C] for >7:= -
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In view of this, and considering that f/(Y) < 0 for Y € [, ay + ¢|, we see
from the expression (B.6) that

Vird) =ew| [ F.)s] e [ F6.00]

< exp

[ ro.nas
07

< exp / s |f()lds] =: €,

0 z€la——M,ar+M)]

for all 7 > 7. It is clear from the same estimate (B.@) that Yz < C, holds
also for 0 < 7 < 7. We can then use Lemma @ to deduce that

A(r,€) < Gy /0 |V (s,6))lds < Cur.

The case & € [a — 1, 4] can be treated in the same way. This completes
the proof of the lemma. O

Now we choose the constant M in the above lemma sufficiently large so
that [—2Cy,2C)] C [o— — M, o+ + M], and fix M hereafter. Then Cy only
depends on 7. Using the fact that 7 = O(e#” — 1) for 7 > 0, one can easily
deduce from (B.1() and (B.17) the following general estimate.

Lemma 3.7. Let n € (0,19) be arbitrary and let Cy be the constant defined
in ([LY). Then there exists a positive constant Cs = Cs(n) such that, for all
7 >0 and all £ € (—2Cy,2C)),

[A(T, ) < Cs(e"™ = 1).

3.2 Construction of sub- and super-solutions

We are now ready to construct the sub- and super-solutions for the study
of generation of interface. For simplicity, we first consider the case where

8’[1,0 N

In this case, our sub- and super-solutions are given by

£

wE (o, ) = y(gi2 uo(x) + £Co(e/F 1)) (3.19)

In the general case where (B.1§) does not necessarily hold, we have to slightly
modify wZ (z,t) near the boundary 9. This will be discussed later.
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Lemma 3.8. Assume (B.1§). Then there exist positive constants £y and
Cs such that, for all e € (0,e0), (w7 ,w) is a pair of sub- and super-
solutions for problem (P¢), in the domain Q x [0, u~'e?|Ine|], satisfying
wZ (2,0) = wh(x,0) = up(x). Consequently

wZ (z,t) <u(z,t) <wl(x,t)  forzeQ, 0<t<pute?|lng.  (3.20)

Proof. The assumption (B.1§) implies

owZ
5 = 0 on 992 x (0,+00).

Now we define an operator Ly by
L A ! (u)
ui=u — Au— — f(u
0 t 52 )
and prove that Lowl > 0 . Straightforward computations yield
1 1
Low! = 5Y: + Co 11 €"=* Y — AugYe — |Vug|? Yee — /),

therefore, in view of the ordinary differential equation (B.5),

Y;
Low = |:C6 ,ue‘”/62 — Aug — % \Vuolz]Yg.
13

We note that, in the range 0 < t < u~'e?|Ing|, we have, for ¢ sufficiently

small, ,
0 < 2Ce(e!® — 1) < 2Ce(e™! = 1) < Gy,

where Cj is the constant defined in ([.§). Hence
& 1= up(x) + Cp(e"/ —1) € (~2C0,2C0),

and it follows from the estimate of A = Yg¢/Ye in Lemma B.7, with the
choice 7 := t/e?, that

Lowt > [Copet’=* — | Aug| — Cs(en!/=" — 1)|Vuo || Ve
> [(Co = 5[ T P)er/=" — | Auo| + G| Tuo 2] Ye.
Since Y > 0, this inequality implies that, for Cg large enough,
Low? = |Copt — C5Co? = Co| Ye = 0.
Hence w] is a super-solution for problem (P€). Similarly w_ is a sub-

solution. Obviously w; (z,0) = wt(z,0) = ug(x). Lemma B.§is proved. [
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In the more general case where (B.1§) is not necessarily valid, one can
proceed as follows: in view of ([L10) and ([.11]) there exist positive constants
dy, p such that ug(z) > a+ p if d(z,09) < d;. Let x be a smooth cut-off
function defined on [0,+00) such that 0 < x < 1, x(0) = x/(0) = 0 and
X(z) =1 for z > d;. Then we define

ug (z) = x(d(z,00) uo(z) + [1 — x(d(z,09))] glea(}z( up(x
ugy (x) = x(d(z,00)) up(z) + [1 — x(d(z,00))] (a + p).

Clearly, u; < ug < ug, and both ug and uar satisfy (B.1§). Now we set
t
ot (z,t) = Y(e—z, uE (z) + 2Cq (/= — 1)).

Then the same argument as in Lemma shows that (w_,w) is a pair of
sub- and super-solutions for problem (P¢). Furthermore, since w; (x,0) =
ug (z) < up(x) < ug (z) = WS (z,0), the comparison principle asserts that

s (z,t) <u(x,t) <of(z,t) forxeQ, 0<t<p'e?|lng.  (3.21)

3.3 Proof of Theorem B.]]

In order to prove Theorem B.1] we first present basic estimates of the function
Y after a time of order 7 ~ |Ine|.

Lemma 3.9. Let n € (0,1n9) be arbitrary; there exist positive constants £
and C7 such that, for all € € (0,¢e9),

(i) for all & € (—2Cy,2C)),
— = <Y (p el §) < ag +; (3.22)

(ii) for all £ € (—2Cy,2Cy) such that | — a| > Cre, we have that
if €>a+Cqe then Y(u Inel, &) >ay —n, (3.23)
if £€<a—Cre then Y(u 'Inel,&) <a_+n. (3.24)

Proof. We first prove (B.2J). For £ > a + Cre, as long as Y (7,£) has not
reached ay — 7, we can use (B.14) to deduce that

Y(1,8) >a+ Cre!" (£ —a)
>a+ C1C7eH7e
Z o — 1),
provided that 7 satisfies

ar—a—n

>7° = 'n
T=T H C1Cre
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Choosing
o — max(a — a_, oy —a)—n
T = Cl ’
we see that pu~!|Ine| > 7°, which completes the proof of (B.23). Using
(B-13), one easily proves (B.24).

Next we prove (B:29). First, in view of the profile of f, if we leave from a
¢ € [a—n,aq+n] then Y (7, ) will remain in [o— —n, oy +n]. Now suppose
that ay +n < € < 2Cy. We check below that Y (u~!|Ing|, &) < ay +n. First,
in view of ([L.1)), we can find p > 0 such that

if oy <u<2C) then  f(u) < play —u)
if —2Cy<u<a_ then f(u)>—plu—a_).

(3.25)

We then use the ordinary differential equation to obtain, as long as ay +n <
Y < 2C), the inequality Y, < p(ay —Y). It follows that

Y,
Y—OZ+

< —p.

Integrating this inequality from 0 to 7 leads to
Y(r,§) <ap+(E—ay)e ™
<ag +(2C) — ay)e P,

One easily checks that, for ¢ € (0,2¢), with g9 = £¢(n) small enough, we
have Y (u~!|Ineg|, &) < ay +n, which completes the proof of (B.29). O

We are now ready to prove Theorem B.1 By setting t = p~'e?|Ing| in
(B:21), we obtain

Y (0 Inel, uy (z) — (Cee — Cge?))
<wuf(z,pte? Inel) <Y (p HInel,uf () + Coe — Coe?).  (3.26)
Furthermore, by the definition of Cy in ([L.§), we have, for gy small enough,
—2Cy < uF () £ (Coe — Coe?) < 20, for z € Q.

Thus the assertion (B.Z) of Theorem is a direct consequence of (B.22)

and (B-24).
Next we prove (B.3). We choose M large enough so that Mye — Cge +
Cee? > Cre. Then, for any x € Q such that ug (z) > a + Mye, we have

ug (z) — (Cee — 0662) > a4+ Mye — Cse + Cge® > a + Cre.
Combining this, (B.26) and (B.23), we see that
uf(x, p e Inel) > ay —,

for any « € Q with u; () > a + Moe. From the definition of u; it is clear
that ug () > a + Moe if and only if uy(z) > a + Moe, provided that ¢ is
small enough. This proves (B.J). The inequality (B-4) can be shown the
same way. This completes the proof of Theorem B.1] O
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3.4 Optimality of the generation time

To conclude this section we show that the generation time ¢° := u~1e?|In¢|
that appears in Theorem PB.]] is optimal. In other words, the interface will
not be fully developed until ¢ comes close to ¢€.

Proposition 3.10. Denote by t7,.  the smallest time such that (|L.14) holds
forallt e | T'|. Then there exists a constant b = b(C') such that

tfnin’
3 —-1_2
tmin Zlu’ € (|1H€|—b),

for all € € (0,¢0).

Proof. For simplicity, we deal with the case where (B.1§) is valid. In that
case, (B.20Q) holds for all small ¢ > 0. For each b > 0, we put

t°(b) == p~ (| Inel — b),

and evaluate u(x,t°(b)) at a point # € QF where dist(z,I'g) = Ce. Since
up = a on I'y and since |Vug| < Cp by ([.§), we have

up(x) < a+ CoCe. (3.27)
It follows from this and (B.14) that
wl (z,t5(b)) = Y(u‘l(\ Ing| —b),up(x) + Cee™® — 62C6>
< a+ CoelMel=b (yg(2) + eCoe ™ — €2C6 — a)
< a+ Oy te™(CyCe + eChe™?)
= a + Cre ?(CyC + Cge™?).
Now we choose b to be sufficiently large, so that
0+ Cae"(CoC + Coe™") < ay 1.
Then the above estimate and (B.20) yield
w2, 5(6)) < i (2,8(0) < g — 1

This implies that ([.14) does not hold at ¢ = ¢°(b), hence t*(b) < ¢ ;.. The

min*
lemma is proved. O

4 Generation of interface in the general case

In this section we extend Theorem B.J] to the case where ¢g° # 0. The proof is
more technical than the case g = 0, but the underlying ideas are the same.
Hence we will basically follow the argument of Section [J, simply pointing
out the main differences.
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4.1 The perturbed ordinary differential equation
We first consider a slightly perturbed nonlinearity:

where 4 is any constant. For || small enough, this function is still bistable.
More precisely, fs has the following properties, whose proof is omitted:

Lemma 4.1. Let §y be small enough. Then for any § € (—do, o),

(i) fs has exactly three zeros, namely a_(§) < a(d) < ay(d), and there
exists a positive constant C such that

|- (8) — a-|+ |a(d) — af + [ (8) — ar| < CJ4]. (4.1)
(ii) We have
fs>0 in (—00,a—(6)) U (a(d), at(9)),

4.2
fs5 <0 in (a—(0),a(0)) U (ax(d),+o0). (4.2)

(iii) There ezists a positive constant, denoted again by C, such that
[n(d) — pl < Clél, (4.3)

where
1(6) = f5(a(d)) = f'(a(9)).

Now for each § € (—dp,dp), we define Y (7,&;0) as the solution of the
following ordinary differential equation:

YA(1,60) = fs(Y(7,&6)) forT>0
Y(0,&90) =¢,

where ¢ varies in (—2Cy,2C)), with Cy being the constant defined in ([L.§).

To prove Theorem B, we will construct a pair of sub- and super-
solutions for (P¢) by simply replacing the function Y (7,¢) in (B.19) by
Y (1,§;0), with an appropriate choice of §. For this strategy to work, we
have to check that the basic properties of Y (7,€) in Subsection B.1] carry
over to Y (7,&;0).

First, it is clear that all the differential and integral identities in Subsec-
tion B.J] that follow directly from (B.§) are still valid for ({.4). In particular,
Lemmas B.9 and B.d remain to hold if we replace Y (7,¢) by Y (7,£;6), f by
fs and A(7,€) by A(T,&;0), where

A(r,€,6) = fs(Y (7, i;?g - f(s(f)'

Next let us show that the basic estimates which we have established in
Subsection B.J] are also valid for Y (7,&;d). The following lemma, which is
an analogue of Lemma B.4, is fundamental.

(4.4)
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Lemma 4.2. Letn € (0,70) be arbitrary. Then there exist positive constants
do = do(n), C1 = Ci(n), Co = Ca(n) and Cs = Cs(n) such that, for any
§ € [=do, o],

(i) if € € (a(d), ax —n) then, for every T > 0 such that Y (7,§;9) remains
in the interval (a(d), ay —n), we have

Chet < Ye(1,860) < Coet7 (4.5)
|A(7,6;0)] < Cy(e7 —1); (4.6)

(ii) the same estimates as above hold if the interval (a(d), oy —n) is re-
placed by (o— +n, a(6)) .

Proof. In view of (f1), we can choose a small constant &y = do(1) > 0
such that (a(d),ay —n) C (a(9), a4 (0)), for every 6 € [—do, dp]. Therefore
f5(q) does not change sign in the interval (a(d), a4 — 7). Thus, in order
to prove the lemma, we just have to write again the proof of Lemma -4,
simply replacing Y (7,£) by Y (7,£;0). We do not repeat the entire proof
here. Instead, let us explain why C4, Cy and Cj can be chosen independent
of §. In view of the proof of Lemma B.4, it is sufficient to estimate, for

q € (a(d), ay — |, the modulus of the quantity

f'(q) = f'(a(9))
fs(q)

by a constant depending on 7, but not on § € [—dp, dp]. Since

, J5@() _ f(a(d))
f5(a(0)) — f'(a(9))
we see that the function (g, 0) — hs(q) is continuous in the compact region

{19] < dg, a(d) < q < ay —n}. It follows that |hs(q)| is bounded as (g, 9)
varies in this region. This completes the proof of Lemma [£.3. U

hs(q) =

hs(q) as q — a(9),

Corollary 4.3. Let n € (0,nm9) be arbitrary. Then there exist positive
constants 0y = do(n), C1 = C1(n) and Cy = Cy(n) such that, for any
o€ [—50,50],

(i) if € € (a(0),aq —n) then, for every T > 0 such that Y (1,&;0) remains
in the interval (a(9), ay — 1), we have

C1etOT (€ — a(8)) < Y(7,6;6) — a(0) < CoetO7 (¢ —a(d));  (4.7)

(ii) if & € (a— +n,a(0)) then, for every T > 0 such that Y (1,&;0) remains
in the interval (a— +n,a(d)), we have

CoeO7 (¢ — a(8)) < Y (7,66) — a(6) < C1e"O7 (¢ — a(5)).  (4.8)

28



Proof. We can simply follow the proof of Corollary B.§. In order to prove
that C; and Cy are independent of §, all we have to do is to find constants
B1 = Bi(n) > 0 and By = By(n) > 0 such that, for all 6 € [—dg, dp] and all

q € (a(0),ay —n),
Bi(g = a(9)) < f5(q) < Ba(g — a(9)). (4.9)

This can be easily done, since (q,d) — fs5(q)/(q — a()) is a positive contin-
uous function on the compact region { 0| < dg, a(d) < g <ay —n}. O

Now, it is no trouble to establish an analogue of Lemmas B.6 and B.j
with constants independent of 9. We claim, without proof, that:

Lemma 4.4. Let n € (0,1m9) and M > 0 be arbitrary. Then there exist

positive constants 09 = do(n, M) and Cy = Cy(n, M) such that, for any
o€ [—50,50],

(i) if € € [ay —n, a4 + M], then, for all T > 0, Y (1,&;0) remains in the
interval [y —n, oy + M| and

|A(7,£;6)| < Cyr for 7> 0; (4.10)

(ii) if € € [a— — M,a— + ), then, for all T > 0, Y(7,&;0) remains in the
interval [o— — M, a_ +n| and ([.1Q) holds.

Lemma 4.5. Let n € (0,19) be arbitrary and let Cy be the constant defined
in ([.J). Then there exist positive constants 8y = dy(n), Cs5 = C5(n) such
that, for all § € [—dy, 0], for all T >0 and all § € (—2C),2CY),

|A(7,£;6)| < Cs(etOT — 1),

4.2 Construction of sub- and super-solutions

We now construct a pair of sub- and super-solutions by modifying the defi-

nition (B.19). We set
wE(z,t) = Y(E%, ug () £ e2r(+eg, E%), j:sg)
where the function (9, 7) is given by
r(8,7) = C(e"7 — 1),
and the constant G is chosen such that, for all small € > 0,
lg°(x, t,u)| <G for (z,t,u) € Q x [0,7] x R,

which, in view of ), is clearly possible.
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Lemma 4.6. There exist positive constants €y and Cg such that for all
e € (0,e0), (wZ,wl) is a pair of sub- and super-solutions for problem (P¥¢),
in the domain 0 x [0, u=1e?|Ine|], satisfying wZ (z,0) = wT(z,0) = up(z).

Proof. First, the same cut-off argument as in Subsection 3.2 enables us
to assume (B.1§) for simplicity. Hence wF satisfy the Neumann boundary
conditions. We define an operator £ by

Lu =y — Au— e 2(f(u) — g7 (z,t,u)),
and prove below that Lw} > 0 by slightly modifying the argument which

=~
)

we have used to prove LowZ > 0 in Section . A straightforward calculation
yields

1 t Y;
Luf == [YT—f(Y)—i—Ege(x, t, Y)] +Ye [Cﬁ,u(ag)e”(ag) 2 —Auo—ﬁ]VUOF].

: e
If g¢ is sufficiently small, we note that +¢G € (—dp,dp) and that, in the
range 0 < t < p~1e?|In¢|,

|€206(eu(j:sg)t/s2 —1)| < 6206(€—u(j:€g)/u —1) < Cy,
which implies that
t
ug () £ e2r(+eg, 6—2) € (—2Cp,2C)).

These observations allow us to use the results of the previous subsection with
the choices 7 := t/e2, € := ug(z) + €21 (G, t/e?) and 6 := €G. In particular,
the ordinary differential equation ([4) yields Y, = f(Y)+¢eG, which implies
that

1 Y
Lot = [0+ ()] + Ve[ Con(eq)er e — g — 19

By the choice of G the first term of the right-hand side member is positive.
Using the estimate of A = Y¢¢/Y: in Lemma [, we obtain, for a constant
C5 that is independent of ¢,

Lt = Ye[Copleg)er D — | Aug| — Ca(erD=" —1)|Vu|?]
> Y% [(C&u(gg) - C’5|Vu0|2)eu(€g)t/€2 — |AUO| + C5|V’LL0|2:| .

In view of ([L.J), this inequality implies that, for € € (0,&¢), with &g small
enough, and for Cg large enough,

1
Lut > [065# — 50y — 00] > 0.
This completes the proof of the lemma. O

Hence, as in Section [}, the comparison principle can be applied to deduce

wo (z,t) <uf(z,t) <wl(x,t) forzeQ, 0<t<p e Ine. (4.11)

30



4.3 Proof of Theorem B.7] for the general case

As in Subsection 3.3, we first present a key estimate of the function Y after
a time interval of order 7 ~ |Ine|. Roughly speaking, a perturbation § of
order ¢ does not affect the result of Lemma B.9.

Lemma 4.7. Letn € (0,19) be arbitrary. Then there exist positive constants
eo and Cy such that, for all € € (0,g¢),

(i) for all & € (—2Cy,2C)),

a- —n<Y(p Ynel,&+eG) < ay 41, (4.12)

(ii) for all £ € (—2Cy,2C) such that | — a| > Cre, we have that

if €>a+Cre then Y(u Ylne|,&+eG) > ay —n, (4.13)
if £€<a—Cre then Y(u ' Ine|,&+eG) <a_ +n. (4.14)

Proof. In the sequel, by € we always mean ¢ € (0,g9), with g9 = £9(n)
small enough. In view of ([L1]), we have, for C7 large enough, a + Cre >
a(+eG) + %076. Hence for £ > a + Cre, as long as Y (7,&; £¢G) has not
reached a — 7, we can use ([.7) to deduce, as in Section [, that [{.13) is
valid provided that

1 _
lnmo 7’}+Cg€ _.

> “L(e)|lnel,
e L v G R

where mg = max(a — a_,a; —a). To complete the proof of (f.13) we must
choose C7 so that g~ !|Ine| — =1 (e)|Ineg| > 0. A simple computation shows
that

u(i&?g)—uun 1 mo—n+CGe
e

—1 -1 — —
pHne|l — p~(e)|Ine] el 1(£eG) ere:

The first term, thanks to ([L.J), is of order | Ine|. Hence, for C7 large enough,
the upper quantity can be made positive for all e. The proof of ({.14) is
similar and omitted.

Next we prove (4.12). First, we can assume that the stable zeros of
freg, a—(£eG) and a4 (£eG), are in [a— —n, ay +1]. Hence, in view of the
profile of fi.g, if we leave from a { € [a— — 1, a4 + n| then Y (7,&; ££G)
will remain in [a— — 7, a; + n]. Now suppose that ay +1n < & < 2C). We
check below that Y (u~!Inel, & £2G) < oy + 1. As in Section ], as long as
ay +n <Y <20y, (B:29) leads to the inequality Y, < p(ay —Y) +¢eG. Tt

follows that
Y,

Y—OZ+

S _p+€g7
n
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which implies, by integration from 0 to 7, that
Y (7,6 +20) < oy + (200 — oy )e PR

One easily checks that, for ¢, we have Y (u~!|In¢|,&; £2G) < a +n, which
completes the proof of (.19). O

We are now ready to prove Theorem B.J] in the general case. By setting

t =p~te?|Ine| in @LT), we get

Y(/fll Ine|, up(z) — 2r(—eG, p~ 4 Inel); —aQ)

< uf(z,p e Ine|) < Y(,u_1| Ine|,uo(z) + %r(eG, p | 1ne|); —|—5Q>.

(4.15)
The point will be that, in view of ({.9),
— pu(E
lim popEG) (4.16)
E—

It follows that
1
e2r(+eG, | Ine|) = Cee(eWHED/1 _ ) ¢ (5065, gC’Gs).

Hence, as in Section fJ, the result (B-3) of Theorem B-1]is a direct consequence

of (1.12) and (K.15).
Next we prove (B.3). We take z € Q such that ug(z) > a + Moe; then

ug(x) — e2r(—2G, p~1 ()| Inel) > a+ Mo — 3Cee
> a + Cre,

if we choose My large enough. Using ([.1§) and (f.1J) we obtain (B.3) which
completes the proof of Theorem B.J]. O

5 Motion of interface

In Sections [ and [, we have proved that the solution u° develops a clear
transition layer within a very short time. The aim of the present section is
to show that, once such a clear transition layer is formed, it persists for the
rest of time and that its law of motion is well approximated by the interface
equation (P?).

Let us formulate the above assertion more clearly. By taking the first
two terms of the formal asymptotic expansion (R.J), we get a formal approx-
imation of a solution up to order &:

W (,t) ~ B (2,8) = U0<d(ijt)) t et (a1, d(ijt)). (5.1)
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Here Up, U; are as defined in (P-§) and (R:1§). The right-hand side has a
clear transition layer which lies exactly on I';. Our goal is to show that this
function is a good approximation of a real solution; more precisely:

If u® becomes close to u° at some t = tg, then it stays close to
u® for the rest of time. Consequently, I't evolves roughly like I'y.

In order to prove this assertion, we will construct a pair of sub- and
super-solutions uZ and u] for problem (P€) by slightly modifying the above
function @¢. It then follows that, if the solution u® satisfies

uz (2,t0) < uf(x,t0) < uf (z,t0),
for some ty > 0, then
uz (z,t) < wu(z,t) < uf(z,t),

for tg <t < T, which implies that the solution u® stays close to u°.
The rest of this section is devoted to the construction of these sub- and
super-solutions. We begin with some preparations.

5.1 A modified signed distance function

For our later analysis, it is convenient to introduce a “cut-off signed distance
function” d, which is defined as follows. First, choose dp > 0 small enough so
that the signed distance function d defined in (P.1) is smooth in the following
tubular neighborhood of I':

{(z,1) € Qr, ld(z,1)] < 3do},

and that
dist(I'y,00) > 3dy  for all ¢t € [0,T]. (5.2)
Next let ((s) be a smooth increasing function on R such that
s if |s| <dj
C(s) =< —2dy if s < —2dy

2d0 if s > 2d0.
We then define the cut-off signed distance function d by
d(x,t) = ¢(d(z,1)). (5.3)

Note that |[Vd| = 1 in the region {(z,t) € Qr, |d(x,t)| < dp} and that, in
view of (F.9), Vd = 0 in a neighborhood of 9. Note also that the equation
of motion (P?), which is equivalent to (B-I3), is now written as

di = Ad —~y(z,t) on Ty, (5.4)

where ~y(z,t) is the function defined in (R.1€).
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5.2 Construction of sub- and super-solutions

As we stated earlier, we now construct sub- and super-solutions by modifying
the function @° in (f.J). Concerning the second term Uy, which is defined
in (), the terms AU; and Uy; do not make sense as we only assume
that g(-,-,u) € CHIS’%. In order to cope with this lack of smoothness, we
replace U; by a smooth function U, which is defined by

{ Ui, + ['(Uo(2))Uf = g% (2,1, Up(2)) — ¥* (2, )0’ (2),
(5.5)
Ui (z,t,0) =0, Ui (z,t,-) € L>®(R),
where
v (x,t) = co(G(x, t, oy ) — G (2, t, ), (5.6)

with G¢(z,t,s) = [ g°(x,t,r)dr. Thus Uf(z,t,z) is a solution of (R-9) with
A= Aj(x,t,2) == ¢° (2, t, Up(2)) — 7 (2, )Uo' (2), (5.7)

where the variables x, ¢, are considered parameters. Using ([.J) and the
same arguments as in the end of Section [l, we obtain estimates analogous
to (2.1§) and (P.19), with a constant M independent of e:

|Ui (x,t,2)| < M, |V, Ui(z,t,2)| <M. (5.8)

Moreover, g° being C? in z and C! in ¢, A,Uf and U, are solutions of (2:9)
with A = A, A5 and A = A§,, respectively. Thus, in view of ([.J), we obtain

A US (2, t,2)| < Cfe, USy(a,t,2)| < e, (5.9)

with some constant C' independent of . Similarly, (L) and LemmaP.3 yield
estimates analogous to (2:23) and (B:24) for U¢, with C and M independent
of e:

US, (2,8, 2)| + |US,, (2,t, 2)| < Ce A, (5.10)
|V UL (z,t,2)| < M. (5.11)

In the rest of this section, C' and M will stand for the constants that ap-
pear in inequalities (f-§)—(p-I1)). Note also that ([.7) implies the Neumann
boundary conditions (R-26)) for Us.

We look for a pair of sub- and super-solutions u= for (P¢) of the form

u(z,t) = Uo(w) teUs (:E,t, w) +q(t), (5.12)

€

where )
p(t) = —e P et + K,

q(t) = 0(66_5’5/62 + €2LeLt).
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Note that ¢ = ge? p;. It is clear from the definition of uZ that

@ for all (z,t) € Q.
i(az,t):{ + ( ) QT

lim
: a_  for all (z,t) € Q.

e—0

(5.13)

The main result of this section is the following:

Lemma 5.1. Choose 3, 0 > 0 appropriately. Then for any K > 1, there ex-
ist constants e9, L > 0 such that, for any e € (0,eq), the functions (uz,ul)
are a pair of sub- and super-solutions for (P€) in the domain 2 x [0,T].
5.3 Proof of lemma [.1]

By virtue of (2:26) and the fact that Vd = 0 near 9, we have

out
v

=0 on 9 x [0,T].
What we have to show is

1
Lot = () = Aud = S(Fud) = eg* @ t.u)) 20,

+ .
-, since

and that Lu_ < 0. We will prove only the former inequality for u
the latter follows by the same argument.

5.3.1 Computation of Lul

Straightforward computations yield
+ / dy € €
(ul)e = Uo'(Z +pe) +eUsy + UL (de +ep) + @

d
Vut = UO’V? +eVUS + UL Vd

Ad IVd|?

2
Auf = Uo”—|zg| + Uy +eAUf + 2VUf, - Vd + Ui, +ULAd,

€
where the function Uy, as well as its derivatives, are evaluated at z =
(d(z,t) + ep(t)) /e, whereas the function U, as well as its derivatives, are

evaluated at (m,t, (d(z,t) + sp(t))/s). Note that V and A stand for V,
and A, respectively. We also have

F(uit) = F(U0) + (U5 + @) (U0) + 5 (UF + 0 £(6)
gla,t,ul) = g(x,t,Uo) + (€U} + q)gu(z,t,w),

35



where 6(z,t) and w(z,t) are some functions satisfying Uy < 0 < u, Uy <
w < ul. Writing ¢° = g + ¢° — g and combining the above expressions with

(BH) and (F.5), we obtain

Luf =By + -+ Er,
where:
By = _Elzq (f/(UO) + %qf"w)) +Uo'pe +

Uy | Uf..
By = (T + =) (- [vap)

Uy

By = <? n Ufz)(dt ~Ad 1)

1
E4 = EUprt + gq (gu(x7t7w) - Ulaf”(e))

1
Bs = —yUf, — 5 (UD)*f"(0) + Ufgu(w.t,w) — 2 VU, - Vd

E¢ = U, — eAUT
1

Br = 26— g)(,t.ud) — (57 — 9)(z,00) + 2 — ) )0

9 9

Before starting to estimate each of the above terms, let us present some
useful inequalities. First, by assumption ([[.1]), there exist positive constants

b, m such that

f'(Uo(2)) <—m if Up(z) € [a—, a— +b]U[ag — b, ay].

(5.14)

On the other hand, since the region {z € R|Uy(z) € [a— + b, ay — b] } is
compact and since Uy’ > 0 on R, there exists a constant a; > 0 such that

U (2) > ay if Up(z) € [a— + b, ay —b].

We set

and choose o that satisfies

0 < o < min (09, 01,09),

where
al 1
o) i= ———, O01:=——, O09:=
0= TR LT g 2
Fr=f'lle@aryy o= 11" lee(a—2,.0,42)

NICESN

(5.15)

(5.16)

(5.17)



Combining (p.14) and (f.17), and considering that o < o, we obtain
Ul(2) — o f'(Uy(2)) > om for —oo <z < 0. (5.18)

Now let K > 1 be arbitrary. In what follows we will show that Lul > 0
provided that the constants €y and L are appropriately chosen. We recall
that a_ < Uy < ay. We go on under the following assumption

oM <1,  2LefT <1, (5.19)

Then, given any € € (0,&0), we have e|Uf(z,t,2)| < 1 and, since o < o1,
0 <q(t) <1, so that

a. —2<uf(z,t) <oy +2. (5.20)

5.3.2 The term FE;

Direct computation gives

E, = g e P (I — 03) + L (I + e20L),

where )
I[=U,—of'(Up) — % F1(0)(Be P 1 22Lelty,

In virtue of (f.1§) and (f.20), we have

2
I>om— %Fg(ﬁ + &2 LelT).

Combining this, (5.19) and the inequality o < o9, we obtain I > 200.
Consequently, we have

2
B > %e‘ﬁt/g + 20 8Le.
5

5.3.3 The term FE»

First, in the region where |d| < dp, we have |Vd| = 1, hence Ey = 0. Next
we consider the region where |d| > dy. We deduce from Lemma R.1] and from

(p-10) that :
L1 20
|| < 0(6_2 + E)e—AIdJrapl/a < 6_26—)\((10/8—‘1)‘).
We remark that 0 < K — 1 < p < T + K. Consequently, if we assume
do

LT
K< — 5.21
e’ + K < 520 (5.21)

d d
then — — Ip| > 2 5o that
€ 2e

32C
(6/\d0)2 '

|B,| < i_ge—kdo/(%) <Oy =
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5.3.4 The term Fj
By (b.4) and (P.16), we have
(i — Ad+7)(z,t) =0  on Iy={ze€Q, dz,t) =0}

Since v is of class ot by virtue of ([LF), we see that the interface T'; is

of class C3T%%5” . Therefore both Ad and d; are Lipschitz continuous near
I';. It follows that there exists a constant N > 0 such that:

|(dy — Ad +7)(x,t)] < Nl|d(z,t)] for all (z,t) € Qr.
Applying Lemma P.1] and the estimate (5.10) we deduce that
|Es| < 2N0%6_)‘|d/€+p

< 2NC maxgeg |E]eMEHP

< 2NC max(|p|, %)
Thus, recalling that |p| < e’ + K, we obtain

| B3| < C(e™ + K) + C,

where C3 := 2NC and C3' := 2NC/\.

5.3.5 The term FE,

In view of ([[.4) and (f.10), both g, and |U§,| are bounded by some constant
C. Hence, substituting the expression for p; and ¢, we obtain

|Ey| < 04656—&/52 4 gLeLt),
where Cy := C 4+ o(C + MF5).

5.3.6 The term Fj

In view of (R-1§), the term |v| is bounded by co(as — a—)C on Q x [0, 7.
Using ([L.4) and (p.11)), we easily obtain |E5| < Cs, where C5 depends only
on C, M, Fs.

5.3.7 The term Fj
We use (b.9) to deduce that |Fg| < 2C =: Cg.
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5.3.8 Finally the term F;

We recall that |¢° — g| < Ce so that [v* — | < co(ar — a—)Ce. It then
follows that

‘Eﬂ <20 + CC()(()(+ — a_) =: 7.
5.3.9 Completion of the proof

Collecting all these estimates gives

2
Luf > (Ugié - %)e—ﬁm2 + (208L — C3 — eCyL)e™ — Cg,  (5.22)
where Cg := Cy + KC3 + C3' + C5 + Cg + C7. Now we set
1. dy
L = f 111 E,

which, for gy small enough, validates assumptions (b.19) and (.21)). For
g small enough, the first term of the right-hand side of (5.22) is positive,
hence

Luf > [oBL — Csle™ — Cs > %aﬁL —Cs > 0.

The proof of Lemma [p.]] is now complete, with the choice of the constants

B,0 as in (b.16), (b-17). ]

6 Proof of the main results

6.1 Proof of Theorem [I.3

Let 1 € (0,70) be arbitrary. Choose 3 and ¢ that satisfy (f.16), (5.17) and

o8 < g (6.1)
By Theorem B.1], there exist positive constants ey and My such that (@),
(B-3) and (B4) hold with the constant 7 replaced by o/3/2. Since Vug - n #
0 everywhere on I'y = {x € Q, wup(x) = a} and since I'y is a compact

hypersurface, we can find a positive constant M; such that

if do(x)> Mye then wup(z)>a+ Moe

6.2
if do(z) < —Mpe then wg(z)<a— Mye. (6.2)

Here do(z) := d(x,0) denotes the signed distance function associated with
the hypersurface I'g. Now we define functions H*(z), H (z) by

[ oy +0B)2 if do(x) > —Me
HY(z) = { - oB/2  if do(z) < —Me,
v [ ar—aB/2  if do(z) > Mie
H™(x) —{ aj—aﬂ/2 if do(z) < Me
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Then from the above observation we see that
H™ (z) < u(z,p *e?|lne|) < HY (2) for x € Q. (6.3)

Next we fix a sufficiently large constant K > 0 such that

Up(—M; + K) Zoz+—03—ﬂ and Up(M; — K) Soz_+03—ﬂ. (6.4)
For this K, we choose £y and L as in Lemma f.1 We claim that
uZ (z,0) < H (z), HT(x) <ul(x,0) for x € Q. (6.5)

We only prove the former inequality, as the proof of the latter is virtually
the same. Then it amounts to showing that

d d
uz (x,0) = Uo(@ — K) + Ui (,0, o(z) ~K)—o(B+e’L) < H (z).
(6.6)
By (b.§) we have |U{| < M. Therefore, by choosing &y small enough so that

eoM < o[3/6, we see that

do(z)
13

uZ (z,0) < Up( ~ K) +eM —o(B +°L)

IN

do(z)
9

Us ( —K)— gaﬁ.

In the range where do(z) < Mie, the second inequality in (p.4) and the fact
that Uy is an increasing function imply

do(x ) o _
U ( Oi )—K)—Eaﬁ < oz_—Tﬂ = H (z).
On the other hand, in the range where dy(z) > Mje, we have
d
Uo( Oix) —K) — gaﬁ < ay — %Jﬁ < H™ (x).

This proves (B.6)), hence (B.5) is established.
Combining (p.J) and (p.5), we obtain

uz (2,0) < u(z, p~ ' Inel) < ul(z,0).

Since u_ and ul are sub- and super-solutions of (P¢) thanks to Lemma [51],
the comparison principle yields

uZ (z,t) < u(w,t+1°) <ul(zt) for0<t < T —¢°, (6.7)

where t° = p~1e2|Ine|. Note that, in view of (f13), this is enough to prove
Corollary [.4. Now let C' be a positive constant such that

Up(C — el — K) Za+—g and Up(—C+eT +K)<a_+

N3

. (6.8)
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One then easily checks, using (f.7) and (f.1), that, for ¢y small enough, for
0<t<T-—1t%, we have

it d(z,t)> Ce then u*(z,t+1t°)>ay—1n (6.9)
it d(z,t) <—-Ce then u(z,t+1t°) <a_+n, '
and
w(z,t+t%) € [am —n,ay +1,
which completes the proof of Theorem [.3. O

6.2 Proof of Theorem [.5

In the case where u~'e?|Ing| < t < T, the assertion of the theorem is a
direct consequence of Theorem [L.3 Thus, all we have to consider is the case
where 0 < t < p~'e?|Ine|. We first need the following lemma concerning
Y, the solution of the perturbed ordinary differential equation ([£4)).

Lemma 6.1. There exists a constant Cg > 0 such that

if €>a+Cge then Y(1,&4eG) >a for 0<7<pu Ynel,

if €<a—Cge then Y(1,&4eG) <a for 0<7<pu Ynel
(6.10)

Proof. We only prove the first inequality. In view of estimates ({.7) and
(E)), we obtain, for & > a + Cge,

Y(r,&+eG) > a(£eG) + Cre"*=9)7 (0 + Cge — a(+£G))
> a— CGe + O1(—CGe + Cge)
>a+e(CiCy —CG(Cy + 1))
> a,
if we choose Cy large enough. O

Now we turn to the proof of Theorem [[.J. We first claim that there
exists a positive constant My such that for all ¢t € [0, u~'e?|Ine]],

¢ € Nage(To). (6.11)

To see this, we choose My large enough, so that My > Cg + 2Cg holds in
addition to (B.d), (B-J) and (B-4). We then choose My > M, where M; is
as defined in (.9). In view of this last condition, we see that if o is small
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enough and if dg(x) > Mae, then for 0 <t < p~'e?|Ine|,

up(z) — e*r(—eg, 612) > a + Moe — e2Cg [et(—=9)mel/n 1]
>a+e[My— Cer—n(Eed))/n 4 eCs]
> a+e(My — 2Cs) ( — thanks to ({.16) )
> a—+ Cge.

This inequality and Lemma [.]] imply w_ (z,t) > a, where w; is the sub-
solution defined in (B.19). Consequently, by (B.20),

u®(z,t) > a if do(x) > Mae.

In the case where dy(x) < —Mse, similar arguments lead to u®(z,t) < a.
This completes the proof of (p.11)). Note that we have proved that, for all
0<t<p'e?lnel,

u(z,t) >a if z€ Qf \ Nap:(To),

uf(x,t) <a if z€ Q5 \ Nu(To). (6.12)

Since I'; depends on ¢ smoothly, there is a constant C' > 0 such that, for all
t€[0,p e nel],

F(] CNé€2‘1n€|(Ft), (613)
and
Qj\Né’s(Ft) CQS—\NM2€(F0), (6 14)
Qy \Ne (T) C Q5 \ Nagye(To).
As a consequence of (p.11) and (f.13) we get
Pi - NM25+6'52| Ineg| (Ft) - NC&(Ft)a
which completes the proof of Theorem [L.5. O

Proof of Corollary [[.§. In view of Theorem and the definition of the
Hausdorff distance, to prove this corollary we only need to show that

Iy CNe(T;) for 0<t<T, (6.15)

for some constant C’ > 0. To that purpose let C’ be a constant satisfying
C’ > max(C, C), where C is as in Theorem [ and C as in (6.14). Choose
t € [0,7] and xy € T'y arbitrarily and, n being the Euclidian normal vector
exterior to I'; at point xg, define a pair of points:

_l’_

2T =129+ C'en and 2~ :=1x9 — C'en.
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Since C" > C and since the curvature of I'; is uniformly bounded as t varies
over [0,T], we see that

T € QF \ Nee(Ty) and 27 € Q7 \ Nee(Ty),

if ¢ is sufficiently small. Therefore, if t € [z~ e?|In¢l, T], then, by Theorem

[[.3, we have

ut(z7,t) <a<u(at,t). (6.16)
On the other hand, if ¢ € [0, " 'e?|Ineg|], then from (p.19), (6.14) and the
fact that C’ > C, we again obtain (f.16). Thus (B.1) holds for all ¢ € [0, T].
Now, by the mean value theorem, we see that for each ¢ € [0, 7] there exists
a point z1 on the line segment [z, z"] such that u®(x1,t) = a. This implies
x1 € T, Furthermore we have d(zg,z1) < C’e, since x; lies on the line
segment [z, zT]. This proves (6.15). O

7 Application to reaction-diffusion systems

In this section we discuss the singular limit of the reaction-diffusion system
(RD*?) and prove Theorems [[.T]], [.T] and their corollaries. Our strategy is
to regard the first equation of (RD¢®) as a perturbed Allen-Cahn equation
and apply what we have already proved for this equation.

7.1 Preliminaries: global existence

Before studying the singular limit of (RD?), we first show that the solution
of this system exists globally for ¢ > 0, provided that ¢ is sufficiently small.
Recall that the system (RD°®) is written in the form

w = A+ Eiz (F(u) + < fr(u,0) + OE)),
vy = DAv + h(u,v),

where h(u,v) satisfies the hypothesis (H). The standard parabolic theory
guarantees the existence of local solutions for (RD¢). In order to prove that
the solution exists globally for ¢ > 0, it suffices to show that the solution
remains uniformly bounded. This will be done by using the well-known
method of invariant rectangles.

Given arbitrary ug, vg € C(Q), we choose a constant L > 0 such that

f(=L)>0> f(L), —L<up(z)<L for €. (7.1)

Such a constant L exists since f(u) > 0 for u < a— and f(u) < 0 for u > ay.
By hypothesis (H), we can choose a constant M satisfying

My > lvol| Lo (@),
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along with the condition ([[.1§), namely
h(u, —My) >0 > h(u, M) for |u| < L. (7.2)
Now we consider the rectangle
R = { (u,v) € R? |lul <L, |v] <M}
It follows from ([7.]) that, for all sufficiently small & > 0,
fe(=L,v) > 0> f°(L,v) for |v| < M. (7.3)

The inequalities ([.9) and ([.J) imply that the rectangle R is a positively
invariant region for the system of ordinary differential equations

1
w = = f(u,v),

UV = h(’LL, U)a

since the vector field (672 f%(u,v), h(u,v)) points inwards everywhere on the
boundary of R. The maximum principle then implies that R is also posi-
tively invariant for the system (RD°®). Consequently, since (ug(x),vo(z)) €
R for x € Q, we have

(u(z,t),v(z,t) € R for x€Q, t>0,

so long as the solution is defined. This uniform bound then implies that the
solution exists globally for ¢ > 0.

In the case of equations for which only nonnegative solutions are to be
considered (see Remark [[.g), we can argue just similarly, by replacing R by
the rectangle R4 := {(u,v)|0 < u < L, 0 < v < M;}. Summarizing, we
have proved the following proposition:

Proposition 7.1. Let (ug,vg) € C(2) x C(RQ). In the case where the condi-
tions of Remark [[. apply, assume further that ug,vo > 0. Then there exists
g > 0 such that for any e € (0,e¢), the solution of (RD*®) exists globally for
t > 0 and is uniformly bounded.

Remark 7.2. For the details of the method of invariant rectangles, we refer
the reader to the book [R§, Chapter 14, Corollary 14.8]. See also [[[2] and
0. It should be noted that [PJ] makes a much earlier study of invariant
rectangles for a finite-difference scheme for reaction diffusion systems.
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7.2 Proof of the main results

Now we turn to the reaction-diffusion system (RD¢®) and explain our strategy
for proving Theorems [[.11], and their corollaries.

In what follows, we fix the initial data (ug, vo) and denote by (u®, v°)
the solution of the system (RD®). The solution of the associated moving
boundary problem (RD) will be denoted by (T, 7).

Given a function v(z,t) on Q x [0, +00), we set

ga [’U](l‘, t, ’LL) = _fl(u7 U(l‘, t)) - ¢ f2€(u7 U(l‘, t))a
gvl(z,t,u) = —fi(u,v(x,t)),
where f1, f5 are as in ([L17). The first equation of (RD?) is then written

in the form

(7.4)

up = Au+ elz(f(u) e ol(a b u)). (7.5)

so that u®(x,t) is the solution of (P¢) with the choice of the perturbation
term ¢°(x,t,u) = g°[v°](x, t,u). On the other hand, the equation of surface
motion in the limit problem (RD?) is written in the form

Vi=—(N—-1k+ co/ | g[o](x,t,r)dr on I, (7.6)
so that I' is the solution of (P?) with the choice g(z,t,u) = g[?](x,t,u).
Thus Theorems [[.11], and their corollaries will follow from what we
have shown for the single equation (P¢). In order for Theorems [L.J and [.§
for (P¥¢) to be applicable to the present reaction-diffusion system (RD?), all
we have to do is to verify the conditions ([.3)) to ([L.6). More precisely, we
have to show that, for all small € > 0,

AL V] (x, t,u)| < Ce™'  and |0 g% [v°](x, t,u)| < Ce 1,
0w g% [v¥] (2, t,u)| < C,
”95[’05](':‘7”)“

‘ga[ve](:n,t,u) - g[@]($,t,u)| < Ce.

149 <
oS @xpor) =

Since g[v], ¢°[v] are defined by ([-4) and since f1, f§ are smooth, it suffices
to prove the following estimates for some C' > 0 and for all small € > 0:

A0 (2, 1) < Ce™ and  |9p0°(x,t)] < Ce™t (7.7)
‘ <
1970 252 gy 01y < r8)

0% (z,t) — 3(,1)| < Ce. (7.9)

The estimates (7.7) and ([.§) are elementary, but ([.9) requires far more
elaborate analysis. In this subsection we prove (7.7), (7-§) and give an
outline of the proof of (7.9). A full proof of (7.) will be given later.
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Proof of ((.§) and ([[.7). Since v° satisfies
v = DAV + h(u®,v%) in Q x (0,7, (7.10)
along with the Neumann boundary conditions, it can be expressed as
vi(x,t) = I + I, (7.11)
where
I = /QG(%y’t)vo(y)dy,
= [ [ Gt = ) 5) o 0os) s,

with G(z,y,t) being the fundamental solution for equation vy = DAv under
the Neumann boundary conditions. Since h(u®,v®) is uniformly bounded,
standard estimates of G(z,v,t) imply (F.§) for any 9 € (0,1).
In the mean while, the same rescaling argument as in Remark [[.7 yields
15 < -9
||l Hcﬂg(ﬁx[o’ﬂ) < Ce™v. (7.12)
Indeed, since Vyu, u, are bounded, where y = x/e, 7 = t/e2?, we have
Vaeu = O(1/e), uy = O(1/€?). Consequently we have

lu(z,t) —u(z’,t')] - lu(z,t) —u(2,t)]  |u(2,t) —u(2', )]

‘x_x/‘ﬂ+‘t_t/’19/2 - ’x_x/’ﬁ ‘t_t/’ﬁ/2
U
/ 1—29 |u(ﬂj, t) — u(xlv t)|
< \u(a;,t)—u(a:,t)] |IE—ZE/|19
/ 1o\ 9/2
/ o rogt 1—19/2’“(m7t)_u(337t)’
Hu(a,0) = u(a, 7)) o
— — 9/2
< (2llullz=) = [ Vaull T + 2llulloe )2 lugl| 72
< Ce7V.
Combining ([.13) and ([.§), we see that |h(u,v)|| < Ce7?,

¥ 5 @x[0,1]) —
hence, by the Schauder estimate,

-9
”[2HCQ+19’1+%(§><[07T}) S CE .
Here the constant C' may depend on the choice of ¥ € (0,1). On the other
hand, I; is bounded in C%!(Q x [0, T) since vg € C?(Q2). Combining these,
we obtain |A,v%(z,t)| = O(s™7), hence O(¢~!). Substituting this into (f.10)
yields the second inequality in ([7.7). O
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Outline of the proof of (.9). We decouple the system (RD?) as follows.
As mentioned earlier, u®(x,t) is the solution of (P¢) with the choice of the
perturbation term ¢°(z,t,u) = ¢°[v°](z,t,u), that is,

e = Bu+ () — o’ o 8,0)
() (%

u(z,0) = up(x).
Once the solution u® is determined, v® is the solution of the problem

vy = DAv + h(u,v)
ov

() EYi 0
v(x,0) = vo(x),

with the choice u = u®. This means that v°(z,t) is a fixed point of the
following map ®° := ®9 0 ¢7:

@5 via ()

Dy via (kx
oy ——> 0)

u® o°

where ®§ maps a function v(zx,t) to the solution u®(x,t) of (x) for the choice
g (x,t,u) = ¢°[v](z,t,u), and ®o maps a function u(z,t) to the solution
v(z,t) of (%) for the choice u = a.

On the other hand, as for the limit problem (RD?), the solution o(z,t)
can be regarded as a fixed point of the map ®° := @5 0 ®9:

9 via (xkx) ®y via (xx)

q)OZ’U U @7

where ®) maps a function v(z,t) to the step function
. ap in QT (Ty[v])
’LL(QS‘, t) = .
a_ in Q7 (T4[v]),

where T'[v] is the solution of the equation of surface motion

Vo=—(N-1)k—co " fi(ryv(z,t))dr on I
(% * %) o

Pt‘tzo =T,

and Q~(T') denotes the region enclosed by the hypersurface I' and QT (T)
the region between 02 and I'.

In what follows we set

Q=0 x(0,t) for 0<t<T.
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Given 6§y > 0, we define t,,4: = timaz(d0) > 0 by
tmae = max{t € [0,T], |[v° — 9| Lo (q,) < do}- (7.13)
The key estimates for proving ([7.9) are the following:

Claim 7.3. There exist constants dp > 0 and C > 0 such that, for any
t € (0, timaz], we have

1
Vi—s
Claim 7.4. There exists a constant A > 0 such that, for any v satisfying

the estimates (7.7), (F-J) and the Neumann boundary conditions, and for
any t € (0,7, we have

t
|8°0°) = 8000 < C | =l ~illimds (714)

[0°(v) — B°(0) | 1 () < Ae. (7.15)

The proof of these claims will be given later. For the moment, let us
simply mention that Claim [.4 can be shown by the following two-step ar-
gument: first, our results on the single equation (P¢) yields

5 (v) — @Y (v) = O(e),

in the sense that the transition layer of ®§(v) and that of ®Y(v) are within
an O(e) distance; this observation and an estimate of the heat kernel yield
(F13). To prove Claim [.3, we also use a similar estimate of the heat kernel,
see Lemma [7.q and Subsection [.7 for details.

Combining these estimates, we obtain, for any ¢ € (0, t,42],

[v° = Dl = [19°(v%) = @%(D) ]| = (@u)
< [|2°(v%) = @0(v%) | e @y + 19°(v%) — @O (D) ][ 12 ()
t
1
<Ae+C € — 0| oo (0.)ds.
< Ae + /0 =1v" = OllL=(Q.)ds

As we will see later in Lemma [7.7, this implies

[0° = 0l oo(qy) < Ack(t) (0 <t < tmaa), (7.16)
where k is the function determined by the integral equality:
.
— k
k(t)=1+C ) g, (7.17)
0 t—s

Since k(t) is bounded on any finite interval [0, 7], we obtain [|v° — 0| () =
O(e), for 0 <t < tynqae- This implies, first of all, that t,,4, = T if € is small
enough, hence it proves (f.9), for 0 <t < T. O

The rest of this section gives a detailed account of the proof of (7.9). We
begin with some notations to clarify the statements of the above claims.
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7.3 Some notations

Given any function g(x,t,u) satisfying the conditions ([L.J) and ([L5), we
can define a classical solution of the interface equation (PY) on some time
interval 0 < t < T™%(g). We denote this solution by I';[g] in order to clarify
its dependence on g. More precisely, I't[g] is a solution of the problem

at
Vo=—(N-1kr+ co/ g(x,t,r)dr on Iy
(P) -

Pt‘t:O = T.

Also, we denote by u®[g](z,t) the solution of the problem

up = Au + E%(f(u) —eg(z,t,u)) in Q x (0,400)

(F) q9u_
g £ 0 on 99 x (0, +00)
u(z,0) = up(z) in Q.

Once the interface T'y[g] is given, we denote by € [g], €2;[g] the region en-
closed by T't[g] and the one enclosed between 02 and I't[g], respectively. As
in (L13), we define the step function @[g](z,t) by

ar in Q9]

alg)(z, 1) = { for ¢ € [0, 7™ (g)). (7.18)

a_ in Qg

Next, given any function u(z,t) on Q x [0,T], we denote by V[u](z,t)
the solution of the problem

Vi = DAV + h(u(z,t),V) in Qx (0,7

ov

— 7.19
5 0 on 08 x (0,7] (7.19)
Vi(x,0) = vo(x) in Q.

In view of (74) and the above notations, the solution (uf,v?) of (RD¥?)
is expressed as
u® =g %], v° =V]u].

On the other hand the solution (T, %) of (RDV) is expressed as
Iy =Ty[g[o]], o=Vla],
the step function @ in (RD) being given by
u = alg[v]].
Finally, the maps ®5, ®) and ®, are now written as

D5 v — uf[gf[v]], B v — algl]], Po:u— Vu.
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7.4 Interface motion under perturbation

In this subsection we show that the interface I't[g] depends continuously on
the pressure term induced by g. To this end, we first fix constants C,, T, > 0,
9 € (0,1), and denote by ) the set of functions g(z,¢,u) on Q x [0, T.] x R
satisfying

al- - <
sup g ’U)HOW”#(MO,T*]) < C,. (7.20)

Proposition 7.5. Let g € Y. Let T € (0,7™%(g)). Then there exist
positive constants §, K, M such that, for any g € Y satisfying

17 — 9l L (ax (0,7 x®) < 65 (7.21)

it holds that T™%(g) > T, where we recall that T™*(g) is the mazimum
time of existence of a classical solution of Problem (Pgo). Furthermore, for
each t € [0,T],

dr(T4[g),Te[g]) < K (™' = 1) |7 — gll oo (ax (0,0)xR) - (7.22)

Proof. First, the assertion that 7% (g) > T, for g sufficiently close to g,
follows from the standard local existence theory for quasi-linear parabolic
equations. In fact, by using appropriate parametrization, one can express
I';[g] and T';[g], as graphes over M, where M is a N —1 dimensional manifold
without boundary, and transfer the motion equations (Pgo) and (Pgo), into
quasi-linear parabolic equations on the manifold M, at least locally in time.
For more details we refer to [[J]. Since § and g satisfy (7.20), and since the
embedding
o Cl+19’,1+719/

is compact if 0 < 9" < ¢, the assumption ||§ — g|/z < § implies
lg(-, - u) —a(-, -,u)l!clw,,%ﬂ' < ¢(9),

where ¢(0) is a constant satisfying ¢(6) — 0, as § — 0. Consequently, the
coefficients appearing in (Pgo) and (Pgo) satisfy

H/ r)dr — /:{+ g(-, -, r)dr H01+19/y521’;’ < (ag —a-)c(0).

Hence, the two solutions I';[g] and T';[g] stay close to each other, at least lo-
cally in time, and, by repeating this argument, one can prove that 7"%*(g) >
T, for § sufficiently small.

Next we prove the estimate ([[.2J). This will be done by using the maxi-
mum principle. Let us introduce some notation. For each g € ), we denote
by d(:z: t; g) the signed distance function associated with the interface I't[g].
By I'; < I'; we mean that T lies inside of T';. Clearly we have

[ifg] 2 Tefg] <= d(z,t;9) > d(z,t;g) for z € Q. (7.23)

50



Now we choose tg € [0,T] arbitrarily and put
o = 19 — Gl oo (2 (0,t0) x R)
Then
gz, t,u) —no < glx, t,u) < gz, t,u) +no for 0 <t <ty.
The comparison principle then yields
Le[g —no] 2 Te[g] 2 Te[g +mo] for 0 <t <to.

Thus, in order to prove ([7.29), it suffices to show that there exist constants
K, M > 0 such that, for all small ng > 0,

{ dy(Te[g — mo), Te[g]) < Kno(eMt —1)

(7.24)
dy(Te[g + mol, Telg]) < Ko (M —1),

for 0 <t < tg. We will only show the latter inequality for I';[g + 7| since
the former can be shown in the same manner.
Recall that d(z,t; g) satisfies the equation (f.4), namely

ay
dy = Ad — co/ g(x,t,r)dr on T'[g]. (7.25)

Choose a constant dg > 0 such that d(z,t; ) is smooth — say, C® in  and
C3/? in t— in the neighborhood Ny, (T';[g]), 0 <t < T. By the smoothness
of d(x,t;g) and equality ([.25), there exists a constant N > 0 such that

o
\dt—Ad+c0/ g(e.t.r)dr| < Nld| in Ny s(Telg)):

Now we put
dnew(x’t) = d($7t;g) - KUO (62Nt - 1)7
Ty = {x € Q|d"(z,t) =0},

where the constant K is to be determined later. If

6_2NT dO

Mo < TIS = TK_lv

then T'; lies within the neighborhood Ny /2(T't[g]). Observe that

(d™%); — Ad™ = d; — 2N Knge?Nt — Ad

ay
< —Co/ gz, t,r)dr + N|d| — 2N Kny et
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Since d = Kng (e*Nt — 1) on T';, we obtain

ay
(d™") — Ad™" < —C(]/ g(z,t,r)dr — NKny on T}
Now we set
K= (ay —a )N~
Then it follows from the above inequality that

o ~
(d™") < Ad™" — co/ gz, t,r)dr — (ay —a_)cony on T'y.

This inequality and the fact that d"*“(x,0) = d(x,0;g) imply that I'; satis-
fies

o B
| = _(N_l)"{_‘_c()/ (§($>ta7")+770) dr on Iy,
ft‘t:O = To.

On the other hand, I't[g + 1] satisfies

a+

Vn:_(N_l)“‘i’CO/ (g(z,t,7) +mo) dr on T4[g + no),

[

T4 + m0]|,—y = To-
By the comparison principle, we obtain
Ty[g) < Ty[g+mo) Ty for 0 <t <t
Consequently,
dr(T4[g + 0], Tu[g)) < (T, Tulg]) < Ko (2Nt — 1),

for 0 <t < ty. The lemma is proved. Ol

7.5 Proof of Claim [7.4

For a function v(z,t) satisfying the estimates ([.7), (7.§) and the Neu-
mann boundary conditions, we compare below ®°(v) = ®5 o ®f(v) and
PO (v) = ®y 0 DY (v).

Action of ® and ®. Let us compare ®5(v) = u°[¢°[v]] with the step
function ®Y(v) = d[g[v]]. By the definitions in (T-4) we have ¢*[v] = g[v] +
O(e), and all the conditions in ([L3)—([L.Q) are satisfied. It follows that our
results for the single equation apply and, in particular,

uZ (z,t) < ulg°v])(z,t +t°) <ul(z,t) for 0 <t < T —¢,
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where uZ are as in (f.19), d being the signed distance function associated
. . . 2, .
with the interface T's[g[v]]. Since the term e~#/¢" in ¢(t) — that appears in

E12)

wflg7le] — alglol] (2.0 < o~ U (T ZPDY L 0) im0 (gl

Iy l] — alglel e, 1) < U6 (LD EPDY o 4 0) i o]

for p1€?|Ine| <t < T, provided that we choose the constant u large enough.
Consequently, by Lemma P, there exist constants B, C' > 0 such that

@5 (v) — @0(v)|(z,t) < Bexp ( - )\M) + Ck, (7.26)
for (z,t) € Q x [u1e?|Ine|, T).
Action of ®;. Next we compare ®(v) = V[®5(v)] and ®°(v) = V[®)(v)].
v)

Set w = ®°(v) — ®°(v). By subtracting the equations for V[®5(v)] and
V[®Y(v)], we obtain

wy = DAw + (h(c1>§ (v), 3 (v)) — h(3%(v), <I>0(v))>.

Since |h(®5(v), ®¢(v)) —h(®I(v), ®°(v))| < Clw|+C|®5(v) — Y (v)| for some
constant C' > 0, the function @ := e~ “*w satisfies

W, < DAG + Ce™ @ (v) () — @Y (v) (2, 8)| + O(|@| — ),

hence

Wy < DA+ C|®5 (v)(x,t) — ®(v) (2, t)| + C(|d] — @). (7.27)
Now let W (z,t) be the solution of the equation
Wi = DAW + C|®5(v)(z, 1) — @Y (v)(z, t)| + C(IW| = W),

with initial data W (z,0) = 0. Then since ([.27) implies that @ is a sub-
solution of the above equation, and since w(z,0) = 0, we have

w(z,t) < W(x,t) for x€Q, t>0. (7.28)
Moreover, since W > 0, the above equation for W can be reduced to
W; = DAW + C|®5(v)(z,t) — ®(v)(x,t)].

In view of this, we see that

// (@t = 9|2 (W) (v, 8) = P (V) (y, 5)] dy s,
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G(z,y,t) being the fundamental solution that appears in ([-11]). This and
(F:29) yield

iz, )] < CeCt /0 /Q Gyt — 8)[5(0) (1, 8) — DY) (. 8)| dyds. (7.29)

Combining this and ([.24), we obtain

|w(zx,t)] SBC'eCt/O /QG(:E,y,t—s)eXp (—AM)dyds—l—O(s). (7.30)

In order to estimate the above integral, we need the following lemma:

Lemma 7.6. Let I be a smooth closed hypersurface in Q2 and denote by d(x)
the signed distance function associated with I'. Then there exist constants
C,ro > 0 such that for any function n(r) > 0 on R, it holds that

/;QDG@JLQUM@»dyS;%:Kzn@ﬁﬁ for 0<t<T. (7.31)

The proof of this lemma will be given in the next subsection. As is
easily seen from its proof, the above estimate remains to hold if I' depends
on t smoothly; in other words, the constant C' can be chosen uniformly as
I" varies. Applying the above estimate to I't[g[v]], 0 < t < T, we obtain

/G T, y,t exp( /\M>dy

:/ / xy,t—s)exp(—)\M)dy
d‘<7‘0 d\>7‘0 €

—Aro/e
O(=) +O()
€
=0 .
(=)
It follows from this and ([.30) that
Lo
|m%m:o@/ ds) + 0(e) = 0(e), (7.32)
0 t—s
which completes the proof of Claim [7-4. O
7.6 Proof of Lemma
We first show that
G(z,y,t) — for z€Q, 0<t<T. 7.33
J <7 (7:3)
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It suffices to prove this estimate on a small interval [0,?o], since the esti-
mate for the remaining interval [tg, T] will follow by simply choosing a large
constant C' (since G is bounded for ¢ large). Hereafter, we choose t( suffi-
ciently small. Then, for 0 < t < ¢y, G(z,y,t) is well approximated by the
fundamental solution on the entire space R :

‘ |z —y|?
Go(z,y,t) := (4xDt)N2 eXp<_ 4Dt )

In particular, there exists a constant C' > 0 such that
0 < G(x,y,t) < CGo(x,y,t) for z,y€Q, 0<t<ty,

(see, for example, [L, Section IV.2]). Thus it suffices to prove ([.33) for Gy
instead of G.

Given z € Q, let 2o be the point on I' that is closest to =, and let n(x¢)
be the outward normal to I' at xg. Then & — xy = d(z)n(zp). Define

Vi={yeRY, y-n(x) =0}, Yo=span(n(xo)),

where - denotes the Euclidean inner product in RY and span(w) the line
spanned by the vector w. This gives an orthogonal decomposition RY =
Y & Yo, and 20+ Y is the tangent hyperplane of I' at xo. Since I' is smooth,
it is expressed locally as the graph of a map defined on a subset of Y. More
precisely, there exist a smooth map h : Y — Yy and a constant § > 0 such
that h(0) =0, VA(0) =0, and that

S:={ao+ G+, geY,|j <8} T,
dist(xo,I'\ S) > 0.

(7.34)

Now we decompose the integral ([[.33) for Gg as

o o —yf?
/FGO($’y’t)dsy_7(4th)N/2 (/S+A\Sexp<— 1D1 )dSy .

Since |z — y| > |d(x)]| for every y € I" and since

|z —y| = |z = zo| — |y — 2ol [ = ||d(z)| — ly — 2ol |.

we have

@)l + [1d@) =y = ol | _ Iy 0l

— >
|z —y| > 5 5

This and (7.34) yield

5
|:E—y|2§ for yeI'\S.
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Consequently,

[z —y|? —82/16Dt
———1dS, < r 7.35

where |I'| denotes the total area of T.
On the other hand, for each y € S, we can express y — xg as

y—zo=9+h@ (HEeY,hH) Yy,

and Y can be identified with RNY=1. Thus

foow (= Fapt)as

re — i — B2
[ e (- B SO o
yI<

4Dt
Since VA(0) = 0, there exists a constant C; > 0 such that
IVh(g)| < Cilyl  for |g| <o (7.36)
Note also that the orthogonality (x — z¢ — h(7)) L ¢ implies
o — a0 — § = h(@G)* = | — w0 — h(@)* + [ = |3

Combining these, we obtain

[z —y|? / |91° 2012 7
_ < — ), /1 2d
fon (s < [ (B2} i
_ (v-1)/2 / e~ I#P4D 1 1t 0222 do,
\z\<\ﬂ715

where z := §j/1/t. Observe that, as t — 0,

/ ek [ e az — / e~ V211D g — (4pm)N-D/2,
lz|<vt 68 RN-1

Consequently,

o [ (- s < o)
— xp [ — — ).
(4mD)N/Z Jg P 4Dt Y= \arDt Vit

Combining the estimate above and ([7.33), we obtain

/FGO(Q:,y,t) ds, = 0(%) + O((\/t})Ne—csz/th) _ 0(%).

Since I' is a smooth compact hypersurface, its curvature is bounded. There-
fore, the constants § and Cj that appear in (7.35), ([7.36) can be chosen
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independent of the choice of zp € I'. Hence the above O(1/v/t) estimate
is uniform with respect to the choice of x € €. This proves the estimate

[©33).

Now, choose a sufficiently small constant rg > 0 such that the signed
distance function d(z) is smooth in the region {d(x) < 2r¢}. For each
r € [—ro, 10|, we define a hypersurface I'(r) by

L(r):={xe€Q, dxz)=r}.

Then the curvatures of I'(r) are uniformly bounded as r varies, which implies
that there exists some constant C' > 0 such that

G(z,y,t)dS, < E for 0<t<T, rel—ryr-

T'(r) \/t_
The estimate (7.31)) now follows by integrating in r. O

7.7 Proof of Claim [7.3

We compare below ®°(v¢) = &5 0 ®)(v°) and ®°(7) = Py 0 ®I(7).

Action of ®}. Let us compare the two step functions ®(v¢) = a[g[v°]]
and ®9(9) = a[g[v]]. We want to apply Proposition ], with g[7] and g[v°],
playing the role of g and g, respectively. (Hence, the role of 7™%*(g) is played
by T (g[]), which corresponds to 7™ in Lemma [[.1(). First, we choose
C. > 0 large enough so that both g[v®](z,¢,u) and g[0](z, ¢, u) satisfy ([.20).
For T € (0,7™%), we choose §, K and M as in Proposition [{.§. Next, we

define K1 = max(y y)er |0u f1(u,v)|, with R being the rectangle defined in
Subsection [.1, and dy = §/K;. We observe that, using the definition of

tmaz in (FI3),
l9[v°] = 9l0]|| oo (@ (0,tman) xB) < K1l = ¥ Loo(qy,,..) < K100 = 0.
By ([(29), it follows that, for any ¢ € [0, tyaz],
dy(Te[g[v®]], Telg[o]]) < K (™" — 1) [lg[v®] — g[o]]| o
Combining these, we obtain
dy(Te[g[v®]], Telg[o]]) < KK1(eM' = 1) [[o° — 01 (q,) - (7.37)

Action of ®3. Next we compare the two functions ®°(v°) = V[®{(v°)] =
Viilg[ve]]] and ®°(0) = V[®9(3)] = V[a[g[]]]. Since

|alg[v]] — alg[o]]] < oy —a-,
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and since the two step functions differ only in the region enclosed between
the two surfaces I';[ g[v°]] and Ty[g[?]], the estimates (7.29) and (F.31]) imply
that there exists a constant By > 0 such that

" dy(Ts[glv]), Ts[g[0])
VEi—s

Combining this and ([[237), we obtain, for any t € [0, tpaz],

ds.

IVI{alglo*ll] = Vialgloll e qu < 31/0

1

t
” (1)0(1)5) _ (I)O(QNJ) HLoo(Qt) < C/O \/m“va — @HLoo(QS)dS, (738)
with C = B;KK;(eMT —1). The proof of Claim [/ is complete. O

7.8 Estimate of k(t)
In this subsection we justify the estimate (7.1d). Let k(¢) be the function
satisfying ([.17), namely,

-
kt)=1+C Mds for ¢t >0.
0 t—s

We will show below that k is given by

k(t) = e02”t<1 + C/Ot e_\/; ds). (7.39)

02

The following lemma justifies ([7.16]):

Lemma 7.7. Let k(t) be a continuous function satisfying

0§k(t)§A+C/t\/kt(s_)ds 0<t<T),
0 — S

for some constant A > 0 and T > 0. Then
0<k(t)<Ak(lt) for 0<t<T. (7.40)
Proof. Define B B
ke(t) = (1 4+ ) Ak(t).

Then this function satisfies

ke (s)
N ds  (0<t<T). (7.41)

In particular, we have k.(0) = (14 ¢&)A > A > k(0). Let us show that

ka(t):(l—ka)A—l—C/t
0

k(t) < ke(t) for 0<t<T. (7.42)
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Suppose that ([7-49) does not hold. Then there exists ¢y € (0,77 such that
k(t) < ko(t) for 0 <t <t k(to) = ke(to). (7.43)

Combining the first part of ([f.43) and ([7.41]), we get

@@@:ﬂ+@A+C/m > k(to),
0

2S >A+gﬁ0ks
\/t(]—s 0 \/to—S
but this contradicts the second part of ([.43), establishing (F.43). Letting
e — 0, we obtain ([[.40). O

Corollary 7.8. Let k(t) be a continuous function satisfying

0 < k(t A+C/‘ 0<t<T)

—S

for some constant A >0 and T > 0. Then k(t) = Ak(t). In particular, the
function k(t) is uniquely determined by the integral identity ([.17).

Proof. Define k(t) := A~'k(t). Then k(t) satisfies
k()

k(t)y=1+C
0 t—s

ds (0<t<T).

By Lemma 7] we have k(t) < k(t). Exchanging the role of k and k, we
obtain the opposite inequality, hence k(t) = k(t). Thus k(t) = Ak(t). O

Now let us prove ([[.39). Integration by parts gives

k(t) =1 —|—2C’\/¥—|—20/t Vit —s K (s)ds
0

:—+c/
t—s

Thus the function m( ) K'(t) — C//t satisfies
V)™

Hence

m( t 1
c/ s:C{/—————
Vi—s 0 \Vs(t—s)
Since the first integral on the right-hand side is equal to 7, we obtain
m(t) =

It follows from Corollary [.§ that m(t) = C? E( t), hence

C
K(t) = C*nk(t) + —
\/_
This and the equality k(0) = 1 yield (7.39). O
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