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Summary 

The problem of the nonlinear reflection of acoustic waves from a mechanically free surface of an 

unconsolidated granular layer under gravity is solved analytically using the successive 

approximations method. The theory revealed specific dependencies of the characteristics of the 

generated acoustic harmonics of longitudinal and shear waves on frequency and the thickness of 

the granular layer, which are related to a power-law gravity-induced depth stratification of linear 

and nonlinear mechanical properties of the granular layer. The developed theory could be useful 

for the analysis of the acoustic experiments directed to the investigation of fundamental 

mechanical properties of unconsolidated granular media near the jamming transition taking place 

at zero confining pressure. 

PACS no. 43.25.Jh; 43.25.-x; 45.70.-n; 81.05.Rm 
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1. Introduction 

In the scientific community there exists continuously high interest to mechanical properties of 

unconsolidated granular materials such as sand [1-3]. In particular, behavior of granular media 

near the jamming transition at zero pressure, where with increasing pressure the emergence of the 

solid-like elasticity appears, still contains many puzzles [4-9]. In addition, the low-pressure 

region near the phase transition to the solid-like state in a granular material is extremely difficult 

to access experimentally. To our knowledge only the latest optical experiments with the random 

packing of transparent cylinders [10] have provided first data on the character of growth of the 

elastic moduli in this medium with increasing pressure in the vicinity of jamming transition. 

Unfortunately, these experiments are possible in 2D granular medium only. 

Acoustical methods are known to be among the most important in characterizing 

mechanical properties of an unconsolidated granular medium [11-13]. In the currently existing 

terminology the most important “classical” acoustical experiments in granular medium, 

consisting in the measurements of the sound velocity dependences on pressure [11,14-18], can be 

called acousto-elasticity experiments and are considered as nonlinear acoustical experiments 

[19,20]. 

Among the “classical” nonlinear acoustical observations in an unconsolidated granular 

medium is increasing wave absorption (self-induced absorption) and decreasing wave velocity 

(elastic modulus softening) with increasing wave amplitudes [12]. The observations in granular 

medium of higher harmonics generation [21] (including processes accompanied by acoustic wave 

mode conversion [22]), of acoustic wave packet demodulation [23-25], of subharmonics 

excitation [26], and of modulation transfer [27] have been reported. Nonlinear acoustic methods 

have been applied for the first time for characterization of the intergrain force statistical 

distribution [24] which is a fundamental property of granular materials. 
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The low-pressure conditions corresponding to the vicinity of the jamming transition are 

naturally realized near mechanically free horizontal surface of an unconsolidated granular 

medium. Thus, consideration of nonlinear sound propagating near such a surface could provide a 

method for testing the behavior of 3D random granular packings near the phase transition to the 

solid-like state. In this paper we present a theoretical analysis of the nonlinear reflection of 

acoustic waves from the mechanically free surface of an unconsolidated granular medium. It 

might be expected that the diagnostic of near surface region of granular materials in acoustic 

reflection mode could provide information on the state of granular medium near the surface. It is 

worth mentioning here that another opportunity for testing the near surface region through 

propagating surface waveguide modes is currently a subject of intensive experimental [28,29] and 

theoretical [30,31] research. 

 Our analysis of the wave reflection starts with the fact that gravity induces strong 

inhomogeneity in the elastic moduli associated with the solid like state of granular materials. 

Both experiments [14-18] and theory [4-9, 12, 32-34] reveal power-law dependencies of elastic 

moduli on pressure and, consequently on depth. The peculiar feature of this gravity-induced 

stratification of a granular material is vanishing of the linear elastic moduli exactly at the free 

surface of a cohesionless granular material, where in the effective medium approximation the 

pressure equals zero, and the ratio of the linear modulus to the nonlinear modulus diverges. 

Consequently, acoustical nonlinearity is expected to play an important role in the reflection 

process. To simplify the analysis, the discrete nature of granular media leading to scattering and 

dispersion of acoustic waves will be neglected as well as the linear absorption of acoustic waves. 

We also do not take into account a possible interaction of the solid-based mode of interest here 

(transporting energy mainly through the granular skeleton) with an air-based mode (transporting 

energy mainly through air-filled pores) [25]. The validity of this approximation is expected in the 
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vicinity of the mechanically free surface of a granular medium, where the velocity of the solid-

based mode is significantly lower than the velocity of the air-based mode, and, consequently, the 

interaction of two modes is highly asynchronous. 

The granular media will be considered as continuous and locally isotropic. For the 

derivation of the effective macroscopic stress/strain relationship, the information on the 

microscopic behavior of the individual mechanical contacts between the grains and their 

orientation is necessary. Henceforth it will be assumed that the grains are arranged in the simple 

cubic array [11,35] with one of the symmetry axes oriented along the gravity direction. Only the 

analysis of normal incidence of the plane acoustic waves on horizontal surface of a granular 

medium will be presented below. 

 The geometry of the problem is presented in Figure 1. The wave is launched from a 

homogeneous half-space ( Hy ≥ ) to a layer of unconsolidated granular material ( Hy ≤≤0 ) 

with the mechanically free surface at 0=y . 

 It should be mentioned from the very beginning that the theory developed below is unable 

to provide a definite reply to the question of possible utility of the method of nonlinear acoustic 

reflection for diagnostics of granular surface. In this paper we just make a first necessary step 

towards answering this question and demonstrate how far it is possible to advance analytically in 

description of nonlinear acoustic phenomena in a macroscopically inhomogeneous medium with 

the power law variation of linear and nonlinear properties. This analysis does not take into 

account such important factors as linear absorption of acoustic waves and, most importantly, their 

scattering caused by the neglected micro-inhomogeneity of a granular medium, which could be 

extremely important near the surface. Sacrificing these factors, we derive an exact analytical 
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solution for the linear reflection problem. Correspondingly, for the nonlinear reflection a 

mathematical method of successive approximation can be efficiently applied. 

Section 2 presents the description of the stress-strain relationships accepted in our theory 

for the analysis of the acoustic wave propagation. Section 3 describes basic features of linear 

acoustic waves reflection. Section 4 is devoted to the analysis of the second harmonic generation 

for the longitudinal acoustic wave and third harmonic generation for the shear wave. In Sections 

5 and 6 we present discussions and conclusions. 

 The preliminary results of our theoretical research have been reported elsewhere [38]. 

 

2. Quadratic approximation of nonlinear acoustics for an unconsolidated granular medium 

To illustrate basic features of the problem we first present the derivation of the stress/strain 

relationship for the longitudinal acoustic waves in the quadratic approximation of nonlinear 

acoustics starting from a macroscopic phenomenological model in continuous approximation. Let 

us assume that the normal stress σσ ≡yy  is a nonlinear function )(εσσ =  of normal strain 

εε ≡yy . In the absence of the acoustic wave, the stress/strain relationship provides )( 00 εσσ = , 

where 0σ  and 0ε  are the static values of stress and strain, respectively. By its definition, an 

acoustic wave is a weak perturbation σ ′ , ε ′  relative to the static values: σσσ ′+= 0 , 

εεε ′+= 0 , 0σσ <<′ , 0εε <<′ . Thus, in the quadratic approximation of nonlinear acoustics, 

the stress/strain relationship is presented through its Taylor expansion as  

 

2

0000 ))(()2/1()()( εεσεεσεσσσσ εεε
′+′+≅′+= .     (1) 
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Then the equation for the vertical motion of the material gytu yyy ρσρ +∂∂=∂∂ // 22  takes the 

form 
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Here ρ  is the density, g  is the gravity acceleration, and yu  is the mechanical displacement 

along the y -axis. From the static part 0/)( 00 =+∂∂ gy ρεεσ ε  of equation (2) the dependence of 

the static stress and the static pressure p  on depth are found: 

 

)()( 0 ypgy −=−= ρεσ .       (3) 

In the expansion (1) the coefficient )( 0εσ ε  is the local elastic modulus related to the velocity Lc  

of the longitudinal acoustic waves by 

 

2

0 )( Lcρεσ ε = .         (4) 

 

Multiple experiments [14-18, 24] demonstrate that in unconsolidated granular media the velocity 

of both longitudinal and shear acoustic waves is the power function of pressure (of normal stress) 

and, consequently, in accordance with equation (3), of depth coordinate 

 

α)/( 00 yycc LL = ,        (5) 
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with typical values of the power α in the interval 1/ 6 1/ 3α≤ ≤ . The Hertz-Mindlin contact 

theory [39,40] predicts α=1/6 both for longitudinal and shear acoustic waves [32,18]. The 

experimental observations of higher powers up to α=1/4 (both for longitudinal and shear waves) 

could be theoretically attributed to different factors [33,34,18], such as increasing with pressure 

number of contacts between a bead and its neighbors, i.e. to an increasing coordination number 

[18]. Even higher values of α (α≈0.3) have been documented but only for shear waves in a very 

limited interval of experimentally accessible pressures [15,16]. However, the power α=1/3 

consistently appears in computer experiments with shear loading near jamming transition [4-9] 

and can be supported by some analytical arguments [7]. The theories relate faster decrease of the 

elastic shear modulus with pressure in comparison with the bulk modulus to an additional 

relaxation of the applied shear stress through a non-affine motion of the beads, which does not 

influence importantly bulk modulus [4-7]. 

It should be mentioned that neither the characteristic scale of the wave phase velocity 0c  

nor the characteristic depth 0y  exist in the ideal limiting case of the non-truncated power-law 

velocity distribution starting from zero value at the surface and infinitely increasing with depth. 

The velocity distribution being self-similar depends not on 0c  and 0y  separately but on their 

combination αα
ycyc // 00 = , which can be calculated theoretically or estimated using 

experimental data. The normalization introduced in the profile (5) however suits well for the 

analysis of the cases where the characteristic scale of the velocity is introduced in the model by 

surface loading or/and internal residual compression of granular material due to adhesion forces 

between the grains including forces associated with possible interstitial liquid bridges between 

the grains, or a modification of the power function of rigidity below some critical depth (as it is in 

the geometry considered in Figure 1, for example). 
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The experimental results described by the approximation (5) are consistent with the 

theoretical formulas (3), (4) if the stress/strain relationship is modeled phenomenologically by the 

power law 

 

gyρεσεσ
α

−=−=
−21

1

00 )( ,       (6) 

 

where σ  is a positive constant, while stress and strain in granular media are negative. We can 

conclude that in the vicinity of a mechanically free surface of a granular material 

a) the linear elastic modulus decreases with depth, when 0>α : 
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b) the nonlinear elastic modulus decreases in magnitude for 4/1>α  but increases in the 

important for longitudinal waves region 4/1<α : 
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c) their relative value increases in magnitude for 2/1<α , i.e. in the complete domain 

1/6≤α≤1/3 documented for unconsolidated granular media: 
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Note that the relation gycL

21

0 )21( −−−= αε , used in the equation (9), is derived from the 

comparison of equations (6) and (7). It follows from the relationship (9) that for the range 

1/ 6 1/ 3α≤ ≤  typical for granular media the ratio of nonlinear to linear modulus diverges when 

0→y , confirming the expected importance of the nonlinear phenomena near the free surface. 

 This physical nonlinearity is much stronger than the cinematic (geometrical) nonlinearity 

of the relationship 2/)/(/ 2
yuyu yy ∂∂+∂∂=ε  between the strain and displacement gradient. So 

the geometrical nonlinearity will be neglected in the following analysis. As a result the dynamic 

part of equation (2) describing the propagation of the acoustic waves becomes 
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with the depth-dependent coefficients in front both of linear and nonlinear terms. In the equation 

(10) yu′  denotes the particle displacement in the acoustic wave. The equation (10) can be 

rewritten in terms of experimental power-law dependence of sound velocity on depth as 
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 It is instructive to relate the parameters of the nonlinear acoustic model (10), (11) to the 

parameters of the individual grains in a particular case of spherical grains packed in a simple 

cubic lattice (array). For the description of the longitudinal plane wave propagating vertically in a 

simple cubic lattice, the Hertz theory for a contact under the action of normal force is relevant 

[39]. The theory gives the relative approach yδ  between the spheres as a function of the grain 

radius R , the reduced modulus )1/()3/4( 2ν−= EK  with E , the Young modulus, and ν , the 

Poisson’s ratio, and the applied normal force FFy ≡ : 

 

)/(2 3/13/23/2
RKFy =δ .      (12) 

 

Assuming yyRF σ24−=  and yyy Rεδ 2−= , we arrive to 3/2)/4( Kσε −=−  and to the stress/strain 

relationship in the form 
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εεσ −−= HK ,       (13) 

 

where H is the step function. Consequently, from the comparison of formula (13) with equations 

(6) and (7) it follows that in the Hertz model 3/2

0 )/4( Kgyρε = , 

3/13/22/1

0

2 )4/)(2/3()8/3()()( σεεσρ ε KKycL ===  and 

 

6/13/12/1 )()]4/([)2/3()( gyKycL ρ= .      (14) 

 

The latter means that α=1/6 for the longitudinal wave in the Hertz model. 
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 To propose a model equation for the nonlinear propagation of the plane shear wave in the 

vertical direction we use Hertz-Mindlin theory [39,40] for the contacts between the spheres under 

the action of constant normal force F  and varying tangential force T . The theory predicts 

hysteresis in the relative tangential displacement xδ  of the spheres 

 

2 /3

2/3 max
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1 (1 ) 2 1 sign( / )

2
x

T T T t
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.  (15) 

 

In the above equation (15) 0/δδδ xx =  and fFTT /=  are the normalized displacement and 

tangential force, f  is the coefficient of static friction, the characteristic displacement is 
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and maxT  is the amplitude of periodic tangential loading with a single minimum and a single 

maximum over a period (both of the same amplitude). Equation (15) is valid only for sufficiently 

weak tangential forces 1max ≤T , when there is only partial slip in the contact and no total sliding 

happens, i.e. the central part of the contact rests always adhered [39,40]. The displacement 
x

δ  in 

the equation (15) depends not only on the magnitude of the applied shear force. It is different 

when the force increases ( / 0, sign( / ) 1T t T t∂ ∂ > ∂ ∂ = ) and when it decreases 

( / 0, sign( / ) 1T t T t∂ ∂ < ∂ ∂ = − ). 
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In the limit of weak acoustic loading ( 1max <<T ) the displacement/force relation (15) can 

be approximated by retaining only linear and the leading (quadratic in force magnitude) nonlinear 

terms 

 

( )2 2
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The nonlinear terms in the above expansion (17) provide a small correction to the linear relation 

3/2Tx ≅δ . The latter can be used to approximate the nonlinear terms as a function of force 

without losing the chosen (quadratic) order of accuracy for the Tx /δ  relationship. This leads to 

the inversion of the displacement/force relationship 
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Here maxxδ  denotes the maximum of the normalized displacement. 

 Introducing shear stress )4/( 2
RTxy =≡τσ  and shear strain )2/(2/)/( Ryu xxxy δε =∂′∂=  

in the acoustic wave, we derive the stress/strain relationship 
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Coefficient in front of the linear term in the form (18) can be identified as the linear shear 

modulus 2

Tcρ : 
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Here equation (16) has been used to reveal the relation between the longitudinal and shear 

velocities. Consequently, in the Hertz-Mindlin model for the shear wave velocity α=1/6 exactly 

as for the longitudinal one. Note that the velocity of linear shear waves does not depend on 

friction coefficient. The nonlinear modulus in the stress/strain relationship (18) can be defined as 

the coefficient in front of the square bracket: 
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In accordance with the relation (20) the nonlinear modulus is inversely proportional to the 

friction coefficient. The relative role of the nonlinear effects increases with decreasing coefficient 

of static friction. However, it should not be forgotten that the domain of validity of quadratic 

approximation max 1T ≤  shrinks with decreasing f. With the stress/strain relationship (18) in hands, 

the equation describing nonlinear shear waves propagating vertically in a cubic array of spheres 

takes the form 
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Equation (21) for the propagation of shear waves, derived here in the quadratic approximation of 

nonlinear acoustic theory, is valid for cubic array of Hertz-Mindlin contacts ( 6/1=α ). However, 

the comparison of equation (21) with equation (11), which has been derived earlier for 

longitudinal wave for arbitrary power-law distribution of the velocity )( ycL , indicates that 

equation (21) could be also a reasonable model not in the case 6/1=α  only but for arbitrary 

power-law distribution of shear velocity. This hypothesis is in accordance with the recent 

successful modeling of static behavior of unconsolidated granular materials [41,42], where the 

important assumption was the dependence of all elastic moduli on pressure. In quadratic 

approximation of nonlinear acoustics the static stress/strain relationships proposed in [41,42] 

reproduce the nonlinear term in equation (11) and predict also an additional nonlinear term 

proportional to square of the shear strain, if the shear strain exists simultaneously with 

longitudinal one. The additional term describes the generation of longitudinal waves due to effect 

of dilatancy [24,41,42]. The static stress/strain relationship proposed in [41,42] does not 

reproduce hysteretic quadratic nonlinear term in equation (21), because hysteresis is a dynamic 

phenomenon. But the stress/strain law from [41,42] adds in equation (21) a quadratic term 

proportional to the product of longitudinal and shear strains, which describes the modulation of 

the shear modulus by longitudinal wave, but does not contribute to self-action of shear waves in 

the quadratic approximation. 

 In this study, we will limit ourselves to the initial signals in the form of a pure 

longitudinal or pure shear wave. In this case the role of the two possible additional nonlinear 
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terms in equations (11) and (21) is negligible. Initial pure longitudinal wave can not excite shear 

wave, since this is forbidden by symmetry of the considered geometry. Initially pure shear wave 

can excite longitudinal wave through the dilatancy, but the inverse influence of this excited 

longitudinal wave on shear wave will be cubic in shear wave amplitude and should be neglected 

in the quadratic approximation of nonlinear acoustics. It is also worth mentioning that even in the 

case when the initial wave contains both longitudinal and shear components of comparable 

amplitudes, the role of the considered additional terms in the equations (11) and (21) responsible 

for the interaction between the waves of different polarization will be strongly suppressed in 

comparison with the nonlinear terms included in the equations (11) and (21) because of the 

asynchronism of the interaction. As it is well known (and also can be deduced from the 

theoretical formula (19)) the local velocities of longitudinal and shear waves are quite different in 

magnitude. 

 

3. Reflection of linear acoustic waves 

For the harmonic wave )exp(~),( tiutyu ω= of cyclic frequency ω  the linearized equations (11) 

and (21) both take the same form of the Helmholtz equation 
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Here the notation u~  is used for the particle displacement either for shear or for the longitudinal 

wave. The notation )( yc  is used for the corresponding wave velocity. For the acoustic field with 

non-zero amplitude at the mechanically free surface y=0, equation (22) describes linear increase 

of acoustic stress with depth in the vicinity of the surface 
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yuydyuyuyc
y

)0(~)(~/~)( 2

0

22 ρωρωρ −≈′′−=∂∂ ∫  (for 0→y ). Consequently, accounting for the 

stress depth profile (6), the acoustic approximation condition 0σσ <<′ , applied above for the 

derivation of the wave equation, is valid when gu <<)0(~2ω . This inequality has a clear physical 

sense: the acceleration of the grains at the surface should be much lower than the gravity 

acceleration. The surface particles with acceleration exceeding g could be detached from the 

material’s surface. In this case, The material can not be treated not just as weakly nonlinear, but 

even as continuous. 

 It should be also mentioned that the time of the acoustic ray propagation from the depth 

y=H to the surface y=0 ( ∫=
H

H ycdyt
0

)(/ ) is finite: )/))(1/(1( HH cHt α−=  for the values 

1/ 6 1/ 3α≤ ≤  typical for unconsolidated granular materials. Only for 1≥α  the power-law 

velocity profiles are associated with “black holes” [43,44], in which the propagation time towards 

the surface is infinite. In the latter case, the high frequency acoustic waves (rays), which can not 

be reflected by the slowly varying rigidity profiles in the volume and could be reflected only by 

divergent gradients of elastic moduli at the surface, will not be reflected at all, just because they 

are unable to reach the surface. 

 It is important that for the power velocity function α)/( Hycc H=  with Hc , the acoustic 

wave velocity at depth H from the surface, the linearized equation (22) has analytical solutions 

expressed through special functions [45,46]. Introducing normalized co-ordinate Hyy /=  and 

normalized cyclic frequency HcH /ωω = , the Helmholtz equation (22) describing propagation 

of linear acoustic waves along the y-axis, can be presented in the form 

 



 17

0~
~

22 =+








∂

∂

∂

∂
u

y

u
y

y
ωα .      (23) 

 

The exact analytical solution of this equation is: 

 

[ ])()(~
21 ηηη ββ
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Here Jν  is the Bessel function of the first kind and Yν  is the Bessel functions of the second kind 

(also called Weber’s function) [47] of order )1/()2/1( ααβ −−= , )1/(1 αωη α −= −y  and 1,2c  

are arbitrary constants. It is only the first term in the solution (24) that satisfies the stress-free 

boundary condition at y=0 (see Figure 1). The corresponding displacement field can be 

expressed as 

 

)()0(~)1(2~ ηηβ β
ββ

Juu
−+Γ= ,      (25) 

 

where Γ  denotes the Gamma function [47]. 

 We assume that the displacement field is described by the solution (25) inside the layer 

00 −≤≤ Hy , while at 0+= Hy  it is composed of the incident wave [ ])(exp)(~ HyikHu ii −  

and the reflected one [ ])(exp)(~ HyikHu rr −− , where HHri ckkk /ω===  is the local acoustic 

wave number at depth Hy = . Using the conditions of displacements and stresses continuity at 

the boundary Hy =  it is straightforward to find the reflection coefficient of the incident acoustic 

wave from the near surface layer of granular material. Here for compactness we present the 
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results only in the case of a substrate acoustically matched to the granular moduli at depth H (see 

Figure 1): 
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Here )1/()1()( αωηηη −===== yHy . Actually the solution (25) is sufficient to find the 

reflection coefficient in the case of arbitrary known ratio of acoustic impedances of a substrate 

and granular medium at depth H, if necessary. In the result (26), the modulus of the reflection 

coefficient equals 1 as it should be for a non-absorbing material. The dependences of the phase 

shift on frequency ω  for 4/1=α  and 6/1=α  are presented in Figure 2. The phase shift has a 

simple asymptotic behavior both at low and at high frequencies 

 

1)1/(2 <<−=≈ αωωωϕ Htfor        (27) 

and  

1)1/()1/()2/()1/(2 >>−=−−−≈ αωωααπαωϕ Htfor ,   (28) 

 

respectively. 

Here is meaningful to note the following. The sound velocity scales as 

αααγ )/()( Hycyc H== , where )(αγ  is depth and frequency independent. Hence for the 

characteristic reflection time one obtains αγαα −−−− −=−= 1111 )1(/)1( HcHt HH . Consequently, 

the dependences of the normalized frequency ω  and of the phases in the asymptotic expressions 

(27) and (28) on the layer thickness H are sublinear ( α−∝ 1H ) and thus contain information on α. 
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So, analyzing low frequency and/or high frequency asymptotes of the phase of the reflection 

coefficient, it is possible to estimate the power α  of the acoustic wave velocity depth profile in a 

granular medium under gravity. 

The result (26) can be used for description of the reflection of signals with any spectrum. 

In the general case, wave profile transformation can be calculated with the help of (26) and the 

numerical Fourier transform. The phase shift in the formula (26) increases with increasing 

frequency, which means that higher frequencies approach closer to the surface. Correspondingly 

they spend more time in the region Hy ≤≤0  than the low frequency waves. In other words, the 

acoustic waves of all frequencies are reflected at each point of the inhomogeneous velocity 

profile, but low frequency waves are efficiently reflected by smaller gradients of the velocity that 

is at larger distances from the surface. They will be reflected in average “earlier” than the high 

frequency waves. 

When the phase shift is proportional to frequency the acoustic waves are reflected 

without their profile transformation. In accordance with the asymptote (27), if the incident 

acoustic pulse )(),( tftHyui ==  contains only low-frequency spectral components 

( 1/)1( −=−<< HH tHcαω ), then the profile of the reflected wave will be 

))1(2(),( Hr ttftHyu α−−== . It can be concluded that it takes less time for the low 

frequencies to be reflected by the layer than for the high frequencies ( 1/)1( −=−>> HH tHcαω ). 

From the physics point of view the lower is its frequency the more sensitive is the wave to the 

rigidity gradients. Waves with frequencies 1−<< Htω  are reflected along the path of their 

propagation, while waves with frequencies 1−>> Htω  (rays) are reflected only at the surface. The 

first part of the phase ϕ  for the high frequency waves in the asymptote (28) is clearly related to 
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the time necessary for an acoustic ray to cross twice the layer Hy ≤≤0 . The second part of the 

equation (28) 

 

)1/()2/(0 ααπϕ −−≡∆        (29) 

 

is the so-called phase loss accumulated by the wave in reflection from the discontinuity of the 

elastic modulus gradient exactly at the surface [46,48]. Only for 2/1=α  this phase loss is equal 

to the one accumulated by the acoustic ray in reflection from a simple caustic [45,46,48]. 

 From the same continuity conditions of displacements and stresses at Hy =  it is possible 

to find the amplitude of surface displacement caused by the incident acoustic wave 
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The normalized amplitude iuu ~/)0(~  has local extrema at frequencies defined by the condition 

0))1/(()( 11 =−= ++ αωη ββ JJ . The existence of these extrema is due to interference of multiply 

reflected acoustic waves inside the layer Hy ≤≤0 . It is important that the exact solution (25) of 
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equation (23) takes into account scattering of the forward and backward (up and down) 

propagating acoustic waves at each point of the volume and not only at the free surface. The 

dependence (30) of the surface displacement amplitude on frequency is presented in Figure 3. 

The high frequency ( 1)1/( >>−αω ) extrema are located at [ ]4/)1( ααπω +−≅ nn  as it follows 

from the asymptotic behavior of Bessel functions [47]. Here 1>>n  is an integer number. 

 At low frequencies ( 1−<< Htω ) the surface displacement is approximately twice larger 

than the displacement in the incident wave ( iH utu ~]))(1(1[2)0(~ 2ωαα −+≅ ) similarly to the case 

of acoustic wave incidence on the surface of a homogeneous half space. It means that at 

extremely low frequencies the incident wave does not distinguish if the layer is homogeneous or 

not. At high frequencies 1−>> Htω  the amplitude of the surface displacement slowly grows with 

frequency and layer thickness: 2/)]1(2/[)]1(2/[)2/(2~/)0(~ ααααα ωωπ Htuu Hi

−− ∝≅ . It looks like 

the wave field becomes stronger localized near the surface with increasing frequency of the 

incident wave. Note that both low frequency and high frequency asymptotes of the surface 

displacement dependence on frequency and layer thickness carry information on the parameter α 

of the depth rigidity profile. 

The spatial distribution of the acoustic field from the solutions (25) and (30) 

[ ] 2/12

1

2

12/1

)()(

)(2

~
),(~

ηη

ηωη

ββ

α
β

α

+

−−

+
=

=

JJ

yJy

u

tyu

i

H  inside the granular layer ( 10 ≤≤ y ) for different 

frequencies is shown in Figure 4. The inset in Figure 4 demonstrates that increasing acoustic 

frequency results in the increase of the surface displacement amplitude and in stronger spatial 

confinement of the acoustic field in the vicinity of the surface. This result indicates that high 

frequency waves could be of particular importance for the diagnostics of granular surfaces. 
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Using the solution (25) it is also possible to find the resonance frequencies of the standing 

acoustic oscillations between the mechanically free surface at y=0 and absolutely rigid emitting 

transducer at y=H . They are given by the roots of the equation 

 

0)()( == HtJJ ωη ββ ,      (31) 

 

that yields a simple equidistant sequence [ ]4/)2/1)(1( ααπω +−−≅ nn  for high resonant 

frequencies. For the derivation of the resonance condition (31) it has been assumed that there is 

no slip of the particles along the surface of the transducer in the case of shear resonance 

excitation. More complicated boundary conditions at the surface y=0 can be accounted in the 

framework of the general solution (24). In particular, it is possible to analyze the role of the 

adhesion between the grains in the absence of external or gravity-induced pressure through 

modeling of the velocity depth profiles by α)/1( 00 yycc +=  [30,31]. 

 Before starting the nonlinear phenomena analysis we remind to the reader the role of the 

phase loss terms (of the type )1/()2/(0 ααπϕ −−≡∆ , see the result (29)) in the reflection of the 

acoustic waves. Phase loss is the only factor influencing the profiles of the reflected acoustic 

waves (rays) in the geometrical acoustics (high frequency) approximation. In accordance with 

the results (26) and (29) the reflection of the incident acoustic wave by the discontinuity of 

rigidity gradient at the surface is described by 
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When applying the above expression (32) to predict the transformation of the wave profile in 

reflection, it is necessary to take into account that reflection coefficient at negative frequencies 

can be found from formula (32) using the operation of complex conjugation )()( ωω ∗=− RR . 

Then the application of the Fourier transforms leads to the following relation between the 

profiles of the reflected and incident waves: 

 

[ ])0,()sin()0,()cos()0,( 00 =∆+=∆== ytuHytuytu iir ϕϕ ,    (33) 

 

where H[·] denotes the operator of the Hilbert transform [49]. The first term in the formula (33) 

corresponds to the simple reflection from the mechanically free surface of a homogeneous 

material. This component of the reflected wave has the same profile as the incident one and is 

only reduced by the factor )cos( 0ϕ∆ . In contrast, the second term in the solution (33) describes 

profile transformations and formally corresponds to the reflection from a simple caustic, where 

phase loss equals 2/π−  [36,48], with a reduction factor )sin( 0ϕ∆  In this sense, reflection from 

the mechanically free surface of an unconsolidated granular material under gravity differs both 

from the simple caustic and from the surface of a homogeneous material. 

 

4. Reflection of weakly nonlinear acoustic waves 

The natural way to start the analysis of the nonlinear phenomena is to apply the method of 

successive approximations. We start with the analysis of the second harmonic generation in 

reflection of the longitudinal acoustic wave from a mechanically free surface of an 

unconsolidated granular medium. In addition to normalizations and assumptions adopted in the 

derivation of the equation (23) the mechanical displacement is normalized to its value yiu′  in the 
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incident wave at depth Hy =  and normalized time tωθ =  is introduced. Then the equation (11) 

takes the form 

 






















∂

∂

∂

∂
=

∂

∂
−









∂

∂

∂

∂ −

2

14

2

2
22

y

u
y

y
N

u

y

u
y

y

αα

θ
ω .     (34) 

 

The non-dimensional nonlinear parameter N  in the equation (34) has the form 

)/(//)/()/( 0

222
HkgagHucN HiyiyiH σσαϖαα ′==′= , where yia  and iσ ′  denote particle 

acceleration and stress of the incident acoustic wave, respectively. For 1<<N  the solution of the 

equation (34) can be found by successive approximations in the form 

{ }...])2exp(~[)exp(~Re 2022

2

1 +++= uiuiuu θµθµ , where small non-dimensional parameter 

1<<µ  indicates that each successive term of this expansion is much smaller than the previous. 

Validity of the solution obtained by successive approximations can always be achieved by 

diminishing the amplitude of the incident wave, and the formal mathematical condition can be 

also always explicitly written when necessary. Equating in (34) the terms of the first order in µ  

we get for 1u  the equation (23) with the corresponding solutions (25) and (30) 
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where 10
~u  is a real function. The terms of the order 2µ  in the equation (34) describe the 

generation of the second harmonic and of the average field. The second harmonic can be 

presented as { }))0(22exp(~Re 2

2

2 ϕθµ iiuu −=  and its generation is controlled by the equation 
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Searching the solution of equation (36) in the form 

 

)(~
2 ηφη β ′′= −u         (37) 

 

with ηη 2=′ , we transform equation (36) into inhomogeneous Bessel equation 
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Since the parameter β  in the left-hand-side of equation (38) is not an integer for the typical 

values of α  of interest here, it is possible and suitable to chose for two linearly independent 

solutions of the homogeneous equation the Bessel functions of the first kind )(1 ηφ β
′= J  and 

)(2 ηφ β
′= −J . Then the general solution of the inhomogeneous equation (38) [50] 
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++= ∫∫ 21122211 , where 1221 φφφφ ′−′=W  and 2η ′=h  is the coefficient 

in front of the second derivative in the equation (34), can be rewritten in the form 
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To arrive to this presentation we have used the integration by parts and the Wronskian of the 

Bessel functions )/()sin(2)1(1 ηπβπββββββββ
′−=+=′−′= +−−+−− JJJJJJJJW  [47]. Finally, 

when substituting the obtained solution for f  in the form (37), the limits of integration should 

be fixed together with the constant 2c  to satisfy stress-free boundary conditions at the surface 

0=′η . A rather suitable form of presentation of the solution for the second harmonic is 

 

2 2

2 2

1 ( 1) 1 1

0 0

( )
2 ( 1) (0)

( ) ( ) ( ) ( )
2sin( ) 2 2

J
u u

N d d
J J J J J J

ββ

β

η ηβ

β β β β β ββ β

η
β

η

π η η η η η
η η η η

βπ η η

′ ′−

+ − + − + +

′
= Γ + −

′

 ′ ′ ′′ ′′ ′′ ′′    
′ ′′ ′ ′′− +    ′′ ′′     
∫ ∫

� �

  (39) 

 

In the solution (39) )0(~
2u denotes the spectral amplitude of the second harmonic at the surface. 

To find this surface displacement and to find the second harmonic emitted from the boundary 

Hy =  into the acoustically matched substrate (Figure 1), it should be taken into account that 

there is no field of the second harmonic incident from the substrate at the boundary Hy =  and, 

correspondingly, the second harmonic acoustic field at 0+= Hy  can be presented as an emitted 
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(reflected) wave only )](2exp[~)0(~
22 HyikuHyu Hr −−=+= . The continuity conditions for the 

displacement and stress at Hy = , when this solution is matched to the solution (39), provide 

two equations to find the surface displacement )0(~
2u  and the displacement of the reflected 

(emitted) second harmonic ru2
~ . The final results for the second harmonic at the mechanically 

free surface and for the harmonics reflected from the granular layer can be presented in the form 
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where the compact notation ±I are introduced for the integrals ∫ ′
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The dependences of the displacement amplitudes )0(~
2u  and ru2

~  on the normalized thickness 

of the granular layer are presented in Figure 5 and Figure 6, respectively. These results will be 

discussed later in Section 5 together with similar dependences for the third harmonic excited in 

the reflection of a shear acoustic wave. 

 We are turning to the analysis of the nonlinear reflection of shear acoustic waves. When 

we retain all the normalizations proposed before for the derivation of equation (34), but 
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normalize the displacement on its value xiu ′  in the incident wave at depth Hy = , the equation 

(21) for the shear waves in quadratic approximation of the nonlinear acoustics transforms into: 
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The solution of equation (42) can be found by the method of successive approximations in the 

form { }......])5exp(~)3exp(~)exp(~[)exp(~Re 252321

2

1 +++++= θθθµθµ iuiuiuiuu . The solution of 

the linearized equation at the first step of successive approximations coincides with the solution 

(35) for the longitudinal waves. In the second order of successive approximations in media with 

hysteretic quadratic nonlinearity, all the odd harmonics are generated simultaneously and there is 

also self-action at the fundamental frequency [51]. The first term in the square bracket in the 

equation (42) contributes to the signal at fundamental frequency only. The second term 

contributes to all odd harmonics and to the fundamental frequency as well. 

 We present below only the results for the third harmonic. The predictions for the other 

spectral components can be obtained similarly if it is necessary for the analysis of the 

experimental data. Presenting the third harmonic field in the form 
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3 πϕθµ iiiuu +−=  for the complex spectral amplitude 3
~u  we derive the 
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The most important qualitative difference of the equation (43) for the third harmonic in 

comparison with the equation (36) for the second harmonic is the additional multiplier 
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10sign( / )u y∂ ∂�  in the right-hand–side, which changes the symmetry of the nonlinearity from an 

even type to that of an odd type. Searching the solution of (43) in the form )(~
3 ηφη β ′′= −

u  with 

ηη 3=′ , we transform the equation (43) into inhomogeneous Bessel equation 
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where N ′  and )(η ′g  differ from those introduced in the equation (38). Otherwise the solution of 

equation (44) is absolutely the same as one obtained earlier for the second harmonics. For 

example, the solution for 3
~u  can be obtained by he following substitutions in the solution (39): 

32
~~ uu ⇒ , )0(~)0(~

32 uu ⇒ , and )3/()3/()2/( 11

2

1 ηηη βββ ′′⇒′
+++ JJJ . It should be also taken 

into account that N ′  in the equation (44) differs by a factor β)2/3)(21/128(−  from N ′  in the 

equation (38). With all necessary substitutions the solutions of the equation (43) are presented in 

the following form: 
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for the third harmonics at the surface and 
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for the third harmonics reflected from the granular layer. These dependences as functions of the 

normalized thickness of the granular layer are presented in Figure 7 and Figure 8, respectively, 

 

5. Discussion 

The local extrema in the dependences of the harmonics amplitudes on the layer thickness in 

Figures 6-8 and corresponding features in Figure 5 are related to interference (resonance) 

phenomena at frequencies ω , ω2  and ω3 . All four figures demonstrate an important growth of 

the harmonics for increasing layer thickness up to 10≤η . Asymptotic expansion of the 

equations (40), (41), (45) and (46) for 1<<η  demonstrates that for very thin layers, where there 

is no significant difference in efficiency of harmonics generation by synchronous (accumulating) 

interaction of co-propagating waves and asynchronous interaction of counter-propagating waves, 

all the nonlinear quantities 2/( )NLu Nω�  presented in Figures 6-8 are linear on the normalized 

layer thickness ( 2/( )NLu Nω η∝� ). We remind here that αωαϖη −∝−= 1)1/( H , while 

2 2( / )yiN u gω α ω′=  does not depend on layer thickness H . Consequently for 1<<η  the 

dependence of all evaluated displacement amplitudes on frequency is cubic ( 3~ ω∝NLu ). The 

dependence of all the amplitudes on the layer thickness is sublinear ( α−∝ 1~ Hu NL ). The latter 
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sublinear scaling law could be considered as one of the fingerprints of a granular medium with 

power-law variation of elastic properties, in comparison with homogeneous layers where under 

similar approximations the scaling is linear: Hu NL ∝~ . 

 The results in Figures 5-8 indicate that with increasing η  (for 101 ≤≤ η ) the scaling of 

the harmonic with layer thickness becomes much more sublinear (more saturated) than in the 

asymptotic limit 1<<η . An important feature of the results is a much faster saturation in the 

amplitude of the emitted second harmonic amplitude ru 2
~  in comparison with other amplitudes 

and, in particular, in comparison with ru3
~ . Qualitative explanation of this predicted 

phenomenon is based on the analysis of the reflection of the fundamental wave and the 

harmonics (generated in upward propagation of the fundamental wave) exactly at the free surface 

of the granular layer in the framework of the theoretical solutions (29), (32) and (33). For this 

purpose, we remind that in reflection from a mechanically free surface of an elastically 

homogeneous medium 

1) displacement waves of all frequencies are reflected without a phase shift; 

2) nonlinear sources created by the fundamental frequency, which are exciting the 

harmonics, are inverted (π  phase shifted) in acoustic field reflection in the case of even-

type nonlinearity; 

3) nonlinear sources created by the fundamental frequency, which are exciting the 

harmonics, do not exhibit any phase shift in acoustic field reflection in the case of odd-

type nonlinearity. 

Known consequences of this are following. In the case of an ordinary elastic quadratic 

nonlinearity (even parity) for the longitudinal waves, the second harmonic generated in upward 
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propagation can be completely damped (compensated) by the second harmonic generated in the 

downward propagation, since they are generated in antiphase. In contrast, in the case of an 

ordinary elastic cubic nonlinearity (odd parity) for the shear or longitudinal waves, the third 

harmonic will continue to accumulate along the wave propagation path even after the reflection 

of the acoustic field from the free surface. As an example, these phenomena make necessary to 

include cubic elastic nonlinearity in the analysis of the open-end gas acoustic resonators, as the 

quadratic elastic nonlinearity could be ineffective for the saturation of the oscillation amplitude 

(see [52,53] and the references therein). In the case of a granular medium under gravity analyzed 

here, an important difference in the scale of the saturation of the reflected longitudinal second 

harmonic (Figure 6) and the shear third harmonic (Figure 8) could be attributed to the fact that 

they are generated by the nonlinearities of different parity. The elastic quadratic nonlinearity for 

longitudinal waves is even, while the hysteretic quadratic nonlinearity for the shear waves is odd. 

It should be also taken into account that for 4/1≤α  typical of longitudinal waves, the phase 

shift 0ϕ∆  (expression (29)), accumulated in reflection from infinite gradient of material rigidity 

exactly at the surface ( 0=y ), does not exceed 6/π . Then, in accordance with the solution (33) 

more than 87% of the incident wave profile is reflected without transformation as at a free 

surface of a homogeneous layer. Thus we attribute faster saturation of ru 2
~  (Figure 6) in 

comparison with ru3
~ (Figure 8) to the role of the phase transformations of the acoustic field in 

reflection from a free surface, which influence differently the phase between the reflected 

harmonics and the nonlinear sources in the reflected wave in case of an even-type and an odd-

type nonlinearities. Note that the absence of qualitative difference in the behavior of the surface 

displacement amplitudes )0(~
2u  (Figure 5) and 3 (0)u�  (Figure 7) demonstrates that there is no 

qualitative difference in the accumulation of longitudinal and shear harmonics in upward 
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propagation of the fundamental wave. This observation confirms that the qualitative differences 

in the behavior of ru 2
~  (Figure 6) and ru3

~ (Figure 8) are initiated by the reflection from the 

mechanically free surface of a granular medium. 

 For the intermediate regime 401 ≤≤η  presented in Figures 5-8 it is difficult to provide 

simpler analytical (approximate) description than one in equations (40), (41), (45), (46) because 

of the significance of the interference phenomena for 101 ≤≤η  and, more importantly, because 

of a very slow saturation of the integrals ±I  with increasing η . The amplitude of the oscillating 

functions under the integrals decreases very slowly ( )(1/1 αδ+∝ x , with )]1(2/[)( αααδ −= , 

6/1)4/1( ==αδ , 10/1)6/1( ==αδ ). Only when the integrals are saturated the asymptotic 

behavior for ∞→η  can be compactly described in analytical form )1/(2 )/()0(~ ααηϖ −∝Nu NL , 

)]1(2/[2 )/(~ ααηϖ −∝Nu NLr , leading to )1/()2(

3,2 )0(~ ααω −−∝u , )1/()34(

3,2
~ ααω −−∝rru  and 

 

αHu ∝)0(~
3,2 , 2/

3,2
~ αHu rr ∝ .     (47) 

 

Note that the scaling laws for very long interaction distances are the same for both types (even 

and odd) of quadratic nonlinearity. This is another consequence of the specific reflecting 

properties of granular media with the power-law stratification in their mechanical properties. In 

accordance with the solution (33) there is always a part of the acoustic field that is reflected not 

in phase with the incident field. As a result the phase relations between the reflected harmonics 

and the nonlinear sources in the reflected field are not exactly the same as in the case of a 

homogeneous layer with a free surface. Because of this the complete compensation of nonlinear 

signals generated in upward and downward propagation of acoustic field is impossible. Even in 
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the case of quadratic elastic nonlinearity, there is a continuous accumulation of the emitted 

harmonic with increasing thickness of the granular layer, although an extremely slow one, as it is 

seen in Figure 6 for 10≥η and is predicted by the scaling (47). The fact that a free surface of a 

granular medium provides a phase loss intermediate between 0 and π  (corresponding to the 

reflection from a free and a rigid boundary of an homogeneous material, respectively) smoothes 

the difference between nonlinear reflection phenomena in case of even-type and odd-type 

nonlinearities for very thick layers. The scaling laws (47) is the second fingerprint of the 

nonlinear propagation in granular media with power-law distributions of linear and nonlinear 

properties. 

 The asymptotic analysis of the phases of the harmonics can be also performed with the 

help of the solutions (41) and (46). It indicates that the phases of the emitted harmonics rr 3,2ϕ  

scale linearly with the non-dimensional thickness η  in the both asymptotic limits 1<<η  and 

1>>η
�

. Consequently, both at low and at extremely high frequencies the phases scale linearly 

with ω , and in both thin and very thick layers the phases scale sublinearly with layer thickness 

H  ( α−∝ 1H ). 

 

6. Conclusions 

In this paper it is demonstrated that, due to the existence of the exact analytical solutions for the 

linear reflection of acoustic waves from a mechanically free surface of an unconsolidated 

granular medium under gravity, nonlinear reflection phenomena can be efficiently analyzed by 

the method of successive approximations. The developed theory revealed the differences in the 

nonlinear reflection process for the longitudinal and shear acoustic waves caused by the 

difference in parity of the nonlinearities (elastic and hysteretic, respectively) inducing these 
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processes. At the same time, it is found that some specific reflection properties of a free granular 

surface diminish the difference between some nonlinear phenomena in longitudinal and shear 

waves which could be observed in reflection from a free surface of a homogeneous medium. The 

theory predicted specific for a granular medium with a power-law stratification of the linear and 

nonlinear properties dependences of the generated harmonics on frequency and on the granular 

layer thickness. It is obtained that the amplitudes of the generated harmonics always scale 

sublinearly with the increasing distance of nonlinear interaction. Theoretically obtained laws of 

variation of the amplitude and the phase of both linear and nonlinear acoustic signals could be 

used through the comparison with experimental data to evaluate the parameter α, which 

characterizes the variation of the mechanical properties of unconsolidated granular media with 

applied pressure including the regime of low pressures in the vicinity of the jamming transition. 
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Figure 1 

Reflection of plane acoustic waves from a layer of a granular material of thickness H . Axis y of 

the coordinate system is along the gravity direction g
�

. Assumed depth profiles of sound velocity 

c are presented for two power-law dependences on pressure p ( αppc ∝)( , 4/1,6/1=α ). 

 y 

c(y) 

 αααα=1/4 

 αααα=1/6 

 H 

 



 42

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 

Dependence of the phase shift accumulated in reflection from a granular layer on dimensionless 

frequency ω  of the acoustic wave. The curves corresponding to the general solution (26) are 

indicated by “×” and “+” symbols for 6/1=α  and 4/1=α , respectively. The straight lines are 

low-frequency (see formula (27)) and high-frequency (see formula (28)) asymptotes. 
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Figure 3 

Dependence of the normalized surface displacement on the normalized frequency of the incident 

acoustic wave for two different profiles of in-depth velocity distribution ( αyyc ∝)( , 

4/1,6/1=α ). 
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Figure 4 

Distribution of the amplitude of the fundamental frequency oscillation in the depth of the 

granular layer (with the normalized thickness 1=y ) for different normalized acoustic 

frequencies Htωη =  and 4/1=α  ((1) - 1=Htω , (2) - 10=Htω , (3) - 210=Htω , the boundary 

of a region shaded in gray corresponds to amplitude of oscillation for 310=Htω ). The inset 

illustrates the dependence of the normalized surface displacement on frequency. 
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Figure 5 

Dependence of the amplitude of the second harmonic )0(~
2u  of the longitudinal wave at the 

surface on the normalized thickness η  of the granular layer for two different powers α of the 

depth profile of sound velocity. 
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Figure 6 

Dependence of the second harmonics amplitude ru 2
~ of the longitudinal wave emitted into the 

substrate on the normalized thickness η  of the granular layer. 
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Figure 7 

Dependence of the third harmonics amplitude )0(~
3u  of the shear wave at the surface on the 

normalized thickness η  of the granular layer for two different powers α of the depth profile of 

sound velocity. 
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Figure 8 

Dependence of the third harmonics amplitude ru3
~  of the shear wave emitted into the substrate 

on the normalized thickness η  of the granular layer. 
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