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Abstract

We consider the following situation: an unknown function f is observed in Gaussian
white noise after convolution with a known function g. We wish to estimate the
quadratic functional [ f2(t)dt from the observations. To reach this goal, we propose
an adaptive estimator based on wavelet thresholding. We prove that it achieves
near optimal rates of convergence under the mean squared error over a range of
smoothness classes.
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Wavelets, Global thresholding.
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1 MOTIVATION

We consider the stochastic process {Y(t); t € [0,1]} defined by

dY (1) = ( /0 - u)g(u)du> dt +n~2dW (1), (1.1)

where {W (t); t € [0, 1]} is a standard Brownian motion, f an unknown one-
periodic function such that f) f2(t)dt < oo, and g a known one-periodic func-
tion such that fol g*(t)dt < oco. We suppose that the Fourier coefficients of ¢
decay in a polynomial fashion. The goal is to estimate f, or a quantity depend-
ing on f, from {Y(¢); t € [0,1]}. The equation (1.1) modelizes the important
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problem of recovery of noisy signals in linear motion blur. Further details can
be found in Bertero and Boccacci (1998).

In the literature, many authors have examined the estimation of f. See, for
instance, Cavalier and Tsybakov (2002), Johnstone et al. (2004) and Ches-
neau (2007). In this paper, we focus our attention on a different problem: the
estimation of the quadratic functional Q(f) defined by

QN =IfIE = [ s

The problem of estimating quadratic functionals is closely connected to the
construction of confidence balls in nonparametric function estimation. It has
already been investigated for a wide variety of models (density, regression,
Gaussian model in white noise, density derivatives, ... ). See, for instance,
Bickel and Ritov (1988), Donoho and Nussbaum (1990), Kerkyacharian and
Picard (1996), Efromovich and Low (1996), Gayraud and Tribouley (1999),
Johnstone (2001a,b), Laurent (2005), Cai and Low (2005) and Butucea (2007).
However, to our knowledge, the estimation of Q(f) = || f]||3 from the convolu-
tion model in Gaussian white noise (1.1) has never been studied.

To estimate Q(f) = ||f||3, we propose an adaptive wavelet estimator based
on the global thresholding. The idea of this thresholding is the following:
we decompose the quadratic function Q(f) by using an appropriate wavelet
basis, we estimate the associated coefficients via natural estimators, then, at
each level of the wavelets, we keep all of these estimators if, and only if,
the corresponding ls norm is greater than a fixed threshold. This technic has
been initially developed by Gayraud and Tribouley (1999) for the quadratic
functional estimation in the standard Gaussian white noise model.

Naturally, the construction of our estimator depends on the complexity of
the convolution model (1.1) and, in particular, the function g. To evaluate
his theoretical performances, we adopt the (asymptotic) minimax approach
under the mean squared error over Besov balls. More precisely, if @n denotes
our estimator and Bj (M) denotes the Besov balls, we aim to determine the
smallest rates of convergence ¢,, such that

lin ' s B ((@u—1£13)°) <.

el feBs (M)

In this statistical framework, we prove that @n achieves near optimal of con-
vergence. The proof is divided into two parts. The first part is devoted to the
upper bounds. A key tool is an inequality for weighted chi-squared established
by Johnstone (2001b). The second part concerns the lower bounds. They are
obtained via a specific theorem proved by Tsybakov (2004).

The paper is organized as follows. In Section 2, we present wavelets and Besov



balls. Section 3 clarifies the assumption made on g and introduces some inter-
mediate estimators. The main estimator of the study is defined in Section 4.
Section 5 is devoted to the results. The proofs are postponed in Section 6.

2 WAVELETS AND BESOV BALLS

We consider an orthonormal wavelet basis generated by dilation and transla-
tion of a "father” Meyer-type wavelet ¢ and a "mother” Meyer-type wavelet 1.
The particularities of such wavelets are that the Fourier transforms of ¢ and ¢
have bounded support. More precisely, we have supp (F(¢)) C [—4737!, 47371
and supp (F(v)) C [-8737, —2737'|uU[2737!, 8737!|, where, for any function
h € L.Y([0,1]), F(h) denotes the Fourier transform of h defined by F(h)(l) =
fol h(x)e=%™@dz. For further details about Meyer-type wavelets, see Walter
(1994), and Zayed and Walter (1996).

For the purposes of this paper, we use the periodized wavelet bases on the
unit interval. For any x € [0, 1], any integer j and any k € {0,...,27 — 1}, let

bin(x) = 22p(20 — k), Yin(x) = 22p(Px — k)

be the elements of the wavelet basis and

T’:(:w = Z(bj,k(l’ - l>7 ?ir(x) = ij,k(x — l),

leZ leZ

their periodized versions. There exists an integer 7 such that the collection (
defined by ¢ = {¢7%,k=0,...,2" = 1; ¥, j=7,.,00, k=0,..,2 -1}
constitutes an orthonormal basis of L?([0, 1]). In what follows, the superscript
"per” will be suppressed from the notations for convenience. A one-periodic
function f € IL?([0,1]) can be expanded into a wavelet series as

271 oo 27-1
flx) =" arpdrn(x) + > D Biatin(®),
k=0 Jj=7 k=0

where o, = [ f(£)prr(t)dt and Bjx = [y f(t)h;x(t)dt. For further details
about wavelet bases on the unit interval, we refer to Cohen et al. (1993).

Now, let us present the Besov balls B3  (M). Let M € (0,00) and s € (0, 00).
We say that a one-periodic function f belongs to the Besov balls B3 (M) if,
and only if, there exists a constant M* > 0 such that the associated wavelet
coefficients satisfy

271 271 -1
27 % ozik +sup2¥° Y /6321@ < M~.
k=0 j2T k=0



These sets contain all the Besov balls By (M) with p > 2. See, for instance,
Meyer (1992)

3 PRELEMINARIES

In this section, we clarify the assumption made on g and we introduce some
intermediate estimators.

Assumption on g. As mentioned in Section 1, we suppose that the Fourier
coefficients of ¢ decay in a polynomial fashion. In other words, there exist
three constants, ¢ > 0, C' > 0 and § > 0, such that, for || large enough, ¢
satisfies

el < [F(g)(D)] < CII™. (3.1)

The factor ¢ will play a determinant role in our study.

The assumption (3.1) is satisfied for a wide variety of functions. An immedi-
ate example is the one-periodic function g defined by g(z) = ez e+ Tt
satisfies the inequality (3.1) with § = 2.

Preliminaries to the estimation of || f||3 from {Y(t); ¢ € [0,1]}. Thanks to
the orthonormality of the wavelet basis, the unknown quadratic functional
Q(f) = || f||3 can be decomposed as

27—1 oo 279—1
1715 = Z ozt > B
j=7 k=0

Thus, the first step to estimate || f|| consists in estimating the unknown co-
efficients (a2 ;) and (87,);,- In what follows, we investigate the estimation

of (2);5- Since, for any | € Z, F (fy f(t = w)g(u)du) (1) = F(£)())F(g)(0),
if we set

Y= /01 e Ay (t), fi=F(H), g=F(9) and e = /01 e M qB(1),

then we have
v = fig + e

The Parseval theorem yields

ST ugr 'F() () =" iF () (1) + 1723 g () (Der

leZ lEZ lEZ

=B+ 023 g F () (Der

leZ



Since, n™/2 Yy ;7 F () (Der ~ N (0,07 i g7 F2(14) (1)), we have

I€Z l€Z

Bik =Y yigr "F (W) (1) ~ (@',k, TN g PP (i) ( )) ~

Therefore, the random variable @k defined by

Oj = Bk =1 D2 g F2 () (1)

lez
is an unbiased (and a natural) estimator of 57,

We are now in the position to describe the main estimator of the study.

4 ESTIMATOR

Set (a)y = max(a,0). Let j; be an integer such that

9=11/(20+1/2) _ o < nl/(20+1/2)

We define the thresholding estimator @n by

o are 1 [2-1
Qn=> (@Ek - n‘lnf,k) + Z (Z ik 1‘7g2k) ”_1%2',00%) , (4.1)
k=0 k=0 N

where

ark—zylgl ¢7‘k ) ﬁ]k—zylgz %k)()

l€Z I€Z
n?,k = ng2F2(¢7,k)(l), jk = Zgl wyk 1),
I€Z. I€Z.

02 o = SUPy_g. i1 02y and A, = Ao = 2(log 2)V/2(1 + 46)V/ (j29) '/,
As mentioned in Section 1, the construction of Qn is based on the global thresh-
olding technic initially developed by Gayraud and Tribouley (1999) for the

quadratic functional estimation in the standard Gaussian white noise model.

Notice that the definition of Q,, does not require any a priori knowledge on f.
It is adaptive.



5 MAIN RESULTS

Theorem 5.1 below determines the rates of convergence achieved by the esti-
mator (4.1) under the mean squared error over the Besov balls B3  (M).

Theorem 5.1 Let us consider the convolution model defined by (1.1). Assume
that g satisfies the inequality (3.1). Let Q, be the estimator defined by (4.1).
Then, there exists a constant C > 0 such that, for n large enough, we have

s E((Qu = I1718)°) < O

JeB; oo (M)

where

—4s/(254+25+1/2)

nt when s> +471,
o (n(log n)_l/z) , when s€(0,0+47".

One part of the proof of Theorem 5.1 uses an inequality for weighted chi-
squared established by Johnstone (2001b).

Notice that, the rates of convergence ¢, presented in Theorem 5.1 are equal
—4s/(25+25+1/2
to max (n_l, (n(log n)_l/Q) o / )).

These rates of convergence are similar to those obtained by Butucea (2007)
(see Theorem 4) for a different model (the density convolution), with a differ-
ent estimator (the deconvolution kernel estimator), and under a different risk

(R(h, f) =E (= If131))-

The result of Theorem 5.1 raises the following question: are the rates of conver-
gence ,, the optimal ? Theorem 5.2 below provides the answer by determining
the minimax lower bounds.

Theorem 5.2 Let us consider the convolution model defined by (1.1). Assume
that g satisfies the inequality (3.1). Then, there exists a constant ¢ > 0 such
that, for n large enough, we have

it s B ((@u— 1718)°) 2 eei,

Qn fEBj (M)

where inf denotes the infimum over all the possible estimators of |l f113, and

. nh when s>+ 471,
P T\ s st yhen s € (0,6 + 471,



The proof of Theorem 5.2 is based on a general theorem established by Tsy-
bakov (2004).

The results of Theorems 5.1 and 5.2 show that the estimator @n is near optimal
under the mean squared error over the Besov balls B3  (M). "Near” is due to
the case s € (0,0 + 47| where there is an extra logarithmic term.

6 PROOFS

In this section, ¢ and C denote positive constants which can take different
values for each mathematical term. They are independent of f and n.

PROOF OF THEOREM 5.1. The orthonormality of the wavelet basis yields

27—1 J1 27-1 oo 20-1
Hf”2__ E: aTk<+-§: E: ﬁ]k_+ z: E: ﬁ]k
Jj=7 k=0 Jj=j1+1 k=0

The definition of Q, (see (4.1)) and an elementary of convexity give

~ 2
E((Q-I718)°) <3(R+5+7), (6.1)
where
271 2
R=E <Z (@3,k —nTinty - O‘i,k)) ;
k=0
Jiof29-1 29—1 2
S - E Z ( _]Z,k: - n_lo-j%k) n -1 2 )\n Z /6_]2]6
=1 \ k=0 +
and

27 -1 2
(z Zﬂfk) |
7j=71+1 k=0

Let us investigate the upper bounds for R, S and T in turn.

The upper bound for R. Using the Cauchy-Schwarz inequality, we have

27—-1

R<2 Y E ((ai,k — R, — aka)2> . (6.2)

k=0

For the sake of simplicity, set Yz 97 ' F(érx)(1)e; = 0y 1z where 2 ~ N(0,1).
We have



2
2 2 ~1/2 1,2 2
Qrp—n 777k Y (aT,k +n nT,kZ) N Nk T Qg
~1/2 1,2 (.2
—on~V Nek2Crg + 0705, (z — 1) )

Using the elementary inequality (z + y)? < (|:E|2 + |y?), , y € R, and the
fact that E (= )zlandE(z—l ): ) = 2, we obtain

£ (a2, 07— a2,) ") S CE (w222, 7l (2 - 1)°)
<C (n‘lnf,kaf,k + ”_ZUﬁ,k) :

Let D, be the support of ¢, ;. The assumption made on g (see (3.1)) and the
fact that sup,ey, F2(¢r k) (1) = supep. F*(¢rx)(1) < C277 imply that

1/2 1/2 1/2
nnkz(zgﬁﬁwnk)(n) sc(wzgf?) SC(Sup9f2>

leZ leD- leDr

<027 < C. (6.3)

Moreover, since f € Bj (M),
271
doaZ, < M2 <C. (6.4)
k=0

Putting (6.2), (6.3) and (6.4) together, we have

27 -1 27 -1 27—1
R<C ( _12777k04¢k+”2277¢k><0< 1Zai7k+n‘2>
k=0

0
< Cn_ < C max <n— : (n(log n)—1/2) 45/(25+26+1/2)> _ Cgpn (65)

We obtain the desired upper bound for R.
The upper bound for S. We consider the following lemma.

Lemma 6.1 Let Xq,..., X,, be n random variables. Then

E ((é){)z) < (Z: (E (Xg))1/2>2.

Applying Lemma 6.1 above, we obtain



. ; ; 2
J1 i 271
S| |E ((Z( S =00 —n‘laiookn) - ﬁik)
+

k=0

Now, let us consider Lemma 6.2 below. It is a consequence of a result proved
by Johnstone (2001b). Further details are given in the proof of Lemma 6.2.

Lemma 6.2 We adopt the notations of the previous sections. There exist two
constants ¢ and ~y such that, for any j € {7, ..., j1}, we have

k=0

21-1 29-1 2
E Z ( ]Qk — n_laik) — n_laioo)\n — Z ﬁik
L k=0

271 2
4 ~20—45j - 2 -2
<00 | CNT72 -+ min | 2 E Bivoik | svills

k=0
where
vy = 207220 +4n~1 3 37105 2 + 4(log 2)(1 + 49) (n2j27) .
k=0

Applying Lemma 6.2 above and an elementary inequality of convexity, we have

1/2

27 -1 N 271 2
E Z ( j2k - ”_1%2',k) - ng,oon_lAn - Z ﬁik
k=0

J’_

271
<Co7 (n_12_257 + min (Z 5?,1@0']'_,137%1'/2)) . (6.7)

k=0

Let C; be the support of ;. Since sup;ez F2(¢;4)(1) = supjec, F*(¢j4)(1) <
0277, we have

ol = sup. 0]2-71C <0277 Z g2 < Csupg;? < €229, (6.8)
k=0,...,20 -1 lec; leC;

It follows from (6.6), (6.7) and (6.8) that

S<C+J)7?, (6.9)



where
J1
I — n—l Z 225j2—25j
J=T
and
N 21 "
2 2 2
J = 22 7 min Zﬁjkajk,] .
] =T

Let us study the upper bounds for I and J in turn.

The upper bound for I. We have

I=n"'(ji —74+1) < Cntlogn

—2s/(25+25+1/2)
< C'max (n‘”z,(n(logn)‘m) et ) Cl/2. (6.10)

The upper bound for J. We distinguish the case s > J + 47! and the case
s€ (0,6 +471].

The case s > § +471 . Let j, be an integer such that

_1)1/(46+1) 1)1/(46+1)

271 (n(log n) <22 < (n(logn)_

Notice that jo < j;. We have the following decomposition
J=G+H, (6.11)

where
251
G = ZQQéjmm Zﬁfk _,?, ]1/2
] =T
and
J1 2711
H= Y 2% min Zﬁjzk j_]f, ]1/2 .
J=j2+1

Let us investigate the upper bounds for G and H in turn.
The upper bound for G. Since inf;e;, F?(1; ) (1) = infiee, F?(1;)(1) > C277,
we have
-1 1
cr<Cl277Y g7 <cC <mf g;2> < C27%9, (6.12)
leC; [eC)

Using an elementary inequality of convexity, the inequality (6.12), and the
fact that f € B5 (M) (i.e. Y2 2 < M*27%°%) we obtain

10



271

1/2
vjl-/2§C' n~/? (Z ﬁikaj_v,f) 4+ nly1/200/2
k=0
< C (n22m 40 g gl 200/2) (6.13)
It follows from the inequality (6.13) and the definition of j, that
J2 ' J2 ' J2 _
G< Z 22‘5]11]1-/2 <C n-1/2 Z 9—(s=0)j + ! Zj1/22(26+1/2)j
Jj=T Jj=T Jj=t
<C (n—1/2 +n 131/22(25—1—1/2)]'2) < Cn~1/2. (6.14)

The upper bound for H. It follows from the inequality 7}, 2 < 0277 (see
(6.12)) , the fact that f € B3 (M) and the definition of j, that

Jj1 0 29-1 1 29-1
H< Y Zﬁik(f% )< C Z Zﬁfk<0 Z 92
Jj=j2+1 k=0 =j2+1 k=0 =jo+1
. —2s/(46+1
<027% < C (n(logn) ™) faoso < Con V2, (6.15)

Combining (6.11), (6.14) and (6.15), we obtain
J=G+H < Cn ™2 (6.16)
By putting the inequalities (6.9), (6.10) and (6.16) together, we have

S<C(I+J)P<Cnt. (6.17)

The case s € (0,8 +47]. Let j3 be an integer such that

1/(25+20+1/2 . 1/(25+26+1/2
2_1 (n(logn)_l/2) /(25+26+1/2) <98 < (n(logn)_l/g) /(2s+26+1/2) .

Notice that j3 < j;. We have the following decomposition

J=L+ M, (6.18)
where
) 1/2
L = 2225’mm<z 6;2k j_,f, v; )
=T
and

21
M = Z 2297 min (Z ﬂjzkaj,f, ]1/2) .

Jj=j3+1

11



Let us study the upper bounds for L and M in turn.

The upper bound for L. Set (a)y = max(a,0). Using the inequality (6.13), we
have

j3 ) j3 ‘ j3 ‘
L < Z 225JU;/2 < C (n—l/Q Z 2—(8—5)] + n—l Z j1/22(25+1/2)])
J=T J=T =7
<C (n‘1/22j3(5‘5)+ +n " (log n)1/22(26+1/2)j3)
—2s/(25+26+1/2
<C (n—(—(6—5)++s+6+1/4)/(28+26+1/2) n (n(logn)‘l/Q) /(25+ /))

—25/(25+264+1/2)

<C (n(logn)™?) (6.19)

The upper bound for M. By the inequality a;,f < 0272 (see (6.12)) , the fact
that f € B5 (M) and the definition of j3, we have

j1 29-1 j1 29-1 J1

M< Y 3 80200 <C Y Y p<C Yy 27V

j=jst+1 k=0 j=ja+1 k=0 =jst1

. —2s5/(254+26+1/2
<27 < C (n(logn)™V?) [z (6.20)

Putting (6.18), (6.19) and (6.20) together, we obtain

_1/2)—23/(2s+25+1/2) . (6.21)

J:L+M§C(n(logn)

Combining the inequalities (6.9), (6.10) and (6.21), we have

—4s/(25+264+1/2)

S <C(I+J)" <C(n(logn)™/?) (6.22)

It follows from (6.17) and (6.22) that, for any s > 0, we have

= Con. (6.23)

—4s/(2s+26+1/2
S < C'max (n_l, (n(logn)_l/z) [zt )>

We obtain the desired upper bound for S.

The upper bound for T. Using the fact that f € B35 (M) and the definition
of j1, we have

oo 27-1 2 oo 2
T:( Z Z 6%/&) < ( Z 2—2js> < o~ 4is < Cn—4s/(1/2+25)

Jj=j1+1 k=0 Jj=j1+1

_1/2) —4s/(2s+25+1/2)>

<(C'max (n‘l, (n(log n) = Copp,. (6.24)

12



We obtain the desired upper bound for 7.

It follows from (6.1), (6.5), (6.23) and (6.24) that

sup  E((Qu - I£IB)°) <3(R+ 8+ 1) < Cp,

feBs (M)

—4s/(25+26+1/2
where ©,, = max (n_l, (n(logn)_l/Q) /(2s+26+1/ )>'

Theorem 5.1 is proved.

PROOF OF LEMMA 6.2. First of all, notice that

k=0

21 27 -1
W: (Z (ﬁik — n_lo'ik) — n_l()'ioo)\n) - Z /6j2,k
i k=0

k=0 k=0

271 27 -1
. 2 2 —2 —1 -1 2 2 2
= > ok(Bipoie =) =0T oj A | — > Uj,k( 5.k 9 5,k
+

Since ﬁj,kaj_’é ~ N(0,n7Y), 0jx < 000 and A, = (2d)/?(2wlogd)}/? with
d = 27 and w = 1 4 46, an inequality for weighted chi-squared proved by
Johnstone (2001b) (see Corollary 2.3 without the bound ”p < p,” used in the
corresponding proof) implies the existence of two constants ¢ > 0 and v > 0

such that

. 2
271
E (W2) < 70?‘,00 en2d'P 4+ min | 2 (Z ﬁikaj_,lg) Ui ]
k=0

where

k=0

271
v; =V (Z( jzka]_,f — n_l)) +n 2N

After some computations, we obtain

291 291 2
E Y (B —nTlod) —nTlal M| = > B
+

k=0 k=0

29—1 2
4 ~26 48] : 2 -2
<0 | en™227% 4 min [ 2 ) Biroir | vl |
k=0

13



where

27 -1
v = 207220 +4n~t Y 3205 + 4(log 2)(1 + 40) (n2)27) .
k=0

Lemma 6.2 is proved.

PROOF OF THEOREM 5.2. We distinguish the case s > § + 47! and the
case s € (0,0 +471].

The case s > § +471. Let us consider the two following functions
fo(z) =1, filz) =14+n"Y2
Clearly, fo and f belong to B3 (M). Moreover, we have
1foll3 = A3 = 2072 407 > 072 = g,

Now, in order to apply Theorem 2.12 (7iz) of Tsybakov (2004), we aim to
bound (by a constant C) the chi-square divergence x*(Py,,Py,) defined by

Py, \”
G Pr) = [ () dPr— 1, (6.25)
dPy,

where P, denotes the probability distribution of {Y(¢); ¢ € [0,1]} indexed by
the function h.

Let x be the standard convolution product on the unit interval. The Girsanov
theorem yields

de 1
dP o

=exp(n [ ((fi%9)(0) = (fox g) ()Y (1) -
2 [ ((fix 9P (6) ~ (ox g (6)) d)
= exp <n1/2 /01 g(u)du /01 dY (t) —27'n </01 g(u)du)2 (2n 12 + n_1)> .

So, under s, we have

% = exp (/Olg(u)du /01 dB(t) — 271 (/Olg(u)du)2 (2n"/? + 1>> .

Using the equality [ exp (2 I3 g(u)du f; dB(t)) dPy, = exp (2 (fol g(u)du)z)
and the Cauchy-Schwarz inequality, we have

14



/()

—exp (- </Olg(u)du)2 (2nY2 4+ 1)) /exp (2 /Olg(u)du /01 dB(t)> dP;,
~exp <— (f 1 g(u)du)2 (2n'/2 + 1)) exp (2 (/ 1 g(u)du>2>

<exp <</Olg(u)du)2> < oxp (/01 g2(u)du) <C

Therefore, there exists a constant C' > 0 such that

2 del ’
X (Pf17Pf0):/ dP deo_l <O <o0.
fo
It follows from Theorem 2.12 (iii) of Tsybakov (2004) that

inf sup E ((@n _ ||fy|§)2> > —enl—cpt. (6.26)
Qn feB;3 (M)

The case s € (0,8 +47'. Let us consider the two following functions

27
folz) =0, fi(z) =75 Y wi . (2), (6.27)
k«=0

where j, is an integer to be chosen below, «;, is a quantity to be chosen below,
and wy, ..., wy._; are i.i.d. Rademacher random variables (i.e. P(w, = 1) =
P(w, = —1) = 27! for any u € {0, ..., 27 — 1}).

Clearly, fo belong to Bj . (M). Thanks to the orthogonality of the wavelet
basis, for any integer j > 7 and any k € {0,...,27 — 1}, we have [;), =
Jy fi(2)j(x)dx = 75,0 for j = j. and 0 otherwise. Thus, if V2 = M,277-@sFD),
then

2]* 1 2]* 1

22] %S Z = 229*3,}/)* Z wk ,}/j*Q‘] (25+1) — ]\4»<
Therefore, for such a choice of ;,, we have f; € B; _(M).
Let j, be an integer such that

9L/ (s 42641/2) < gix < 1/ (2542641/2) (6.28)

With the previous value of «;,, the orthonormality of the wavelet basis gives
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20% —1
1foll3 = LANE = LANE =72 >0 wh =720 > o272
k=0
> Op~2s/(2s+2641/2) _
In what follows, we consider the function f; described by (6.27) with the
integer j, defined by (6.28) and the quantity 77 = M,277*2tD In order to
apply Theorem 2.12 (ii7) of Tsybakov (2004), we aim to bound (by a constant
C) the chi-square divergence x*(Py,,Py,) (see (6.25)).

Let * be the standard convolution product. Due to the definitions of fy, fi,
the variables wy, ..., woi._1, and the Girsanov theorem, we have

dIP)fl_2j*_l -1 ! o ! 2
= T e (my. [ @ran )00y () =270 [ (wux g (0]

1 1
+27 exp (—ny. [ Waar ) OAY () =200l [ (Wa k(1) )]
So, under P, we have

dPy,
dPy,

20% —1

=TT 2o (/. [[ s ) 0B0) 2w [ (w001
+27 exp (—nl/Q%-* /01(%'*,1@ *g)(t)dB(t) — 2_1n7]2-* /01(%'*,19 * g)Q(t)dt)]
— 2:111 27l exp (—2_1717]2-* /Ol(wj*,k * g)z(t)dt) X

exp (w2, [ Wieax 0B + exp (<15 [ (Wiws OB

Hence,

AP 2 2Jx _1 1
/(dIP’Z) dPy, = kl;[O 272 exp (—n%i/o (%Mk*g)z(t)dt) X
Jiexp (25, [ s ) 0ABO) + exp (=0 [ 5% 0) (OB )Py,
Since [exp (2”1/2’Yj* Jo (i g *9)(t)dB(t)) dPy, =

Jexp (=2n' 2y, [ (5. % 9)(0)dB(1)) dPy, = exp (2072 [ (5, 5 % 9)(B)dt ) ,

we have
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[ ()
ST (o (i [ 01) e (<2 [ i 001)).

k=0

Using the inequality 271 (e” 4+ ™) < e”/2, x € R, we obtain

d]P)f 2 2d% _1 1 2
/ — ) dPy, < [ exp (27 'y} (/ (wj*k*g)2(t)dt> .
d]P)fO k=0 I 0 '
Using the condition (3.1) and the Plancherel theorem, we obtain

1

[ i 0@t = [ (F (.0 0))* (e = [ F* (5,00 (0)F (9) ()

1 1
< —267x 20 _ —267x 2
<02 [ R () (Hdt = €27 [ 142 (a)da
=027,

We deduce that

d]:P 2 2j*_1 ) ]
/ <de1> dPy, < H exp (C’nQWiQ_A“;J*) = exp (C’nzfy;‘*Q(l_A“s)]*) .
fo k=0

Thanks to the definitions of j. and ~;,, we have
n2,y;_1*2(1—45)j* < C’I’L22_j*(48+2)2(1_46)j* < Cn22—j*(48+1+46) < C.
It follows the existence of a constant C' > 0 such that

dPy, \*
X2(Pf17Pfo) = / L deo —1<C <o0.
dPy,

Theorem 2.12 (7iz) of Tsybakov (2004) yields

~ 2
inf sup B ((Qu— I718)°) 2 nl = en /B — o (6.29)
Qn fEBj (M)

Putting (6.26) and (6.29) together, we prove the existence of a constant ¢ > 0
such that, for any s > 0, we have

it sup B ((Qu—I1£13)°) = ee:

Qn fEBS,oo(M)
where ¢ = max (n—l’ n—4s/(2s+26+1/2)).

Theorem 5.2 is proved.
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