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Abstract— A new class of QPSK Space Time Trellis Codes performance. Therefore, the systematic search for goodscod
(STTC) for several transmit antennas is proposed in this paper. can be reduced to this class. A table with all the best 4-
We call these codes Balanced STTC because they use the pomt%tate STTC and a table with some best 16-state STTC for

of the constellation with the same probability. Comparing to .
known codes, these codes offer the best performance. Theved, 2 Tx antennas are given. Some best 16-state STTC for 3 Tx

the systematic search for good codes can be reduced to this class@ntennas are also presented. Finally, the performancel of al
It is shown that all the best published codes are balanced. The these codes is evaluated by simulation.

paper presents the design of these balanced STTC and gives @ The rest of the paper is organized as follows. Section II

complt st e ves il codes for 2 a1l TS 1y s the STTC. The new clas of alanced coces
are also given. is introduced in Section Il and their properties are listed
Section IV. The design of QPSK balanced space-time trellis
. INTRODUCTION codes for several Tx antennas is described in Section V and
Space Time Trellis Coded Modulation (STTCM) was introv| respectively. Finally, it is shown in Section VII that the
duced in 1998 by Taroket al. [1] by combining channel best B-STTC outperform or equal previously known codes.
coding with the Multiple Input Multiple Output (MIMO)
concept to improve the data rate and the reliability of veissl
communications. Many performance criteria have been estab Il. SPACE TIME TRELLIS CODING
lished to maximize both diversity and coding gain of STTC.
The rank and determinant criteria for slow fading channels We consider the general case f-PSK space-time trellis
with the Euclidian distance and the product distance daite€ncoder as shown on Fig.z ¢ 2 for QPSK modulation).

for fast fading channels have been proposed in [1]. In [2]

Chen introduced the trace criterion which governs the apdin oo . k

for systems with a great product of the numbers of transmit| b5 [b5 ——= b7 b5 "> L Lo

(Tx) and receive (Rx) antennas. NPT ; T evory |
Based on above criteria, many different STTC for 2 Txl 77777 ili T

antennas have been found by a systematic code search§({§]—ﬂ>i &
[6]. The performance study of these codes was carried iout ¥ ¥
over slow and fast Rayleigh fading channels to identify the ’

fading channels, the codes constructed with the tracerionite; s X L .k
R .. CL1+(0) (2,1
give similar or even better results that the codes constduct ¥

with the rank and the determinant criteria. Over fast fading |

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

the other tested codes. In_ the s_ame way, some codes for &l'ﬁlxﬂi] %‘c;ﬁ nT*{i} G % A’ 1) G021 +1
antennas have been published in [6], [8]. All the codes which ¥ ¥ G2 ¥ ¥ Y ¥ Ly T
achieve the best performance have the same property: teey us > mod 2 :

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

the points of the constellation with the same probabilitthi _ )
data are generated by a binary memoryless source with gquall Fig 1. ST trellis encoder foz"-PSK andnr Tx antennas
probable symbols. Therefore, we call these codes “Balanced
STTC” (B-STTC) [9]. This encoglerli(s cofmpé).?ed Aotf onehintput Il?lock%obitﬁ ?I’?d
i i i memory blocks ofn bits. each time , all the
Until now, no efficient con;trucnon method of STTC ha%its of ayblock are replaced by the bits ofethe previous
been proposed and systematic code search has been emplgyéa Theit™ bit 59 i — 1...n. of the i block
. . . . i , coon, J ock,
to obtain STTC with good performance [3]-{6]. The mairy — 1., + 1, is associated tou multiplier coefficients
contribution of this paper is the description of a method of' . € Zj«, k = 1...np whereny is the number of Tx
construction of this new class of codes which offers the bemtitennas. A ST trellis encoder is thus classically defined by



its generator matriXC of ny x n(v + 1) coefficients: Definition 1 The vectorsCy, Cs,...,Cy are linearly inde-

1 1 1 L pendent if the equation
€11 0 Cna oo Clpgr o0 Cppqa n
. z1Cq +ZEQCQ+"'+£LCL:O€ZQE (4)
C=|cy oy oy o o | @ with 2 € {0,1} holds if and only if allz; =0 .

Definition 2 A set of linearly independent vectog,, ..., C,,
is called a base foZ37 if and only if

nr

np n np
€11 o Cha o G410 Cpppa

spar{Cth, ...,Cm) I{Z CL‘ZCZ/‘TZ (S {0,1}} = Z;};
Ill. BALANCED CODES i=1

A. Why balanced codes? In this casem = n.ny is the dimension of the sé&i; .

The concept of “balanced codes” is based on the observation
that all the good STTC proposed in the literature present the
same property: the generated symbols of the constellat®en a In the following, a method to design fully balanced codes
equally probable. is presented. The properties of the basesZgf, which

Indeed, if the binary input data is generated by a méharacterize the fully balanced codes are listed. Further,
moryless sourcé& = {0, 1} with equally probable symbols, Systematic search will be performed only for these fully
then, in the case of 4-PSK modulation, from a given stak@lanced codes.

V. PROPERTIES OF THE BASES OE}”

X:[mlxg...mL]TeZQL of the shift-register realized bf+1) Property 1: The null vector0 € Z;™ can not be used to

blocks ofn bits, the MIMO symbolY = [y1ys... yn,]" € Z;* form a base.

generated by the STTC encoder shown in Fig.1 is: Property 2: If the vectorC; € Z}" is used to form a base,
Y-C.X ) thenC; = —C; does not belong to this base.

Property 3: If the vectorsC,,C,,...,C,, € Zj7 with
where C is the generator matrix (1). This is a deterministic? < Lm:» = n.nr are linearly independent, then the vectors
relation. Therefore, the STTC is defined by a map: m
®:7ZF -7y ®3) Crnt1 = ;Aici €Zy", Xie{-101} (9
which associates to the sta¥e an unique codeword. Note  can not be used to obtain + 1 linearly independent vectors.

that ®(ZL) C Z)™ represents the set of generated codewordsPrOperty 4: Cy = 2727 is a normal subgroup of the additive
Y. A given codewordY can be obtained for several stateroup z77. For each element € Z}™ we consider the coset

X € Zj. Let n(Y) be the number of occurrences of the, _ v+ 2727, where addition is irZ}".
cogewgr(f:ij(.t.' STTC ishalancedit and onlv if each Property 5: If u; € C, andv; € C, thenu; + vy € Cugo,
y definition, a isbalancedif and only if eac ition AT
generated codewory € ®(ZL) has the same number ofWh:rr:pfrt;agﬁfeuqtsetge t?\i?ﬂ?i _ Coro-
occurrencesy(Y) = no > 1. Property 7: u +C,, :uCO = 2757, o
In addition, if ®(Z%) = Z}*, then all the codewords are Property 8: The sum of two cosets is defined by
generated and the STTC f8lly balanced
Due to the random sourc®= {0, 1}, from a given stat& Cu +Cyp = {uy +v1/uy €C, and vy € C,} (6)
the encoder can have only 4 equally probable next states. The
matrix T of the transition probabilities between these statesProperty 9: The direct sum of two cosets is a coset:
corresponds to a Markov chain. Due to the symmetry of the Cu +Cy = Cugn
matrix T, the steady state probabilities of the stadésare  Property 10: If u; € C, then—u; € C,.
all equal. For a balanced code, by using (2), the generatedProperty 11: If pi,ps,....pn, € Z37\ {0} are linearly
codewords Y are also equally probable. In other words, tirdependent then sp&p:, 2ps, ..., 2pp,.) = 2257 = Co.
generated symbols of the constellation are equally pr@babl Property 12: If p € Z3™ then the sum of 2 different
_ elements of the cosél, is an element o€\ {2p}.
B. Properties of balanced STTC Property 13: One base ofZ}” contains at least one vector
The design of the B-STTC is based on the followingn Co.
properties: Property 14: One base o™ contains at mosty vectors
Theorem 11f a MIMO code with aL-length shift-register is in the same coset.
fully balanced thenl > L,,;,, = n.np = dim(Z57). Property 15: One base ofZ}” always containg.; vectors
Theorem 2 Let us consider a balanced MIMO code with avhich belong tony cosetsCy,,Cy,, ...,Cp, . different from
L-length shift-register. Then, for any additional columntrixa C, such as the vectons,, ps, ..., pn,. are linearly independent.
C; € Zy7, the resulting MIMO code with 4L + 1)-length ~ Similarly, the coset<,,, C,,, ...,Cp,  are called linearly
shift-register is also balanced. independent.



V. DESIGN OF4-PSK STTCWITH 2 TX ANTENNAS

The design of the fully balanced codes includes 2 steps

e First step: generation of all the basesZjf.

e Second step: permutation of the column vectors of ea
obtained base to generate all the fully balanced codes.

Table | shows the partition df3 in 4 cosets.

TABLE |. Partition of Z2 in cosets
0 0 2 2
C
SRR
C
o
C
R
HE NN E

There are two types of fully balanced codesZif

e Type I codes which contain only non-null vector inCy
e Type I codes which contai? non-null vectors irC

A. Design of fully balanced codes of type I
The algorithm to obtain a base of type | is as follows:

1) Choose one vectdp € C5 = Cp\ {0}.
2) Choose2 linearly independent vectors i@,.
3) Choose the last vector in a different coset.

There ared6 bases of typd in Z3 [9].

B. Design of fully balanced codes of type 17
The algorithm to obtain a base of type Il is as follows:

1) Choose2 different vectors inCg.
2) Choose2 different cosets,, andC, different from(,.

3) For each of these cosets, choose one representative.

There arel44 bases of typd I in Z2 [9].

The total number of the bases B is: 96+ 144 = 240 bases.

VI. DESIGN OF4-PSK STTCWITH 3 TX ANTENNAS

Similarly to the design of 4-PSK STTC withTx antennas,

this section is focused on the design of base&pf

Finally, the total sum of the bases for the fully balanced
.codes of typelI] is 401408 bases.
" In a similar way, we obtair046 176 bases for the fully
balanced codes of typé/ and 516096 bases for the fully
B3lanced codes of type Finally, the total number of the bases
in Zi is: 401408 + 946176 + 516 096 = 1 863 680 bases.

In the general case @, there aren types fully balanced

anl

codes. There are&Vp = 1 [[ (2"* —2*) bases ofZ;”
k=0

and N2 « 2"7 bases of type:, of Z77.

Becausedim (Zj,") = 2np, each permutation ofnyp
vectors forming a base &} generates a different balanced
2
code. Therefore, there aré- = 2"7 x (2n7)! « N3 balanced

STTC of typenr.

VII. CODE PERFORMANCE

Before showing all the best codes based on the trace
criterion, we propose herein some trace properties of té-sta
4-PSK STTC:

e Property P;: the codes C={ ]
C-{E1C,][C,01]|  and or=| (616, {orc] rave the
same minimum trace.

e Property P,: the codes C:[ ]and
c’={] have the same minimum trace.

e Property P;: the codes c=[ ] and
c’={ } achieve the same minimum trace.

e Property P,: the same minimum trace is obtained by
using a permutation between the rows of the generator matrix
C, i.e, a permutation between the indices of the Tx antennas.

An exhaustive computer search is carried out to detect all
the 4-state 4-PSK STTC with 2 Tx antennas that achieve the
maximum rank and the maximum trace. A set8f codes
with min (rank(A)) = 2 andmin (tr(A)) = 10 is found. All
these codes offer a minimum product distadge: 4-6 =24
which is the best product distance that can be achieved for
4-state 4-PSK STTC with 2 Tx antennas.

Table Il contains all the 4-state fully balanced codes of
type Il which offer the best performance over fast and slow

One base ofZ; contains at least one vector @ and at Rayleigh fading channels with two or more Rx antennas. There
most3 vectors inC, (Properties 13, 14). Then, there are three 3¢ not other codes with better performance than the codes

types of fully balanced codes @;:

e Type I codes which contain only non-null vector inCy
e Type I codes which contai2 non-null vectors irCy
e Type I11 codes which contaid non-null vectors inCy

Design of fully balanced codes of type 1711

The algorithm to obtain a typ&l I base ofZ is as follows:

1) Choose3 linearly independent vectors ¢f.
2) Choose3 linearly independent vectors,v,w € Z3.

Therefore, the coset§,,C,,C, € Z3j are linearly

independent.

3) Choose the vectors, € C,,v; € C,, w; € C,,,. Because

given in this table.
TABLE |II. 4-state 4-PSK fully B-STTC with 2 Tx antennas and

min (tr(A)) =10
TR R
2 1 2 0 2 1 2 0 2 3 2 0 2 3 2 0
[0 2 1 2} [0 2 3 2} [0 2 1 2] [0 2 3 2}
2 0 2 112 0 2 312 0 2 1] [2 0 2 3
[1 2 0 2} [1 2 0 2} [3 2 0 2] [3 2 0 2}
0 2 1 2 0 2 3 2 0o 2 1 2 0 2 3 2
[2 1 2 0} [2 1 2 0] [2 3 2 0} [2 3 2 0}

In this table, all the codes are related due to the trace

uy + Cy = C,, the whole coset,, is generated. In the properties presented before.

similar way,C,, andC,, are generated. By usirigroperty
9, the other cosets are also generated.

For the 16-state 4-PSK STTC, the construction and the
research of the best codes are made from the 4-state 4-PSK



STTC by using Theorem 2. Table 1ll contains all the 16-stafer 3 Tx antennas, we can also generate the other codes with
B-STTC which offer the best performance over fast and slotlhe same performance from each code in Tab.IV.
Rayleigh fading channels with two or more Rx antennas.

AJrIABLE IV. 16-state 4-PSK fully balanced STTC with 3 Tx antennas
these codes havenin (tr(A)) Y

16 and offer a minimum angmin (tr(A)) = 24

product distancel? = 128. Among them, we found the code
roposed b Chern1 2 123 2} in bold in Tab. 111). 022023)1202302]1022302] 020001
brop y 208 2 2 0 ) 022232/ lo22212| [322320| 022010
) 201221| [122120] [202212] |202100]
TABLE lll. 16-state 4-PSK fully B-STTC with 2 Tx antennas and | 15 5 09917 3223021 [122320] [01000 2]
min (tr(A)) = 16 122023| [222120| (202302| 013232
232321 (/212323 (232121 212123 200212} [203202] [022212] |201200]
[022102] [022102} [022102} [022102] 022023/ 230202l [322320] [323020]
[022102] [022102} [022102} [022102] 320222 233220 322002 122102
232321 212323 232121 212123
201221] [222012] [220223] |[3200 2 2]
212123 232121 212323 232321
[022302] [022302} {022302} [022302]
022302 022302 022302 022302
[212123] {232121} {212323} [232321] VIII. CONCLUSION
323212 123232 321212 121232 X
[201220] {201220} {201220} [201220] In this paper, a new class of 4-PSK Balanced STTC for
[%gégfg] {gg%g%g} Egég%g} Hg%ggg} several transmit antennas has been proposed. These codes
L21232 3921919 123232 (323212 generate the points of the constellation with the same prob-
{203220] {203220} [2 03220] [2 03220} ability. It has been shown that the best STTC belong to this
203220 203220 203220 203220 i
[121232] [321212} [123232} [323212] class. Therefqre, the systematic search_ for good codesecan b
reduced to this class. A method to design the balanced codes

has been described. A complete list of the best 4-state codes

Finally, the performance of all these 4-state and 16-Stafgih 2 transmit antennas and several 16-state codes for 3 and
codes is evaluated by simulation and described by the Fragigennas have also been given. All the 4-state fully batince
Error Rate (FER) and Bit Error Rate (BER) over fast Rayleigg1Tc Jisted in this paper are equivaleig. they have the

fading channels. The results are showed in Fig. 2. Note that,,

e rank, trace and product distance. The simulationtsesul

all the codes given in Tab. Il achieve the same performanggye shown that they outperform the other 4-state STTC for
than the code of Chen [2] and they offer better performangeansmit antennas.

than the codes proposed in [5].

10° : : (1]
—O6— FER 4-state
—&— BER 4-state
—*— FER 16-state
—<— BER 16-state |3

(2]

(3]

Error Rate

(4]

(5]

4 6 8 10 12 14
SNR(dB)

Fig. 2. Performance of B-STTC 4-PSK with 2 Tx and 2 Rx antennas
over fast Rayleigh fading channels, frame length 128 symbols 7]

For the 16-state 4-PSK with 3 antennas, after having ana-

(6]
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