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Abstract

e In Section 1, we present a number of classical results concerning the Generalized
Gamma Convolution ( : GGC) variables, their Wiener-Gamma representations, and
relation with the Dirichlet processes.

e To a GGC variable, one may associate a unique Thorin measure. Let G a positive
r.v. and I'y(G) (resp. T4(1/G)) the Generalized Gamma Convolution with Thorin
measure t-times the law of G (resp. the law of 1/G). In Section 2, we compare the
laws of I';(G) and T'y(1/G).

e In Section 3, we present some old and some new examples of GGC variables, among
which the lengths of excursions of Bessel processes straddling an independent expo-
nential time.
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1 Introduction.

Most results presented in this Introduction are classical. They are discussed here in detail
in the hope that it may facilitate further reading of this survey for researchers in probability
with different backgrounds.

A writing convention.

1. Each time we write an equality in law between r.v.’s and that on one or the other side
of this equality, several r.v.’s occur, we always assume that these r.v.’s are independent,
without mentioning it systematically.

2. It will be convenient, in some instances, to speak of a r.v. instead of its law and
vice versa. We hope that no confusion will ensue.

1.1 The Gamma process.
All through this paper, the reference process is the standard Gamma process (v, ¢t > 0),

dx
which is a subordinator without drift, and with Lévy measure — e * (x > 0). Thus, its
x

Lévy-Khintchine representation writes (see [Berl]) :

Ele™"] = exp{ - t/ooo(l - e_/\x)d% e_x} (A, t>0) (1.1)
= exp{ —tlog(1+A)} = ﬁ (1.2)

where formula (1.2) is obtained from (1.1) and from the elementary Frullani formula (see

[Leb], p. 6) :

/000(1 - e/\z)% /OOO e u(dz) = /OOO 10g<1 + 2) v(dz) (1.3)

where, in general, v denotes a positive measure on R, which is o-finite. Here, v(dz) =
d1(dz) is the Dirac measure at 1, but formula (1.3) shall be useful in the sequel.
For each t > 0 fixed, ; follows a gamma law with parameter ¢ :

P(v € da) = % ada  (a>0) (1.4)
This process (7, t > 0) enjoys a large number of remarkable properties which make it a
?worthy companion” of Brownian motion. In particular, Emery and Yor [EY] establish a
parallel between Brownian motion and its bridges on one hand, and the Gamma process
and its bridges on the other hand. See also Vershik, Yor and Tsilevich([VYT]) and Yor
[Y] for a survey of many properties of the gamma process.



1.2 Wiener-Gamma integrals and GGC variables.

1.2.a Many times throughout this work, we shall use properties of the integrals :

() = /O " h(s) dvs (1.5)

where h : R, — R, is a Borel function such that :

/OO log (1 + h(u))du < oo (1.6)

Under this hypothesis (1.6), I'(h) is finite a.s. (see Proposition 1.1 below). We call
f(h) a Wiener-Gamma integral, in analogy with the Wiener integrals / f(u)dB,, f €
0

L*(R, du) which constitute the Gaussian space generated by Brownian motion (B,, u > 0).

1.2.b We say, (following [B1], p. 29), that a positive r.v. I' is a generalized gamma
convolution (GGC) - without translation term - if there exists a positive Radon measure
pon |0, 00 such that :

E[e™] = exp{— /0 T ey & /0 h e_”,u(dz)} (1.7)

x
> A
= exp{ - /o log(l + ;),u(dz)} (1.8)
with : / llog z| p(dz) < oo and / p(de) < 00 (1.9)
10,1] [Loof T

The measure p is called Thorin’s measure associated with I'.  Thus, from the Lévy-
Khintchine formula, a GGC r.v. is infinitely divisible. In fact, since its Lévy density

1 o
Ir(z) = - / e u(dz) satisfies : © — xl(x) is decreasing, then I' is a self decompos-

able r.v. (see, e.g. [Luk]). Such a self-decomposable r.v. ', assumed to be non degenerate,

admits a density fr such that fr(z) > 0 for every x > 0 (see [Sat, p.404]). The study of

GGC variables was initiated by O. Thorin in a series of papers (see for instance [Thor]).
The following proposition is classical. The reader may refer to Lijoi and Regazzini [LR].

1.2.c GGC variables and Wiener-Gamma representations.

Proposition 1.1 The class of positive GGC variables coincides with the class of Wiener-
Gamma integrals. More precisely :

1. IfT(h) = /Ooo h(u) dv,, then :

E(e_)‘f(h)) = exp{ — /000 log (1 + %)uh(daj)} (1.10)

where uy, denotes the image of Lebesque’s measure on Ry under the application :

3



1
s — ——- In other terms :
h(s)

/ e R ds :/ e up(dz) (x > 0) (1.11)
0 0

We note that, in (1.11), h may vanish on some measurable set.

2. Let I' denote a GGC r.v. with Thorin measure p. Let F,(x) := / w(dy) (x >0)
10,2]

and denote by Fu_l its right continuous inverse, in the sense of the composition of functions.

Then :

(lﬂ“) . o 1
r ['(h), with h(u) = P

(1.12)

Proof of Proposition 1.1 Let f(h) = / h(u) dvy,. Tt is easily obtained, by approxi-
0

mation of fh by Riemann sums, using also the fact that the Lévy measure of the process

d
(7, t > 0) equals _x e, that :

E(e*Af(h)) — exp / du/ f)\xh(u)) dx ﬂ;}

T

= exp{ /0 (1—ev) a;y/o e %du} (1.13)

after making the change of variable zh(u) = y. We observe, from (1.11) and (1.12), the
equivalence of the conditions :

/00 log (14 h(u))du < oo < /log <1 + i)uh(dm) < 00

d
& [log | pun(dx) < oo and / fin(de) < 00
10,1] loof ¥

Remark 1.2

1. Formula (1.13) may be obtained in a slightly different manner : the process (vs —vys- :=
es, s > 0) of jumps of the subordinator (y;, t > 0) is a Poisson point process whose
intensity measure n equals the Lévy measure of (v, t > 0) (see [Berl]) :

n(dz) = é e “dx (1.14)

Thus, from the exponential formula ([RY], p. 476) :

[exp A3 S, es - eXp / ds/ M () )n(du)}

0<s<t



one gets :

Plexp= [ (o)) = Blexp=2 3 1(s)(A0.)

- exp{ / ds/ e Mls)u )%du},

which agrees with the expression in (1.13).
2. Let h,k : Ry — R, two Borel functions which satisfy (1.6) and assume that
F(h) (law)

Khintchine representation imply : the images by h and & of Lebesgue’s measure on R are
identical. Thus, choosing for k the increasing rearrangement h*, (resp. : the decreasing
rearrangement h,) of h, we obtain that there exists essentially a unique increasing function
h*, (resp. a unique decreasing function h,) such that :

['(k). Relation (1.13) and the uniqueness of the Lévy measure in the Lévy-

T(h) " D(r*) = T(h) (1.15)

From Proposition 1.1, f(h) is a GGC r.v. and we shall denote by g, the Thorin measure
associated with I'(h).

1.3 m-Wiener-Gamma integrals, (m,G) GGC r.v.
In this work, we shall often consider a GGC r.v. whose associated Thorin measure has
finite total mass. Thus, we shall now particularize Proposition 1.1 in this case.

1.3.a Let m > 0 and h : [0,m] — R a Borel function such that :

/m log (1 + h(u))du < oo (1.16)

We call m-Wiener integral of A the r.v. :

T, (h) = /Om h(uw)dy, (1.17)

Since (v4, 0 < u < m) and (Ym — Ym-u)—, 0 < u < m) have the same law, we deduce from
(1.17), after making the change of Varlable m-—u=uv:

T, (h) "2 /0 h(w)dy, "2 /0 h(m — u)dv. (1.18)

We note, in relation with (1.15) above, that if h is increasing, resp. decreasing, then
u — h(m — u) is decreasing, resp. increasing.

1.3.b Let m > 0 and G be a positive r.v. such that :

E(log™(1/G)) < o0 (1.19)



We say that a positive r.v. I' is (m, G) GGC if :

E(e) = eXp m/ e M) E(e*‘rc)} (1.20)
Of course, from (1.7), a (m,G) GGC r.v. is a GGC r.v. whose Thorin measure p equals :

pu(dx) = m Pg(dx) (1.21)
where Py denotes the law of G and we have :

(10, 50) = m (122

Under (1.21), it is clear that :

d
/ llog x| p(dx) < oo and / p(dr) < 00
10,1]

[Loof &

& E(log*(1/G)) < (1.23)
We denote I',,,(G) the (law of the) r.v. I' defined by (1.20). Hence :

Bl O] = exp{ —m / ey E(e"”G)} (1.24)

= exp{ —mB(log 1+ %))} (1.25)

1.3.c G or 1/G ? How to choose 7
We have used the notation I',,(G) due to the relation (1.24). Of course, the relation (1.25)
invites, on the contrary, to adopt the notation I',,(1/G). However, we shall not adopt this
latter notation as the notation I',,(G) is used by L. Bondesson [B1] who has contributed
in an essential manner to the study of the GGC variables.

1.3.d Proposition 1.1, when the Thorin measure has a finite total mass m, admits the
following translation.

Proposition 1.3 A r.v. is a (m,G) GGC if and only if it is a m-Wiener integral. More
precisely :

1) 1 r,(@) "), (h), then
h(u) :m (u € [0,m)) (1.26)

where F, U denotes the right continuous inverse, in the sense of composition of functions,
of F, the cumulative distribution function of G.

(law)

2) If T, (h) "' T,,(G), then

(law) 1
T (1.27)



where U, denotes a uniform r.v. on [0, m].

1.3.e Some classical results
We gather here some results which are due to L. Bondesson [B1] and which we shall use in
the sequel. Let m > 0 and G satisfy (1.19). Then, denoting fr,, () the density of I',,(G) :

l.m—l

. frne)(@) = —) g(x) (x > 0) (1.28)

where g is a completely monotone function ([B1], p. 49). Moreover ([B1], p. 50) g admits
a limit on the right of 0 and :

9(04) = exp{m E (log G) } (1.29)

We note that, since by hypothesis E(log+(1/G)) < 00, ¢(04) is finite if and only if
E(log*(G)) < oo. In Section 2 of this work (see Theorem 2.1) we give an explicit form of
g when E(|log G|) < oo.

e m may be determined from the knowledge of fr,, () :

m = sup{a >0; lim M = 0} (1.30)

zloy  gol

(see [B1], p. 51).

1.4 m-Wiener Gamma integrals, m Dirichlet means, Gamma (m) mixtures.

1.4.a The preceding discussion leads us to introduce, for every m > 0, the Dirichlet
process with parameter m, denoted : (D&m), 0 <u < m) and defined as :

(D™, 0 < u < m)= (ﬁ, ogugm) (1.31)

m

The Dirichlet process may be traced back to at least D. Freedman([Freed]) and was pop-
ularized in Bayesian nonparametric statistics by T. Ferguson ([Ferg]).

It is well known, and it is an easy consequence of the properties of the ”beta-gamma
algebra” that this process (D&m), 0 < wu <'m) is independent from the r.v. 7,,, hence from

(70, v > m). This allows to write, for A which satisfies (1.16) :

/0 " B dye " / " h(u) dy (DI (1.32)

Thus, from Proposition 1.3, we may write for G which satisfies (1.19) :

(law)

Do(Q) ") 5 D (@) (1.33)



with
m 1 "
Do(G) = / ot L) (1.34)

It follows that for every (m,G) GGC r.v., the r.v. I',,(G) is a Gamma (m) mixture, i.e. it
may be written as :

T(G) "), 2 (1.35)

where Z is a positive r.v.

1.4.b The relation (1.35) determines the law of Z. Indeed, let Z and Z’ two positive
r.v. such that :

Then, for every s € R :
Elya) EIZ"] = E[y,] E[27]

Hence :
BE(Z®) = E(Z") and z"% z

1.4.c Remark 1.4
(We shall not use the present Remark in the sequel of this paper). We come back to the

notation of point 1 of Remark 1.2 and we denote : (Jl(m) > JQ(m) > .- ) the sequel of the
lengths of jumps of the process (7., u < m) ranked in decreasing order. It is not difficult
to see that since the intensity measure of the Poisson point process ((s, es), § > O) is

ds ? dx, then the jump times (Ulm), UQm), .-+ ) constitute a sequence of i.i.d r.v.’s with

uniform law on [0, m] which is independent from the sequence (J,gm), k>1). Thus :

m aw m 1
/ h(u)d, (faw) / ——d, (from (1.26))
0 0

Fg ' (u/m)
1 - 1
E>1 Fg’l(’“T) E>1 k

1
where (G—, k> 1) is the sequence of i.i.d r.v.’s with common law 1/G and is independent
k

(as a sequence) from the r.v.’s (J,Em), k> 1). Indeed :

(m)
Pl = = Al ()=
Fg' (%) "o




U(m)

since is uniform on [0, 1]. We deduce from (1.36) that :
m
/m h(u)d, (D) = 1 mh(u) dy, = Z ﬁ L (1.37)
0 ! Tm  Jo =1 ™ Gy,

J(m)
We note that : Z k1.
k>1 Tm

We then define the random Dirichlet measure Pé}néc) (dx) by the formula :

J(m)
P dr) =" e 6y, (dx)

E>1 m

and we obtain, from (1.34) and (1.37) :
Do (G) ') / 2 P9 (dx) (1.38)
0

This relation (1.38) justifies the denomination, for D,,(G), of a Dirichlet means.
The study of the Dirichlet means can be traced back to an early work of Cifarelli and
Regazzini ([CR1])which culminates into the more recognized ([CR2]). Additional early
works on this topic include ([HHL],[Yam],[FT], [DS])

1.4.d Multiplication by a beta variable.
In this section we discuss what happens when D,,,(G) is multiplied by certain independent
beta random variables. This idea, and restatements of the results (1.4.d i-iii) below, first
appear in James (see [J], Theorem 3.1).
1.4.d i) We denote by D™ the set of the laws of r.v.’s of the form

/m h(u)d,(D™) := D,,(h), with Jo og (14 h(u))du < oo.

If D,,(h) € D' and if B/ —m, With m’ > m, is a beta r.v. with parameters (m, m’' —m)
then :

ﬂm,m’fm : Dm(h) € D(m/) (139)
Indeed, Im s independent from ~,, and follows a beta law, with parameters (m, m' —m).
Hence : "

ﬂm,m’—m : Dm(h) (12”) ,y_m ' / h’(u) du(D'l(Lm))
Y/ 0
law 'm m d v (law 1 m’ m! m
w2 [P 2 [ b)), (D) € D
Tm' Jo Tm Tm' Jo

9



1.4.d ii) In the same spirit as for the preceding point, we note that, if G is a positive
r.v. such that E(logtG) < oo and if m’ > m, then :

T, (é) (a5 1Y;)) (1.40)

where, on the RHS of (1.40), G’ and Y, are independent and Y}, is a Bernoulli r.v. with
parameter p = E, :
m

P(Y,=1)=p=1-P(Y, =0) (1.41)

E(em1/9) = exp

1.4.d iii) We now write the relation (1.40) in a slightly different manner with the

1
introduction of the r.v.’s D,,(1/G) and D,, (GY) We have, from (1.40) and (1.35) for

m >m:

law

T(1/G) 2, D0 (1/G) 2T (G%)@%"Dm((%@)

Hence :

2 0 Dy (1/G) 3 Dy (Glyp)

m/

so that, from point 1.4.b :

Ym (law 1 . )
% - D,(1/G) m/(GY) le. :

ﬁm’m,_m . Dm(l/G) (lg") D, (L) <p — ﬂ) (1_42)

In particular, for m <1 and m' =1 :

R e e (1.43)

10



1.4.d iv) Some elements of D(™).
Let T denote a positive r.v. which belongs to the Bondesson class B (see [B1], p. 73, Th.
5.2.2) i.e. whose density fr writes :

fr(z) = C 277V hy(2)hy(1/2) (BeR, x>0)

with

h;(z) = exp{ — bj:p+/0 10g<x+y

Julay)} =12
and

/OOM<OO

1+y
Then, from Bondesson ([Bl], Th. 5.2.2, p. 79), we know that :
Ty i= - T (1.44)

is GGC (for every m > 0) with some, possibly unknown, associated Thorin measure we
denote as fi,,. Assuming furthermore that F (T _m> < 00, we get, from (1.30) :

1m (]0, 00f) = sup{a >0; lim frn(2) = 0} (1.45)

N\ 04+ pol
But, an elementary computation, starting from (1.44), shows that :

1

e = o)

m—1 _e 1
z E(e TT_m> (1.46)
Thus, we have :
,um(]O, oo[) =m

1
Hence, there exists, from Proposition 1.3, a positive r.v. G,, such that F <log+ (G—>> < 00

and also such that, from (1.33) : "

T - T = Tya(G) = Y - Dyn(Gin) (1.47)
Thus, from point 1.4.b

7' p.(G,) € D™ (1.48)

We now summarize what we have just obtained :

11



Proposition 1.5
Let T denote a positive r.v. which belongs to B, such that :

E(T*m> <
Then :
1) TeDp™
2) For everym' > m, Bpm—m T € D) (from (1.43))

In particular, Proposition 1.5 may be applied in the following cases :

o [f T is a generalized inverse Gaussian r.v., i.e. its density is given by :

fr(z) =Ca"? exp{ - %(clx + %)} “ Ljo,00[()

(B €R, c1,c, > 0) then, for every m > 0, T € D™ (although T is a GGC variable
with infinite total mass for its Thorin measure (see [B1], p. 59)).

o If T is a Gamma r.v. g with parameter § then for every m > 0, v € D). Indeed

1

v9 € B and for every m < 6 : E(—m> < o0. On the other hand, assuming still
7o

m < 6, we have :

(law) ()

Bmo—m Yo = Ym €D from (1.40)

e If T is a positive stable r.v. with index « :

E(e™) = exp{—C \*} (A, C >0, €]0,1])

1
then, for a < o1 T eB (see [B1], p. 85—88) and hence T € D™ for every m > 0
1

since E<T—m> < 0.

Remark 1.5 Epifani, Guglielmi and Melilli ([EGM1], section 4; see also [EGM2] ), posed
the natural question of which kind of probability measures are the laws of Dirichlet means.
They were able to find some examples in cases where those particular random variables pos-
sessed all finite moments. One sees that Proposition 1.5, in a rather simple way, identifies
a large number of possible distributions.

1.4.e Another representation of I',,,(G).

12



Let m > 0 and let K be a positive r.v. We shall say that (Y;, ¢t > 0) is a (m, K) R, valued
compound Poisson process if :

Ny
V=) K
=1

where (K, Ky, - ) is a sequence of i.i.d. variables, distributed as K, and with (Ny, t > 0)
a Poisson process with parameter m, independent of the sequence (K;,i = 1,2---). In
particular, /V; is a Poisson r.v. with parameter mt.

Proposition 1.6.
Let ', (G) a (m,G) GGC r.v. (with E<10g+(é>> < oo and m > 0>. Define K by :
(law) € .
K = a (e, a standard exponential r.v.)
Then

(law)

1)  [,(G)'E /OooetdYt

where (Yy, t > 0) is a (m, K) compound Poisson process.
2) I',u(G) satisfies the affine equation :

T,.(G) 2 U/mr,.(G) + K]
(with U uniformly distributed on [0, 1]).

Proof of Proposition 1.6.
i) We first prove point 1. We consider (Y;, t > 0) a (m,K) compound Poisson process.

Then, approximating / e 'dY, by the Riemann sums
0

Z(Y;fi-u - Yti)e_ti )

we obtain :

(s ) -eel- [

where p is the Lévy measure of the subordinator (Y;, ¢ > 0). Since this subordinator is a
(m, K) compound Poisson process, we have:

p([v,00]) = mP(KZv):mP<éZU>
= mP(e>vG)=mE(™°).

13



Hence :

E (exp{ - A/OOO etdyt}) _ exp{ _ m/ooo(l N e)‘”)% E(ﬁjc)}
— E(e MmO

it) We now prove point 2. We have :

0o Ty o
/ e tdy, :/ e tdY, +/ e tdy,
0 0 Ty

(where T} is the first jump time of (N, t > 0))

=e K +e / e ' d(Yr,1¢)
0
and we observe that :

e_Tl (lgU) Ul/ma / e_td(YTH-t) Ugﬂ)/ e_tdY;,
0 0

and / e 'd(Yr, 1) is independent of Tj.
0

1.5 The subordinators (I'4(G), t > 0)

1.5.a Let I" denote a GGC r.v. From Lévy-Khintchine formula, there exists a (unique)
subordinator (I';, ¢ > 0) such that :

ry ='r (1.49)
hence we have :
-\’ > —\z dl’ > —xz
E(e) = eXp{ —t (e = [ e ,u(dx)} (1.50)
0 0

where p denotes the Thorin measure associated with I'.

1.5.b Let G denote a positive r.v. which satisfies (1.19). Then, there exists a subordi-
nator (I'4(G), t > 0) which is characterized by :

E(e_’\rt(G)) = exp{ — t/oo(l — ™) d_x E(e‘mG)} (1.51)

T

— exp{ - tE(log(l + %))} (1.52)

14



In particular, for every t > 0, T'(G) is a (t,G) GGC r.v. Thus, there exists, following
(1.33), a family of r.v.’s Dy(G), t > 0, whose laws are characterized by :

I'y(G) =7 Di(G) (1.53)

and, for every t > 0, from (1.34) and Proposition 1.3 :

t t
(law) 1 (law) 1
[(G) "= / — 7y AV = /—_ — d, (1.54)
' 0 Fcl(?) 0 FGI(l—;)
D,(G) "= / (D) / (DY) (1.55)
t = — u u u - _ uw u u .
o Fo' (%) o Fa' (%)

We note that the relations (1.54) and (1.55) are only true for fixed ¢, for any ¢ > 0, but do

not hold as equalities in law between processes. On the other hand, since :
1

E(e™) = T we deduce from (1.53) that :
1
E(e M9 =F 1.56
( ) ((1 - )\Dt(G))t> (1:36)

1.5.c Some elementary properties of (Ft(G), t >0) and (Dt(G), t> 0)
Let G denote a positive r.v. which satisfies (1.19).

15



Proposition 1.7
1) The family of laws of the r.v.’s Di(G), t > 0 solves the equation : for every t,s >0 :

(law)

Yi+s Xt+s Yt - Xt + /YSXS (157)

2) For every s,t >0 :

Dis(G) "2 5,.Di(G) + (1 — B,)Dy(G) (1.58)

1 1
3) We assume furthermore that E(E> < 00 <whz’ch implies E <logJr (5) < oo). Then :

3i) for everyt >0, E(T\(G)) =tE(1/G)and E(D,(G)) = E(1/G)  (1.59)

34i) %Ft(G) 2% B(1/G) and Dt(G)il”—w?Eu/G) (1.60)
(law) (law)
3 i) [Ft(G)}t 0 U and [Dt(G)}t 0 1 (1.61)

where U is uniform on [0, 1].
Point 2 of this Proposition 1.7 is due to Hjort and Ongaro (see [HO])

Proof of Proposition 1.7
Point 1 :

(law)

Vets * Ders(G) =" Di(G) + 75 Ds(G) (1.62)

follows from :

(law)

Ft—l—s(G) = Ft(G) +FS(G)

since (I';(G), t > 0) is a subordinator and since, from the definition of Do (G) :
(law)
Lo(G) "="74 - Do(G).

We now show (1.58). From the beta-gamma algebra, we have :

(law)

(e, 7s) = (ﬁt,s Yeyss (1 _ﬁt,s)’)/t—l-s) (1.63)

hence, plugging (1.63) in (1.62), we obtain :

law

Yers - Divs(G) (fae) Bis Vers Di(G) + (1 = Bis)Vers Ds(G)

16



which, using point 1.4.b, implies relation (1.58). We now prove 37). We have :

E[T(@)] = —(% E(e™)],_, = —% exp{ —tE<10g(1 + %))}‘)\:0

— tE(1/G)

and we deduce from (1.53), that :

E[[\(G)] = E|w-Di(G)] =t E(Dy(G)) =t E(1/G)

1
We now prove 3ii). The a.s. convergence (hence, the convergence in law) of n ['+(G) as
t — oo towards E(1/G) follows from the law of large numbers.
We prove that D,(G) ila—wg E(1/G). We first observe that the family (D,(G), ¢ > 0) is tight.

Indeed :

sup P(Dy(G) > a) < sup E(D(G)) _ E(1/G)

t>0 t>0 a o a

(1.64)

We write now :

F G aw
R 1) i
and we shall prove that D,(G) % —1 ti> 0, which implies by the preceding equality that

Dt(G)ioE(l/G). We have :

E{ D)%~ 1 }SE[ Cl% 1

i _L_|+P(D
L+ DG} — 1] 1+C|%—1J+ (D(@) > ©)

for all C' > 0. Hence, from (1.64):

— Dy(G)|% — 1 — 2 —1f E(1/G)
fim E t
tlil?oE[HDt(Gw—u = eI o C
E(1/G)
= T C

since |¥ — 1] — 0 a.s. C being arbitrary, the point 3i7) is proven.

We now prove point 3 4ii).

If we knew that (Dt(G))t(Za—?l, then, combining this result with the classical one :

(’Yt)t (tli—l? U, we would deduce :

(Tu(@) "2 () - (D) 2

t—0

17



In fact, we shall proceed in the other direction. We shall show further (see point 7 of

(law

Remark 2.2) that (I',(G)) t—02 U. The relation (Ft(G))t = (1) (Dt(G))t and :

Y t law) U, (T\(G t (aw) U then imply easily that :
t—0 t—0
law
(Du(G))" 21,

Remark 1.7 Lijoi and Reggazini [LR] have shown that the support of the law of D,(G)
is the closure of the convex hull of the support of the law of 1/G. In particular :

1

e IfG <a as.,then Di(G) > — as. (1.65)
a
1

. If G>a as., then Di(G) < S as. (1.66)

In section 3 of this survey, we shall verify this assertion with the help of numerous examples.

1.6 Some examples of GGC subordinators
Let I'' denote a GGC variable with associated Thorin measure y, and let (I';, ¢ > 0) denote

(law

the subordinator such that I'y "= ) I'. We have :

E(e™) = exp{ - t/ (1—e™) de / e_‘“,u(dz)} (1.67)
0 T Jo

Such a subordinator is called a GGC subordinator.

Here are now some examples of such subordinators. They are lifted from a paper by H.
Matsumoto, L. Nguyen and M. Yor [MNY] on one hand, and from the study of hyperbolic
subordinators made in Pitman and Yor [PY] on the other hand. The reader may refer to
these papers for further information. In the study of these examples, we shall denote sub-
ordinators with curly letters, especially to avoid some possible confusion with the modified
Bessel functions, which are traditionally written with ordinary capital letters.

1.6.a The hyperbolic subordinators (see [PY] for a probabilistic description of these
subordinators.)

i) The subordinator (C;, t > 0) is characterized by :

E(e %) = exp{ — tlogcoshVQ)\} = At >0) (1.68)

1 t
<COSh \/ﬁ) (

Its Lévy density l¢ equals :

lo(x) = % exp( T @n-17) (@2 0) (1.69)

n=1



and its associated Thorin measure, (i.e. : the Thorin measure of C;) equals :

pe(dx) = Z 5%2(%—1)2(‘155)
n=1

The subordinator (S;, ¢ > 0) is characterized by :

B = ( V2 ) (=0

sinh v/2\

Its Lévy density equals :

OO 2

Is(z) = éZexp( — % an)
n=1

Hence, its Thorin measure equals :
ps(dz) = Zl Ogzpe (dz) (2

It has infinite total mass.

We note that the subordinator (7;, ¢ > 0) which is characterized by :

> 0)

BeT) = ( 1 )t. <sinh\/ﬁ

cosh v/2\

satisfies :

€, t>0)"2NS, + T, t>0)

and that its Lévy density equals :

l']’(l’) = lc(aﬁ) — lg(m)

V2A

) =

tanh v/2)\
V2X

y

(1.70)

(1.71)

(1.72)

(1.73)

(1.74)

(1.75)

However, this subordinator (7; ¢t > 0) is not GGC, as its would be ‘Thorin measure’

W1 is a signed measure :

KT = fic — Hs-
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1.6.b The subordinators (jt(o), t >0) and (ICEO), t>0)
We denote by I, and K, the modified Bessel functions with index v (see [Leb], p. 108).
i) The subordinator (jt(o), t > 0) is characterized by :

E(e M) = 142+ /0 + 07— 1) =exp{—t/ooo(1 )L @) =} (76)

x
Its Lévy density [ ;0 equals :

e—ac

Lyo () = Io(z)

—  (@>0) (1.77)

and its Thorin measure p 7o), with total mass equal to 1, equals :

1 dz
0 (dr) = = —— 10 (z 1.78
pao(de) = — ) 0.2) () (1.78)

This formula was obtained by Bondesson ([B3], Ex. 5.2). In Section 3, Theorem 3.1, we
shall meet again this subordinator (jt(o), t>0).

ii) The subordinator (ICEO) , t > 0) is characterized by :

7)< vl s ')

- exp{—t/ooo(l—e_”\‘v) W o (w)e } (1.79)

Hence, its Lévy density equals :

67$

i () = Ko(x) — x>0 (1.80)

and its Thorin measure o) equals :

dz
fico) (dr) = ————s 1pp,o0f(2)da (1.81)
x(zr —2)

We note that this latter formula follows from :

e "Ko(x) = _z/ e z(cosht) gy (see [Leb], p. 119)

N / \/7 / v—2)

iii) The subordinators (ICt( )t > 0) and (j , t > 0) are connected via the subordination
relation :

(0) (law) 1 -(0)
(T, 20" =0 (1.82)
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where, on the RHS from (1.82), the processes (ICQ(LO), u > 0) and (Si/2(t), t > 0) are inde-
pendent, and where (51/2(t), t > 0) is the stable subordinator with index 1/2 characterized
by :

BE(e ™20y = exp( — t\/ﬁ) (1.83)

iv) The v.a. ICIEO), for ¢ fixed, may be realized in the following manner :
let (bu(s) ; 0 <s < w) the brownian bridge with length u (with b,(0) = b,(u) = 0) and
let :

A(by,) = /Ou exp(2by(s))ds

KO 1A, )] t( /0 1 exp(%)ds)_l (1.84)

where, in (1.84), (b(s), 0 < s < 1) denotes the standard brownian bridge b;.

v) In relation with the preceding, D. Dufresne and M. Yor, in a work in preparation [DY],
establish the following formula : let (bgf)(s), 0<s< u) denote the brownian bridge with
length u, starting from 0 and such that b{” (u) = z. Let :

A[bgf)} = / exp(ZbS”)(s))ds (1.85)
0
Then, D. Dufresne and M. Yor obtain the representation as a Wiener-Gamma integral of
1
the r.v. e
Alby”]
L (aw) / > 2
- ds 1.86
A o €% 4 2e”cosh (su) + 1 7 (1.86)

and in particular :

1 (law) * d’}/s
— I 1.87
Alb] /0 1+ cosh (su) (1.87)

1.6.c The subordinators (7", ¢ > 0) and (K, ¢t > 0)
They are obtained by replacing in (1.76), resp. (1.79), Iy by 1, resp. Ky by K,,.
i) The subordinator (jt(l'), t > 0), which is defined for v > —1, is characterized by :

E(e_’\th) = exp{ - t/ooo(l — ™) df e_zly(x)} (1.88)
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Thus, its Lévy density l;.) equals :

e

lyw (z) =

—L(x) 220 (1.89)

Its Thorin measure, in the case —1/2 < v < 0, is obtained by the following calculus :

z

I,(2) = ﬁr((VE)—i- 172) ./0 (1 -t 2(et + e *)dt  (Rev > —1/2)

(see [Leb], p. 119, form.5.10.22)

and :

1
€_ZIV(Z> = CI/ ZV/ (1 _ t2)ll—1/2(€—z(1—t) + e—z(l—l—t))dt
0

But, for v < 0 :
— 1 /oo —v—1_—2(a+s)
lee za — s 14 a-rs dS
L(=v) Jo
Hence :
e *1,(2)
1 o]
_ CII/ (1 o tQ)V—l/th/ S—V—l<e—z(1—t+s) + e—z(1+t+s))d8
0

oo

/
1 00
_ (J;/ (1—t2)”—1/2dt[/ e~ (h — 1+t)‘”‘1dh+/ e~ (h — 1 —t)‘”‘ldh]
0 1—t 1+t
1
/ e_Zhdh/ dt(1 =) 2 [(h =1+ )" iy + (=1 — ) 1]
0 0

Hence, in the case —1/2 < v < 0, the Thorin measure of (jt('/), t > 0) admits a density
equal to :

g (da) e = [0 [ (1= 2@ = (1= 0) L
- (1+ t))‘”‘11z>1+t}dt}

Hence, if —1/2 < v <0, (J, t > 0) is a GGC subordinator.
it) The subordinator (/C,ﬁ”), t > 0), defined for v < 1, is characterized by :

E(e—/\@”) = exp{ - t/o (1—e7) d

& e_a’Ky(m)} (1.90)

T
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Its Lévy density /) equals :

e—m

lew) (z) = K,(x) (x >0) (1.91)

Its Thorin measure px ), obtained by using the formula ([Leb], p. 119)
K,(2) :/ e~ (cosh vu)du
0
equals :

fixew (dz) = cosh[v arg cosh(z — 1)] T—Q) L2 00f() (1.92)

The formula in (1.92) simplifies using,
cosh[v arg cosh(z — 1)] = %{((w — 1)+ (z— 2);1:)V + ((z = 1)+ (z — 2)x) _V},

since:

arg cosh(y) = log (y + /4> — 1).

1.7 The subordinator (I',(Ss), t >0) (0<g<1)

We give here a realisation for the subordinator (Ft(Sg), t > 0), where S3 is a positive
(-stable r.v.

Let @ > 0. We denote 01, 1= {s1 = 0 < sp--- < s, = t} a subdivision of the interval
0,¢] with mesh 6(oy,) := sup (841 — ;). The limit along the decreasing filtering set of

(A
sequences oy, whose meshes (o) tend to zero, of g (Vssr — Vsi,)” exists a.s. Observe
SLETt,n

that : E( Z (Ysupn — %k)a> _ Z [(a + sgq1 — 1) — tT'(«). Let :

L(Sgp41 — Sk)  6(otm)—0

SLEOL,n SkETL,n

V(a)(t) = lim Z (’781@+1 - /ysk)a = Z (’73 - ’Ys*)a (193)

S(otn) =0 SLEOLn 0<s<t
Let
Nia = #{s <t s — 7 > 2/}
From Section 1.4, N, , is a Poisson r.v. with parameter ¢ - / € du. But, evidently :
rl/a u
Nig=#{s <t; (s —7s-)" >z} (1.94)
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We deduce from (1.94) that the Poisson point process

1d o
{(% e 0} admits n(a)(dx) _ - ez
o x

—X

(x > 0)

as intensity measure. Hence (V(“) (t), t > 0) is a subordinator whose Lévy measure equals
@)(do) :
n x) :

[e% t o d 1/«
0

(0%

This subordinator, for every a > 0, is self-decomposable but it is GGC only in the case
« > 1. In this case : @ > 1 we have :

o t [~ d
E(e”\v( )(t)) = exp( — —/ (1-— €7AI)—I E(eﬂsl/a)}
a Jo T

1
where S}/, is a positive — stable r.v. In other terms, with the notation of Section 1.5.b :
Q@

(T(S), ¢ = 0) " (V@ (ta), ¢ > 0) (a - % > 1) (1.95)

1.8 Remark.

We now end up this Introduction by indicating how the study of the GGC subordinators
may be embedded in a more general one.

A subordinator (NN, t > 0) is said to belong to the Thorin class 70 (R.), with x > 0 (see
[Grig]), if its Lévy measure admits a density [y of the form :

In(7) = 2 %k(x) x>0 (1.96)

where k is a completely monotonic function, i.e. it may be represented as :

k(x) := /000 e~ u(dy) (1.97)

for a positive Radon measure y carried by R . Thus, the subordinators which we study in
this work, i.e. : the GGC subordinators, belong to the class TM (R, ). The class T?(R,)
has been studied by Goldie [Gol], Steutel [Steu| and Bondesson [B2]. The r.v’s which
belong to this class are the generalized convolutions of mixtures of exponential laws. Note
that TOI(R,) ¢ TO)(R,) if ¥ < x’. We also note that [BNMS] present extensions of
these notions to R,

In the same manner as condition (1.9) is necessary and sufficient for a measure u to be
the Thorin measure associated to a positive r.v., B. Grigelionis [Grig] obtains a necessary
and sufficient analytical condition so that a measure p defines, via (1.96) and (1.97), a
subordinator (NV;, t > 0) which belongs to the class T0O(R,).

24



1.9 We now detail the contents of the sequel of this paper :

e In Section 2, we present a duality result which connects on one hand the r.v.’s I';(G) and
Dy(G) to the r.v.’s I'y(1/G) and T',(G) on the other hand.

e In Section 3, we study in depth the examples of subordinators I't(G,) (0 < a < 1)
for which we know how to compute explicitly their Laplace transforms, i.e. : their Lévy
exponents, as well as their densities at any time, and their Wiener-Gamma representations.

2 A duality principle.

Throughout this section, G denotes a positive r.v. such that F (\log G]) < 0o. Thus, we
have :
E(log"(1/G)) < oo and E(log"(G)) < oo (2.1)

Consequently, the subordinators (I'4y(G), ¢ > 0) and (I'4y(1/G), ¢t > 0) are well defined.
We denote by ¢ (resp. 11,¢) the characteristic exponent (i.e. : the Bernstein function or
Lévy exponent) of the subordinator (I'y(G), t > 0), resp. ([,(1/G), t > 0).

ve = [ =)

x
and the same formula for 1,/ obtained when replacing G by 1/G. We denote by F the
cumulative distribution function of G and by Fi, ! its right continuous inverse, in the sense
of the composition of functions.

E(e™™%) (2.2)

2.1 The duality theorem.
Theorem 2.1 (Duality)

1) Fa)-Fg'l—y)=1 ae (ye0,1]) (2.3)

2) For any A >0 :
b1/a(A) = ¥a(1/A) = E(log G) + log A (2.4)

3) i) fr.a,q) the density of the r.v. I',((1/G), equals :

¢ Ello (G5
froye (@) = et F0 gG)E{(%) T2 th(G))} (2.5)
where J, denotes the Bessel function with index v :
o 1 2\ v+2k
— —1)k - A 2.
J,(2) Z( EIDTG ST (5) 5 lel<oo, Az < (26)

(see [Leb], p. 102)
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. T — O; —xlt
i) fruje) () = T e PG BlemsP@) (2> 0) (2.7)

I'(t)
i 1 _ 6tE(logG) .
)E< (Dt(G))t) 29
' ! = expy — — o
4) 1) E(m)— P{ t(?/Jl/GO\) E(l gG)} (2.9)

i) The densities fp,q) and fp,1/c) of, resp., Di(G) and Di(1/G) are related by :

th(l/G) (JZ) = :L‘t_2 e—tE(logG) th(G)(l/x) (:L‘ > 0) (2.10)
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Remark 2.2.

1) The relation (2.4) is found, under a slightly different form, in Bondesson ([B1], p. 48, I1I
“Curious Composition”), under the only hypothesis E(log+(1 / G)) < 00. We have chosen
to work under the stronger hypothesis F (|10g G |) < oo since it seems that only under this
hypothesis can we obtain the most interesting results.

2) Of course, all formulae of Theorem 2.1 are “involutive”, in that G may be replaced
there by 1/G.

3) Formula (2.7) agrees with, and makes more precise, the result of Bondesson which we
recalled in (1.28) and (1.30). In particular :

t—1

Lz t E(log G) 211
th(G)(x) 20 F(t) € ( . )

4) Formula (2.4) may be generalized as follows :

Let a,b,c,d € R*, with ad — bc = £1 and let, for z, A > 0 :

ar +b _d)\—i-b

o(z) = cx+d’ o) = cA+a

(2.12)

so that o(G) be a positive r.v. Then :

—c(a(A) + Yoy (A) =log (cA +a) + k

G —I— /\0 O'(G)
o(G)+Xr G
relation (2.4) corresponds to a = d =0, b = ¢ = 1. We shall study, in the Appendix, the
case where a = d = sinhu, b =c=coshu (u>0).

5) Cifarelli and Regazzini ([CR2]), Cifarelli and Melilli [CM] have obtained the density of
D;(G) for t > 1 and James, Lijoi and Priinster [JLP] have obtained it for ¢ < 1. For ¢ <1,
they obtained :

with k = E<10g< )) —log (¢ Ag + a) where )¢ is a fixed point of 7. The

Ipue)(x) = /Ox($ - u)t_lﬁ(et(u))du (2.13)
with
O (u) = % sin (¢t 7 F1 ¢ (u)) exp{ —tE (log (u - é) 1#%)} (2.14)

The proof of this formula (2.13) hinges upon the knowledge of the density of the r.v.
1
Dy (GY> which is defined by : (see (1.41) and (1.42) with m = ¢ and m/ = 1).
t

Bt Di(1/&) 2 Dy (5 .154) (t<1)
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This density equals :
1 sin (tm Fg(1/x)) 1
fDl(G-Yt) (x) = ( - ) ! 1exp{—tE(log (x—5> ~1G7%)} (2.15)
which is obtained by inverting its Stieltjes transform.

Other formulae for densities of Dirichlet means may be found in Regazzini, Guglielmi and
DiNunno [RGdN]

6) Formula (2.8) is obtained from (2.7) by integrating between 0 and oo :

<1

1= . — - ZEt—le_tE(lOgG)E e—th(G) dr

/ fria/e( /0 ) ( )
—tE(log G)
= ¢ E[ ! t} ['(t), hence :
R 21(2)
1
E(————) = /Pl (2.16)
<(Dt(G))t>

The interest of this formula (2.16) is the following : it allows, in a situation where the
law of G is not known but when one knows the laws of D;(G) and D;(1/G) to show that

E(|log G|) < oo as soon as E((Dt(G))_t) < oo and E((Dt(l/G))_t) < o0.

Formula (2.7), once multiplied by x”, and integrated between 0 and oo, leads to :
v _Pv+1) ipuga 1
E[(Ty(1/G))"] = —=—= e tElos )E(—V> (2.17)
[( ¢ ) } T(t) (Dt(G)) +t

The formula is also true even when the expectations which appear in this expression are
infinite.

7) The result :

law)

(@) &

with U uniform on [0,1] (see point 3 iii) of Proposition 1.7) is a consequence of (2.7).
Indeed :

P((I(G))

U (2.18)

t

<e ) = P(IW(G)<e?)

IS}

tE(log G e 1
_ € F((tg) ) / 2B (em P /6 g
0

(from (2.7) applied when replacing G by 1/ G) :

! /6 a2 dx ¢’ e
~ — = ——
=0 I'(t) J, L(t+1) to
We note that, from (1.64), the family of the laws of D;(1/G), t < 1 is tight as soon as
E(G) < oc.
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2.2 Proof of Theorem 2.1.

2.2.a Point 1 is trivial. We show point 2 :
Since, from Frullani’s formula :

vt = Bos(1+ ) = B(os(5(1+ )

— log ) — E(logG)+E(log< %)

we have, by changing A\ in 1/ :

—a(1/A) + Y1/6(X) = —log A + E(log G)

2.2.b We now show point 3 of Theorem 2.1 :
i) From formula (2.4), after multiplying by ¢ and exponentiating, we obtain :

e—tE(log G) L
E(e—kl—‘t(l/G)> — )\t E(e_jri(G)) (219)

Then, taking the Laplace transform of both sides of (2.19) in the variable A, we obtain :

0 1
A1/ _ g
/0 E(e M0/ =g\ = E<ﬁ+Ft(1/G)>

etE(logG)E</oo eﬁA}\Ft(G)Q)
0 A

_ ze—tE<1ogG>E{(¥)?K”(2 ﬁl“t(G))} (2.20)

where K, denotes the Bessel-McDonald function with index v and where we have used
formula 5.10.25 in [Leb], p. 108 and 119.
We now use (2.20) to compute fr,(1/¢) by inverting its Stieltjes transform (see [Wid]).

1 1 !
friae(v) = 5~ %{S{E<_U_m+rt(1/0) B —u+i?7+Ft(1/G)>}

_ e—tb;(:gG) E((FtiG))lzt[ o0 (2T () e_%)
s t>Kl (2 NOVEls )D (2.21)

However, it is well known that (see [Leb], p. 108 and 109) :
e K, =K_,

T

e T<Argz<I=K,(2)=5c¢" H(ze7)

2%y

e I<Argz<T=K)(2)=—Ze¢ e T H (ze )
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where the Hankel functions HS"” and HS? satisfy ([Leb], p. 108)
HY 4+ H® =27,

Plugging these relations into (2.21), we obtain :

fria/e)(u) = e~ tElog G)E{ (#) B Ji—1 (2 Urt(G)) }

ii) We now prove (2.7), which is a consequence of (2.5). Indeed, from (2.5) and (2.6) :

Bl IN(ENE —1)k =1
o = o p{(9) TG +(1)r>(k+t) (@)™
k=0
tE(log t—1 - —1 i
= E{ 2 T'(k +(1)12(k+t) (u%Dt<G))k}
k=0
from (1.53). But, since E(yF) = F<ij(t+) t), we have :
e—tE(logG) 1 & (_1)k k
o) = g E( - (0@)')
_ Dt pemunio (2.22)
'(t)

On the other hand, as we already noticed in point 6 of Remark 2.2, formula (2.8) may be
obtained by integrating from 0 to oo in (2.22).

2.2.c We now prove point 4 of Theorem 2.1.

i) Formula (2.9) is immediate. Indeed, since I';(G) () YD (G) we get :

E(eM9) = exp( — tya(N)) = E< (1+ )\11) (G))t)

Replacing then A\ by 1/X in this latter formula, we obtain :
1
Bl——— | = exp{ —t(ve(1/)) +log\)}

(A + Di(@))'
= exp{ — t(wl/g()\) — E(log G))} (2.23)
from (2.4). We note that (2.8) may also be obtained by taking A = 0 in (2.23).

it) We now show (2.10). For this purpose, we shall prove that the two members of
(2.10) admit the same Stieltjes transform with index ¢. Indeed :

00 ,—tE(logG) ‘o 1 d tE(log @) 00 1 ]
/0 mx th(G)(E) r=e /0 mfpt(a)(x) x
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after making the change of variables y = 1/x

_ e—tE(logG) E(e_’\rt(G)) from (156)

= exp — t(E(log G) + ¢a(N)) (2.24)
whereas :

| o foo@ids = 5 [t (e

o vy IO = Ly el

= exp{ —t(log A+ ¥1,c(1/N))} (from (1.56))
= exp{ —t(E(logG) +¢¥a(N)} (from (2.4)) (2.25)
The comparison of (2.24) and (2.25) and the injectivity of the Stieltjes transform of index
t imply (2.10).
iii) We now show (2.10), for ¢ = 1, by using (2.13). For ¢ = 1, (2.13) writes :

Fonien (@) = M o~ B((logl— &)L p1/G) (2.26)
Thus :
fovye(z) = —Sin<ﬂia(x—)) e~ Pllloglz—=G)lozc)
= M exp {—E (log<xG& — é’) . 11#0)}

_ sin(nFg(z)) e Pl o~ Blogl =2 [1o6)

™ T

1
= — e BosOf, o (1/2), from (2.26)
x

since sin(mFg(z)) = sin(m(1 — Fg(x)) = sin(nFy/¢(1/2)). It is possible, by using (2.13),
to extend this proof for all ¢ < 1. We leave the details to the interested reader.

2.3 A complement to the duality theorem.
Here again, G denotes a r.v. such that E(|log G|) < oo, and we recall that, for any ¢ <1V,
denotes a Bernoulli r.v. with parameter ¢ (see (1.41) and (1.42), with m = ¢ and m’ = 1).

Theorem 2.3. For allt € [0,1] :
1) The density fm(%) may be expressed in terms of G, as :
t

fDl(%) (e) = sin(?rtljrc(l/x)) 2t lexp {—tE <<log}x — é\) 1#&)} x>0, (2.27)

and when 1/x is in the support of Fg. Otherwise replace sin(mt Fg(1/x)) by sin(r (1 —t))
when x > 0.
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2) The following duality formula holds :

_ SlIl(ﬂ'th(l/x)) . xt72 l . ez‘,E(logG)
o)) = St = Foja)) © o (k) () (228)
3) Let Ay : [0, 00— [0, 1] be defined by :
Ne(y) :==1— %arctg(%) (2.29)

Then :

Fo(l/a) = /\t( o.(5) ) ) (2.30)

Y;
_ 1 o
Tt 2fD1(G+/t) (z)etE(l g G)

Remark 2.4.
1) We note that the right-hand side of (2.30) depends on ¢ (¢ € [0,1]), whereas the left-
hand side does not depend on t.

(law

2) Since (see (1.43)) Dl(GLYt) :)ﬁm_t - Dy(1/G), the knowledge of the law of D;(1/G)

and of that of D;(G), for one t < 1, allow to determine that of G. We shall exploit this
fact, in points 2.5 and 2.6 below, to determine the Thorin measure of a Pareto distribution
and of a power of a gamma variable.

3) We note that finding an explicit Thorin measure of an arbitrary GGC is akin to finding
the Lévy measure of some infinitely divisible random variable. Bondesson ([B1],Theorem
4.3.2, p. 61), using inversion techniques, obtains an expression for the Thorin measure, but
notes that it seldom yields explicit expressions. On the other hand the use of statement
3) of Theorem 2.3 will often lead to tractable expressions for the Thorin measure.

4) We shall prove (see Section 3.1.b) that A; is the cumulative distribution function of
a r.v. Z; which we shall describe. On the other hand, some trigonometric computations
allow to see that A; ', the inverse of A, in the sense of composition of functions, equals :

sin(m tx)
sin(7t(1 — z))

A () = z € 0,1] (2.31)

5) Point 1 of Theorem 2.3 is due to James (see [J]).

2.4 Proof of Theorem 2.3.
2.4.a We first prove point 1.
As this point has already been established by James (see [J]), we shall only give a quick

proof.
We have, from (1.56) :

E{m] =exp( — thg(N)) = % E(ﬁ)

A Y:
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1
Hence, changing A in X and using (2.4) :
E[;G] = exp{ — t¢g(1/X) —log \}
A+ D)
= exp((t — 1)log A) - etE(log)exp( — t16(N)) (2.32)

We then compute fD (G) by inverting its Stieltjes transform :
1

Yi

Fou(s) =
6tE(logG) ' . .
2 17%1 {exp[((t —1)log (—u —in)) — tiha(—u — m)]
—exp[((t = Dlog(~u +in)) ~ tea(—u+in)]}  (u>0) (2.33)

It then suffices to observe that :

exp (t — 1) log (—u — in) o exp{(t — 1) log |u| —ir(t — 1)} = ytlemimt=1)

and :

lim exp{(t — 1) log (—u + “7)} — ut—lem(t—n
nl04

as well as :
ta(—u—in) =t E(log(l — uG — inG))
= tE(log (1 —uG —inG)lyg<1 +log(l — uG —in G’)lug>1)

— tE(log(|1 — uG|)lugs — inP(uG > 1))
710+

whereas :

t1a(—u+in) m—O+>tE(log(|1 — uG|)luga +imP(uG > 1)

Then, plugging the values of these different limits in (2.33), we obtain point 1 of Theorem
2.3.

2.4.b We now prove point 2 of Theorem 2.3.
We deduce from (2.7) that :

Toi(g) (z)
_ sin (rrt ic(l/ﬂﬂ)) xt—lexp{ _ tE(log<é\1 - xG|> 1xG;é1)}
_ sin(mt 1;’;@(1/96)) 1 PO o L ¢ B((log |1 — 2G)) L)} (2.34)
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whereas :

€T ™

ool - (o[- &)}

| sin(ntF 1
1 sin (7t Fy o () etE(logG)eXp{ — tE(lOg(;H - JJG|>1$G7&1>}

i ™

_ Sln(ﬂ't Zl/G(l’)) xt_letE(logG)eXp{ _ tE(log|1 — $G|)1$G¢1)}

xthf ( ) (1>etE(logG) _ xt72 Sin(ﬂ—tFl/G(x» etE(logG) X xlft
ay;

hence, point 2 of Theorem 2.3 follows, by comparison of (2.35) and (2.34).

2.4.c We now prove point 3 of Theorem 2.3.
From (2.28), we obtain :

fDl(g)(x) sin(ﬂt Fg(l/x)) B
xtJfDl(%,) (l) otB(ogG) Sin(ﬂ't(l _ FG(l/:c))) = (FG<1/33))

with A (z) = sin(rta) (see (2.31))

sint(1 — x)

Then, inverting this formula, since A, o A; '(2) =z, 2 € [0, 1] we obtain :

For()
FG(l/x) = /\t<$t26tE(logC(¥)}‘) (L) (%))

Gy,

2.5 Computation of the Thorin measure of a Pareto r.v.
Here is a first application of Theorem 2.3.

2.5.a Let m > 0 fixed and :

Xp=22  (0<0<1)
Yrm

with density :

T +m) m) m

fX9<x) = 1—\(9) (m) (1 + ZL‘) (6+m)
— M 6—1 6—5079+m
() -T(m) E( )

(2.35)

(2.36)

(2.37)

(2.38)

The r.v. Xy is a GGC r.v. (see Bondesson [B1], p. 59). The rationale of our work is now

the following :
e We first compute the Thorin measure associated with Xj.
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e Then, letting 6 converge 1, we shall obtain - as the Thorin measure depends continuously
(for the narrow topology) on the law of Xy (see Bondesson, [B1]) - the Thorin measure

associated with the r.v. X; = l, i.e. to a Pareto r.v. with parameter m(m > 0).
m

2.5.b Thorin measure associated with Xy, 6 < 1.
Since, from (2.37) :

sup{a>0 llm er( ) —O} =0

1
we deduce from (1.30) the existence of a r.v. Gy, such that E(log (

G9>> < o0 and such
that Xy is a (0,Gy) GGC r.v. :

(law) law) law
X, Fe(Ge)(— 79D9(G9)(=)3—6 (2.39)
hence :
law 1
Dy(Gy) "2 — (2.40)

On the other hand, from (2.7) :

frae () = gy €O BP0/ (2.41)

Comparing (2.40) and (2.38) yields :

GHE(logGe) — F(—ﬁ(—:n;n) (242)
Do(1/Go) "% pim (2.43)

Since, on the other hand :

(law)

1 (law

D1<G9Y9> " B0 Do(1/Go) = Bo1-0 - Yorm (2.44)

G (law law 1
D1<?9> _)591 o - Do(Go) = 501 'R (2.45)

’ Y

we easily deduce from these formulae that :
sin 70 01 /OO i ym+o-1
a0 +m) d 2.46
fD1 (ﬁ) (=) 7l'(6 +m) N ; € (y — 2)? Yy (2.46)
sintd [ o y

- " (1 —y) 2.47
Ioi(e)®) = Trg) ° /0 e sy (L —y) Ty (2.47)
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The Thorin measure of Xy, which equals : 0P, (dx), where Pg, is the law of Gy, is then,
by applying (2.30) :

o] ym+0—1
» dy
1 / ¢ —2z)?
Fe, (—) — Ay = (v —2) (2.48)
Z - 0-1 —9
2" / e vy (1 —y) Py
0

where, to obtain (2.48), we have used (2.42).

2.5.¢ Thorin measure of - (m > 0).
Tm

By continuity, the r.v. M s a (1,G) GGC r.v. and its Thorin measure is the law of G
Y

whose cumulative distribution function is obtained by letting 6 tend to 1 in (2.48). To

obtain this limit, we shall develop several computations.
m+9 1

— 2)f

2.5.1) Development of /

o] m+60—1
Z/
/ eV )gdy

dy asf=1—-60—-0

m+9 1
z—l—u ———du (y=24+u)

/
% / [z + 0™ — (m — B)(z + 0" du
—0)

with ( and after integrating by parts :

G| () (- =)
“(z 4+ u) [<1+ﬁlog<Z+Lu)>(1—(m—ﬂ) ! )du

z4+u
“(z 4 u) (1— m )du
zZ+u

+
1+u z+4+u

Tl
50 ﬁ/
7l
e

“(z 4 u) (log >du—|—0(ﬂ)

zm oo U m U 1
5 +e%z /0 ( +-) (losy— + ) du+o(3)

since / e “(z+ u)m<1 — T )du = 2™, by integration by parts. Finally :
0 z+u

00 _y ym+071 e Fym o m
/Z e ) dyﬁio B + e 72"C(2) + o(B) (2.49)
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cute = [ () (o 2 )

2.5. i1) Development of 2™ fol e~ gmt0=1(1 — ) br asB=1-0-—0

1 1
zm/ e " ™A (1 — )P de = e_zzm/ ™ (1 — u)™ Puldu (r=1-u)
0 0

e ™M

— /0 e ((m — B)(1 — w)™ L = 2(1 — u)™ ) uldu

with 8 =1 — 6, and after integrating by parts :

- e () (e
/162“(1—u)m<m—_ﬁ—z> <1+ﬁlog . “ )du
0

1—u —Uu

5—0 3 /Olezu(l_u)m<1rfu —z)du—l—e“’zm/ol et (1 —u)™-
- : + (7 — 7)o g du +0(9)

1—u —Uu

with
~ ! 1 m U
o= 0= P (2~ e
(2) /Oe (1 —u) 1—u+ [~ ¢)leg—, )du
! m
since : / e (1 — u)m<1 — z> du = 1, by integrating by parts.
B —u

00 m—+60—1
"
V2

/Z C Ty

1
Zm/ 6—xzxm+6’—1<1 . x)de
0

2.5. iii) Let

q1-5(z) ==

Thus, we have :

—z

2" 4 e 720 (2) 4+ o(B)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)



where C,,(2) and C,,(z) are given by (2.50) and (2.52). Hence :

11-5(2) = 1+ B(Cun(2) = Cn(2)) + 0(3) (2.55)
Plugging this expression in (2.48), we obtain :
FGl—ﬁ (1/2)
sin(7d) >

1
= 1- 0 arCtg(cos(ﬂé’) +1+6(Cn(z) - &n(z) +0(8))

B - ; e sin (3
= 1 (1 —0) tg(—coswﬁ+1+ﬁ(0m(2) — C(2) "‘0(6)))
): F(1/z) (2.56)

1
— 1 —— arctg(
B—0 s

T
Cm(z) - 6'm(z)
where I’ is the cumulative distribution function of the Thorin measure associated to the

Pareto r.v. —1, with parameter m > 0.
m

2.6 Thorin measure associated with 1/, 0 < o < 1.

2.6.a Let X, : (faw) 'yll/a with 0 < o < 1, with density :

fx.(2) = az®te™ = aa® ' E(e7 ") (2.57)
where S, is a positive stable r.v. with index « :
E(e™%) =exp(=A*) (A >0) (2.58)

From Bondesson ([Bl], p. 60), X, is a GGC r.v. Since :

fxa (@) 0}

a =sups v >0, lim
p{ o gyl

X, is a (o, Go) GGC v, for ar.v. G, such that : E(log*(1/G,)) < oo. Thus :

(lgv)

Xo = (m)"* =Ta(Ga) = YaDa(Ga) (2.59)

We shall now devote some effort to finding the law of GG, making use in particular of
formula (2.10)
From (2.7) :

1
fran(w) = fray €056 B 0/6) (2:60)
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we deduce, by comparison with (2.57) :

e0FloeGa) — o D(a) =T(a + 1) (2.61)
and
Da(1/G.) "2 s, (2.62)
Since :
1 law law
Dl <GaYa> ( = : ﬂa,lfa : Da(l/Ga) (: : /604,1701 : Soz
we deduce that the density of D1< ) equals :
sin(ra) 4 /OO 1
1 = @ —— falx)d 2.63
Fougi) () . @y fo(z)dx (2.63)

where f, denotes the density of S,. On the other hand, from Chaumont-Yor ([CM], p.
112) :

a (law) 7
N = o (2.64)

hence, since :

law law law Ga
;_l (:)/YQ : Da(Ga> (: : 601,1—04 : VlDa(Ga) (: : T - Dl <?a> (265>
we get :
Ga (lﬂﬂ) 1
D (?) 2o and (2.66)
1 1
o @ = 35 1a(5) 207

Then, applying (2.30), we get :

I'(a+1)sin (ra) o0 1 fa 2)dx
H) :/\a( = e ) (2.68)

Fic. (>
Yoy yfa(y)
where, to obtain (2.68), we have used (2.60). This expression (2.68), provides us then with
the explicit form of the Thorin measure of (7)Y, which is equal to Pg, .

2.6.b. We shall now give a more suitable expression of (2.68). From the relations (2.65)
and (2.66), we deduce :

ta) py (Ga) = L
ﬁa,l—a'Da(Ga) - Dl(Ya> — Sa (269)
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hence :

1 1 sinta 4 [ 1
il Z) = o 2.
y? f”<y> T 7 /y (z —y)~ Ipuen ()2 (2.70)

But, the density of D,(G,) may be computed from that of D,(1/G,), thanks to (2.10):

Fpa(Gay(x) = 2272 e2FlosC) £, o 1 (1/).

Now from (2.62) and (2.61), we obtain:

fpaeay(@) = 2" T(a + 1) fu(1/2). (2.71)

We now note the interesting relationship concerning the law of S,.

Lemma 2.4
Let 0 < oo < 1, and S denote a positive random variables with density (f(y),y > 0) such
that:

yf(y)zCE[ ! ) 1{s<y}} (2.72)

(y —5)°

for some C' > 0. Then, S is a stable (o) variable; precisely:

E(exp{ —AS}) :exp{ —

CT(1—a) AL,

«

We postpone the proof of the Lemma for the moment, and we note that, plugging (2.72)
into (2.68), we obtain:

1
Fa.(7)
= A <E((5 a—y)” 15a>y)>
\ E(gmsom Lsas
=1L et [ ) Ml ) (2.73)
T cos(ma) - E((y S ls,<y) + E(ﬁ ls,>y) |
from (2.29).

Proof of Lemma 2.4 From (2.72), we take the Laplace transform of both sides:

_)\y

/Oooe””yf(y)dy = CE[/:)(;_—S)& dy]

= CE[e /0 N e;: dy|

= CT(1—a)X* 'E(e).
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Denoting ¢(\) = E(e %), we get:
—¢'(\) = CT(1 — a)A"" (),

from which we deduce:
CT'(1—a)

P(\) =exp { — A}

3 Explicit examples of GGC variables associated with

the (G,, 0 < o <1) family.

All the examples discussed in this Section are related to the r.v.’s. (G,, 0 < o < 1)
introduced in [BFRY]. Below, we indicate the properties of these r.v.’s which we shall use.

We also recall our notation :

F'i(Ga) =y - Di(Gy) and

E(e_’\rt(G“)) = exp{ — t/ooo(l — e‘Am)d—x E(e_rG“)} (\t>0)

Xz

3.1 The family (G,, 0 < a <1). (see [BFRY]))
3.1.a. For 0 < a < 1, the density fg, of G, equals :

asin(ra) o1 — )t
= 1
Jou () (1—a)m (1 —x)% —2(1 —z)*x*cos(ra) + 2 o (@)
In particular :
o for o = 1/2, Gy, follows the arc sine law :
1 1 (law)
fe, () = - \/ﬁ Log(z), Guio =" Bij2 172
e for a =1, Gy is uniform on [0, 1]
(law) 1
fi =0,Gy = ———
® I0r ¥ s 0 1—|—eXp(7TO)
where C' is a standard Cauchy variable.
In general, for 0 < a < 1 one has :
o0 d
E[e_)‘rlfa(Ga)] = exp{ - (1- a)/ (1-— e_’\z)—x E(e_IG(’)}
0 x

= (14+XN)*= )
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The density fr, . (c.) of I'1-a(Ga) equals :

a 1
1
I'l —a) z+e (

fri_a(@a)(®) = —e ") 1jo,00)(7) (3.8)

which may be translated as the following identities in law :

(law) V1—o (law) V1-a
I -« Ga - = 3.9
1 ( ) ﬁa,l Ul/a ( )
3.1.b. We note, for 0 < < 1, S, and S, two independent copies of positive stable (1)
r.v.’s, i.e. :
E(e %) = exp(=\") (A>0) (3.10)

and, we let :

S o\ #

a,:&#) (3.11)
w

Then (see [Lam] or [CY], p. 116), the density fz, of Z, equals :

sin(mp) 1

= 1 12
12,(x) x4 2z cos(mp) + 1 0001 () (3.12)

and we have :

(law) (Z1fa)1/a

G, = 3.13
1+ (Z1_a)/e (3.13)
or equivalently :
1 (law) 1 (law) Si,a

— = Y 3.14

Ga * (Zl—oz>1/a * Sl—a ( )
We note that the cumulative distribution function Fz, of Z,, equals :

| .
Fy (x)=1— — arctg [M} x>0 (3.15)
" T cos(mp) +

and that its inverse, in the sense of composition of functions, is given by :

Fyl(a) = sin (1) 0<z<1) (3.16)

B sin(mp(1 — )

(see Remark 2.4, point 3).
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3.1.c. Although this will not be used in the sequel, we indicate a realization of the r.v.
I'i_o(G,) which has been at the start of [BFRY]. Let (R;, t > 0) denote a Bessel process
starting from 0, with dimension d = 2(1 — «), with 0 < d < 2, or equivalently 0 < a < 1.
Let, for any ¢t > 0 :

0 =sup{s<t; R, =0}, d*:=inf{s>t, R, =0} (3.17)

(law)

and let ¢ '~ ~ an exponentially distributed r.v., with mean 1, independent from (R;, ¢ > 0).
Then :

T1a(Geo) "2 gl — g (3.18)

[4

A more general study of quantities such as the RHS of (3.18), has been developed by M.
Winkel [Wink].

3.2 Study of the subordinators (Ft<G1/2), t > O) and (Ft(l/Gl/Q), t > 0).

In this Section, Gy, is a beta (1/2,1/2) variable, i.e. : its law is the arc sine distribution.
(see (3.4)).

3.2.a. Theorem 3.1.

Let (Ft<G1/2), t> 0) denote the subordinator characterized by :

E(ei(Gr2)y = exp{ ¢ / (1— o) & E(e‘$G1/2)} (3.19)
O -T
The following explicit formulae hold :
1. Laplace transform of I';(G ).
> dz T\ _=z
“ALt(Gy )\ _ oy AT (TN
E(e ) exp{ t/o (1 —e7) . IO<2>6 } (3.20)

= (VIFaA-vN)* = (m)% =(1+220+2/A1+ V)" (3.21)

where, in (3.20), Iy denotes the modified Bessel function with index 0. (see [Leb], p. 108)
2. Laws of I',(Gy/2) and of D,(Gys).

law law 1 law Y
I'(Gyy2) (fae) L, Dy(Gy)2) () __ = (o) | e (3.22)
51/2,1/2+t @1/2,1/2+t Y1/2
The density of fr,(G,,,) equals :
22T(1+¢t) .y ( /1 t=1/2
en(x) = e T e (O ey (1 d>1 (@ 3.23
fF (Gl/g)( ) 27TP(2t) o (y( y)) Y | Lo, ]( ) ( )
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3. Wiener-Gamma representation of I',(G ).
For anyt >0 :

law t d w law t d N
Ft(G1/2)(:)/ Lm)(z)/ e (3.24)
0 o 0

sin2( o COSQ<%)

Here is the dual version of Theorem 3.1 :

Theorem 3.1%*. (Cifarelli and Melilli, [CM]) Let (Ty(1/Gys2), t > 0) denote the subordi-
nator characterized by :

o0 d x
E(ef/\Ft(l/Gl/Q)) — exp{ — t/ (1 — €7Ax)—x E(€ G172 )} (3-25)
0

T

Then :
1. Laplace transform of I',(1/G;,).

E(ef,\rt(l/Gl/z)) — (#)ﬁ (A, t>0) (3.26)
I+vV1+A T
2. Laws of I',(1/Gy/,) and of Dy(1/Gy/s).
law law
Cu(1/Gre) 2 - Braposerryes De(1Grp2) " Brynjo oo (3.27)
The density fr,a/c,,,) of Ft< L ) equals :
R G2
frarenn®) = o= o ([ 8L ) e) (3.29)
)= —— — e y—“2 ool (T .
I't(1/Gyy2) F(l/?—l—t)ﬁ ) \/g Y )L10,00]

3. Wiener-Gamma representation of I';(1/G;s).
Foranyt >0 :

1 (law) t 9 (U (law) t . 9ofTU
ig,) ot () [ w57 e 2
" Gia i cos”( 5 )dy i sin”( 5 dv (3.29)

Remark 3.2.

1) Theorem 3.1*. has been obtained by Cifarelli and Melilli [CM]. It would be possible
to prove Theorem 3.1 by first using Theorem 3.1* and then by applying the duality Theorem
2.1. In fact, we shall operate conversely, as we shall first prove Theorem 3.1, then we shall
show that Theorem 3.1* may be deduced from it, due to the duality Theorem 2.1.

2) By comparing formula (3.20) with formula (1.76), we deduce :

(law)

1
(79, ¢ >0)Z (5 TG )s), tzo)
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3) We come back to (3.26) and we write :

2 fr— 1 — /OO 6—U—%(\/ 1+>\—1)du
IL+vV1+ A 1+3(V1I+X-1) Jo
= B(exp—-250(3)) (3.30)
where (58)2(75), ¢t > 0) denotes the stable (1/2) subordinator, Esscher transformed, with

the Esscher transformation with parameter 1 (see [Sat]). In (3.30), e denotes a standard
exponential r.v. independent from (Si /)2( ), t >0). Hence :

(=) = (e (- 2s0(%))) (3.31)

where the subordinators (Si};(t), t > 0) and (7o, ¢t > 0) featured in (3.31) being assumed
independent. This formula led James and Yor to consider, more generally, the subordinator
(S1 o), t = 0). In the article [JY], the following is obtained :

(D(Grpa), ¢ > 0) "2 (S1ya(y20) + 50 (ree), £ > 0) (3.32)

where, on the right-hand side of (3.32), the three subordinators .5 /s, 51 /o and vy are assumed
independent, and (S;/2(t), t > 0) () (§1/2( t), t>0).

3.2.b. Proof of Theorem 3.1.
i) We already prove (3.21). In fact, (3.21) follows immediately from (3.6), since :

E[e_)\rt(Gl/Q)] — (E[e—AF1/2(G1/2)])2t

= (VI+A-VN)" = <m>%: (1+2A+21\/m)

i1) We now prove (3.20), which is equivalent to :

t

E(e~2%12) = e—%f(,(g), z>0 (3.33)

From the Lipschitz-Hankel formula (see [Wat] or [MNY], Th. 1.1) :

0o d .
1// e I, (x) ;:(a+\/a2—1) (a>1,v>0) (3.34)
0
we deduce :
o v d
,,/ (1—6**90)6*51,,(;”) ; — @A+ 1+ 220+ N) " (3.35)
0
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then, letting v — 0 in (3.35) :

/00(1 - em)e”ﬁfo(g)df —log(2A + 1+ 2y A1+ V) (3.36)

Hence :

o d
E(ef)\l“l(@1/2)) — exp{ _/ (1_67)\1)_1‘
0

= B(e ) )

- ()

e

el [Ca- e ()
= expy — — —
R N,Y Iy R G A PR
This formula, which is of interest by itself, shall not be used in the sequel of this proof.

i11) We now prove point 2 of Theorem 3.1.

For this purpose, we shall use the following property of hypergeometric functions: (see
[Leb], p. 238). Let, for a, d,~ reals (Cf [Leb], p. 239):

Fla,6,7: 2) = % /0 11— 411 g2) 0t (3.37)
(v>0>0, |2]<1)
= E((l - 255’7,5)70‘) (338)

Lemma 3.3. Let a,b, ¢ three positive reals. Then :

—Age Fa+0)T(b+c) 1 1
1) E Bbe | = —_F b b .=
) (e > T0) (Tatbro) a (&,a—l— ,a+b+c; 3

2) E(eMPee) = F(a,b,b+c; —\) (A>0) (3.40)
Proof of Lemma 3.3.

1
Since E(e™*) = G

)\ o 1 @
1+ 5
b,c

1 1 maxbfl
= 1—2)1d
5 G
(by definition of the beta (b, c) law)
B(a+b,c¢) 1 1 /1 o1 — x)e!
Blbe) Blathd M)y (1+2)
_ Tla+b)T(b+c) 1 E<<1 N ﬁm,c)—a)’

T(b)T(a+b+c) A A

) (A >0) (3.39)

we have :

dx
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hence point 1 of Lemma 3.3, from (3.38). Point 2 of Lemma 3.3 may be obtained from

similar arguments.
We now end the proof of point 2 of Theorem 3.1. From Lemma 3.3, we have :

Be Thin) F(H%)F(Hl) L Pty Lot 1)
e 232 = _ _ .
rOTEe+1) x0T D
P(t+DTE+1) g 14 /14 5y
= - | — 3.41
L)T2t+1) X ( 2 ) (3.41)
since (see [Leb], p. 259) :
1 1 1 — —2a
F(a,a+—,2a+1 ; z) = (¥)
2 2
Using Legendre’s duplication formula ([Leb], p. 4) :
1 —ot - 1
F(t + §>F(t T 1) =272 /n(2t + 1) <w1th r(§> - \/7?)
we obtain :
7>‘@1ﬂ/§ 1 2 _
FEle 33tt) = —) = E(e MC1y2)
from (3.21). Hence :
law
Tt )y (G ) (3.42)

ﬁ%,%-{-t

The form of the density of I';(Gy 2) follows easily from (3.42).

iv) From Proposition 1.3 and (1.18), to show point 3 amounts to compute the inverse
of the cumulative distribution function of G;/,. Now, we have :

1 [ du
Fe,,(t) == PG <:c:—/—
G1/2() ( 1/2 = ) T Jo \/m
sothat F;' (y) = sin2<7r—y> 0<y<1).

Gy/2 2

3.2.c Proof of Theorem 3.1%*.

i) We prove point 1, in two different ways :

e A direct proof.
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We deduce, as a particular case of the beta-gamma algebra, that :

N? (law) (law

au aw)
5 = M2 = el

where N is a centered GGaussian variable, with variance 1, and ¢ a standard exponential.
Hence :

(3.43)

11
2'2

P<E>x>:P(eﬁ >:v):P<e> : ):E(ei ;%)

/000(1 _ ey B gy E(/Om L. e‘”)da:)

_ /0 d—u(l—E(exp(—M%/?)))

u
(from the change of variable : x = w7y 2)

L du 1
= [ S0 ) = 2on(VIF R+ 1) —lon2
hence :

—Alg (=L

W)) _ exp{ — 2t log <@)}

E(e
92 2t 4 t

B (m> B <2+>\+2\/1+—)\)

e We may also prove (3.26) with the help of the duality Theorem 2.1. Indeed, from (2.4) :

*/\Ft(c,ll/z) exp — t E(log Gy 2)
)\t

1
Ele ) = E<eXp DY Ft(G1/2)> :
4t 1
(1+2+2,/ta+1)" N
from (3.21) and since E(log Gy/,) = —log4, from (2.7) and (3.22). Thus :

AT (1) 4t 2 2t
E(e 1/27) = - = (_)
(24X +2V1+2) 1+ VI+A

i1) We now prove point 2 of Theorem 3.1%*.
Of course, it would be possible to use point 2 of Lemma 3.3 to make this proof, in the same
manner that we have used point 1 of this Lemma 3.3 to show point 2 of Theorem 3.1. In
fact, we prefer to use formula (2.7) of the duality Theorem 2.1. We have :

_ _—tE(logGy ) Y —uDy(Gy /2)
th(l/Guz)(u) = ¢ e F(t) E(e 1z )
4t BT
= 0] u'™' Ee ﬁ%*%“) (from (3.22)) (3.44)
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Considering now the Laplace transform of the two sides of (3.44) we obtain :

u

L (L t & B 1.,
I'(t) 0

t 517% ' ¢
- riQ‘E[<14-;ﬁ;;H> ]

Blz.3+1) 1+ )‘ﬁt+§,§+t

(3.45)

Note that, by taking A = 0 in (3.45), we get :

4" B(t+1,t+3)
B(3,t+1)

=1

(which may also be recovered from the duplication formula for the Gamma function).
Hence :

1
L+ ABi1y2, 4172

B0 = B ( )] = Bl

The other formulae of Theorem 3.1*% are now easily obtained. In particular, since :
1 1

(1/u) - sin®Zt’

Ff/él/z(u) = we have, from Proposition 1.3 :

Gyy2

t t
(law) dy, . o (TU
I(1/G :/—:/sm—du.
t( / 1/2) 0 F—l (%) 0 <2t> 7

1/Gy/o

3.3 Study of the r.v.’s I'1_,(G,) and T'1_,(1/G,), 0 <a <1

3.3.a. Theorem 3.4. Let, for 0 < o < 1, (I'y(Gy), t > 0) the subordinator characterized
by :

dz

- E(e‘”"Ga)} (3.46)

E(G—AFt(Ga)) — exp{ _ t/ (1 o 6—)\95)
0

We then have the following explicit formulae :
1. Laplace transform of I';(G,).

B(e M E)) = (14+ M) = AT (At >0) (3.47)
2. Distributions of I';_,(G,) and of D;_,(G,).

(law)  V1-qa (law) V-«

Fl—a<Ga) = 6 1 - Ul/a (348)
(law) 1 (law) 1 (law) 71
Di_o(Ga) "= Bos  UYa 1+ Yoo (3.49)
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<where n 18, by definition, a Pareto r.v. with parameter a). The density fr,_ .. of

[0}

' _o(Ga) equals :

Q 1

fricae(@) = o) 77 (1= ™) Ljg e () (3.50)

3. Wiener-Gamma representation of I';(G,).
For everyt >0 and 0 <a <1 :

14 (Sin.(w(l - a)(“—“)))l/‘“} i (3.51)

1—a)
= [T (athay) o

In particular, fort=1—« :

1 o(Go) "2 / o {14—( sin(mu) ))w] v (3.52)

0 sinm(l —a—u

We note that, for a = 1/2, formula (3.52) coincides with (3.24). The dual version of
Theorem 3.4 is :

Theorem 3.4%. Let 0 < a < 1 and let (T4(1/G,), t > 0) the subordinator characterized

by :
00 d N
(et (1/Ca)y = exp{ _ t/ (1-— e—Ax)_x E(e_@)} (3.53)
0 x
Then :
1. Laplace transform of I',(1/G,).
B L (1+XN)*—=1\1=
E(e—Ti(1/Ga)y — (_ urA -4 3.54
(c )= (- —5F—) (3.54)

2. Laws of I'1_,(1/G,) and of D;_,(1/G,).

(law)

D1 0(1/Go) "™y o U, Dio(1/Go) "™ U (3.55)

(we note that the law of Di_o(1/G,) does not depend on «, and it may be compared with
(3.27) : P11 =U).The density fr,_./c.) of T1-a(1/Gs) equals :

1 1 < L dy
forawe® = 57 —ag 25 /1 e Lo (0) (3.56)

1—a) z@

3. Wiener-Gamma representation of I';,(1/G,).
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For everyt >0 :

1 (law) /t d"yu
Nla) = 3.57
t<Ga> 0 14 (Sin(w(la)(%‘)))l/a ( )
sin(ﬂ(l—a)%)
t
) / Ty (3.58)
0

sin(7m(l—a)% 1/a
1+ (rt-at) )
sin ))

(71'(1—0() (t_T“

Remark 3.5.
1) Formula (3.51) was originally obtained by T. Fujita and M. Yor (see [FY]).
2) We deduce from Proposition 1.6 :

1 1
E(Dl_a <G:>> = E(Ga) = E(U) =5 (from (3.5)) (3.59)
Of course, we may verify directly that :

B(Ga) =

starting from the formula :

B(exp(— AeGa)) = 17— 1(;(3;;31“; (3.60)

(see [BFRY], formula 1.19), then taking the derivative in A = 0.
3) In [BFRY], Section 4.2.1, the positive variables X, ; whose Laplace transforms equal :

1(1+)" -1

E(e Xt = 3
o

0<a<l)

have been introduced. We note that, from (3.54) :

law 1
Xan () I'_a (@) (3.61)
4) Since I'1_,(1/G,) () M-a U and I'1_,(G,) () % the relations (3.51) and (3.57)
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may also be written as :

1 | (law)

Ul/e / 1—a—u

(law)

0 sin(mu) “
and
(taw) [0 (Dy ™)
U T 1/
0 sm (1—a— u))>
s1n(7ru)

(1-c)
(law) D )
0 _ sin(mu) T )

sm7r (1—a—u

1
In particular, for a = o7 one finds :

(law) 1/2 (law) 1/2
b e / cos?(mu) dy (D072 2 / sin?(mu)d, (D)
0 0

3.3.b. Proof of Theorem 3.4.

i) Point 1) is an immediate consequence of (3.6) and point 2) of (3.7), as may be shown
after some elementary computations.

i1) We now prove point 3. From Proposition 1.3, it amounts to compute Fg_ and its
inverse. However, from (3.12) and (3.11), we find, successively :

Fo.(2) = P(Gy < 2) = P(% <o) =P(Za< (2 w)a) O<z<1)
e Fo0) = Fa. (1))  (0<e<1) (3.63)
hence -
-
then
Ty
- s (e ) (3.65)

= Ai—a(2) with the notation of (2.29)
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and, from (3.15) :

sin(7(1 — a)z)
sin (7(1 — a)(1 — z))

Fpl (z)= (3.66)

hence, plugging (3.66) in (3.64), we obtain :

N (Sin (m(1—a)(1 - 1’))>1/a (3.67)

sin (7(1 — a)z)
which, thanks to Proposition 1.3, proves point 3) of Theorem 3.4.

3.3.c. Proof of Theorem 3.4*.
We use the duality theorem. From formula (2.7) :

~ z (1—a) E(log Ga)
frlfa(Ga)(‘r) 2—0 F(]_ _ Oé) € (368)

which we compare with (3.50) :

o) 1
1
'l —a) zi+e (

fri_a@a)(T) = —e™") 1jp,cof(7)

and we deduce :
log «
E(logG,) = 3.69
(logGa) = 77— (3.69)
Then, using this time (2.4) :

E(eﬂ\Ft(ﬁ)) — eXp{—t(E(logGa)+1Og)\+1/fGa(§>)}

_ hm(—lfamgQ}%KL+£f_<§yTw

from (3.69) and (3.47) :

(3.70)

1
which establishes (3.54). The density of I'y_, <@> may be computed from the density

S (aw) 1
formula (2.7) and the knowledge of the law of Dy_,(G,) () /e’ given by (3.49). All the
formulae in point 2 of Theorem 3.4* follow easily from the explicit expression of f (L)
and point 3 of Theorem 3.4* follows from :

Fle, W) Fgl(l—y) =1,

and from Proposition 1.3.
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3.4 Study of the subordinators (I';(+ Go), t > 0) and (Ft(ﬁ), t>0)
We recall the following formula, which was established in [BFRY] (see formulae (3.11) and
(3.9) in [BFRY]) :

o0 log (1 +
exp{ - /0 (1- o) prensco)) = % Ap>0 (3.71)
n

This formula was obtained in [BFRY] by “letting « tend to 0 in the study of the r.v.’s
G.”. Here, Gy satisfies (see (3.5)):

(law) 1

G ——
0 1+ expnC

where C' denotes a standard Cauchy r.v. (3.72)

3.4.a.Theorem 3.6. Let > 0 be fized and let (Ft(,u—i—Go), t> 0) denote the subordinator
which 1s characterized by :

E(eTertCo)y — exp{ _ t/ (1— Q—M:>@ E(e—w(WG@)} (3.73)
0 x
Then :
1. Laplace transform of I';(u + Gy).
AN
E(e—AFt(M+GO)) _ (log(l + )\_;;)) (374)
log(l + ;)

2. Laws of I'y (1 + Gy) and D,
The densities of I'y(u + Go) and D,

(1 + Go).
(u+ Go) equal :
1 Cal—e

Tlg(lt D) " @

fF1(,u+Go)(x) 1[0’00[(1‘) (375)

Ll W) (3.76)

IDi(urco)(T) = m P

3. Wiener-Gamma representation of I';(1 + Gy).
For everyt >0 :

‘ U
) 1 4 exp(cotg (7))
r Go) = e
/(11 + Go) /OHM(Hexp(cotg(%))) !

(3.77)

Here is the dual version of Theorem 3.6.

1
Theorem 3.6*. Let u > 0 and (Ft( G ), t> 0) denote the subordinator characteri-
H 0
zed by :
_ o d __=
B(e 7)) = exp —t/ (1 - B ) (3.78)
0 x
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Then : .
1. Laplace transform of Ft( )

p+ Go
AT (L 1 1+ A1+ ¢
E[e /\Ft(u-kl(so)} _ [X 10g<1+<—/\uu>>] (3.79)

2. Laws of F1<,u+1((}0) and Dl(lH-lGo)‘

Pl(gﬁG())(lgU)e(U*“)’ Dl(qulGo)(lgU)U+u (3.:80)

In particular, for p =0 :

Fl(@%) e b, Dl(G%O) e gy (3.81)
The density of I'y <M +1G0> equals :
fF1(ﬁ) (ac) _ (/01 . —1|— ; eXP( — " f_ y)dy) 1[0700[(%) (3.82)

1
3. Wiener-Gamma representation of I‘t< )

p+ Go
For every >0 andt >0 :

t _ v
(! )(@/ L p(lt op(—cote 7)) (3.83)
1+ Gy o l+exp(—cotg )

Remark 3.7.
1) We may take 1 = 0 in the statement of Theorem 3.6*, since E(log*(Gy)) < oo, but not
in that of Theorem 3.6.

2) Formula (3.79), with 1 = 0, was obtained by Bondesson ([B1], Ex. 3.3.1, p. 42) and

1 aw
the relation D, (@> (fa) U has been obtained, independently, by Diaconis and Freedman
0

([DF], Ex. 7.4, p. 74) and by Cifarelli and Melilli ([CM], Ex. 2, p. 1393).

1 aw
3) The formula D, <@> () 1y may be obtained by letting o — 0, in (3.55) and formula
0

1
Iy <@) = ¢.U is formula (3.55) with a = 0.
0

3.4.b. Proof of Theorem 3.6.
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Point 1 follows immediately from (3.71), whereas formula (3.75) is a consequence of :

B TG0 _ log(1+ 53,) _ 1 /A+u dv
log(l + i) 10g(1 + i) Apu—1 1 +v

1 )\+H« o0
= —1/ dv/ e+ gy
log(l + ;) Ap—1 0
1 o0 )\+,LL
= — e_mdx/ exp(—zv)dv
10%(1 + %) /0 Apu—1

1 00 1—e®
iy A
Og( +;) 0 T

On the other hand, formula (3.76), which yields the density of fp,(.+c,) follows from :

1
Fle 10460 — log(1 + m) B ( 1 )
1 /i dr 1 P 11
log(1+21) J o o 14X rownne r(14+Xx) = 1+
H pu+1
Then, the last point in Theorem 3.6 follows, with the help of (3.72), from :

1
1+ exp tg(%(l — 2y))
1+ p(exp(cota(my)) + 1)

p— . 4
1 + exp cotg(my) (3:84)

F;-&Go(y> = p+

Proof of Theorem 3.6%*.
It may be proven by using the duality theorem. From (2.7) and (3.75) :

1

0) = Flog(utGo)) — =
frl(#+G0)( ) log(l—i-l%)

E(log(p + Go)) = —log (log (1 + %)) (3.85)

We then apply the duality theorem :

E(e—AFt(ﬁ)) _ E(e—§Ft(u+Go)) . % . e—tE<10g(M+G0))

IVt 1 !
) <1og(1+,;>>, log (1-+ 14)

A log <1 + i)
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(from (3.85) and (3.79))
fo (252)]

) by using (2.7) :

We now compute the density of Fl(
p+ Go

f e~ Elog(u+Go)) E(eﬂf Dl(/HrGo))

_1
I (H+Go

) (z)

1
1 u 1
= 2. ey
log<1—|— M> /1 ylog(l—ki) ‘ Y

TS

(from (3.85) and (3.76))

1

1 x

= / e v dy (3.86)
0o HTY

Formula (3.80) now follows easily from (3.86).
We deduce, from Proposition 1.6, that :

E {rl (M +1G0>] — E(u+Go) = E (Dy(1 + Go))

1
= E(U+/L):§+M'
In particular, we have :
E(Gy) =EU)==-

Finally, the last point of Theorem 3.6* follows from Proposition 1.3 and from (3.84).

3.5 Study of the subordinators (I';(G,), t > 0) and ([',(1/G), t > 0)
In this Section (see (3.5)), G denotes a uniform r.v. on [0, 1].

Theorem 3.8. Let (Ft(Gl), t> 0) denote the subordinator characterized by :

> d
B(e @) = exp{ ¢ / (1—e )™ E(e’mGl)} (3.87)

0 x

Then :
1. Laplace transform of I';(G,).
AT¢(G1) A t

FE(e Mtlb1)) — > 3.88
e = () Az (359
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2. Laws of I'1(G;) and D;(Gy).
The expressions of the densities of I'1(Gy) and Dy(Gy) are :

1 ! sin (7 y)dy
p— —TY
frien(@) = 7T(/O T _y)1y> 10,00 () (3.89)
sin(
fi@n () = #1_1 [1,00((7) (3.90)
m(x—1)"%
3. Wiener-Gamma representation of I';(G,).
For everyt >0 :
aw) , [*dyy qaw), [T dy,
T,(Gy) "2 l“:)t/ 7 (3.91)
0o U o t—u

Here is now the dual version of Theorem 3.8, which is due to Diaconis and Kemperman

[DK].
1
> , t > 0) denote the subordinator characterized by :

Theorem 3.8*. Let (Ft (—
Gy

BE(e @)y = exp{ - t/ooo(l - e—m)d% E(e—é)} (3.92)

Then :
1. Laplace transform of I';(1/G,).
B(e T /E)) = (e(1+A)" %) £,A>0 (3.93)

2. Laws of I'1(1/G,) and D;(1/Gy).
The densities of I'1(1/Gy) and D1(1/Gy) equal :

1 . . d
fria/ey(z) = %( /0 ey yyilln( 1(7r_y)y)?{y> 10, 00(() (3.94)

esin(mzx) 1
= 1 3.95
Ipi1/6) () T ze(l=g)ie ot () (3.95)
3. Wiener-Gamma representation of I';(1/Gy).
For everyt >0 :
(3.96)

law) 1 t law) 1 t
ry/en ™ - w3 [uan,
13 0 t 0

Remark 3.9.
1) Theorem 3.8* and in particular formula (3.95), are due to P. Diaconis and J. Kem-
perman [DK]. Formula (3.95) may also be found in ([CY], Ex. 4.4, p. 98) corrected with

multiplication by e in that formula.
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2) i) A r.v. Z, which takes values on R, is said to be a Luria-Delbriick r.v. if it satisfies :
EEe™) =X (A>0) (3.97)
and M. Méhle [Moh] determined the density fz of this r.v. :

1 > xt
fz(x) = —/ e 2cos(xt+tlogt)dt (x € R)
™ Jo
1 o
= = / e Cttos (sin t ) dt (3.98)
™ Jo
i1) On the other hand, it is proven in ([ROY], § III, 1.3, p. 1251, with a = k = 1) that

there exists a Wald couple (X, H), which is infinitely divisible and such that :

e H is positive and X and H are infinitely divisible.
2
e Ee ™). EE@X)=1 A>0

o« B(e 5 H) = (14 ) (A,

o BE(eM) = (1+ N)HAe™ (3.99)
Thus :

By = (1 4 A (3.100)

hence, from (3.88), with ¢ = 1:

I(Gy) — (1+x)" 7 (3.101)

iii) We denote by Z ar.v. defined from Z via the following Esscher transform :
E(gp(g)) = E(p(Z) - e?) (¢ Borel and bounded)
(we note that F(e~?) = 1, from (3.97)). Thus, we have :
E(e) = E(e"HVZ) = (1 + )\
so that :

7" 1+ X) (3.102)

hence, from (3.101) :
TGy + 2" 7 (3.103)
We also note that Letac [Let] characterized the law defined by (3.102).
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3.5.b. Proofs of Theorems 3.8 and 3.8%*.
i) We prove (3.88), which it suffices to obtain for ¢ = 1. We have :

0 pY A 1
2 log (2 ) =log () = —log (141 104
ax o8 ((1+A)1+A) 08 (1+>\> o8 ( +>\> (3.104)
whereas :
/0(1—6_’\95)%E(e_‘”@1):/0 (1—6_>\$)<1—6_x)d§
Hence :
8 &0 dl’ o0 da}
_ 1 — e MY 22 Flet61)y — _/ Az 2T (] e
s Z ey - - [T e
= —log (H%) (3.105)

from Frullani’s integral. (3.88) now follows from the comparison of (3.104) and (3.105).
ii) We now prove (3.93) :

> dv . _ = o de [ _,.du
1 — -z iy T _ 1 —\z /
[a=emSee) — [T [T
d 001 7)\$
= / Y / e “*dx (Fubini)
= / —log (1+>\>
Lou? u

(from Frullani’s formula (see [Leb], p. 6, and (1.3) above )).

/1log (14+ A w)dw = % (14 X) log(1+X) — A)

Thus :
B ) = ep{ = [T T e )
0

= exp{—%((l—i-/\)log(l—k)\) )\)}: ‘

We may also show (3.93) with the help of the duality Theorem :

E(log G1) 1
E(e—/\F1(1/G1)) — GT E (exp — X F1(Gl))

1
1\ X
X) 142

ce_ B
AL A



from (3.88) and since : E(logG;) = —E(y1) = —1.

i11) Point 3) of Theorem 3.8 and 3.8* follows easily from Proposition 1.3 and from the
fact that Fg, (u) =u (0 <u<1).

iv) We now prove (3.94). For this purpose, we use the result of Diaconis and Kemper-

man [DK], see also [RGdAN],

esin Tz 1

forasen () = — PRI 1jo,1y(x) (3.106)

The relation :
['1(1/Gy) = 71 - Di(1/Gy)

now implies easily (3.94).
v) We show (3.89) with the help of formula (2.7) in the duality Theorem :

fF1(G1)(ZE) = eE(logG1) E(efxDl(é))

E(e—IDl(é))

1

€

1 .

_ [ ewSinTy Y (3.107)
0 Tyl -yt

from (3.106). Finally, in order to show (3.90), we apply (2.10) :

L e 1
foen(e) = @ 16E(IgG1)fD1<1/G1><E)

— i%m,u(l L (from (3.106))

ex T E) (%)%(1_1)1—;

sin(Z
= # 11,00 (%)
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Appendix

Interpolation between the subordinators (I'(1/G), t > 0)
and (v, t > 0).

We denote, for every u > 0, by o, : R — R the decreasing function defined by :

rsinhu + coshu  xtanhwu + 1 (3.108)

ou(x) = : =
(z) x coshu 4 sinhu x + tanhu
Since the image of R, by o, is equal to |tanh w, coth u], then for every positive r.v. G,

and every u > 0, we have : E(|log 0, (G)|) < oo.
Let (I'y(0u(G)), t > 0) denote the subordinator defined by :

B(exp=ATH((6))) = exp{ ~tn@W)} = oo =t [~ (1= T B @)} (3.109)
. 1
Since 0o(G) = c@ and 0, (G) = 1, we have :
(Te(00(@)), t > 0) = (T4 (1/G), t > 0)
(Ce(0(G)), ¢ 2 0) = (3, £ 20)

Thus, the family of subordinators (Ft (O'U(G)), t > O) interpolates, as u describes R,
between (I'y(1/G), t > 0) and (v, ¢ > 0).
The aim of this appendix is to show that one may compute “explicitly” the Laplace trans-
form, the density, and the Wiener-Gamma representation of the r.v.’s I'; (O'u(G)) in terms
of those of (Ft(G), t> O), for every u > 0.

Theorem A.1. We have, for every u > 0 :

1) —9a(ou(N)) + Yo,y (A) = log (A coshu + sinhu) + ky (3.110)
ith k,=F |l G 3.111
A v {og (Gsinhu%—coshu)} (3:111)
2) FoW=0.(F;'1-y) (0<y<l) (3.112)
hence :
(law) [* dys (taw) [* dys
I'(ou(G)) = = — 3.113
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3) The density fr,w.c)of Ti(ou(G)), equals :

friucy(@)
—xtanhu—tky %
e 24 Gy (T1(G) E yTy(G) 1o
coshu T coshu
e—;ttanhu—tku -t _ z D¢(G)
= i1 —F(t) E[(coshu+Dt(G)sinhu) e Coshu(coshu+Dt<G>sinhu] (3.114)
Remark A.2.

1
1. For u = 0, we have : 0¢(G) = el ko = E(log G) and the preceding formulae and indeed
those of Theorem 2.1.
2. As u — o0, the relation (3.113) becomes, by passage to the limit :

t
I (on(@) ™ [ = (3115)

and it is not difficult to see, starting from (3.114), that :

Iri(ou(@) (@) e " 2 M ei(z) = fo, (z)

L
we T(0)

3. More generally than (3.110), if we take :

o(x):= ax 10 and o()\) = do ¥ b, we have :
cr+d cr +a
—a (0(N)) + Vo) (A) = log (cA + a) + k(o) (3.116)
G
with k(o) :=FE (aG m b) (3.117)

We observe that (3.116) and (3.117) follow immediately from :

6 (F(N) + Yoiy(N) = —E [log (1 + @)] B [l(’g (1 " ﬁ) }

. MG + d) dA+b 1
_E_log<1+—aG+b )}—E{log(l—i—c/\_i_aa)]
_ 5 _10 (aG +b) + A(cG +d) (cA+a)G

I aG +b (A +a)G+dr+b
o (A +a)G

—E_log aG +d
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Proof of Theorem A.1.

Point 1) is a particular case of point 3 of Remark A.2 and point 2) of Theorem A.1 is
trivial. Let us prove point 3. From (3.110), after multiplying by ¢, and exponentiating, we
deduce :

1
E [e A Tt0u(@)] = o=thu | o~ Te(G)ou(X) 3.118
[e J=e ¢ (Acoshu + sinh u)t ( )

then, multiplying each side of (3.118) by exp(—(A) and integrating in A from -tanh u to
+00, we obtain :

> / T ATEWE)-BAG) | = otk / R E VROt dA (3.119)
—tanhu —tanhu (/\ coshu + sinh u)t

Making, on the LHS of (3.119) the change of variable : \coshu + sinhu = p, we obtain :

o { 1 e(tanhU)(Ft(ou(G)Hﬂ)]
(B + Ti(ou(G))
1 I'y(G)
eitku r o 67 coshu <T+B‘u>
_ —I't(G)tanh u+Gtanh u
~ coshu Ee / t dp
0 H

Thus, after simplifying by exp(( tanh u) and using formula 5.10.25, p. 109 in [Leb], we

obtain :
1
E 6tanhuFt(Uu(G’)):|
{(5 + Ii(0u(G))
2tk T(G)\ = 2./BT.(G)
— E —I't(G)tanhu [ Zt\M) LK 2V P L)
coshu ¢ I} - coshu

We then use the inversion formula of the Stieltjes transform, and thanks to a very similar
computation to the one made in section 2.2.b, we arrive to the identity :

¢~ Te(G)tanhu (Ft(G)) K Jo 1 (2 ZEFt<G>>

T coshu

e—tku

z tanh u
o = E
e Fruouen () =

then to (3.116), by using the series development of J;_; :

—x tanh u—tk.q, xtfl

€ . —t _ zD¢(G)
th(O‘u(G)) (x) = I"‘(t) E{ (COShu + Dt(G)Slnh u) e coshu(coshu+Dy(G)tanh u) }
Remark A.3. Formulae (3.114) and (3.115), in the more general situation when : ¢(G) =
aG b become
me :
cG+d
—z 2 —tk(o) () = 0 STTAC
frt(g(G))(x) _c F (e—th(G) (L) Jiq (M (3.120)
c x c



where k(o) is given by (3.117), and :

xt1 x D(G)

fruoen@) = 5 e~ ) B{(c + dDy(G))™" e~ Terabien } (3.121)
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List of notations.

G, X, Z denote r.v.’s.

pg : law of G ; fg : density of G ; Fg : cumulative distribution function of G ; Fj' :
inverse function of Fg.

' : GGC r.v. with associated Thorin measure .

m : total mass of u .

. l .
Y. : Gamma r.v. with parameter a (a > 0) ; 1 (faw) ¢, a standard exponential r.v.

Bap : a beta r.v. with parameters a, b (a,b > 0).
U : a uniform r.v. on [0, 1].
C : a standard Cauchy r.v.
Y, : a Bernoullir.v. (0 <p<1). (P(Y;, =1)=p; P(Y,=0)=1 —p)
Se @ a standard positive stable r.v., with index a (0 < o < 1), and density f,.
% . a Pareto r.v. of index ¢ (7, and ~s independent).
5
Gy generic notation for random variables considered in sections 2.5 and 2.6.

(G4, 0 < a < 1) the family of r.v.’s introduced in 3.1. In particular :

1 (law
1+exprC’

(law)

Gips "2 By, Gy U

Fm(G) a GGC r.v. with associated Thorin measure m - ji¢.
(

dz
Y, t > 0) : standard gamma process (i.e. : subordinator with Lévy measure : — e‘x).
x

( , 0 <t < m) Dirichlet process with parameter m.
1

(T¢(@), ¢t > 0) : GGC subordinator with Thorin measure y¢, and Lévy density : = E (e,
x

Vg the Bernstein function of the subordinator (Ft(G), t> 0) :

be(N) = / T - e e

X

t
Ly(h) = / h(s) dvs the Wiener-Gamma integral of h.
0

Dy(G) r.v. whose law is characterized by I't(G) () v Di(G)

Dy (G) satisfies :

t
(law) 1 t)
Di6) "™ [ du (D)
t 0 Fg'(uft)
(C, t >0), (S, t >0), (7, t > 0) : hyperbolic subordinators.
(jt(y), t>0), (ICt( , t >0) : subordinators associated to the functions I, and K,,.
K, 1I,,J, : modified and unmodified Bessel functions with index v.
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S®(X) : Stieltjes transform with index ¢ of the positive r.v. X :

SOX)N\) =E (ﬁ) (A>0)

(Sa(t), t > 0) standard stable subordinator, with index a (0 < @ < 1).
falx): density of S, ="") S (1).
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