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Energy change in elastic solids due to a spherical or circular
cavity, considering uncertain input data

I. Hlavécek* A.A. Novotny! J. Sokotowskif A. Zochowski®

September 17, 2007

Abstract

In the paper we consider topological derivative of shape functionals for elasticity, which
is used to derive the worst and also the maximum range scenarios for behavior of elastic
body in case of uncertain material parameters and loading. It turns out that both problems
are connected, because the criteria describing this behavior have form of functionals depend-
ing on topological derivative of elastic energy. Therefore in the first part we describe the
methodology of computing the topological derivative with some new additional conditions
for shape functionals depending on stress. For the sake of fulness of presentation the explicit
formulas for stress distribution around cavities are provided.
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1 Introduction

In the paper we consider topological derivative of shape functionals for elasticity, which is used
to derive the worst and also the maximum range scenarios for behavior of elastic body in case
of uncertain material parameters.

It turns out that both problems are connected, because the criteria describing this behavior
have form of functionals depending on topological derivative of elastic energy.

Therefore in the first part we describe the methodology of computing the topological deriva-
tive with some new additional conditions for shape functionals depending on stress.

For the sake of fulness of presentation the explicit formulas for stress distribution around
cavities are provided.

2 Topological Derivative

The topological derivative 7q of a shape functional J(£2) is introduced in [9] in order to char-
acterize the infinitesimal variation of J(€2) with respect to the infinitesimal variation of the
topology of the domain 2. The topological derivative allows us to derive the new optimality
condition for the shape optimization problem:

T =inf 7 (@) .

The optimal domain Q* is characterized by the first order condition [8] defined on the boundary
of the optimal domain Q*, dJ(2*; V') > 0 for all admissible vector fields V', and by the following
optimality condition defined in the interior of the domain *:

To«(z) >0 in QF.

The other use of the topological derivative is connected with approximating the influence of the
holes in the domain on the values of integral functionals of solutions, what allows us to solve a
class of shape inverse problems.

In general terms the notion of the topological derivative (TD) has the following meaning.
Assume that Q ¢ IRY is an open set and that there is given a shape functional

J : Q\K—-R

for any compact subset K C Q. We denote by B,(z),z € €, the ball of radius p > 0, B,(z) =
{y € RY||ly —z|| < p}, B,(x) is the closure of B,(z), and assume that there exists the following
limit




which can be defined in an equivalent way by

= J(Q\ By(z) — T (Q)
i(x)_lp%l ppN

The function ¥(z), x € Q, is called the topological derivative of 7 (2), and provides the informa-
tion on the infinitesimal variation of the shape functional 7 if a small hole is created at x € ).
This definition is suitable for Neumann-type boundary conditions on 0B,,.

In several cases this characterization is constructive, i.e. TD can be evaluated for shape
functionals depending on solutions of partial differential equations defined in the domain Q.

For instance, TD may be computed for the 3D elliptic Laplace type equation, as well as for
extremal values of cost functionals for a class of optimal control problems. All these examples
have one common feature: the expression for TD may be calculated in the closed functional
form.

As we shall see below, the 3D elasticity case is more difficult, since it requires evaluation of
integrals on the unit sphere with the integrands which can be computed at any point, but the
resulting functions have no explicit functional form. In the particular case of energy functional
we obtain the closed formula. In section 5 we compare the results of the present paper with the
formulae for 2D elasticity.

The main contribution of the present paper is the procedure for computations of the topo-
logical derivatives of shape functionals depending on the solutions of 3D elasticity systems.
Therefore it constitutes an essential extension of the results given in [9] for the 2D case.

2.1 Problem setting for elasticity systems

We introduce elasticity system in the form convenient for the evaluation of topological deriva-
tives. Let us consider the elasticity equations in IR™, where N = 2 for 2D and N = 3 for
3D,
divo(u)=0 in Q
u=g¢g on Ip (1)
oluyn=T on I'y

and the same system in the domain with the spherical cavity B,(zg) C  centered at x¢ € €2,
Q, = Q\ By(x0),

divo,(uy) =0 in  Q,
u,=g on I'p 2)
op(up)n =T on I'y
op(up)n =0 on 0B,(xo)
where n is the unit outward normal vector on 0§, = 9Q U 0B,(xo). Assuming that 0 € §, we
can consider the case xg = 0.
Here v and u, denote the displacement vectors fields, g is a given displacement on the fixed
part I'p of the boundary, T is a traction prescribed on the loaded part I'y of the boundary. In
addition, o is the Cauchy stress tensor given, for { = u (eq. 1) or £ = u, (eq. 2), by

o(§) = DV*¢, (3)
where V*(§) is the symmetric part of the gradient of vector field &, that is

V(e) = 5 (VE+VET) | (4)
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and D is the elasticity tensor,

D=2ul +\(I®]), (5)
with B B B
v .V

HE Sy AT Oawaomy M ASAN =TT, (6)

being E the Young’s modulus, v the Poisson’s ratio and A\* the particular case for plane stress.
In addition, I and I respectively are the second and fourth order identity tensors. Thus, the
inverse of D is

1 A
Dl=_—|I-—— _(I®I
2@{ 2,u+N)\( @0

The first shape functional under consideration depends on the displacement field,

Ju(p) = o F(u,)dQ, Fup) = (Huyp - up)? (7)

where F' is a C? function, p > 2 is an integer. It is also useful for further applications in the
framework of elasticity to introduce the yield functional of the form

Jo(p) = o So(up) - o(up)d2, (8)

where S is an isotropic fourth-order tensor. Isotropicity means here, that S may be expressed
as follows
S=2mI+1(Ix®I),

where [, m are real constants. Their values may vary for particular yield criteria. The following
assumption assures, that J,, J, are well defined for solutions of the elasticity system.

(A) The domain © has piecewise smooth boundary, which may have reentrant corners with
a < 2w created by the intersection of two planes. In addition, g, T" must be compatible with
u € HY(QRY).

The interior regularity of u in €2 is determined by the regularity of the right hand side of the
elasticity system. For simplicity the following notation is used for functional spaces,

HY Q) ={v e [H' Q)" |[¢v=g on Tp},

Hll‘D(Qp) = {w € [Hl(Qp)]N ‘ =0 on FD};
H () ={p e [H'( Q)Y |4 =0 on TIp},

here we use the convention that eg., in our notation H ;(Qp) stands for the Sobolev space of

vector functions [H](Q,)]V.

The weak solutions to the elasticity systems are defined in the standard way.
Find u, € H}(Q,) such that, for every ¢ € H%D(Qp),

/QPDVSU,)-VSgbdQ:/FNT-qﬁdS (9)



We introduce the adjoint state equations in order to simplify the form of shape derivatives of
functionals J,,, J,. For the functional .J, they take on the form:
Find w, € H%D(Qp) such that, for every ¢ € H%D(Qp),

DV*w, - V*¢dQ = —/ F!(u,) - ¢d, (10)
Q, Q,

whose Euler-Lagrange equation reads

divo,(w,) = Fj(u,) in Q,
w, = 0 on I'p
op(wp)n = 0 on I'y ’ (11)
op(wp)n = 0 on 0B,(xo)

while v, € H%D(Qp) is the adjoint state for J, and satisfies for all test functions
NS H%D(Q) the following integral identity:

/ DVPv, - V¢ dQ = —2/ DSo(u,) - V¢ dS. (12)
Q, Q,

which associated Euler-Lagrange equation becomes

divo,(v,) = —2div (DSop(u,)) in €,
v, = 0 on I'p (13)
op(vp)n = —2DSo,(uy)n on I'y
op(vp)n = —2DSo,(uy)n on S,(xg) = 9B,(xo)
Remark 1 We observe that DS can be written as
DS =4pumIl +y(I®1) (14)
where
v = AN +2(Am+ pl) (15)

Thus, when v = 0, the boundary condition on 0B,(xo) in eq. (13) becomes homogeneous and
the yield criteria must satisfy the constraint

v (54), g

which is naturally satisfied for the energy shape functional, for instance. In fact, in this particular
case, tensor S is given by

1

1
S:§D_1 = ~=0 and 2m—|—l:ﬁ,

(17)

which implies that the adjoint solution associated to J, can be explicitly obtained such that
vp = —(up — g)-



2.2 Main result

We shall define the topological derivative of the functionals .J,, J, at the point x( as:

. dJu(p)
Tuw0) =3 F0B, o)) (9
T, (o) = lim —222P) (19)

pl0 d(|Bp(wo)l)

Now we may formulate the following result, giving the constructive method for computing the
topological derivatives:

Theorem 1 Assume that (A) is satisfied, then

1

T Jy(x0) = —m

[2(N — )7 F(u) + \IJ(D_I; o(u),o(w))]z=z0s (20)

T Jo(0) = — : —[W(S;0(u), ou) + (DY 0(u), 0(v))]o=aos (21)

o(N — 1)

where w, v € H%D(Q) are adjoint variables satisfying the integral identities (10) and (12) for
p =0, i.e. in the whole domain Q instead of €),, that is

/Dvsw-v%daz —/ Fl(u) - ¢dS. (22)
Q Q

/ DV?®y - VipdQ = —2/ DSo(u) - Vg d. (23)
Q Q
for all test functions ¢ € H%D(Q).

Some of the terms in (20), (21) require explanation. The function ¥ is defined as an integral
over the unit sphere S1(0) = {z € RY | ||z|| = 1} of the following functions:

V(S5 0(u(zo)), o(u(z0))) = /s 0) So™(u(zo); ) - 0> (uxo); x) dS (24)
¥(D~Y 0 (ulx0)), o(v(x0)) = /g o O (W@ @) Do (w(zo)i)dS(25)
V(DY 0 (ul@o)), o (w(zo))) = /s (0) 0% (u(zo); ) - D™ 10> (w(wo); x) dS (26)

The symbol 0 (u(zp); x) denotes the stresses for the solution of the elasticity system (2) in the
infinite domain IRY \ B (0) with the following boundary conditions:

e 10 tractions are applied on the surface of the ball, S1(0) = 0B1(0);

e the stresses o™ (u(xg); x) tend to the constant value o(u(xp)) as ||z| — oc.



In this notation 0 (u(xo);x) is a function of space variables depending on the functional
parameter u(xg), while o(u(zp)) is a value of the stress tensor computed in the point zg for the
solution u. The dependence between them results from the boundary condition at infinity listed
above. The method for obtaining such solutions (and ©°), based on [3], is discussed in the next
section.

In order to derive the above formulae (20), (21) we calculate the derivatives of the functional
Ju(p) with respect to the parameter p, which determines the size of the hole B,(x¢), by using the
material derivative method [8]. Then we pass to the limit p | 0 using the asymptotic expansions
of u, with respect to p. For the functional J, the shape derivative with respect to p is given by

To) = [ Fitw)-uydo— [ P s, (27)

2 »(z0)

and in the same way for the state equation:

/ DVsu; -V dQ — / DV?u,-Vi¢dS =0, (28)
Qp Sp(xo)
where u), is the shape derivative, i.e. the derivative of u, with respect to p, [8].
After substitution of the test functions ¢ = w, in the derivative of the state equation, ¢ = u;
in the adjoint equation, we get
Tp == [ [Plu)+ DV*u,- Vou,)dsS
Sp(z0)
_ / [F(uy) + o(u,) - D~ o (w,)] dS, (29)
Sp(xo)
and similarly for J,
J(p) = —/ [Sa(up) - o(up) + DVPu, - Vv | dS
Sp(ffo)
—— [ (o) otu) +o(u,) - Do(uy)] S, (30)
Sp(xo)

Observe, that both matrices D~ and S are isotropic, and therefore the corresponding bilinear
forms in terms of stresses are invariant with respect to the rotations of the coordinate system.
Now we exploit the fact, that

dlu(p) 1 dJ,

d(B, (o))  2(N—mpV 1 dp’

and use the existence of the asymptotic expansions for u, in the neighborhood of B,(x¢), namely
u, = u(zg) + u™ + O(p?). (31)

In addition, u* is proportional to p, |[[u™||gy = O(p), on the surface S,(xo) of the ball. The
expansion of o(u,) corresponding to (31) has the form

o(up) = o™ (u(zo); z) + O(p). (32)



It may be proved, that w, and v, have similar expansions.
Using the formulae (31),(32) we may justify the following passages to the limit:

tm vy [ o) D7lo(0) 48 = WD ou(zo)) o (0(x0)).

pl0 p S, (w0)

tm v | o) D7o(g) S = WD {utz)), o (w(zo))
lim v | ol o(0,) 48 = W(Sioutro)). o u(a0)),

I lel /spm) F(u,)dS = 2(N — 1)rF (u(o)).

This completes the proof of the theorem.

The main difficulty lies in the computation of the values of the functions denoted above
as U (S; o (u(ao)), o (u(z0))), W(D~ Y o(u(x0)), o(w(ao))) and (D~ (ulwo)), o (v(z0))), which,
in general, is difficult to obtain in the closed form, in contrast with the two dimensional case.
Therefore we can approximate them using numerical quadrature. It is possible, because we may
calculate the values of integrands at any point on the sphere. This makes the computations
more involved, but does not increase the numerical complexity in comparison to evaluating
single closed form expression.

Remark 2 The tensor S in the definition of J, may, in fact, be arbitrary, not only isotropic.
Howewver, it is difficult to imagine such a need for the isotropic material. Anyway, in the general
case, we would have to transform S according to the known rules for the fourth order tensor,
connected with the rotation of the reference frame.

2.2.1 Topological derivatives in 3D elasticity

The shape functionals .J,, J, are defined in the same way as presented in section 2.2 with the
exception, that J, is now the energy stored in a 3D elastic body (see remark 1). The weak
solutions to the elasticity system as well as adjoint equations are defined also analogously to
the section 2.2. Then, considering the expansions presented in Appendix A.2, we may state the
following result [6] (see also [1]):

Theorem 2 The expressions for the topological derivatives of the functionals J,, J, have the

form
TJy(wo) = — | F(u) + %71__; (1001 + v)o(w) - o(w) — (1 + 5u)tra(u)tra(w))] @)
TJ, (o) = % 71__5”1/ 101+ v)o(w) - ow) — (14 50) (mo()?] . (34)

2.2.2 Topological derivatives in 2D elasticity

For the convenience of the reader we recall here the results derived in [9] for the 2D case. The
principal stresses associated with the displacement field u are denoted by or(u), orr(u), the



trace of the stress tensor o(u) is denoted by tro(u) = oy(u) + orr(u). The shape functionals
Ju, Jo are defined in the same way as presented in section 2.2, with the tensor S isotropic (that
is similar to D). The weak solutions to the elasticity system as well as adjoint equations are
defined also analogously to the section 2.2. Then, from the expansions presented in Appendix
A.1, we may formulate the following result [9]:

Theorem 3 The expressions for the topological derivatives of the functionals Jy,J, have the

form
1
T Ju(xo) = — {F(u) + I (@uay + 2byby, cos 25)]
= - [F(u) + % (4o (u) - o(w) — tra(u)tra(w))] B (35)
1
TJs(zg) = — {n(ai +2b%) + ) (ayay + 2byb, cos 25)]

= — {n(lla(u) co(u) — (tra(u))Q) + % (4o (u) - o(v) — tro(u)tra(v))] B (36)

Some of the terms in (35), (36) require explanation.
According to eq. (15) for N = 2, constant 7 is given by

v
n:l+2(m+7E). (37)
Furthermore, we denote
ay, = or(u) +orr(u), by = or(u) —orr(u),
aw = or(w) + orr(w), bw = or(w) — orr(w), (38)
Qy :U[(U)+0[[(U), bv :0[(1)) —0'[[(11).

Finally, the angle § denotes the angle between principal stress directions for displacement fields
u and w in (35), and for displacement fields v and v in (36).

Remark 3 For the energy stored in a 2D elastic body, tensor S is given by eq. (17), v =0 and
n=1/(2E). Thus, since v=—(u — g), we obtain the following well-known result

T (w0) = 55 [40(w) - o(u) — (tro(u))’] (39)
2F T=x0
Compare these expressions to the 3D case. Their simplicity comes from the fact, that on
the plane the rotation of one coordinate system with respect to the other is defined by the
single value of the angle (here §). This is a purely 2D phenomenon and it makes the explicit
computations possible.

3 Uncertain input data

In reality, the values of input data(loading, material parameters) are guaranteed only in some
given intervals. One of the simplest remedy is to apply the worst scenario or maximum range
scenario method [2]. In what follows, we present the methods for the traction problem (1) with
02 = I'y and the criterion corresponding to the topological derivatives (34) or (39), respectively.



3.1 Traction problem in 3D-elasticity

Let us consider a bounded domain Q@ C R3 with Lipschitz boundary 0Q = I, occupied by a
homogeneous and isotropic elastic body. Let the body be loaded by surface forces T € [L*>° (F)]3
and the body forces be zero.

We introduce sets of admissible uncertain input data as follows :

(i) Lamé coefficients

(ii) surface loading forces
T,eUl
={reLl>®) : 7|p, € COL(T,),|7| < Ch, |07/0sj] < Ca ae.on T, j=1,2},
where

T'=U, Ty TeNTpn =0 for k#m, i=1,2,3,
sj are local coordinates of the surface I', and C1,Cy are given constants,
T=(T,T,T) €Ul ={T; €Uy, i=1,2,3 and [, TdS=0, [,axTdS=0}.

Finally, we define
Upg = Uy x U x ULy and A= {A, T}, A= {\ pu}.

We will consider the following criterion-functional based on the topological derivative asso-
ciated to the energy shape functional (34)

®(A,0) =0T H(A)o
where o = o(y) is the stress tensor of a full body at the center y € Q of a spherical cavity,

)=,

10(1 +v)

WAQ)a (40)

A= %I@I, Ao = I — Ay, v is the corresponding Poisson’s constant and F the Young’s modulus.

_ A _ B(3A+2p)
Note that v = m, E = T}L

3.1.1 Continuous dependence of the criterion on the input data

Our main result of the present section is given by the following theorem

Theorem 4 Let A, € Uyg, Ap — A in R? x [L®(T)] as n — co. Then

O(A,,0(Ay)) — D(A,0(A)).

10



Proof is based on the formulas ([7]-Theorem 10.1.1)

ou; i
) = /FT .Gas (41)
and
G;j = G;j(A) = u*(A) — T (A), (42)
where B B
) al (A) = L%, »(A) = 16mp(1 —v) (43)
TIOA) = |r| 73 (ridij + 10 — 3kl =2 — (3 — 4v)ridu),
and r = x — y. Since
(5e(An)) ™ — (52(A)
and the components ﬂzo are bounded on T,
' (A,) — a;;(A) in [L*(T))°. (44)

The vector field u*¥(A) is the displacement solving the first boundary value problem with zero
body forces and the equilibriated surface loading

T* =359 4w,
where
57 = A0k divia® + 2ppm (@) )01, (45)
and
w9 =a% + b9 xz, a’,b¥ e R3

represents a rigid body displacement such that

/wide:O, /wijxde:eixej,
r r

(e; denote unit vectors in the directions of Cartesian coordinates). The field w® is uniquely
determined by the conditions shown.
Inserting (43) in (45), we observe that

s = (%5kmdivu”0 n 2Zskm(u”°)> n = 5 (V) (46)

A

since w9, £ and % are independent of the modulus F.

Lemma 1 Let us define
a(A;u,v) = / (Adivudive + 2pei5(u)ei;(v))de.
Q

If Ae Ui‘d X L{é‘d, then positive constants C, ¢y exist, independent of A and such that
la(A;u,0)] < Cllulellvlhe  Yu,v e [HY(Q), (47)
a(A;u,u) > co\|u||iQ Yu € Vj, (48)

where

Vo={ve H(Q)]: /

vdSzO,/vxde:O}.
T r

11



Proof. The estimate (47) follows from the Cauchy-Schwartz inequality and the boundedness
of sets U2, UL, To justify (48), we write

a(A;u,u) > 2,u/ gij(u)eij(u)dz
T JQ
and use the Korn’s inequality
[ eutesds > culto Vo et
Q

(see e.g. [7]-Lemma 7.3.3).
Lemma 2 Let A\, € Z/@d, lhn € Z/Ié‘d, An — A and p, — p asn — oco. Then v, — v and
T*(v,) — T (v) in [L*(I)]°. (49)

Proof. Since A\p, + pin 2 A+ p >0,

An A
]jn = — =
2(Mn +1n)  2(A+p)
We infer that - -
5. (vn) — 57 (v) in L*(T), k=1,2,3. (50)

Indeed, we have A\, /s, — A/, pn /50, — p/» and
1770 (vn) = @ (W) | g1y < Clvn —v| =0,

so that (50) holds.
Since the field w* is independent of A, we arrive at (49).

Lemma 3 Let )\, € Z/ljd, p €U Ny — N and pn, — pasn — oo and u*(Ay) € Vo. Then
w(A,) — w7 (A)  in [HY(Q)]?.

Proof. For brevity, let us denote T¥ = T*% (v,,), T* = T*(v), v = u*(A,), u* = u*(A).
By definition, we have

a(Ap;uy,v) :/T;vdS (51)
r

a(A;u*,v) :/T*vdS (52)
r

for all v € [H(Q)]3. Let us consider also solutions 4, € Vy of the following problem
a(A; iy, v) = / TrvdS Yo e [HY(Q)]. (53)
r
From (53) and (52) we obtain

a(A; Gy, —u*,v) = /(T;: — T")vdS.
r

12



Inserting v := 4, — u* and using Lemma 1, we infer that
collin = u*llLe < ClIT; =TI 2(r)

so that |G, — u*||1 o — 0 follows from Lemma 2.
We can show that
e < Cr .

Indeed, (51) and Lemma 1 yield that
collupllia < CIT N 2yl e,

so that (55) follows from Lemma 2.
We can use (51), (53) and Lemma 1 to obtain

collu, — i o < alA; uy — i, vy, — tin)

= [a(A;ul,ul — Up) — a(Ap;ul, ul — Uy

Hla(Ap; ul, uf — ty) — a(A;Gu) — Uy,)]

=a(A;ul,ul — tp) — a(Ap;ul, ul — Uy

< O A = Anllo,so.0llunllellus, — dnll1q-
Then (55) and (56) yield

[up = Gnll1,0 < Cof| A = Anflo,000 — 0.
The convergence u}, — u* in [H'(2)]? follows from the triangle inequality, (54) and (57).
Proposition 1 Let A, € Z/li‘d xUr . A, — AinR2 Then

GJ(An) — GI(A) i [LAD)]?, 1,5 €{1,2,3}
as n — oo.
Proof. Since by (42) we have
163 (An) = G (Allo,r < [[u™ (An) — ufi(A)llor + 177 (An) =7 (A)llor,

the assertion follows from Lemma 3, the Trace theorem and (44).

Proposition 2 Let the stress components at the point y be
or(A) = / T - (ciij(A)G (A))dS.
r

Assume that A, € Uyg, Ap — A in R?2 x [L°(T)]? as n — oco. Then

or(Ap) — ogi(A).

13
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Proof. We may write

loki(An) — ow(A)| = \fr Ckm( 2)GY (Ay))dS
_fl" Ckl’Lj ) ( ))dS|
<1 Jp T - ((eraij(An) “Cklzg(A))G. (An))dsS|
| Jr T - (crij (A)(GY (An) — G (A)))dS|

+ Jp(Tn = T) - (eriij(A)GY (A)dS| = [ + I + I,
where

1< [ Ay = A6 (A)JdS 0
N

and

L < [ CIGY(A) - G(A)IdS -0
r

due to Proposition 1 and the boundedness of T}, in [L°°(T")]?. I3 tend to zero by assumption.
Proof of Theorem 1. We have

|®(An, 0(An)) — ®(A, 0 (4))]
< |o(An) H(An)(0(An) — o(A))|
+o(Ap) T (H(Ap) — H(A))o(A)|
+(o(Ap)T = a(ATYH(A)o(A)| = J1 + J2 + J3.

By Proposition 2 we infer that J; and J3 tend to zero. We also use the continuity of the function
A — H(A), which follows from Lemma 2 and the convergence

E, =2un(1+v,) = 2u(1+v)=FE >2u > 0.

As a consequence, Jo tends to zero, as well.

3.1.2 The worst scenario and the maximum range scenario

Suppose that we wish to be “on the safe side”, taking uncertain input data A and T in consid-
eration. Then we solve either the worst scenario problem

A® = arg max ®(A,0(A)) (59)

AUy q

or the maximum range scenario problem: find

(i) AY according to (59) and

(ii)
Ay = in ¢ A)). 60
0 =arg min ®(A o(4)) (60)
In other words, we seek exact upper and lower bounds of the criterion functional (see the
monograph [2] for applications of problem (60) within the frame of the fuzzy set theory).

Theorem 5 Problems (59) and (60) have at least one solution.

3 P o

Proof. The set U,y is compact in R? x ([ [] C(T,)), so that the assertion follows from
i=1p=1

Theorem 1.



3.2 Traction problem in 2D-elasticity

Let us consider a plane elasticity, i.e., either the case of plane strain or that of plane stress. It
is well-known, that both cases have the same stress-strain relations, where only the coefficient
A varies It is either A or A*, see (6).

\— Ev
(1 4v)(1 - 2v)
for plane strain, whereas
Nt PV
1— 2

for plane stress.

Let us consider a bounded domain  C R? with a Lipschitz boundary 99 = T', occupied by
a homogeneous and isotropic elastic body, loaded only by surface loads T € [L°°(T")]%. Assume
that A € UN, p € U, and T; € Ui, i = 1,2, with U}, U"; and U: defined in section 1.
Moreover, assume that the forces T" are in equilibrium, i.e.

/ TdS =0, /(xng — 29T1)dS = 0. (61)
T r

We define
UL, ={T = (11, T) : T; € UL, i = 1,2, T satisty (61)},
Uag = Upy x Uy x UL,
./4 - {)\a ,U'}) A= {A7 T}

and introduce the criterion-functional based on the topological derivative associated to the
energy shape functional (39)

d(A,0) =0T H(Apo, (62)
where o = o(y) is the stress tensor of a full body at the center y € Q of a circular cavity, and
(K +p)
H =—""(A1 +2A
(A) 2K (A1 +2A9), (63)

where K = A\ + p is the bulk modulus.

3.2.1 Continuous dependence of the criterion on the input data

The main result of the present section will be represented by an analogue of Theorem 1 as
follows.

Theorem 6 Let A, € Uyg, Ay, — A in R? x [L®(T)]? as n — oo. Then
O(An, 0(An)) — ©(A, 0(A)).

For the proof we shall employ the following integral representation formula, analogous to

(41), namely
8ui

8yj

(y)z/FT.G;de, i,j € {1,2}. (64)
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We can construct the vector function G;j in a way parallel to that of the proof of Theorem 10.1.1
in [7]. First, we consider the well-known Kelvin’s solution
(u;)k = %61[—(K + 20)05, In || + Krirg|r| 2], (65)

where
so=Arp(K +p), r=z—y

and define - '
U’ = —uy [ Dy;.

The corresponding surface forces on I' are then
(31 = Nk diva®? + 2pe g (T) |10

We can find that

/Fsifds =0, /F(azl(sij)g — 22(39)1)dS = e3 - (e x €;). (66)
Let us construct the rigid body translation

w = a" + ez x x

where a” € R?, b € R and w" satisfies the following conditions

/Fwide =0, /F(ajlwéj - :UQwij)dS =e3- (e x €j). (67)
Note that the field w® is uniquely determined by conditions (67). If we define

T*9 =59 4 ',

the forces T*¥ are in equilibrium, i.e., they satisfy conditions (61).

There exists a unique displacement field ©*%, which solves the first boundary value problem of
elasticity with zero body forces and surface loads T and satisfies the normalization conditions

/u*ide =0, /(wlu;ij - wguiij)dS =0. (68)
r r

Next, we assume that the field u fullfils conditions (68) as well and consider the so-called
Love’s formula

Oui )y — / (59 .u— T -w)ds, (69)
83/j r

which follows by differentiating the so-colled Somigliana’s identity
ui(y) = /(T . u; —u- sZ)dS, (70)
r

where ‘ -
(%;/Oyj = —3Y,
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By Reciprocity theorem, we obtain
/(T S — T y)dS = 0. (71)
r

Then (69) and (71) yield
ti (y) = / T (u™ —au")dS + / w- (sY —T*)dS.
dy, r r
The last integral vanishes by virtue of normalization conditions, since

g’tj _ T*’LJ — _w’L]

As a consequence, we arrive at the formula (64), where
Gy =u™ —u". (72)
Now we may go on in proving Theorem 3 as in the prooof of Theorem 1. We establish an
analogue of Lemma 1, where the subspace Vj is defined by

Vo= { e P |

vdS =0, /(;Ulvg — zov1)dS = 0} .
r r

For the Korn’s inequality in V}, see e.g. Section 10.2.2 in [7].
As far as an analogue of Lemma 2 is concerned, we use the formula

A
V= _———
2N+ p)
for plane strain and
)\*
Y +2u

for plane stress.
It is readily seen that s =35 (v), i.e., it does not depend on the modulus E. Then we can
prove that Ay, — A\*, v, — v and

59(v,) — 37 (v) in [LQ(F)]2 as vp — U,
since
A (K + 2pn) / 560n — MK + 21) /520 (73)

and A\, K, /50, - MK /3y for Ky, = Ay + pin, An € Z/{jd, Un € U(fd, A, — A.
The field w" is independent of A, so that we arrive at

T (vy) — T*(v) in [L*(D)]?.

An analogue of Lemma 3 can be proved in the same way as Lemma 3. We infer that

W (Ap) — u(A) in [HYQ) (74)
Using again (73), we observe that
u(A,) > U (A) in [L(D)]?. (75)
Combining (72) with (74), the Trace theorem and (75), we obtain
GI(An) = GZ(A) in  [LAI)]?. (76)

Theorem 3 follows in a way parallel to the proof of Theorem 1, from (76), the uniform convergence
of surface loads on I' and the continuity of the function A — H(A).

17



3.2.2 The worst scenario and the maximum range scenario

Both the worst scenario problem (59) and the maximum range scenario problem (60) have at
least one solution. This assertion is a consequence of Theorem 3 and the compactness of the set

Acknowledgments

4 Conclusions

We have seen that the worst case and maximal range scenario problems are solvable with cri-
terions of energy-based topological derivative. The same methodology, considering topological
derivatives of different shape functional may be applied to derive similar analysis for criteria
dependent for example on displacement (kinematic constraints) and yield constraints.

A Stress distribution around cavities

We present in this appendix the analytical solution for the stress distribution around a circular
(N = 2) and spherical (N = 3) cavities respectively for two and three-dimensional linear elastic
bodies.

A.1 Circular cavity

Considering a polar coordinate system (r,6), we have the following expansion for the stress
distribution o(¢,) around a free boundary circular cavity (0" (¢,) = 0™(£,) = 0 on dB,(x0)),
with §, = u, or {, = w,

2 2 4
- _ag p be P~ aP
o, = ) <1_r2> —|—2< 47"2+3r4> cos20: + O (p) , (77)
2 b 4
geg(gp) - % (1 + ;) — 55 (1 + 3£4> cos20: + O (p) , (78)
b 2 .
gre(gp) = —55 <1 + 2% — 3£4> sin260: + O (p) , (79)

where the angle 8, = 0 and 0,, = 0 + §, with § denoting the angle between principal stress
directions for displacement fields v and w in (35). In addition, the following expansion for o(v,)
satisfying the boundary condition on 0B,(z¢) given by 0"%(v,) = 0 and ™" (v,) = —2v0% (u,,),

18



holds

2 2 4
oT(v,) = —ray (1 n £2> + by <1 + 4% — f4> cos 20
2 4
ay P by P’
T(1-5)+3(1-45 20, ,
5 < 7“2>+ 5 ( 5 3~ )cos 0y + O (p) (80)

P’ p4
099(1),,) = —vay <1 - r2> by, (1 — r> cos 26

2 o

oy P by

Qo 2) -2y 2, :
+2 ( +7"2) 5 < +3— >cos 6, + O (p)

A by P> L
vp) = —7by <1 — 7"2> sin 26 — 5 (1 + 272 - 37"4> sin26, + O (p) , (82)

0_7'0(

(81)

where the angle 6, = 6 + ¢, with § denoting the angle between principal stress directions for

displacement fields v and v in (36). Finally,

ag =o7(§) +or(§) and be =07(§) —or1(§)

where o7(§) and o77(€) are the principal stress values of tensor o (&), for £ =u, { =w or £ = v

associated to the original domain without hole 2.

A.2 Spherical cavity

Let us introduce a spherical coordinate system (7,0, ¢). Then, the stress distribution around

the spherical cavity B,(zo) is given by

0" (&) = 01" (&) + 057 (§p) + 057 (§p) + O(p) ,
Ure(fp) = a{‘g(@)) + ‘759(59) + Uge(fp) +O0(p) ,
O'rsp(gp) = U?o(gp) + Jgip(gp) + U (gp) +O(p) ,
Uee(gp) = 00(§p> + Uge(gp) + U§O(§p> +0O(p) ,
Ugw(fp) = 1 (&) +o 2 (fp) + ‘7 (gp) +O(p)

O'%O(gp) = f (fp) + 0' (gp) =+ U (gp) + O(p) )

where §p = up, gp = Wy Or gp = Vp; U;'"T(gp)a Uire(gp)v 0:90(5,0), O-iee(gp)a

1 =1,2,3, are written, as:
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o fori=1

rr JI(&) [ p3 p5 P3 P5 .92, .. 92
oi" (&) = T _12 <’I“3 5 + (14 — 10v — 10(5 — IJ)T—3 + 36775 sin” fsin” |
(84)
r or(§) [ P P°] . :
(e,) = FTI 7—5u+5(1+u)T—3 — 12775 sin 20 sin? ¢ | (85)
T a1 § [ P3 /05 . .
a1 (E,) = 14_(1>0V 7T—5v+5(1+ y)r—?) - 12715} sin 0 sin 2¢ | (86)
00 ar(§) | /)3 p° N
+ (28 — 200 — 10(1 — 2 )p—3+42p—5 26 sin® (87)
v V)3 5 ) cos20sin )
0 PP
al%"(gp) — m [7 5v+5(1 — 2u) +3— } cos fsin 2¢p , (88)
3 5 3 5
Y. p p
af%(¢,) = m [28 —20v + (11 — 10V)773 + 970—5 + <28 —20v +5(1 — 2y)r—3 + 277“5> Ccos 2¢
5
~30 ((1 Y ) i5> cos 20 sin? 4 : (89)
o for i =2
rr . UII(&) [ p3 p5 P3 P5 . 9 9
oy (&) = 1— 100 _12 <r3 -5 + (14 —10v —10(5 — 1/)73 + 3675 sin“ f cos” | ,
(90)
r orr(§) | p° p° .
0—29(5/)) = 14_13]/ 7—51/—1—5(1+1/)—3 127*3} cos? ¢ sin 20 (91)
_ i 3 5
oIP(E,) = M"_”l(g)y 7 —5u+5(1+ y)& — 122 } sin 0 sin 20 | (92)
o) | P’ /)5 p> P
ofP(€,) = 10 14 — 100 + (1 + 101/)773 +35+ 14 — 10v + 25(1 — 2v )7 — 9 cos 2¢

3 5
+ (28 — 200 —10(1 - 20) 75 + 42”5) cos 26 cos” 4 , (93)
r r

3 5
0 _UII 1Y P .
02@(§p) = m 7T—5v+5(1—-2v)— .3 + 3715} cos fsin2¢ , (94)
3 5 3 5
059 (&,) = 52” - [28 — 200 + (11— 100) 55 + 05 — <28 — 200 +5(1 - 20)55 + 27f5> cos 2
0

5
-3 <(1 — 2y)'0—3 — fi,)) cos 20 cos? cp} , (95)
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o fori =3

3
oy (&) = 1‘;”[(50) [14 — 100 — (38 — 101/) + 24”
- (14 — 10w — 10(5 — u)ﬁ + 36p> sin 9] (96)
3 5 ’
_ I 3 5
g“’(ﬁp) — 40[_[[1(05”) 14 — 10v + 10(1 + V)% — 241)5] cosfsinf , (97)
o37(&) =0, (98)
orrr(€) | pj é P P
(&) = 1 (9= 15v)5 — 1205 + (14 =100 = 5(1 - 2) 5 + 21 sin® 0
(99)
057(&) =0, (100)
0111) [rq_ 1P 0P I AT
£7(6) = - [0 - 1505y — 108 15 (12 b - B ) sin?e) (101)

where o7(€), orr7(€) and or77(€) are the principal stress values of tensor o(§), for £ = u, £ = w
or £ = v associated to the original domain without hole €.

Remark 4 It is important to mention that the stress distribution for i = 1,2 was obtained from
a rotation of the stress distribution for i = 3. In addition, the derivation of this last result (for
i =3) can be found in [3], for instance.

References

1]

2]

S. Garreau, Ph. Guillaume and M. Masmoudi. The Topological Asymptotic for PDE Systems:
The Elasticity Case. STAM Journal on Control and Optimization, 39:1756-1778, 2001.

Hlavécek,I., Chleboun,J. and Babuska,l. : Uncertain Input Data Problems and the Worst
Scenario Method. Elsevier, Amsterdam, 2004.

Kachanov M., Shafiro B., Tsukrov I.: Handbook of Elasticity Solutions, Kluwer Academic
Publishers 2003.

Lewinski,T. and Sokolowski,J. : Energy change due to the appearance of cavities in elastic
solids. Int. J. Solids Struct. 40 (2003), 1765-1803.

A.A. Novotny, R.A. Feijéo, C. Padra and E.A. Taroco. Topological Sensitivity Analysis.
Computer Methods in Applied Mechanics and Engineering, 192:803-829, 2003.

A.A. Novotny, R.A. Feijéo, C. Padra and E.A. Taroco. Topological Sensitivity Analysis for
three-dimensional linear elasticity problems. To appear on Computer Methods in Applied
Mechanics and Engineering.

Necas,J. and Hlavécek,I. : Mathematical Theory of Elastic and Elasto-plastic Bodies : An
Introduction. Elsevier, Amsterdam 1981.

21



[8] J. SokoLOwsKI, J-P. ZOLESIO, Introduction to Shape Optimization. Shape Sensitivity
Analysis, Springer Verlag, 1992.

[9] J. SOKOLOWSKI, A. ZOCHOWSKI, On topological derivative in shape optimization, SIAM
Journal on Control and Optimization. 37(4)(1999) 1251-1272.

[10] J. SOKOLOWSKI, A. ZOCHOWSKI Topological derivatives of shape functionals for elasticity
systems Mechanics of Structures and Machines 29(2001), pp. 333-351.

22



