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Abstract We observe a stochastic process where a convolution product of
an unknown function and a known function is corrupted by Gaussian noise.
We wish to estimate the squared L?-norm of the unknown function from the
observations. To reach this goal, we develop adaptive estimators based on
wavelet and thresholding. We prove that they achieve (near) optimal rates of
convergence under the mean squared error over a wide range of smoothness
classes.

Keywords Deconvolution - Quadratic functionals - Adaptive curve estima-
tion - Wavelets - Global thresholding

1 Motivation

We observe the stochastic process {Y(¢); ¢ € [0,1]} where

dy (t) = (/O ft— u)g(u)du> dt +n~Y2aw (), telo,1], (1)

{W(t); t € [0,1]} is a (non-observed) standard Brownian motion, f is an
unknown one-periodic function such that fol f2(t)dt < oo, and g is a known

one-periodic function such that fol g*(t)dt < oo. The goal is to estimate f, or
a quantity depending on f, from {Y(¢); ¢t € [0,1]}. The convolution model
(1) illustrates the action of a linear time-invariant system on an input sig-
nal f when the data are corrupted with additional noise. See, for instance,
Bertero and Boccacci (1998) and Neelamani, Choi and Baraniuk (2004). This
is a standard inverse problem in the field of function estimation. For related
results on (1), we refer to Cavalier and Tsybakov (2002), Johnstone, Kerky-
acharian, Picard and Raimondo (2004) and Cavalier (2008). Extensions of (1)
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can be found in Willer (2005), Cavalier and Raimondo (2007) and Pensky and
Sapatinas (2008).

In the literature, the main effort was spent on producing adaptive wavelet
estimators of the function f. See, for instance, Cavalier and Tsybakov (2002),
Johnstone, Kerkyacharian, Picard and Raimondo (2004) and Chesneau (2008).
In this paper, we focus our attention on a different problem: the estimation of
the squared L2-norm of f defined by

1
172 = / 2 (t)dt.

The problem of estimating such a value is closely connected to the construction
of confidence balls in nonparametric function estimation. It has already been
investigated for a wide variety of models (density, regression, Gaussian model
in white noise, density derivatives, ...). See, for instance, Bickel and Ritov
(1988), Donoho and Nussbaum (1990), Kerkyacharian and Picard (1996), Efro-
movich and Low (1996), Gayraud and Tribouley (1999), Johnstone (2001a,b),
Laurent (2005), Cai and Low (2005, 2006) and Rivoirard and Tribouley (2008).

To the best of our knowledge, the estimation of ||f||3 from a convolution
problem has been firstly studied in Butucea (2007). The model considered is
different to (1) and can be described as follows: i.i.d. random variables X,
i=1,...,n, having unknown density f are observed with additive i.i.d. noise,
independent of the X;’s, with known probability density g. To estimate || f||3,
a kernel estimator is developed. It enjoys good statistical properties under
various assumptions on g. However, it is not adaptive.

In this paper, we consider a simpler convolution model, (1), but we focus
on the adaptive estimation of ||f||3. To reach this goal, we use wavelet esti-
mators. As in (Butucea 2007, Theorem 4), we distinguish two cases according
to the nature of g: the ordinary smooth case where the Fourier coefficients
of g decrease in a polynomial fashion, and the supersmooth case where they
decrease in an exponential fashion. R

For the ordinary smooth case, we develop an adaptive wavelet estimator @,
based on the global thresholding. The idea is the following: we decompose || f||2
by using an appropriate wavelet basis, we estimate the associated coefficients
via natural estimators, then, at each level of the wavelets, we keep all of these
estimators if, and only if, the corresponding /s norm is greater than a fixed
threshold. This technic has been initially developed by Gayraud and Tribouley
(1999) for the estimation of || f||3 in the standard Gaussian white noise model.

For the supersmooth case, @n is not adapted. We develop another adaptive
wavelet estimator Q.

We evaluate their theoretical performances via the asymptotic minimax
approach under the mean squared error over Besov balls. If @), denotes an
estimator of || f||3 and B3 . (M) denotes the Besov balls, we aim to determine
the smallest rates of convergence ¢,, such that

. _ 2
lim gt s E((Qu—II713)°) < oo
nee fEB3 (M)
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For the ordinary smooth case, we prove that @n achieves (near) optimal rates
of convergence. For the supersmooth case, we prove that Q7 achieves (exactly)
optimal rates of convergence. The upper bounds follow from a suitable decom-
position of the risk and some technical inequalities (concentration, moment,
...). The lower bounds are applications of a specific theorem established by
Tsybakov (2004).

The paper is organized as follows. In Section 2, we present wavelets and
Besov balls. Section 3 clarifies the assumptions made on the Fourier coefficients
of g and introduces some intermediate estimators. The main estimators of the
study are defined in Section 4. Section 5 is devoted to the results. Perspectives
and open questions are set in Section 6. The proofs of the results are postponed
in Section 7.

2 Wavelets and Besov balls
2.1 Wavelets

We consider an orthonormal wavelet basis generated by dilations and transla-
tions of a ”father” Meyer-type wavelet ¢ and a ”mother” Meyer-type wavelet 1.
The features of such wavelets are that the Fourier transforms of ¢ and 1 have
bounded support. More precisely, we have supp (F(¢)) C [~473~1,47371] and
supp (F(¢)) C [-87371, —2737 Y U [27371,87371], where, for any function
h € LY([0,1]), F(h) denotes the Fourier transform of h defined by F(h)(l) =
fol h(z)e=2""2dx. Moreover, for any [ € [—2m, —7| U [, 27|, there exists a con-
stant ¢ > 0 such that |F(1)(l)] > c. For further details about Meyer-type
wavelets, see Walter (1994), and Zayed and Walter (1996).

For the purposes of this paper, we use the periodised wavelet bases on the
unit interval. For any x € [0, 1], any integer j and any k € {0,...,27 — 1}, let
bix(x) =22¢(2x — k) and ;1 () = 27/%¢ (272 — k) be the elements of the
wavelet basis, and

Pl =Y din(z 1), D) =) il — 1),

I€Z leZ

their periodised versions. There exists an integer 7 such that the collection ¢
defined by ¢ = {¢?%, k =0,...,27=1; 1%, j=7,...,00, k=0,...,2/ 1}
constitutes an orthonormal basis of 1.2.,.([0,1]), the set of square integrable
one-periodic functions on [0, 1]. In what follows, the superscript ”per” will be
suppressed from the notations for convenience.

Let m be an integer such that m > 7. A function f € L2_,.([0,1]) can be

per
expanded into a wavelet series as

2m_1 oo 291

F@) =" ampbmr@) + Y > Bixtir(z), ze€[01],
k=0

j=m k=0
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where a, ;= fol J(#)m i (t)dt and B; ) = fol ()Y k(t)dt. For further de-
tails about wavelet bases on the unit interval, we refer to Cohen, Daubechies,

Jawerth and Vial (1993).
2.2 Besov balls
Let M € (0,00) and s € (0, 00). We say that a one-periodic function f belongs

to the Besov balls B3 (M) if, and only if, there exists a constant M. > 0
such that ||f]|3 < M, and the associated wavelet coefficients satisfy

271
sup 2%7¢ Z @2‘,1@ < M,.
jzr k=0

These sets contain all the Besov balls B, . (M) with p > 2. See, for instance,
Meyer (1992).

3 Preliminary study
3.1 Assumptions on g ; ordinary smooth and supersmooth cases

o Assumption (Ag): ordinary smooth case. We suppose that there exist three
constants, ¢ > 0, C' > 0 and § > 271, such that, for any [ € (—o0, —1] U
[1,00), the Fourier coefficient of g, i.e. F(g)(l), satisfies

el <|F(g)(D < ClII~°. (2)

For example, the square integrable one-periodic function g defined by g(x) =
Smeze 1Tt 2 € [0,1], satisfies (A,). Indeed, for any | € Z, we have
F(g)(l) = 2(1+47r2l2)_1. Hence, for any [ € (—oo,—1] U [1,00), F(g)(I)
satisfies (2) with ¢ = 2(1 +47%)~!, C = (27?)7! and § = 2.

o Assumption (A}): supersmooth case. We suppose that there exist four

constants, ¢ > 0, C > 0, a > 0 and b > 0, such that, for any [ €
(=00, —1] U[1,00), the Fourier coeflicient of g, i.e. F(g)(l), satisfies

cell” < IF(g) ()] < Ceell", (3)

For example, the square integrable one-periodic function g defined by g(x) =
Y mez e=(@m)*/2 4 ¢ [0, 1], satisfies (Ay). Indeed, for any | € Z, we have
F(g)(1) = V2me 21" Hence, for any [ € (—o0, —1] U [1,00), F(g)(l) satisfies
(3) with ¢ = C = /27, a = 272 and b = 2.

Further details and examples about these cases can be found in Pensky
and Vidakovic (1999) and Fan and Koo (2002).
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3.2 Preliminary to the estimation of || f||3

Thanks to the orthonormality of the wavelet basis, for any integer m > 7, the
unknown ||f]|3 can be decomposed as

2m—1 co 291
17115 = Z O+ Y Y B
j=m k=0

Thus, the ﬁrst step to estimate || f||3 consists in estimating the unknown coef-
ficients (o, ;)x and (85 ;) k- In what follows, we investigate the estimation of
(ﬁj,k)j,k First of all, we aim to write the model (1) in the Fourier domain. For

any I € Z, we have F (3 f(. — u)g(w)du) (1) = F (f x 9) (1) = F()(DF(a) 1)
where x denotes the standard convolution product on the unit interval. There-
fore, it we set y; = fol e~ 2mltqy (t), fi = F(f)(1), ¢t = F(g)(l), and ¢; =
fol e 2™t dW (t), it follows from (1) that

= figi +n e (4)

The Parseval theorem and the translation theorem of the Fourier transform
give

Dowg P 0) = D> AP ) Q) 02y g F ) (De

I€Z IEZ IEZ

=Bk + n-1/2 Zgl—lezmlk/Qwam)(l)el

IeZ

Since n =2 Y, ;7 2 (4 0) (e ~ N (0,07 Kz 19t 72 F (5,0) (D),

we have
Bik = > g F () () ~ (@,k, S gl F W0 ()] ) :
ez ez

Therefore, the random variable é},k defined by

O = B2 =7 a2 F(ws.0) (D

lez

is an unbiased (and a natural) estimator of 6]2’ x- We are now in the position
to describe the main estimators of the study.

4 Estimators
According to the ordinary smooth case and the supersmooth case, we describe

two different estimators of Q(f) = ||f||3- We use the notations introduced in
section 3.2.
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4.1 Estimator: the ordinary smooth case
Suppose that (A,) is satisfied. Let jo and j; be two integers such that
-t (n(logn)*l)l/(&sﬂ) < 20 < (n(logn)*l)l/(&sﬂ)

and
9-1,1/(2541/2) _ o < nl/(254+1/2)

For any real number a, set (a); = max(a,0). Let x be a positive real number.
We define the thresholding estimator @,, by

2901
@n = Z (a?mk o niln?o)

k=0
Ji 291 12

2 Bt e (2) ) (5)
j=jo \ k=0 n

where
62Jo, Z ylgl ¢J07 )(@), Z ylgl 1/}3 k) (), (6)
€D, lec;

0= > 19l FA(840,0) (1), o} =D lal P IF (W50 ()%

1€Dy, lec;

Here, for any k € {0,...,27 — 1}, Dj, denotes the support of F(¢j, x)(l) and
C; the support of F (¢ x)(1).

Let us briefly explaln the constructlon of Qn Firstly, we estimate the

approximation term, Zk:o jo & DY 22 o (Ago,k -—n- njo). Secondly, we
estimate the ”detail term”, J o 223 ! j’ «» via the global thresholding rule

described as follows. At each level j € {jo,...,j1}, we keep Zk o L(32 e

n‘laf) kn~ 0 (327) if, and only if, we have Zk:o ( ]zk — n_laf) >

mz‘lg? (]27 ) 12 . Then we sum all the selected terms. The idea is to only
estnnate the unknown coefficients ﬁfk which characterized completely || f||3.
As mentioned in Section 1, the global thresholding technic has been initially
developed by Gayraud and Tribouley (1999) for the estimation of the squared

L2-norm of f in the standard Gaussian white noise model.

4.2 Estimator: the supersmooth case

Suppose that (A}) is satisfied. In this case, the estimator @n defined by (5) is
not appropriate. One can prove that, in our minimax framework, it achieves
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a ”suboptimal” bound. For this reason, we propose another estimator. It is
described as follows. Let j, be an integer such that

27116737 a) ! (log n)l/b < 27+ < (16737 )"V (log n)l/b.
We define the linear (or projection) estimator Q7 by

20% 1
Q= @ ,—n"), (7)
k=0
where @, 1, and 7;, are defined by (6) with j. instead of jo. The idea of @], is

to estimate the approximation term Zi;(;l 0‘?*,1@ of [|£]|% (until the level j,),
and to neglect the detail term.

Remark. The consideration of two different estimators for each case (ordi-
nary smooth and supersmooth) is standard for the adaptive wavelet estimation
of f from convolution model. See, for instance, Pensky and Vidakovic (1999)
and Fan and Koo (2002). However, to the best of our knowledge, this is new
for the adaptive wavelet estimation of | f||3.

Important remark. The estimators @n and @ do not require any a
priori knowledge on f in their constructions ; they are adaptive.

5 Results

This section is divided into two parts. The first part is devoted to the adaptive
estimation of ||f||3 for the ordinary smooth case (A), and the second part,
for the supersmooth case (Ay).

5.1 Results: ordinary smooth case

Under (Ay), Theorem 1 below determines the rates of convergence achieved
by @, under the mean squared error over the Besov balls B3 . (M).

Theorem 1 Consider the convolution model defined by (1). Suppose that (Ay)

is satisfied. Let @n be the estimator defined by (5) with a large enough . Then
there exists a constant C' > 0 such that, for n large enough,

~ 9 2
sup E <(Qn - ||f||2> > < CSDTU
M)

feBs oo (

_ n-1, when s>8+471
o (n(logn)~%/2) T/ A2 hen s € (0,8 + 471,

)

i.e., Pp = mMax (n*17 (n(log n)—l/z)—43/(23+25+1/2))'
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The proof of Theorem 1 uses several auxiliary results. In particular, we
establish a functional upper bound for the risk similar to Proposition 3 of
Rivoirard and Tribouley (2008). It is obtained by proving two technical con-
centration inequalities satisfied by the estimators (Bj,k)k:o,...,w'—l-

The result of Theorem 1 raises the following question: are the rates of
convergence @, the optimal ? Theorem 2 below provides the answer by deter-
mining the minimax lower bounds.

Theorem 2 Consider the convolution model defined by (1). Suppose that (Ay)
is satisfied. Then there exists a constant ¢ > 0 such that, for n large enough,

. = 2)°
inf  sup )IE <(Qn - ||f||2) > > ¢y,

Qn f€B5 (M

where inf ~ denotes the infimum over all the possible estimators of 113, and

. Jnh when §>3§+471,
Pn = n74s/(25+25+1/2), when s € (O, 5+ 471]'

The proof of Theorem 2 is based on a general theorem established by
Tsybakov (2004).

The results of Theorems 1 and 2 show that, under (A4y), @n is near optimal
under the mean squared error over the Besov balls B  (M). "Near” is due
to the case s € (0,8 + 47!] where there is an extra logarithmic term.

5.2 Results: supersmooth case

Under (A;)7 Theorem 1 below determines the rates of convergence achieved
by @;, under the mean squared error over the Besov balls B3 . (M).

Theorem 3 Consider the convolution model defined by (1). Suppose that (Ay)
is satisfied. Let QF, be the estimator defined by (7). Then there exists a constant
C > 0 such that, for n large enough,

s E((@ —If13)") < Cllogn)~*/".
fEB3 oo (M)
The proof of Theorem 3 is based on a good decomposition of the risk and
technical inequalities (I3 norm, moment, ... ).
As in Theorem 2, but under (A7), Theorem 4 below determines the mini-
max lower bounds of the model.

Theorem 4 Consider the convolution model defined by (1). Suppose that (Aj)
is satisfied. Then there exists a constant ¢ > 0 such that, for n large enough,

inf  sup E ((@n — ||f||§)2> > c(logn)—4s/b7

Qn fEB3 (M)

where infs ~ denotes the infimum over all the possible estimators of 113
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The proof of Theorem 4 is based on a general theorem proved by Tsybakov
(2004).

Theorems 3 and 4 show that, under (A}), v, = (log n)~*/% is the mini-
max rate of convergence under the mean squared error over the Besov balls
B5 . (M). Moreover the adaptive estimator @, is optimal.

6 Conclusion and open questions

The following table summarizes the minimax results of the paper:

Case ordinary smooth supersmooth
Estimator @n Qr,
Upper bound | max (n*l, (n(log n)—1/2)—4s/(2s+26+1/2)> (log n)=—4s/b
Outmlts | 1 e e, | P

Our rates of convergence are similar to those determined in (Butucea 2007,
Theorem 4) which considers the density convolution, a non-adaptive estimator
based on kernel, and the risk: R(h, f) =E (|h — [|f||3]), h € R. In comparison
to this result, we consider another convolution model, simpler to manipulate,
but we provide a contribution to the adaptive estimation of || f||3.

Some perspectives and open questions are presented below:

— A possible extension of this work is to adapt our estimators to other convo-
lution models. For instance, the density convolution model: i.i.d. random
variables X;, i = 1,...,n, having unknown density f are observed with ad-
ditive i.i.d. noise, independent of the X;’s, with known probability density
g. Another interesting convolution model is the one studied in Pensky and
Sapatinas (2008): one observes n random variables {Y;; ¢ = 1,...,n} where
Y; = fol fi/n—wg(u)du + €, i =1,...,n, {€; i = 1,...,n} are (non-
observed) i.i.d. Gaussian standard random variables, f is an unknown one-
periodic function such that fol f2(t)dt < oo, and g is a known one-periodic

function such that fol g?(t)dt < co. Despite the ”equivalences” which exist
between these models and (1), they are more difficult to manipulate. In
particular, they can not be directly written as a sequence model of the
form (4) with ” f; X g;” and/or ”¢;” independent A/ (0, 1). For instance, this
last point is an obstacle to the application of the Cirelson inequality used
in the proof of Theorem 1 (see Lemma 3). Thus, the estimation of || f]|3
from these models via our estimators requires technical tools certainly not
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used in our study.

Our minimax results can be extended to the Besov balls B, . (M) with
p > 2. However, the case p < 2 is beyond the scope of the paper. As un-
derlined in Cai and Low (2006) for the standard Gaussian sequence model
(page 2300, lines 18-19): ” The sparse case where p < 2 presents some ma-
jor new difficulties which requires a novel approach for the construction of
adaptive procedures”. In response to these difficulties, Cai and Low (2006)
have developed a sophisticated adaptive estimator which uses both block
thresholding and term-by-term thresholding. Taking the minimax approach
under the mean squared error over By (M), it is (near) optimal for p > 1.
An open question is: for the model (1), more complex than the standard
Gaussian sequence model due to the presence of g, how can we adapt this
estimator in order to keep these optimal properties over B;yoo(M ) for any
p>17

— And, finally: can we construct only one adaptive estimator @, which are

(near) optimal for both ordinary smooth case and supersmooth case ?

All these aspects need further investigation that we leave for a future work.

7 Proofs

In this section, ¢ and C' denote positive constants which can take different
values for each mathematical term. They are independent of f and n.

Proof of Theorem 1. Proposition 1 below presents a ”functional” up-

per bound for the mean squared risk of @n without any assumption on the
smoothness of f.

Proposition 1 Let @n be the estimator defined by (5) with a large enough k.
There exist two constants C; > 0 and Cy > 0 such that

e((0u-113)") ccita+Bro+ D)

where
2
oo 27-1
A =n 22044950 B=plfI3, C= Z Z ﬁj?,k
j=j1+1 k=0
and

Ji 29 —1
D= Z min Z ﬂ?’k702/<;225jn*1(j2j)1/2
k=0

J=Jjo
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Therefore, to prove Theorem 1, it is enough to investigate the upper bounds
for the terms A, B, C and D defined in Proposition 1 above.
The upper bound for A. Thanks to the definition of jj, we have

. —4s/(25+26+1/2)
A — n—29(1+48)jo0 < n~! < max (n_l, (n(logn)_l/Q) )

= $n-

The upper bound for B. Since f € Bs (M), we have || f||3 < M,. Therefore

—4s/(2s+25+1/2)
B = n |3 < Cmax <n (n10zm)7172) ) — O
The upper bound for C. Since f € B3 (M), we have
] 2 2
o 27-1 )
C = Z Z 6]2}1; <C Z 272]'5 < 0274j15 < Cﬂ74s/(25+1/2)
j=j1+1 k=0 j=ji1+1

—4s/(25+25+1/2)
< C'max (n_l, (n(log n)_l/Q) ) = Cop,.

The upper bound for D. We distinguish the case s > § + 4! and the case
s€ (0,6 +471.
- The case s > 6 +471. Since f € Bs (M), the definition of jo yields

Ji 291 2 Jj1 29-1 2
D= Z min Z ﬂik,C'gnZ%Jn*l(ij)l/z <C Z z ﬂik
Jj=Jjo k=0 j=jo k=0
2
J1
S C Z 2—2js S 02—4j08 S C (n(logn)_1)748/(46+1) S Cn_l.

Jj=Jo
- The case s € (0,6 + 47 1. Let j2 be an integer such that

) 1/(25425+1/2) )1/(25+26+1/2)

271 (n(logn)_l/2 <202 < (n(logn)_1/2

Notice that jyo < jo < j1. We have the following decomposition

D = (L + M),
where
J2 291
L= Z min Z ﬂik,C’gnQ%]‘n*l(ij)l/z
J=Jo k=0
and

J1 271
M= Y min| > B2, Cor2*n"1(j2))!/?
k=0

Jj=j2+1
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Let us study the upper bounds for L and M in turn.
It follows from the definition of j, that

J2
L <COn™ ) j1/22@25 < O~ (logn)!/ 22201/ D

Jj=Jjo

—2s/(25+25+1/2)
<C (n(log n)*l/Q) .

Since f € Bj (M), the definition of j, yields

1 291 J1
M S Z Z ﬂ‘ik S O Z 272JS S 02*2‘725
Jj=j2+1 k=0 Jj=j2+1

—2s/(25+25+1/2)
<C (n(logn)_1/2> .

Putting these two inequalities together, we obtain

—ds/(25425+1/2)
D=(L+M)?<C (n(log n)—1/2) .

It follows from Proposition 1 and the obtained upper bounds for A, B, C and
D, that

B (@~ 1118)°) s cu(a+B+C+D) = Co

Theorem 1 is proved.
O

Proof of Proposition 1. The proof of Proposition 1 is similar to the
proof of Proposition 3 of Rivoirard and Tribouley (2008). If we analyze this
proof, Proposition 1 follows from Lemmas 1 and 2 below.

Lemma 1 If (A,) is satisfied, then here exist two constants ¢ >0 and C >0
such that, for any integer j > 7, we have

S 05 2297
Moreover, we have 77]2»0 < (0922850,

Proof of Lemma 1. Using the inequalities sup;cc, |F(1;0)(D]? < C277,
Card(C;) < C27 and (A,), we have

02 = 3 lal W) (P < 0279 Y gl < Csup |ou| 2 < 0229,
lec; lec; 1ec;

In the same way, we prove that 73 < €229,
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Recall that, for any [ € [—27, —7|U[m, 27], there exists a constant ¢ > 0 such
that |F'(¢)(1)| > c. Therefore, there exists a set H; such that inf;e, |F(105,0)(1)]* >
277, Card(H;) > c27 and, thanks to (A,), infie; g; > > ¢22%7. Hence,

2% < ¢ inf g2 <27 2 < 2|IF(j0) (1) = o7
2V <einf gt <2 Y ol < Y lal PP W) OF = o)
lEHj lECj

This ends the proof of Lemma 1.

O

Lemma 2 below presents two concentration inequalities satisfied by the
estimator (3; 1.

Lemma 2 Let Bj,k be the estimator defined by (6). For X large enough, there
exists a constant C' > 0 such that, for any integer j > T, we have

) p 1/2
271 271
P Bik(Bik — Biw)| = An~1 2512200 [ N 52, < 2exp (—CA%j)
k=0 k=0
(8)
and
279 -1 1/2
Pl S (Biu—80)2 | = 7220729 | <2exp (—~CA%27).  (9)
k=0

Proof of Lemma 2. The first part of the proof is devoted to the bound
(8) and the second part, to the bound (9).

- Proof of the bound (8). Since the random variable (e¢;); are i.i.d. with
e; ~ N(0,1), we have

201 291
Z Bin(Bjx — Bjx) =n"1? Z eg; Z BiwF (W r)(l) ~ N (0»932') ,
k=0 lGCj k=0
where
, 2
271

07 =n~" Z lg1| 2 Z Bk F (1) (1)
k=0

leCj
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(Ag) yields sup;c, | gi| 72 < 02293 1t follows from this, the Plancherel theorem
and the orthonormality of the wavelet basis that

A 2
291
07 =n""> a2 F D2 Biswin | (1)
lec; k=0
. 2
291
<Cn 22N F Y B | ()
leC; k=0
. 2 .
1 (27-1 271
o2 [ aiate) | do = ount2 Y
0 \ k=0 k=0
Applying a standard Gaussian concentration inequality, we obtain
271 R 27 -1 1/2
P> Bin(Bik — Bin)| = An~ /2512200 | N~ g2,
k=0 k=0
29 -1 12\ 2
< 2exp | — | An~1/2j1/29% Z ﬂik /(20]2) < 2exp (fC’/\Qj) .
k=0

This ends the proof of the bound (8).
- Proof of the bound (9). To obtain the bound (9), we need the Cirelson
inequality presented in Lemma 3 below.

Lemma 3 (Cirelson, Ibragimov and Sudakov (1976)) Let D be a subset
of R. Let (m)tep be a centered Gaussian process. If E (sup,epne) < N and
sup;cp V() <V then, for any x > 0, we have

P (supnt >z + N> <exp (—2?/(2V)) .
teD

We have Bj,k — Bjx=n"1?2 Diec, e "F(j) (1) ~ N (0,n7'0%), where

i_
02 = ee, Lot 2IF (o) DI Set 2 = {a = () € B Y2 ' a? < 1}. For
any a € (2, let Z(a) be the centered Gaussian process defined by

291 291
Z(a) =" ar(Bix — Bin) =02 gt Y anF () (1)
k=0 l1eC; k=0

i q o~ 1/2
By an argument of duality, we have sup,co Z(a) = ( Z:ol (Bje — ﬁj,k)Q) .

Now, let us determine the values of N and V which appeared in the Cirelson
inequality (see Lemma 3).
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Value of N. The Cauchy-Schwarz inequality and Lemma 1 imply that

271 1/2 201 1/2
E (Sup Z(a)> =E[{ )] (Bik — Bin)? <D E ((/@j,k - ﬁj,k)Q)
a2 k=0 k=0

] 1/2
27 -1 /

n S 02| <ot/

Hence N = Cn~1/227/2207,
Value of V. Using the fact that, for any I, I’ € Z, we have E (ejey) =

fol e 2im(=1t gy — ly—ry, (Ag), the Plancherel inequality and the orthonor-
mality of the wavelet basis, we obtain

291271

sup V(Z(a)) = sup [E | D" >~ ar(Bjn = Bw)aw (Biw — Biw)

a€f? a€es?

k=0 k’'=0
291271
= sup (Y Z akaw > 3 0 () (O(@)  F W) O (eier) )
A€l N 2o k= 1eC; VEC,
2i _12/_1
=n"tsup [ Y Z akar Y ol T F (1) ) F (5. (D)
a€2 \ 120 k= lec;
201271
< Cn~12%% sup Z Z QL Z F(jx) wj,k/)( )
A€ \ k=0 k= leC;
29 1291
= Cn~12%% sup Z Z akak’/ Yk (2) ) (@ )
a€f \ 120 w=
2791
— Cn~192% sup Z ai < 02%ip1,
a€es? k=0

Hence V = C2%in~1. By taking X large enough and z = 2= \n~1/221/2207
the Cirelson inequality described in Lemma 3 yields

. 1/2
27 -1 /

P> (Bik — Bix)? > An~1/221/290%1

k=0

<P <sug Z(a) >+ N> <exp (—2%/(2V)) < 2exp (—CA?27).

The bound (9) is proved. The proof of Lemma 2 is complete.
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This ends the proof of Proposition 1.
O
Proof of Theorem 2. We distinguish the case s > § + 47! and the case
s€ (0,6 +471).
The case s > § + 471, We consider the two functions
fol)=1,  fifa)=1+n""2 ze€l0,1].

Clearly, fo and f belong to B3 . (M). Moreover, we have

[15ol3 = /113 =202 4t 22 = k.

Now, in order to apply Theorem 2.12 (4ii) of Tsybakov (2004), we aim to
bound (by a constant C') the chi-square divergence x*(Py,,Py,) defined by

dP; \ 2
X’ (P, Py,) = / L) dey, -1, (10)
P,

where P, denotes the probability distribution of {Y(¢); t € [0, 1]} indexed by
the function h.

Let * be the standard convolution product on the unit interval. The Gir-
sanov theorem yields

1
ngz = eXp(”/o (fr*9)(t) — (foxg)(t)dY (t) —

1
271"/0 ((F1%9)*() = (fox 9)*(1)) dt)

= exp <n1/2 /01 g(u)du /01 dY (t) —27'n (/01 g(u)du>

So, under Py, we have

Zg}f; = exp (/01 g(u)du/o1 dW(t) — 271 (/Olg(u)du>

Using the equality [ exp (2 fol g(u)du fol dW(t)) dPs, = exp <2 (fol g(u)du)2),

the Cauchy-Schwarz inequality and the fact that fol g%(t)dt < oo, we have

2

(2n~ 12 4 n1)> .

2

(2n*/% + 1)> .
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Therefore, there exists a constant C' > 0 such that

Py, \°
XQ(PfNPfO):/ L dPs, —1 < C < o0.
dPy,

It follows from Theorem 2.12 (i7i) of Tsybakov (2004) that

~ 2
wf s B((Q-1A1E) ) e —at—e (D)
anng,oo(M)

The case s € (0,0 +47']. We consider the two functions

27

fox) =0,  fi(e) =7 > we bk (@), €01, (12)
Fam0

where j, is an integer to be chosen below, ;. is a quantity to be chosen
below, and wy,...,wsi._; are i.i.d. Rademacher random variables (i.e., for
any u € {0,...,27 — 1}, P(w, = 1) = P(w, = —1) =271).

Clearly, fo belongs to Bj ., (M). Thanks to the orthogonality of the wavelet
basis, for any integer j > 7 and any k € {0,...,27 — 1}, we have ;5 =
fﬁl fi(@)v;k(x)de = v;,wy for j = j,, and 0 otherwise. Thus, if 7]2* = M2 9+(2s+1)
then

20% —1 20% _1
2748 2 927,82 2 _ 2 9j.(2s+1) _
2 E j*,k_2 V5. g wk—’yj*Q = M,.
k=0 k=0

Therefore, for such a choice of v;,, we have f; € BS  (M).
Let j. be an integer such that

911/ (2542641/2) < gi < 1/(25+2641/2) (13)

With the previous value of ;,, the orthonormality of the wavelet basis gives

20% _1
1ol3 = I3 = IAal3 =7 Y- wi =72 = C27%
k=0
> Cn72s/(2s+25+1/2) = K,,.

In what follows, we consider the function f; described by (19) with the inte-
ger j, defined by (13) and the quantity v;, = M}/?2=3-(s+1/2) In order to
apply Theorem 2.12 (éii) of Tsybakov (2004), we aim to bound the chi-square
divergence x*(Py,,Py,) (see (10)) by a constant.

Let x be the standard convolution product. Due to the definitions of fy,

f1, the random variables wy, ..., wqj. _1, and the Girsanov theorem, we have

ap; 2 L L

T = Mo (mo. [ @asaOay@ -2l [ o)
0 k=0 0 0

1 1
2l exp (nm [ s pwave -2z [ wg—*,k*g)?(t)dt)y
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So, under Py, we have

dPy,
dPy¢,

27x 1

= I eew (n72. | (W ) (AW (1) — 27 / le*,k*g)?(t)dt)
+27 exp (—nl/% /0 1(wj*,k*g>(t>dW(t>—2*1%% /0 1(wj*,k*g>2<t)dt>}
_ 1_1 2 texp (~2md [ (Wi <gP0)it) »
exp (2. | W )OIV (0) +exp (-t [ (Wi ~g) OV )
Hence,

dPs, \ 2 21 1
/ (de1> d]Pfo = H 92 exp (—n'yjz*/ (wj*,k *9)2(t)dt) %
fo k=0 0

Jiew (w2, [ s 0w @) + 0 (<0, [ sacx sy Py,

Since
1
[ (202 [ rara0aw ) ary,
0
1
= [exo (20t [ wraepaw () azy
0
1
= exp <2n'y]2-*/ (7,[1j*,k9<g)2(t)dt>7
0
we have
Py, \?
Y h P
/ <deo> s
27% 1

— kl;[g 27! (eXp (n’ﬁ /01(%;,/« *g)z(t)dt> + exp (—mf* /Ol(wj*,k *g)Q(t)dt)> .

The inequality 271 (e® + e7%) < emz/z, z € R, implies that

s, 2d1P’ <2j*71 2 In24 ", 2(4)dt 2 14
/(deO> fo = kl;[oe"p o (/0 (g1 % 9)° (1) > - (1)
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Using (A,) and the Plancherel theorem, we obtain

/O (g% ) ()t = Y (F (s 0% 9)* () = Y |F (¢5..0) OFlail”

ez lec;,

1
< C2—205- Z \F (%‘*,k) (l)\Q = (2207 / ¢j2*’k(x)d$
0

leCj,
= 027",

We deduce that

AP, \ 2 27% —1 ' _
(G52 aPa < TT exw (©ntot2) —exp (o 2071000
fo k=0

Thanks to the definitions of j, and +;,, we have
n27?*2(1745)j* < Op22i-(s+2)9(1=40)j. < O 29=-(4s+1+48) <

It follows the existence of a constant C' > 0 such that

dPs, \?
X2(]P’fl,Pf0):/ h dPs, —1 < C < oo.
dPy,

Theorem 2.12 (iii) of Tsybakov (2004) yields

~ 2
wt s B (@ 1118)") 2 ek —en B gt (19
Qn fEBs (M)

Putting (11) and (15) together, we prove the existence of a constant ¢ > 0
such that

. A 22
wt s 5((Qu-1718)") 2 e
(M)

Qn f€B3

where ¢} = max (n~!,n=4s/(25¥20+1/2)) Theorem 2 is proved.

Proof of Theorem 3. We need the following lemma.

Lemma 4 If (A}) is satisfied, then there exists a constant C' > 0 such that,
for any integer j > T,
77]2 < 06(87‘-371“)2%.

Proof of Lemma 4. Using the inequalities sup;cp, |F(¢j0)(D)* < C277,
Card(Dj) < C27, (A;) and the fact that SUp;ep, lg)| 72 < C'supep, e2alll” <

—1_\obj
CeB™ 02" e have

. —1 \obj

7732- = E lgi| 2| F(¢5,0)(D]? < C279 E 1|72 < C sup |gi| 72 < CelB™ )27,
leD
€D, €D, eb;
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The decomposition ||f]|2 = ij;o_l of w200 Zi:ol B3 and the ele-

mentary inequality: (z + y)? < 2(2% + 9?), (z,vy) € R?, we have

E((@ - I/13)") <2(E+F), (16)
where
. 2 : 2
27% —1 co 27—1
E=E|| Y (@c—n"'n —aj ) . F={> ) 5
k=0 J=Jj« k=0

The upper bound for F. Since f € B3 . (M), we have

v 2 2
co 27-1 oo
F=(> Y 8, <C| D 2% | <C27% < Clogn)~*/*(17)
Jj=Jx k=0 J=Jx

The upper bound for E. It follows from the decomposition &;, r = «a;, x +

n;m ez 0 €22 F (5, o) (e and again: (z+y)? < 2(22+12), (x,y) €
R<, that

E<2(G+H),

where

20% —1 2
G- n,QE Z <Z gl_le%ﬂ—lk/zj*F(¢j*,0)(l)el> B 77]2*

k=0 leZ

and

2

27% 1
H=4n"'E Z laj. k] <Zgzlezmk/wF(ﬁf)j*,o)(l)el)

k=0 IEZ

The upper bound for G. Using the Minkowski inequality, the fact that the
random variables (e;)iez are independent N(0,1), (A;) and Lemma 4, we
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obtain
1/2\ 2
2J% _1 , 2 2
— — i J*
G<n?| Y |E ( gy LB F(¢j*,0)(l)€l> -3,
k=0 lez
2
2Jx 1 , 2 1/2
- — im J*
=n v (Zgz te2imtk/2 F(¢j*,0)(l)€l>
k=0 lez
2
9Jx _1 . 4 1/2
<n”’ E <Z gz1€2mk/wF(¢j*,0)(l)€z>
k=0 z
. 2
2ix _q 4 4 B g
< Cn~2 77?* = Cn_222j*n;1* < O'n—292ix (16737 a)2°7~

k=0
< Cn~2(logn)*/'n = Cn ™! (log n)*/" < C(logn) /",

The upper bound for H. Using the Holder inequality, the inequality Zi;(; ! a?h e <

|| £1|3 < M., the fact that the random variables (e;);ez are independent N'(0, 1),
(Ay) and Lemma 4, we obtain

2

20% 1
H=4n"'E Z |, k] (Z gflﬁzmlk/?*F(¢j*,0)(l)el>
k=0

lez

27% 1 27% —1 2
<an”h Y al Y E (Z91‘162””"/2“F(fbj*,o)(l)ez)
k=0 k=0

<A

2J% _1

. . —1 bjx

<Cn YD g = On R, < On ol w2
k=0

< Cn~Ylogn)’n'/? = Cn=12(logn)'/* < C(logn)~4/°.
It follows from the obtained upper bounds for G and H that
E <2(G+H) < C(logn) /" (18)
Putting (16), (17) and (18) together, we obtain
* 2 —4s
E((Q; — I£18)°) < 2(E+F) < Cllogn)~*".

This ends the proof of Theorem 3.
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Proof of Theorem 4. The proof is similar to the proof of Theorem 2 in the
case s € (0,6 +471]. We consider the two functions

YA

fox) =0,  fil@) = > wetj k@), €01, (19)
k=0

where j, is an integer to be chosen below, ;. is a quantity to be chosen below,
and wy, . .., Waj. _1 are i.i.d. Rademacher random variables. Clearly, fy belongs
to B oo (M). If 42 = M,279-(5+1) ‘then f; € B . (M). Let j. be an integer
such that

(8737 1a)"Y/? (21ogn — ((4s 4 1)/b) log(log n))l/b

< 29+ < 2(87371a)" /" (21logn — ((4s + 1)/b) log(logn))**.  (20)
With the previous value of «;,, the orthonormality of the wavelet basis gives

2% 1

1oll3 = I3 = IA2l3 =7 Y- wi =nf 27 = 0272
k=0

> C(logn)~ 2/ = k,,.

In what follows, we consider the function f; described by (19) with the inte-
ger j, defined by (20) and the quantity v;, = M}/?2=3-(s+1/2) In order to
apply Theorem 2.12 (éii) of Tsybakov (2004), we aim to bound the chi-square
divergence x*(Py,,Py,) by a constant. It follows from (14) that

dP; \ > Py, \?
2(p, P :/ I P —1</ —h i
X ( fis fo) d]Pfo d fo - d]}Df0 d fo
29% 1 1 2
< H exp (2_1112’}/;1* (/ (1/Jj*,k*g)2(t)dt> > .
k=0 0

Using (A}) and the Plancherel theorem, we obtain

1
/0 (10500t = 3 (F (b5 50> D) = S IF (5.0) (O lan?

leZ leCj,

_(4m3-1a)2bi*
< Cem WO NTUE (4. x) (1)

lGC]‘*
1
—1_\objix i a—1 Nobix
= Qe (437 @)2” / 7/132'*,k(I)dx:C’e (4m3™ a)2%x
0

We deduce that
27% —1

(8731 )20
Xg(Pfl’PftJ) < H exXp (CnZ'y;ie (Bm3 a2 )
k=0

= exp (C’nZ’Y}i 2j*e’(8“3_1“)2b”) .
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Thanks to the definitions of j, and v;,, we have
nzﬁ*zj*ef(sws—la)f’j* < Cn22*j*(4s+1)67(87r3_1a)2b-7‘*
(4s+1)/b
(log ) <C.

<C <
(21ogn — ((4s + 1)/b) log(log n))**+H/°

It follows the existence of a constant C > 0 such that

dPs, \°
X2 (P, Py, ) =/ L) dpy, —1<C < .
dpfo

Theorem 2.12 (ii3) of Tsybakov (2004) yields

~ 2
wt sup B (@ 118)°) 2 ek = cliogn)

Qn fEB3 (M)

Theorem 4 is proved.
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