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Mohammad El Smaily™
Université Aix-Marseille 111, LATP, Faculté des Sciences et Techniques,
Avenue Escadrille Normandie-Niemen, F-13397 Marseille Cedex 20, France.

31st May 2008

Abstract. This paper is concerned with some nonlinear propagation phenomena for
reaction-advection-diffusion equations with Kolmogrov-Petrovsky-Piskunov (KPP) type non-
linearities in general periodic domains or in infinite cylinders with oscillating boundaries.
Having a variational formula for the minimal speed of propagation involving eigenvalue
problems ( proved in Berestycki, Hamel and Nadirashvili [[J]), we consider the minimal speed
of propagation as a function of diffusion factors, reaction factors and periodicity parameters.
There we study the limits, the asymptotic behaviors and the variations of the considered
functions with respect to these parameters. Section P deals with homogenization problem as
an application of the results in the previous sections in order to find the limit of the minimal

speed when the periodicity cell is very small.
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1 Introduction

This paper is a continuation in the study of the propagation phenomena of pulsating travel-
ling fronts in a periodic framework corresponding to reaction-advection-diffusion equations
with heterogenous KPP (Kolmogrov, Petrovsky and Piskunov) nonlinearities. We will pre-
cisely describe the heterogenous-periodic setting, recall the extended notion of pulsating
travelling fronts, and then we move to announce the main results. Let us first recall some
of the basic features of the homogenous KPP equations.

Consider the Fisher-KPP equation:

uy — Au = f(u) inRY. (1.1)

It was introduced in the celebrated papers of Fisher (1937) and in [I9] originally motivated
by models in biology. Here, the main assumption is that f is, say, a C! function satisfying

f(0) = f(1)=0, f(1) <0, f'(0) >0, (1.2)
f>0in(0,1), f<0in(1,~+00), '

£(s) < £'(0)s,¥s € [0,1]. (1.3)

As examples of such nonlinearities, we have: f(s) = s(1 —s) and f(s) = s(1 — s?).
The important feature in (1)) is that this equation has a family of planar travelling
fronts. These are solutions of the form

{ V(t,r) e R xRN, wu(t,z) = ¢(z-e+ct),

¢(—00) =0 and ¢(+o0) =1, (1.4)

where e € RY is a fixed vector of unit norm which is the direction of propagation, and ¢ > 0
is the speed of the front. The function ¢ : R +— R satisfies

—¢" +co = f(9),
{ ¢p(—00) =0 and ¢(+00) = 1. (1.5)

In the original paper of Kolmogorov, Petrovsky and Piskunov, it was proved that, under the
above assumptions, there is a threshold value ¢* = 24/ f'(0) > 0 for the speed ¢. Namely, no
fronts exist for ¢ < ¢*, and, for each ¢ > ¢*, there is a unique front of the type ([4{L]).
Uniqueness is up to shift in space or time variables.
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Later, the homogenous setting was extended to a general heterogenous periodic one.
The heterogenous character appeared both in the reaction-advection-diffusion equation and
in the underlying domain. The general form of these equations is

{ u =V - (A(2)Vu) +q(z) - Vu+ f(z,u), t € R, z € Q,

v-AVu(t,z)=0,t € R, z € 09, (1.6)

where v(z) is the unit outward normal on 02 at the point z.

The propagation phenomena attached with equation ([.g) has been widely studied in
many papers. Several properties of pulsating fronts in periodic media and their speed of
propagation were given in several papers ( Berestycki, Hamel [J], Berestycki, Hamel, Nadi-
rashvili [f], and Berestycki, Hamel, Roques [, [l and Xin [Bf]). In section f], we will recall

the periodic framework and some known results which motivate our study. The main results
of this paper are presented in sections fJ to fj.

2 The periodic framework

2.1 Pulsating travelling fronts in periodic domains

In this section, we introduce the general setting with the precise assumptions. Concerning
the domain, let N > 1 be the space dimension, and let d be an integer so that 1 < d < N.
For an element 2z = (21,72, , T4, Tasr1, - ,2n) € RY, we call z = (1,79, -+ ,24) and
Yy = (Tgp1, - ,xn) so that z = (x,y). Let Ly, -+, Ly be d positive real numbers, and let 2
be a C® nonempty connected open subset of RV satisfying

AR >0V (z,y) € Q, ly] < R,

d
V(l{?l,"' ,kd> c L1ZX XLdZ, QO = Q"—Z/{?Ze“ <21)
k=1

where (e;)1<;<n 1s the canonical basis of RY. In particular, since d > 1, the set Q is
unbounded.
In this periodic situation, we give the following definitions:

Definition 2.1 (Periodicity cell) The set C = {(z,y) € Q; x; € (0,Ly),--+ ,xq €
(0, Lq)} is called the periodicity cell of €.

Definition 2.2 (L-periodic flows ) A field w : Q — RY is said to be L-periodic with
respect to x if w(xy + k- xq+ka,y) =w(xy, -, 2q,y) almost everywhere in Q, and for

d
all k= (ky, -+ ka) € [[ LiZ.
i=1

Before going further on, we point out that this framework includes several types of simpler
geometrical configurations. The case of the whole space R corresponds to d = N, where
Ly, ..., Ly are any positive numbers. The case of the whole space RY with a periodic array
of holes can also be considered. The case d = 1 corresponds to domains which have only one
unbounded dimension, namely infinite cylinders which may be straight or have oscillating
periodic boundaries, and which may or may not have periodic holes. The case 2 < d < N—1
corresponds to infinite slabs.



We are concerned with propagation phenomena for the reaction-advection-diffusion equa-
tion ([26)) set in the periodic domain €. Such equations arise in combustion models for flame
propagation (see [B7], [BI] and [B7]), as well as in models in biology and for population dy-
namics of a species (see [[4], [L§], 0] and BY]). These equations are used in modeling the
propagation of a flame or of an epidemics in a periodic heterogenous medium. The passive
quantity u typically stands for the temperature or a concentration which diffuses in a pe-
riodic excitable medium. However, in some sections we will ignore the advection and deal
only with reaction-diffusion equations.

Let us now detail the assumptions concerning the coefficients in ([.§). First, the diffu-
sion matrix A(z,y) = (Aij(z,9))1<ij<n is a symmetric C*°(Q) (with § > 0) matrix field
satisfying

A is L-periodic with respect to x,
d0< oy < ag,V(x,y) c Q,\V/g c RN,
alé < ) Ayl &g < all”

1<i,j<N

(2.2)

The boundary condition v- AVu(z,y) = 0 stands for Z vi(z,y)Aij(7,y)0,,u(t, z,y), and
1<ij<N
v stands for the unit outward normal on 9€2. We note that when A is the identity matrix,
then this boundary condition reduces to the usual Neumann condition d,u = 0.
The underlying advection q(z,y) = (qi(z,v), -, qn(x,y)) is a C1(Q) (with § > 0)
vector field satisfying

q is L— periodic with respect to z,
V-¢g=0 in Q,
g-v =0 ondQ, (2.3)

Vi<i<d, /qid:pdy:O.
C

_ Concerning the nonlinearity, let f = f (z,y,u) be a nonnegative function defined in
2 x [0,1], such that

(f >0, fis L-periodic with respect to z, and of class C*(Q2 x [0,1]),
v('z" y) E ﬁ7 f('r7 y7 O) = f<x7 y? 1) - 07
dpe (0,1), V(z,y) €Q,V1—p<s < <1, flz,y,s) > flz,y,5), (2.4)
Vs (0,1), 3(x,y) € Q such that f(z,y,s) > 0,
V(z,y) € Q,  fi(r,y,0) = lim UCC)EN 0,
\ u— 0t U
with the additional assumption

We denote by ((z,y) := f'(x,y,0), for each (z,y) € Q.
The set of such nonlinearities contains two particular types of functions:

e The homogeneous (KPP) type: f(x,y,u) = g(u), where g is a O function that
satisfies:



9(0) =g(1) =0, g>0o0n (0,1), ¢'(0) > 0, g'(1) < 0 and 0 < g(s) < ¢'(0)s in (0,1).

e Another type of such nonlinearities consists of functions f(z,y,u) = h(xz, y).f(u), such
that f is of the previous type, while h lies in C19(Q), L -periodic with respect to z,
and positive in €.

Having this periodic framework, the notions of travelling fronts and propagation were

extended, in B, [B, [, [B4] [BY], Y], and B4 as follows:

Definition 2.3 Let e = (e!,--- ,e?) be an arbitrarily given vector in R%. A function u =
u(t, z,y) is called a pulsating travelling front propagating in the direction of e with an effective
speed ¢ # 0, if u is a classical solution of

( Ut = V- (A(l’,y)VU) +Q(x7y> -Vu + f(l’,y,U), t e R7 (l’,y) € Q7
v-AVu(t,z,y)=0,t € R, (z,y) € 09,
d
_ k-
VEk e HLZZ, V(t,z,y) € R x Q, u(t— —e,x,y) = u(t,x + k,y), (2.6)
i=1 ¢
lim u(t,z,y) =0, and lirrJlr u(t,z,y) = 1,
L0 < u< 1,

where the above limits hold locally in t and uniformly in y and in the directions of R which
are orthogonal to e .

2.2 Some important known results concerning the propagation
phenomena in a periodic framework

Under the assumptions (B.1), (2), (B.3), (B4) and (B.3) set in the previous subsection,
Berestycki and Hamel [ proved that: having a pre-fixed unit vector e € R?, there exists

c*(e) > 0 such that pulsating travelling fronts propagating in the direction e (i.e satisfying
(B.6)) with a speed of propagation c exist if and only if ¢ > ¢*(e); moreover, the pulsating
fronts (within a speed ¢ > c*(e)) are increasing in the time ¢. The value c*(e) = cg 4, ;(€) is
called the minimal speed of propagation in the direction of e. Other nonlinearities have been
considered in the cases of the whole space RY or in the general periodic framework (see [P,
B3, 9. B2, B3). BY). B3))-

Having the threshold value cg, 4, f(e), our paper aims to study the limits, the asymptotic
behaviors, and the variations of some parametric quantities. These parametric quantities in-
volve the parametric speeds of propagation of different reaction-advection-diffusion problems
within a diffusion factor ¢ > 0, a reaction factor B > 0, or a periodicity parameter L. Thus,
it is important to have a variational characterization which shows the dependance of the
minimal speed of propagation on the coefficients A, ¢ and f and on the geometry of the do-
main Q. In this context, Berestycki, Hamel, and Nadirashvili [[] gave such a formulation for
Co.a.4.4(€) involving elliptic eigenvalue problems. We recall this variational characterization
in the following theorem:

Theorem 2.4 (Berestycki, Hamel, and Nadirashvili [B]) Let e be a fized unit vector
in RY. Let € = (e,0,...,0) € RN, Assume that Q, A and f satisfy (2-1),23), (B4), and



(2.3). The minimal speed c*(e) = cg 4, ¢(€) of pulsating fronts solving ([2.4) and propagating
in the direction of e is given by

c*(e) = ¢ a,(€) = min 5 (2.7)

where k(A) = kqe a,4¢(\) is the principal eigenvalue of the operator Lq . aqc.n which is de-
fined by

LQ,e,A,q,C,Aw = V . (AVQ/J) —2)\é - AV?/J + q- VQ/J (2 8)
+[N?EAE — AV - (Aé) — A\q - € + ([ '

acting on the set
E= {4 ¢€C?*Q), is L-periodic with respect to x and v - AV¢ = N(vA&p) on 00 }.

The proof of formula (R.7) is based on methods developed in [}, [ and [{]. These are
techniques of sub and super-solutions, regularizing and approximations in bounded domains.

We note that in formula (R.7), the value of the minimal speed c¢*(e) is given in terms of the
direction e, the domain €2, and the coefficients A, ¢ and fu'(, .,0). Moreover, it is important
to notice that the dependence of ¢*(e) on the nonlinearity f is only through the derivative
of f with respect to u at u = 0.

Before going further on, let us mention that formula (R.7) extends some earlier results
about front propagation. When Q@ = RY A = Id and f = f(u) (with f(u) < f'(0)u
in [0,1]), formula (.7) then reduces to the well-known KPP formula ¢*(e) = 24/f'(0).
That is the value of the minimal speed of propagation of planar fronts for the homogenous
reaction-diffusion equation: u; — Au = f(u) in RV

The above variational characterization of the minimal speed of propagation of pulsating
fronts in general periodic excitable media will play the main role in studying the dependence
of the minimal speed ¢*(e) = cg 4, ;(e) on the coefficients of reaction, diffusion, advection
and on the geometry of the domain. In this context, we have:

Theorem 2.5 (Berestycki, Hamel, Nadirashvili [§]) Under the assumptions (2-1), (2-3),

and [2.3) on Q, A, and q, let f = f(x,y,u) [respectively g = g(x,y,u)] be a nonnegative

nonlinearity satisfying (24) and (B3). Let e be a fized unit vector in RY, where 1 < d < N,
a) If fi(z,9,0) < g,(z,y,0) for all (x,y) € Q, then

C?lA,q,f(e) S C;Z,A,q,g(e) .

Moreover if f;(:p,y,O) <, # g;(x,y,()) in Q, then CE’A7q7f(6) < 057A7q7g(e).
b) The map B — c§ 4, ple) is increasing in B > 0 and

cy e

limsupMBf() < +00.

B — 400 \/E

In fact, the uniqueness, up to multiplication by a non-zero real number, of the first eigenvalue
function of Lgn . 14 p/(o) 2% = k(A)v together with this particular situation, yield that the princi-

pal eigenfunction ¢ is constant and k(\) = A2 + f'(0) for all A\ > 0. Therefore by (B3, we have

c*(e) = r§1>118 <)\+ fT(O)> = 24/17(0).




CE,A,q,Bf(e)

Furth f Q =RN f vAé = 0 on 09, then liminf > 0.
urthermore, if or if vAe on , then lim inf B
c)
co,nq7(€) < 11(q-6)7[loe +2, | max ((x,y) [ max_eA(z,y)e, (2.9)
(:B,y)EQ (m,y)EQ
where |[(q.€)7 ||oo = max_(q(z,y).€)” and s~ = max(—s,0) for each s € R. Furthermore,

z,y)E
the equality holds in (2.9) if and only if EAé and ¢ are constant, .6 = V.(Aé) = 0 in Q
and v.Aé = 0 on O (in the case when 02 # ().

d) Assume furthermore that f = f(u) and ¢ = 0 in Q, then the map [ — ¢4 540 4(€) is
increasing in 3 > 0.

ct e
As a corollary of (), we see that lim supM

M —-+o0o V M

constant. Furthermore, part d) implies that a larger diffusion speeds up the propagation in
the absence of the advection field.

We mention that the existence of pulsating travelling fronts in space-time periodic media
was proved in Nolen, Xin [BJ, 4], Nolen, Rudd, Xin [RJ] and recently in Nadin [21, BJ]. In
[B7], Nadin characterized the minimal speed of propagation and he studied the influence of
the diffusion, the amplitude of the reaction term and the drift on the characterized speed.

After reviewing some results in the study of the KPP propagation phenomena in a pe-
riodic framework, we pass now to announce new results concerning the limiting behavior of
the minimal speed of propagation within a small (resp. large) diffusion and reaction coeffi-
cients (in some particular situations of the general periodic framework) and we will study the
minimal speed as a function of the period of the coefficients in the KPP reaction-diffusion-
advection (or reaction-diffusion) equation in the case where Q = R¥. The proofs will be
shown in details in section B The announced results will be applied to find the homoge-
nization limit of the minimal speeds of propagation. We believe that this limit might help
to find the homogenized equation in the “KPP” periodic framework (see section fJ for more
details).

< C' where C is a positive

3 The minimal speed within small diffusion factors or
within large period coefficients

In this section, our problem is a reaction-diffusion equation with absence of advection terms:

{ u = BV - (Az,y)Vu) + f(z,y,u), t € R, (z,y) € Q, (3.1)

v-AVu(t,z,y) =0, t € R, (x,y) € 09,

where (3 > 0.

We mention that (B2]]) is a reaction-diffusion problem within a diffusion matrix SA. Let e
be a unit direction in RY. Under the assumptions (2-1), (-3), (24) and (), for each 8 > 0,
there corresponds a minimal speed of propagation cg, 5 ¢, f(e) so that a pulsating front with
a speed ¢ and satisfying (B.]) exists if and only if ¢ > ¢{, 544 (€).



Referring to part c) of Theorem B.3, one gets 0 < ¢{ 54 () < 2v/B\/MyM, for any
B >0, where My = max_ ((z,y) and M = max €éA(x,y)e.
(z,y) €Q (z,y) €Q
Consequently, there exists C' > 0 and independent of 3 such that

V30,0 < C”Lfﬁf@ < C. (3.2)

CE,ﬁA,o,f(e)

The inequality (B.3) leads us to investigate the limits of as f — 0 and as

f — 4o00. The following theorem gives the precise limit when the diffusion factor tends
to zero. However, it will not be announced in the most general periodic setting. We will
describe the situation before the statement of the theorem:

The domain will be in the form Q = R x w C RY, where w C RY x RN=4-1 (4 > 0). If
d = 0, then w is a C* connected, open bounded subset of RY~!. While, in the case where
1<d< N-1, wisa (Ly,...,Ly)-periodic open domain of R¥~! which satisfies (2-));
and hence, 2 is a (I, Ly, ..., Lg)—periodic subset of RV that satisfies (B1]) with I > 0 and
arbitrary. An element of 2 = R x w will be represented as z = (x,y) where € R and
y € w C RY x RN-1-4,

The nonlinearity f = f(z,y,u), in this section, is a KPP nonlinearity defined on € x [0, 1]
that satisfies

(>0, and of class CYO(R x w x [0,1]),

fis (I, Ly,..., Lqg)-periodic with respect to (x,y1,...,yq), when d > 1,
f is [-periodic in =, when d = 0,

V(z,y) € Q=R x, f(z,y,0) = f(z,y,1) =0,

Jpe (0,1), Y(z,y) € V1I—p< s <s <1, fla,y,s) > f(z,y,5),
Vse (0,1), 3(x,y) € Qsuch that f(z,y,s) > 0,

(3.3)

\

together with the assumptions

fl(x,y,0) depends only on y; we denote by ((y) = fl(x,y,0), V(x,y) € Q.
V(z,y) € Q=R xw, fu(z,y,0) = ((y) > 0, (3.4)
V(z,y,5) € @ x (0,1), 0< f(z,y,5) < ((y)s.
Notice that f,(z,y,u) is assumed to depend only on y, but f(z,y,u) may depend on z.
Lastly, concerning the diffusion matrix, A(z,y) = A(y) = (Ai;(y))1<ij<n is a C*°(Q)
(with 6 > 0) symmetric matrix field whose entries are depending only on y, and satisfying
Ais (Ly, ..., Lg)-periodic with respect to (y1,- -, Ya),
I0< oy <ag, Vycew,VE € RY, (3.5)
¢l < 30 Ay()&& < nfé]*
Theorem 3.1 Lete = (1,0,...,0) € RN ande > 0. Let Q@ =R x w C RY satisfy the form

described in the previous page. Under the assumptions (8.3), (3-4), and (5.3), consider the
reaction-diffusion equation

{ w(t,x,y) = eV-(Aly)Vu)(t,z,y) + f(z,y,u), for (t,z,y) € R xQ,

v-AVu= 0 on R xR X Jw. (3.6)



Assume, furthermore, that A and f satisfy one of the following two alternatives:

Jda >0, Yy €w, A(y)e = ae, (3.7)
Ful,y,0) = ((y), for all (z,y) € O, '
or
filz,y,0) = C is constant,
Yy € w, A(y)e = a(y)e, where (3.8)
y — a(y) is a positive, (L, ..., Ly)—periodic function over .
Then,
lim M = 2, /max (, /max eAe (3.9)
e—0+ Ve n \/ @ \/ @ ’ ’

Before going further on, we mention that the family of domains for which Theorem B.]]
holds is wide. An infinite cylinder R X Brn-1(yo, ) (where R > 0, and Bgn-1(yo, 1) is the
Euclidian ball of center yy and radius R) is an archetype of such domains. In these cylinders,
w = Br~-1(yo, R), [ is any positive real number, and d = 0. The whole space RY is another
archetype of the domain 2 where d = N — 1, w = R¥"1 and {I, Ly,..., Ly} is any family
of positive real numbers.

Remark 3.2 In Theorem B.1], the domain 2 = R x w is invariant in the direction of e =
(1,0...,0) which is parallel to Ae ( in both cases (B.7) and (B:§)). Also, the assumption
that the entries of A do not depend on z, yields that V.(Ae) = 0 over 2. On the other
hand, it is easy to find a diffusion matrix A and a nonlinearity f which satisfy, together, the
assumptions of Theorem B.J] while one of eAe(y) and ((y) is not constant. Referring to
part ¢) of Theorem P, one obtains:

M < 2 /max C(y) max eAe(y).

Ve >0, 0< Nz S X X
19 YyeEw YyeEw

However, Theorem B.1] implies that

ct e
lim %Ef() = 2, /max ((y), [max eAe(y).
On the other hand, if @ =R x w as in Theorem B.1, A = Id and f = f(u), Theorem P.j
yields that ¢ (e) = 2v/24/ f(0), for all € > 0. O

In the same context, one can also find the limit when the diffusion factor goes to zero,
but in the presence of an advection field in the form of shear flows:

Theorem 3.3 Assume that e = (1,0,---,0) € RY, the domain Q = R x w has the same

form as in Theorem [31, and the coefficients f and A satisfy (B-3B4) and (B.3) respectively.
Assume, furthermore, that for all y € W, there exists a(y) positive so that A(y)e = a(y)e

in @. Consider, in addition, an advective shear flow ¢ = (q,(y),0,...,0) (y € @) which is



(Ly,- -+, Lg)—periodic with respect to y. Assume that € is a positive parameter and consider
the parametric reaction-advection-diffusion problem

w= V- (AWV) + 6ot 0) + fayu), LR () €0 o
v-AVu(t,z,y) =0, t € R, (z,y) € 99, '
where ¢ £ 0 over R X W and q has a zero average. Then,
Jim ¢ c,4(e) = max (=g, (y) = max(—g.e). (3.11)

Moreover, in the same setting together with the additional assumptions: eAe and ( are both
one has

Coren e (e)
lim % = max(—q(y).¢) +2vay/C, (3.12)

where ((y) = (o and eA(y)e = « for all y € @.

The situation in this result is more general than that considered in part b) of Corollary 4.5
in []. In details, the coefficients A and f can be both non-constant. Meanwhile, in the result
of [H], the coefficients considered were assumed to satisfy the alternative (B1).

o e

After having the exact value of lim+ M

e—0 g
the minimal speed of propagation, considered as a function of the period of the coefficients
of the reaction-diffusion equation set in the whole space R, when the periodicity parameter
tends to +oo. By making some change in variables, we will find a link between this problem
and Theorem B.1J:

, we move now to investigate the limit of

Theorem 3.4 Lete = (1,0,...,0) € RN. An element z € RY is represented as z = (x,y) €

R x RY=L Assume that f = f(x,y,u) and A = A(y) satisfy (5-3), (B4) and ([54) with w =
R¥"1 d=N-1, and | =L, =...= Ly_1 = 1. (That is, the domain and the coefficients
of the equation are (1,1,...,1) periodic with respect to y). Assume furthermore, that A and

[ satisfy either [32) or (3:3). For each L > 0, and (z,y) € RN, let A, (y) = A(%) and

fL(x,y,u):f(%,%,u

w(t,z,y) =V (A, Vu)(t,z,y) + f,(z,y,u), (t2,y) € Rx RY

). Consider the reaction-diffusion problem

3.13
V-t ey) + (5L, ey erxry, O
L L' L
whose coefficients are (L, ..., L) periodic with respect to (x,y) € RN. Then,
LEIEOO CE%N,AL,O, f (e) = 2\/3/2%33(—1 C(y)\/yg@vx_l e.Ae(y). (3.14)

The above theorem gives the limit of the minimal speed of propagation in the direction

of e = (1,0,---,0) as the periodicity parameter L. — +o00. The domain is the whole space
RY which is (L, -+, L)—periodic whatever the positive number L. However, one can find
LETOO CRN’ AL7 LqL7 fL <e> and LETOO CRN’ AL7 qL7 fL <€)

whenever ¢ is a shear flow advection. Namely, in the same manner that Theorem B.1] implies
Theorem B.4, one can prove that Theorem B.J implies

10



Theorem 3.5 Let e = (1,0,...,0) € RY. Assume that f = f(z,y,u) and A = A(y) satisfy
B3), F3) and F) withw =RV d=N—-1, and | =L =...= Ly_y = 1. (That
is, the domain and the coefficients of the equation are (1,1,...,1) periodic with respect to
y in RN71). Assume, furthermore, that for all y € RV~ there exists a(y) positive so that
A(y)e = a(y)e in RN Let ¢ = (¢,(y),0,...,0) for all y € RY=Y such that q; # 0 over

RN qis (1, -+, 1)—periodic with respect to y and q has a zero average. Then,
Jm o cnoapg p (€)= Jmax, (—a.(y) = ygggl(— q(y)-e). (3.15)

Moreover, if eAe and ¢ are both constant over RN~ then

lim C;I;N’AL7qL7fL (e) = max (—q(y).e) + 2v/a/Co, (3.16)

L— 400 yeRN-1
where (o = ((y) and o = eA(y)e for ally € RN7L,

In the proof of Theorem (which implies Theorem B.J), the assumption that the
advection ¢ is in the form of shear flows plays an important role in reducing the elliptic
equation involved by the variational formula (B.13) below. Namely, since ¢ = (¢1(y),0,- - ,0)
and since e = (1,0, - - - ,0), then the terms ¢(z,y) -V, and ¢(z,y)-e (in the general elliptic
equation) become equal to ¢;(y)d,1 and ¢ (y) respectively. As a consequence, and due the
uniqueness of the principal eigenfunction ¢ up to multiplication by a constant, we are able to
choose 1 independent of =, and hence, obtain a symmetric elliptic operator (without drift)
whose principal eigenvalue was given by the variational formula (B.17) below (see section
for more details).

Remark 3.6 After the above explanations, we find that the techniques used to prove Theo-
rem 3.3 which implies [3-], will no longer work in the presence a general periodic advection

field satisfying (2-3).

. . . . . €A, By f(e)
Concerning the influence of advection, we mention that the limit of ———*—— as

B — 400 (in the general periodic setting) is not yet given explicitly as a function of the
direction e and the coefficients A, ¢ and f. For more details one can see Theorem 4.1 in
[@]. However, the problem of front propagation in an infinite cylinder with an underly-
ing shear flow was widely studied in Berestycki [[], Berestycki and Nirenberg [§]. In the
case of strong advection, assume that 2 = R X w, where w is a bounded smooth subset of
RV g =(¢q,(y),0,---,0), y € w, and f = f(u) is a (KPP) nonlinearity. It was proved,
in Heinze [[[q], that

657A,Bq,f<e> (3 17)

lim =7,

B—+400 B

where

v = sup/ ¢, (y) ¥ dy,

ve D

D:{weH%w), [ 19y < o) and/wy:l}.

11



4 The minimal speed within large diffusion factors or
within small period coefficients

After having the limit of f, .4 o ((e)/v/e as € — 0T, and after knowing that this limit depends
on max ((y) and max eAe(y), we investigate now the limit of cq 54, ,(e)/V M as the
yeEw yew ) s d5

diffusion factor M tends to +oo, and we try to answer this question in a situation which is
more general than that we considered in the previous section (in the case where the diffusion
factor was going to 07). That is in the presence of an advection field and in a domain 2 which
satisfies (B.1]) and which may take more forms other than those of section . We will find that

1
in the case of large diffusion, the limit will depend on ][C(:c, y)dz dy = 4] / C(x,y)dz dy
c c

1
and ][éAé(ZL‘, y)dx dy = m / ¢Aé(x,y)dx dy, where C' denotes the periodicity cell of the
c

C
domain §).

Theorem 4.1 Under the assumptions ([2-3) for Q, (2-3) for the advection q, (Z-4) and (2-3)
for the nonlinearity f = f(x,y,u), let e be any unit direction of R, Assume that the diffusion
matriz A = A(z,y) satisfies (2.3) together with V - Aé = 0 over Q, and v - Aé = 0 over
0. For each M > 0 and 0 <~ < 1/2, consider the following reaction-advection-diffusion
equation

utIMV<A<37, )VU) + MPYQ<x7y>vu + f(xvyuu)a t e Rv (Jf,y) € Qu
v-AVu(t,z,y)=0,t € R, (z,y) € 0.

Then

c* (6)
. SZ,MA,I‘MPYQ ] ~ 4~
lim ’ =2 %eAe x,y)dx d 7Z x,y)dx dy,

where C' s the periodicity cell of §2.
Remarks 4.2

e The setting in Theorem [L.1] is more general than that in Theorem B.1, where: Q =
R xw, é=(1,0,...,0), and A¢ = a(y)é. Under the assumptions of Theorem B.1], the
domain ) is invariant in the direction of Aé, which is that of €. Consequently, if v
denotes the outward normal on 92 = R x dw, one gets v- Aé = a(y)v-é = 0 over 0S2,

0
while V - (Aé) = %a(y) = 0 over §2. Moreover, in Theorem B]], we have only reaction

and diffusion terms. That is ¢ = 0. Therefore, considering the setting of Theorem B.1],
and taking SA as a parametric diffusion matrix, one consequently knows the limits of

M as # — 0% (Theorem B.)) and as 3 — +oo (Theorem [LT]).
Ve
e The other observation in Theorem [ is that the limit does not depend on the advection
field ¢g. This may play an important role in drawing counter examples to answer many
different questions. For example, the variation of the minimal speed of propagation
with respect to the diffusion factor and with respect to diffusion matrices which are
symmetric positive definite.

12



e Another important feature, in Theorem [L.], is that the order of M in the denominator
VM

the case where the advection is null and there is only a reaction-diffusion equation
follows, in particular, from the previous theorem. That is

¢ (€)
lim 2200~ — 9 ][ eAé(z,y)dx dy ][ ((z,y)dx dy.
M—too /M \/ . .

e The previous point leads us to conclude that the presence of an advection with a factor

. . C;MA M7 q f(e)
M7, where 0 <~ < 1/2, will have no more effect on the ratio ——— L as soon

VM

of the ratio is equal to 1/2. It is independent of . Consequently,

as the diffusion factor M gets very large.

As far as the limit of the minimal speed of propagation within small periodic coefficients
in the reaction-diffusion equation is concerned, the following theorem, which mainly depends
on Theorem [L]], treats this problem:

Theorem 4.3 Let Q2 = RY. Assume that A = A(z,y), ¢ = q(z,y) and f = f(z,y,u) are

(1,...,1)—periodic with respect to (z,y) € RY, and that they satisfy (2-3), (B3), (B4),and
@3) with Ly = ... = Ly = 1. Let e be any unit direction of RN, such that V -

Aé = 0 over RYN. For each L > 0, let A, (x,y) :A(%,%), q,(z,y) :q(%,%), and
f,(z,y,u) = f(%, %, u), where (x,y) € RY. Consider the problem

ut(taxay) =V (ALVU)(taxay) + q; - VU(@%Q) + fL(IL',y,U), (taxay) € R x RN)
.y (4.1)

§y>
L’ L ’

X

TPV y) + () - Vultay) +

whose coefficients are (L, ..., L) periodic with respect to (x,y) € RN. Then,

Jmocn g g g (€)= 2\/][C€Ae(:c, y)dz dy \/][Cé(fc, y)dz dy,

where, in this setting, C = [0,1] x --- x [0,1] ¢ RY.

The above result gives the limit in any space dimension. It depends on the assumption
V - (Aé) = 0 in RY. However, if one takes N = 1, and denotes the diffusion coefficient by
a = a(x), x € R, then the previous result holds under the assumptions that a satisfies (B.2)
and da/dz = 0 in R. In other words, it holds when a is a positive constant. Thus, it is be
interesting to mention that, in the one-dimensional case, the above limit was given in [[J]
and [[7] within a general diffusion coefficient (which may be not constant over R). In details,
assume that f = f(z,u) = ({(z) — uw)u is a l-periodic (KPP) nonlinearity satisfying (R.4))
with (B.F), and R 5 2 +— a(z) is a 1—periodic function which satisfies 0 < a; < a(z) < o,
for all x € R, where «a; and as are two positive constants. For each L > 0, consider the
reaction-diffusion equation
By ult,z) = = (a(%)g—;‘

= 5- )(t,x) n [C(%)—u(t,x) ut,z) for (tz) ERxR. (4.2)

13



It was derived in [[[J and, formally, in [I7] that

1
LILI& CR,GL, 0, fL(e) =2 \/< a>, ./0 ((x), (4.3)

where < a >,, denotes the harmonic mean of the map x +— a(x) over [0, 1].

5 The minimal speed within small or large reaction
coefficients

In this section, the parameter of the reaction-advection-diffusion problem is the coefficient
B multiplied by the nonlinearity f. In fact, it follows from Theorem 1.6 in Berestycki,
Hamel and Nadirashvili [J] (recalled via Theorem P.J in the present paper) that the map
B — 057A7q73f(6)/\/§ remains, with the assumption v.Aé = 0 on 012, bounded by two positive

constants as B gets very large. Therefore, it is interesting to find the limit of ¢fy 4 , 5(€)/VB
as B — +00 even in some particular situations. Moreover, it is important to find the limit
of the same quantity as B — 0". We start with the case where B — 400 and then we move
to that where B — 0.

Theorem 5.1 Let ¢ = (1,0,...,0) € RY and B > 0. Assume that Q@ = R x w C
RN, A, and f satisfy the same assumptions of Theorem F1. That is, [ and A satisfy (5-3),
B-4), and ([B.3), and one of the two alternatives (B.7)-(3-8). Consider the reaction-diffusion
equation

w(t,z,y) = V- (Aly)Vu)(t,z,y) + B f(z,y,u), for (t,z,y) € RxQ, (5.1)
v-AVu= 0 on R xR Xxow. ’
Then,
) CE,A,O,Bf(e)
lim ————=—— = 2 /max ((y), /max eAe(y). (5.2)

B—+00 v B yew yeEw

We mention that one can find the coefficients A, and f and the domain €2 of the problem
(B.1) satisfying all the assumptions of Theorem p.1], which are the same of Theorem B.1],
including one of the alternatives (B.1)-(B.§) while one of ¢ and eAe is not constant. Owing
to Theorem 1.10 in [B], it follows that

VB >0, cgaonpsle 2\/_\/max ((y) , /max eAe(y),

yew yew

which is equivalent to saying that

ce e
%gfm 2, /max ((y), jmax eAe(y).
Therefore, there are heterogeneous settings in which the result found in Theorem (]|
does not follow trivially.
We move now to study the limit when the reaction factor B tends to 0*. However, the
situation will be more general than that in Theorem [.]] because it will consider reaction-
advection-diffusion equations rather than considering reaction-diffusion equations only:

14



Theorem 5.2 Under the assumptions ([2.1) for Q, (2-3) for the advection q, (2-4) and (2.3)
for the nonlinearity f = f(x,y,u), let e be any unit direction of R%. Assume that the diffusion
matriz A = A(x,y) satisfies (2-3) together with V- Aé =0 over Q, and v - Aé = 0 over 0SQ.
For each B > 0 and v > 1/2, consider the following reaction-advection-diffusion equation

ut:V(A(xvy)vu) + B’YQ(‘Tvy)Vu + Bf($7yvu)a [ANS Rv (xvy) € Qa
v-AVu(t,z,y) =0, teR, (z,y) € .

Then

ct e
) 0,4, B7q Bf() ][~ - ][
lim - =2 eAé(x,y)dx d x,y)dx dy,
Jim, 75 j (2, y)dz dy CC( y)da dy

where C' s the periodicity cell of €2.

Having the above result one can mark a sample of notes:
The order of B in the denominator of the ratio C;,A, Bq, Bf(e)/\/g is independent of

v (it is equal to 1/2). Thus, whenever the advection is null, one gets

. Hhaonsle) ][~ ~ ][
lim —————~- =2 cAé(x,y)dxd x,y)dr dy.
Y, \/C (2, y)dx dy CC( y)dx dy

Therefore, one concludes that the presence of an advection with a factor B”, where
~v > 1/2, will have no more effect on the limit of the ratio c;‘],A’ Bvq’Bf(e)/\/E as the

reaction factor B gets very small.

On the other hand, it is easy to check that the assumptions in Theorem are more
general than those in Theorem p.1 Consequently, once we are in the more strict setting,
which is that of Theorem p.1], we are able to know both limits of CE,AO’Bf(e)/\/E as B — +00
and as B — 07.

6 Variations of the minimal speed with respect to dif-
fusion and reaction factors and with respect to peri-
odicity parameters

After having studied the limits and the asymptotic behaviors of the of the functions & — cg, 44 ((€)/ Ve,
M — c&MA’ MY q,f<e>/m (for very large M and for0 < v < 1/2), B — caA,Byq’Bf(e)/\/E

(v >1/2) and L — C[ENvAquvaL
investigate the variations of these functions with respect to the diffusion and reaction factors
and with respect the periodicity parameter L. The present section will be devoted to discuss
and answer these questions.

We sketch first the form of the domain. € C RY is assumed to be in the form R x w
which was taken in section . As a review, Q2 = R x w C RY, where w C R? x RV-4-1
(d >0). If d =0, the subset w is a bounded open subset of R¥~!. While, in the case where
1<d< N-1, wisa (Ly,...,Ly)-periodic open domain of R¥~! which satisfies (2.1);
and hence, Q is a (I, Ly, ..., Ly)— periodic subset of R that satisfies (B]) with [ > 0. An
element of Q = R x w will be represented as z = (x,y) where y € w C R? x R¥=174_ With a
domain of such form, we have:

(e), where L is a periodicity parameter, we move now to
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Theorem 6.1 Let e = (1,0,...,0) € RY. Assume that 0 has the form R x w which is
described above, and that the diffusion matriv A = A(y) satisfies (B-J) together with the
assumption

Az, y)e = A(y)e = a(y)e, for all (z,y) € R X W; (6.1)

where y — «(y) is a positive (Ly, . .., Ly)— periodic function defined over@. The nonlinearity
f is assumed to satisfy ([3-3) and (B4). Moreover, one assumes that, at least, one of & - Aé
and ( is not constant. Besides, the advection field q (when it exists) is in the form q(z,y) =
(q,(y),0,...,0) where q, has a zero average over C, the periodicity cell of w. For each 3 >0
consider the reaction-advection-diffusion problem

ut:ﬁv (A(y)vu) + \/Bql(y)amu + f(xvyvu)v (S Rv (xvy) € Rxwa
v-AVu(t,z,y) =0, t € R, (z,y) € 0.

e ©
Then the map 3 +— BAVBG T decreasing in 3 > 0, and by Theorem [[.1, one has

vE

S %@fﬁ - 2\/ ][ e AZ(y)dy \/ ][ C(y)dy,

where C' s the periodicity cell of w.

Remark 6.2 In the same setting of Theorem [0.1 but with no advection, that is q, = 0, we

C* e
still have 3 — M

B2)-(B-8) holds and there is no advection, Theorem B.] yields that

as a decreasing map in 3 > 0. Moreover, if one of the alternatives

lim M =2 /maxeéAé(y) , /max((y).

=0t /B yew yew

The preceding result yields another one concerned in the variation of the minimal speeds
with respect to the periodicity parameter L. In the following, the domain will be the whole
space RY. We choose the diffusion matrix A(z,y) = A(y), the shear flow ¢ and reaction
term f to be (1,...,1)-periodic and to satisfy some restrictions. For each L > 0, we assign

he diff A = A(—, = -2z h
the diffusion matrix Ay (z,y) (L, 7 7 L) and the

x
nonlinearity f;, = f(—, g,u and we are going to study the variation, with respect to the

), the advection field ¢, (x,y) = ¢(

periodicity parameter L, of the minimal speed cpy Ara fL(e), which corresponds to the
) Yy

reaction-advection-diffusion equation within the (L, -- -, L)—periodic coefficients A, , ¢, and

fL:

Theorem 6.3 Let e = (1,0,...,0) € RN, An element z € RY is represented as z =
(r,y) € R x RN=L Assume that A(x,y) = A(y) (for all (z,y) € RY) and f(z,y,u) sat-

isfy ( (6.3), B4) and B.J) with w = RN, d =N -1, andl =L, = ... = Ly_; = 1.
Assume furthermore, that for all y € RN=1 A(z,y)e = A(y)e = a(y)e, where y — a(y)
is a positive (1,...,1)-periodic function defined over RN~ and that, at least, one of é - Aé

and ¢ 1is not constant. Let q be an advection field satisfying (2.3) and having the form
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q(z,y) = (¢,(y),0...,0) for each (z,y) € RN. Consider the reaction-advection-diffusion
problem,

V(t,z,y) € R x RY,

wilt2,y) = V- (A, (0)Va) (6 g) + (a,), (9)sults 2, y) + 1, (2,9 0), (6:2)

whose coefficients are (L, ..., L)—periodic with respect to (x,y) € RY.

Then, the map L — cgn 4 o (e) is increasing in L > 0.

Remark 6.4 The assumptions of Theorem [6.3 can not be fulfilled whenever N = 1. How-
ever, assuming that N =1 and that the function

¢ <a>g
< (> a

is not identically equal to 2 (where a(x) is the diffusion factor, < a >y and < { >4 are,
respectively, the harmonic mean of x — a(x) and arithmetic mean of x — ((x) over [0,1]),
it was proved, in [, that L — C%Nﬂquva (e) is increasing in L when L is close to 0. In
particular, if a is constant and ( is not constant, or if u is constant and a is not constant,
then L +— CRN a, a0 f, (e) is increasing when L is close to 0.

Concerning now the variation with respect to the reaction factor B, we have the following:

Theorem 6.5 Assume that 2 = R x w and the coefficients A, q and f satisfy the same
assumptions of Theorem [0.1. Let e = (1,0...,0) and for each B > 0, consider the reaction-
advection-diffusion problem

u =V -(Aly)Vu) + VB¢, (y) su + Bf(z,y,u), t€R, (z,y) € Rxw,
v-AVu(t,z,y) =0, t € R, (z,y) € 0N.

C;A,\/Eq,Bf(e)

VB

As a first note, we mention that Theorem [.J holds also in the case where there is no
advection. On the other hand, Berestycki, Hamel and Nadirashvili [J] proved that the map
B ¢ 4 45s(€) is increasing in B > 0 under the assumptions (B.1)), (2.3), (.3), (B.4), and

(B-9) which are less strict than the assumptions considered in our present theorem. However,

Then, the map B — 15 increasing in B > 0.

C:),A,\/Eq,Bf(e)

VB

the present theorem is concerned in the variation of the map B — rather than

that of B — ¢{) 4, ps(e).

Remark 6.6 Owing to the same justifications given after Theorem [B.J, one concludes the
importance of taking, in section [, an advection in the form of shear flows. To study the
variations of the minimal speeds as in Theorems [6.1, and 6.3, but in a more general
framework (general advection fields, general diffusion, etc...), formula B.7 remains an im-
portant tool. However, we will no longer have variational formulations as (B.63) below.
These problems remains open in the general periodic framework.

17



7 The minimal speed as a function of the positive def-
inite diffusion matrix, Counter examples

Co5a/F0.(6)

VB
is a shear flow of the form ¢(z,y) = (¢.(y),0,...,0) on Q, while A and f satisfy (B.3), (6.1),

We studied the variation of the function g +— in the case where 2 = R xw, ¢

C (e)
(B-3) and (B.4). We obtained that the map [ +— AV decreasing with respect to

VB
£ > 0 in both cases: ¢; Z 0 or ¢ =0 over w.
On the other hand, Berestycki, Hamel, and Nadirashvili [f] proved ( in part 2 of Theorem
1.10) that: having any periodic domain Q C R satisfying (B-]), ¢ = 0 and f = f(u), then
the map 3+ cg 54, 4(€) is increasing in 3 > 0.

Having the two preceding results, there arise naturally the following two questions:

e First: Do we still have the increasing behavior of the minimal speed with respect to
the diffusion factor § in the presence of an advection, even if the nonlinearity is
homogenous?

e Second: Owing to Theorem 2.4 (Theorem 1.1 in [B]), the map D : A — ¢ 4, ;(e),
where A describes the ordered family of positive definite matrices satisfying (R.2)(we
say that A = A(x,y) < B = B(z,y) if and only if for each (z,y) € Q and for each
z € RN we have zA(z,y)z < 2B(x,y)z. Also, we say that A < B if and only if
for each (z,y) € Q and for each z € RY, we have zA(x,y)z < zB(z,y)z.) is well
defined (provided that €2, g and f satisty (.0)), (B-3), (B:4) and (B-H)). We investigate
the variation of the minimal speed of propagation with respect to that of the matrix
of diffusion. More precisely, if A = A(x,y) and B = B(z,y) are two positive definite
matrices satisfying (2.3) and if A < B, do we still have cf, 4, ;(e) < ¢ g, ;(€)?

In fact and as it was mentioned above, we have: 3+ cq 54 (e) is increasing in
B > 0. In other words, the map D restricted to the sub-family PD4 = {# A, § > 0} which
is generated by a prefixed matrix A is increasing. So the question becomes now: Does the
previous conclusion remain true over the sub-family PD4 in the presence of an advection ?

The answer of the two preceding questions is negative in general. First, we prove that
the answer to the second question is negative in general for matrices A and B such that
A < B. We then prove, in section [[.g that, actually, the answer is negative, in general, even
when the diffusion matrices A and B are proportional.

7.1 A counter example devoted to answer the second question

Notation 7.1 For each real number b, let A, denote the N x N matriz having the form

1 0 ... ... 0
0 b
Ay =
.
0 0 b
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Proposition 7.2 Let e = (1,0,...,0) e RV, Q =R x w C RY, where w may or may not
be bounded, and let ¢ = (q,(y),0,...,0) be a shear flow with a zero average where q, Z 0 on
w. Assume that the nonlinearity f depend only on y. For each € > 0, consider the reaction-
diffusion-advection problem

w(t, z,y) = Owou+bAyu+q,(y)0sult, z,y) + f(y,u) in R x &,
=V - (AVu) + q,(y)0,u + f(y,u), (7.1)
Vo (2,y) - AyVayu(t,z,y) =vu(y) - Vyu(t,z,y) =0 for (t,z,y) € R x R x dw,

where v,(y) denotes the outward unit normal on Ow at the pointy € Ow (v, (z,y) = (0,v,(y))
is the outward unit normal on 02 at the point (x,y)) and A, is the matriz introduced in
Notation [7.4. Then,

bllgl—noo CQ7 Ab7 q, f(e) =2 fcg(y)dy’

where C' is the periodicity cell of w.

e Moreover, if ( is constant over w (say ¢ = (y), then

lim ¢, g, o f(6) =max (¢, (y)) + 2V/Co.

b—0+
e In particular, if f = f(u), then

lim C;,Ab,q,f<e> = 24/f'(0) and

b—+o0
g g0 = e (o 0) -2V

Proof. Consider the following change of variables:

V(t,z,y) ERXxR xw, wv(t,z,y)= u(t,i,y).

Vo

One then has:  V(t,z,y) € R xR X w,
T 1 T
ve(t, z,y) = w(t, —,y), Ov(t,z,y) = —=0, u(t, —,
e(t, 2, y) t(\/gy) (t,z,y) 7 (\[by)

Oprv(t,,y) = %amu(t, %,y) and Ayvu(t,z,y) = A, ult, %,y)
Owing to the invariance of  in the z—direction, we have the boundary condition:
V(t,z,y) e Rx0Q, v,(z,y)- Viu,v(t,z,y) = 0. Consequently, the problem ([]]) is equiv-
alent to the problem

V(t,z,y) ER X R X w
vt z,y) =00 v+ bAW +Vba(y)Ouv(t, z,y) + f(y,v),
=0 A, v+ Vhg(y)dv + f(y,v) inR xR x w,
vo(z,y) - Veu(t,z,y) =0 for (t,z,y) € R X R x Jw.

(7.2)
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Let of (e) denote the minimal speed of propagation corresponding to prob-

Q.bId,Vbq, f
lem ([.2). Referrlng £o Theorem E.1), and choosing v = 1/2, one gets

at (e)
01 Vb, f

b——+o00 \/Z_)

On the other hand, of

=2 ][Cé(y)dy- (7.3)

O,b1d,Vb g, f (e) = \/Ec;’Aqu’f(e). Together with ([.3), we

obtain that lim CQ Ay, 4, f ) =2 ][ C(y)dy.

b—-4o00

For the limit as b — 07, it follows from (B.13) in Theorem that

bli%i CQ Ay, q, f(e) = bli)%} 7 = max (—a,(v) + 2V

whenever ¢ = (j ({p is a positive constant).
In particular, if f = f(u) is a homogenous KPP nonlinearity, then ((y) = (, = f(0) for
all y € w. O

Conclusion: Let e = (1,0,...,0) and Q@ = R x w. Choose f = f(u), and ¢ =
(¢,(y),0,---,0) with / q,(y)dy = 0, and so that there exists 6 > 0 satisfying
c

2/ f(0)+06 <max ))+2f — 9.

It follows, from Propositions ([.9), that there exist eg > 0 and My > 0 such that:

V0 < e <ep, QA qf()>max )+ 2 f —d and

VM > My >0, cf Anrrq f(e)< 24/ f'(0) +4.

Consequently, choosing ¢ small enough and M large enough, it follows that Ay, > A, in
the sense of the order relation on positive definite matrices; however,

C;zv AM7Q7f<e> < Cgv A€7Q7f<e).

Therefore the answer of the second question is negative, in general, even when the non
linearity f is homogenous.

7.2 A counter example devoted to answer the first question

In this subsection, we will show an example of a reaction-advection-diffusion problem whose
diffusion matrix varies in the sub-family of positive definite matrices PDyy = {5 Id, 3 > 0},
where Id stands for the N x N identity matrix. In this example, we will apply an advection
field which will destruct, even if the nonlinearity f is homogenous, the increasing behavior
of the minimal speed with respect to 8 > 0 (part (d) of Theorem P.5).
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The counter example

Let e = (1,0,...,0) e RY, Q=R xw C RY, where w may or may not be bounded, and
let ¢ = (¢,(y),0,...,0) be a shear flow with a zero average where g, #Z 0 on @. Assume that
the nonlinearity f = f(u) is a homogenous “KPP” nonlinearity so that

0 <2v/f'(0) + 0 <max (—¢,(y)) -9, (7.4)

for some 6 > 0.
Step 1. Using Theorem [L.1], with v = 1/2, we have

c* e
Q.M Id,VM g, f< )
lim
M=o VM
Thus, there exists My := My(d) > 0 such that

VM2 M), 0<cp ) f(e)<\/ﬂ(2\/f’(0)+5>

—2/F(0).

Step 2. We fix M; > max(1, My(9)). Then,
* M (2 ! . .
0 < 0 14 /T f(e)<\/ 1( \/f(0)+5) (7.5)

Step 3. For the fixed number M;, we also have v/ M ¢ in the form of shear flows. Theorem
B.] yields that

I e 0, /BT g, 1) 7 VI 00D = VAR paxCa)

YEWw

Consequently, there exists g = €q(d) > 0 such that

< * V/ — — . .
Ve < e, CQ,gld,\/Mq, f(6)> M, I?S%( q(y)) =0 >0 (7.6)

Step 4. Choosing 0 < ¢; < min(1, ), and owing to ([7.4), (7.3) and ([(.§), one then gets

* > * ’
e td, g £ 0,0 10,00 0, 7

with 0 < e < M;.
This shows that the result of part 4 in Theorem P.J is no longer valid in the presence of
an advection field, even if one chooses the nonlinearity f as f = f(u).

Remark 7.3 To meet with the motivation done in the beginning of section [}, we mention
that there appears two important features in the two counter examples which were announced
in this section. In the counter example of subsection [T, the two matrices A = Ay and
B = A., with M (resp. €) chosen sufficiently large (resp. sufficiently small), satisfy the
properties A > B and c{, 4, ¢(€) < & g, s(€); however, they are not proportional (that is:
there exists no real number o such that A = aB). Meanwhile, in the counter example of
subsection [7.3, the matrices A = Id and B = € Id (¢ sufficiently small) are proportional and,
in addition, they satisfy: A > B and cg 4, () < ¢ g, f(e).
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8 Proofs of the announced results

In this section, we are going to demonstrate the Theorems announced in sections f, [, H,
and f]. We will proceed in 4 subsections, each devoted to proving the results announced in
a corresponding section.

8.1 Proofs of Theorems B.1], B-3 and B4

Proof of Theorem B.1. Under the assumptions of Theorem B.I], we can apply the varia-
tional formula (R.7) of the minimal speed. Consequently,

kﬂ,e, EA, 0, C<)\)

Coea0,4(€) = min Y , (8.1)

where kg eca,0.c(A) is the first eigenvalue (for each A, ¢ > 0) of the eigenvalue problem

{ Loe eA, 0,¢,0Y =koe ea, 0,¢(N) U(@,y) over R x w; (8.2)

v AV =0 onR x Jw,

and

Lo, eA, 0,¢, 0@ y) = eV (Aly)Vi(z,y)) —2eMe-V(r,y) +
[e NeA(y)e — XeV - (A(y)e) + ((y)] ¥(z,y),

for all (z,y) € R X w.

Initially, the boundary condition in (B:2) is v - AVY = Av - Ae on 9Q = R X dw; where
v(z,y) is the unit outward normal at (z,y) € 0. However, Q = R x w is invariant in
the direction of e which is that of Ae in both alternatives (B.7) and (B.§). Consequently,
v-Ae =0 on 0.

We recall that for all A > 0, and for all £ > 0, we have ko £A 0, C(A) > 0. Also, the

first eigenfunction of (B2) is positive over 2 = R x w, and it is unique up to multiplication
by a non zero constant.

In our present setting, whether in (B7) or (B.§) and due to the assumption (B-4), one
concludes that the coefficients in LQ@ eA, 0,¢, )\ are independent of x. Moreover, in both

alternatives (Bq) and (B.§), the direction of Ae is the same of e = (1,0,---,0). On the
other hand, since 2 = R x w, then for each (z,y) € 09, we have v(z,y) = (0;1,(y)), where
v,(y) is the outward unit normal on dw at y. Consequently, the first eigenfunction of (B2
is independent of z and the eigenvalue problem (B.3) is reduced to

Lo, ea,0,¢,000 = eV-(AYy)Vey)) + [eNeAly)e + ((y)] o(y)
= kg, A 0, CO\) ¢ over w; (8.3)
v(z,y) - Aly)Voly) = (0;m(y)  A(y)Veo(y) =0 on R x dw,

where ¢ = ¢(y) is positive over w, L—periodic (since the domain w and the coefficients of
LQ@ eA,0,¢, )\ are L—periodic), unique up to multiplication by a constant, and belongs to

C%(w).
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In the case where d > 1, let ¢ C RY¥~! denote the periodicity cell of w. Otherwise, d = 0
and one takes C' = w. In both cases, C' is bounded. Multiplying the first line of (§J) by ¢,
and integrating by parts over C, one gets

[ Vo AwVody [ [XeA)e + )] ¢ dy
—kg. A OCO‘): < €
- ¢*(y) dy
/.

One also notes that, in this present setting, the operator Lo c4.0,¢,x is self-adjoint and its
coefficients are (L1, . .., Ly)—periodic with respect (y1, . .., ya). Consequently, —k, . -4 0 QO‘)

(8.4)

has the following variational characterization:

[ Ve awVedy - [ [Neawe + (W] o) dy
_ _ : C C
kﬂ’& £A 0, C()‘) =  min

HY(C)\{0
peH(C)\{[0} /wQ(y)dy
C
(8.5)

In what follows, we will assume that (B.7) is the alternative that holds. That is, eAe = «
is constant. The proof can be imitated easily whenever we assume that (B-§) holds.

The function y +— ((y) is continuous and (L1, ..., Ly)—periodic over w, whose periodicity
cell C'is a bounded subset of RV~! (whether d = 0 or d > 1). Let yo € C C @ such that
max C(y) = C(yo) (trivially, this also holds when ( is constant). Consequently, we have

el Vo- Avw—/(eaAQ + C(y)¢?
Ve H(C)\ {0}, =€ <

> — [eaX® + C(yo)] -

/ ¥*(y) dy
c
This yields that
Ve>0,YA>0, —kg, 4 0 ¢\ > - [eaX® + C(wo)] - (8.6)
Consequently,
k.o (A)
Ve>0,VA>0, Q”EAA’O’Q < )\a5+<<§0). (8.7)

(o)
A

However, the function A\ — Aae + attains its minimum, over R* at A(e) =

_C(yo). This minimum is equal to 24/¢(yo) X y/ae. From (1), we conclude that
ae

kQ,e, €A, O, C<A<€))
NE) < 2vae\/((yo).

k (A)
Finally, (£.7) implies that cf, 4 /(e) = g\n>1101 e €A>’\ 0.¢ < 2Vaev/((yo), or equiv-

alently

Ve >0, %m < 2/av/m). (8.8)
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e
79’&4’0’]0( ) We will

We pass now to prove the other sense of the inequality for lim 1£1f
e—0 €

consider formula (B.f), and then organize a suitable function 1) which leads us to a lower
ce e
bound of lim inf 240
e—0t £

We have ((yo) > 0. Let § be such that 0 < § < ((yo). Thus 0 < ((yo) — 0 < max ((y).

The continuity of ¢, over C' C @, yields that there exists an open and bounded set U C C
such that

Vy e U, ((y) — 0 <C(y). (8.9)
Designate by ¢, a function in D(C') (a C*°(C') function whose support is compact), with

suppy C U, and /U ¥? = 1. One will have,
VA >0,Ve >0,
kg ea, 0. < / Vi Aly)Vipdy /U [eXeA(y)e + C(y)] ¥(y) dy
gs/Uw. A@)Virdy — [eXa + Cyo) — /w
<[ aalVul — [ + () = ). by (ED),

or equivalently

Ko (A) 1
26,64, 0,67 5 Nae + < B(e), (8.10)
A A
— 2 - C0) =0 i possi
where B(¢) = ((yo) —d —¢ | as|Ve|*. Choosing 0 < € < (this is possible), we
v s [ Vo
U
get () >0
1
The map A — Aae + 3 [(g) attains its minimum, over R, at A\(e) = %. This

minimum is equal to 21/ ay/5(e).
Now, referring to formula (B.I0), one gets

k (A)
For € small enough, e SA;\O’C > 2y/eay/f(e) forall A > 0.

Together with (R.7), we conclude that

*

for € small enough, CQ’L\/OJ(G) > 2¢/B(e)V . (8.11)
€

Consequently,

S CE €A,0 f(e) ..
) bt >
hgégf — g 2 hargéilf 2/ B(e)va
= 2/C(yo) — 6v/a (since 1 is independent of &),
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and this holds for all 0 < § < ((yo). Therefore, one can conclude that

*

liergégf% > 2/av/C) (5.12)

. . o . i CE €A,0 f(e)
Finally, the inequalities (B.§) and (B-19) imply that lim ——2——

e—0t \/E
2v/a/((yo) = 2\/mgx eA(y)e\/mgXC(y)-

We note that the same ideas of this proof can be easily applied in the case where the
assumption (B.§) holds. In (B.§), we have ( is constant; however, eAe is not in general.
Meanwhile the converse is true in the case (B7). The little difference is that, in the case

of (B.§), we choose the subset U (of the proof done above) around the point yy where eAe
attains its maximum and then we continue by the same way used above. U

exists, and it is equal

to

Proof of Theorem B.3. We have

kQ,e, €A, q, C<)\)

C*Q,EA,q,f(e) = {\n;% \ ) (813)
where (due to the facts that ¢ is a shear flow, e = (1,0, -+ ,0) and e is an eigenvector of the

matrix A(y) for all y € W) k,,, -4 q C()\) is the principal eigenvalue of the problem

Loeca,qepn(x,y) = koeeaqc(N) (2, y) over R x w;
v AV =0 onR X Jw,

with
Laceaqert = eV (A(y)VY) —2eXaly) 0.0 + q,(y) 00
+[e NeA(y)e — Mg, (y) + C(y)] ¥ over R x w.

The uniqueness of the principal eigenfunction ¢ up to multiplication by a constant,
yields that one can choose 9 independent of x. Hence, the elliptic operator Lo e -4, 4.¢.2 can
be reduced to the symmetric operator

Locenqent =V (A(y) V) + [e NeA(y)e — Mg, (y) + ¢ (y)] ¥

(8.14)

Consequently,
VA >0,V >0, —kqe-aqc(A) =

- / Vi A(y)Vipdy + A / 0()¢* — / eeA(y)e + C(y)] @ (y) dy
min C C c .

HY(C)\{0
peH(C)\{0} /¢z(y) dy
c

Formula (B-17) yields that

(8.15)

VYA >0, Ve >0, —kgecaqc(A) > —Amax (—q (y)) — NemaxeA(y)e — max ((y),

yEWw YyeEw yEWw
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or equivalently

ko A, qc(N) meanC(y)
YA >0, Ve >0, Mheedia Y o max (—q1(y)) + AemaxeA(y)e + Y

A yEW yeEW A

Putting A = \(e) = \/ maxyes ¢(y) > 0 into the last inequality yields that
€ MaXycpe A(y)e

k (A)
. e A, q,C
< _ .
min . < max (—qu(y)) +2Ve, /maxe - A(y)e, /max((y),
and hence,
limsup ¢, 4 4,7(€) < max (—q1(y)). (8.16)
e—0t yew

Now, we take yp € C (C is the periodicity cell of w) such that max,ez (—aqi(y)) =
—q1(yo) > 0 (since ¢ is periodic with respect to y, ¢; #Z 0 and ¢; has a zero average) and we
take 0 > 0 such —¢qi(yo) — 0 > 0. It follows, from the continuity of ¢;, that there exists an
open subset U C C such that yo € U and

Yy €U, —ai(y) = max(=aq(y)) =&
Let ¢ be a function in D(C) with suppy C U, and / Y? = 1. Referring to (BI3), it
follows that g

kQ,e, EA, q, C<)\)

VA > 0,Ve >0, 3

1
> —q1(yo) — 0+ Ae meige - Ae + X B(e), (8.17)
ycw

where ((¢) = min ((y) — 5/ as|V9|? > 0 for a small enough £ > 0 (ay > 0 is the constant
yew
appearing in (B-3)).
It follows from (B.17) that

kQ,e, €A, q, C<)\)
A

VA > 0,Ve > 0, > —qi(yo) — 0+ 2\/5\/1@16196 - Aer/B(e).
y w

Together with (BI3), and since 6 > 0 is arbitrary, one gets

liminfegcqs(e) 2 —a1(yo) = max(—q:(y)). (8.18)

e—0t

Finally, (B-16) and (B:I§) complete the proof of (B.11)).

Similarly, one can use the above technics to prove (B.13). However, we will do the proof
for the sake of completeness. First, one can easily check that

ko on oA manC(y)
220l < () + WEmaxeAe + 25—

26

VA >0, Ve >0,




maxyez ¢(y)

Putting A = > 0 into the last inequality yields that
MaXyecwe A(y)e
k ()
Q.e, EA, R
pea A\/g s max (—qi(y)) +2, fmaxe- A(y)e, /max((y).

Having eAe and ( as constants, one then gets

c (e)
limsup 20 < max (—qi(y) + 2vav/G. (8.19)
e—0t+ \/g yew

On the other hand, we take yy € C so that —q;(yo) = maxz(—q1(y)). Also we take any
positive number ¢ so that 0 < d; < —¢q1(yo). It follows, from the continuity of ¢; with respect
to y, that there exist three subsets U > gy of C' such that

—q1(y) > (—q1(yo)) —d >0 for all y € U.

Let ¢ be a function in D(C) so that / Y?*=1and ¢ =0 on C'\ U. For each ¢ > 0, we
c

have

kﬂvev €A7 \/gq7 <<)\)

B o .
Caenyeqs(€) = min ) ’

where (owing to the same above justifications)

YA > 0, Ve >0, kgeequc

: [ V- At Viody / ¢ = [ Deeeae + cw] )y
EHIII?CI;\{O}
7 / 2 (y) dy (8.20)
e | Vo A(y)Vedy + X [Nea+ (o] ¢*(y) dy
min /C / /

HI(CY\{0
eeH1(C)\{0} / 2(y) dy
C

since eAe and ¢ are constants. Having ¢ € HY(C) \ {0}, it follows that

k (A) 1
WA > 0,V > 0, 2efd: fq’c > VE(—ai(yo) = ) + Aea + (), (8.21)
where ((g) = (o — 5/ as|Vy|*> > 0 for € > 0 small enough. Thus,
U

Ve >0, ¢§enzqr(€) 2 VE(=ai(yo) — 0) + 2VEVa/B(e).

Since ¢ was arbitrarily chosen, one the concludes that

; (€)
han_l)égf% > —q1(yo) + 2V/a/Go.
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Together with (B.19), the proof of (B.19) is complete. O

Proof of Theorem B.4. Consider the change of variables
v(t,z,y) = u(t, Lz, Ly), (t,r,y) € R xR x RV

The function u satisfies (B-13) if and only if v satisfies
1
vt x,y) = 7 V- (Ay)Vo)(t, z,y) + f(z,y,v) over R x R x RV, (8.22)

Consequently,
VI > O, C[EN7AL,O,fL (6) = LC%N,L%Aﬂ,f(e) (823)

Q

Taking e = 1/ L”, and applying Theorem B.1 to problem (B.22), one then has

Cpw A0 f<e) ch (e)
im B i REeA0S T
Jim - = lim Y- 2\/312';&’( IC(y)\/yggVX eA(y)e.  (8.24)
L?
Finally, (B.29) together with (8.24) complete the proof of Theorem B.4. O

Proof of Theorem B.5. Under the same change of variables considered in the proof of
Theorem B.4 above, one gets

VL >0, C]};N’AL7LqL7fL ()= L (e) and

N,L%A,q,f

* _ *
CRN7AL7QL7fL (6) n LCRN’#Av%q’f(e).

1 :
Taking ¢ = T2 and using (B.I1)), then (B.I§) follows. On the other hand, (B.I2) implies

2
(B-16) whenever eAe and ¢ are constant over RV ~1. O

8.2 Proofs of Theorems @1 and

Proof of Theorem B.1]. The proof will be divided into three steps:
Step 1. According to Theorem P.4, and since v - A¢ = 0 on 0, the minimal speeds

C;MA’ Mg, f(e) are given by:

k (A)
. kgl MA, MY
VM >0, ¢, 0 M 7. f(e) = min )\ :

where k:Q,e, MA, M g, C()\) and Y™ denote the unique eigenvalue and the positive L-
periodic eigenfunction of the problem

MY - (AVYMM) = 2MAE - AVYM + Mg VM + [N2M EAE — AM g - & + (™M
— kg7e, MA, Mv q, C()\)Q/})"M iIl Q,

with v - AVYM =0 on 05).
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For each A > 0 and M > 0, let A" = &M, and let ko pra ap7q ¢(N) = p(N, M).
Consequently,

VM > 0, = min 7’, (8.25)

where (A", M) and i/JAI’M are the first eigenvalue and the unique, positive L—periodic (with
respect to x ) eigenfunction of

MV - (AVN M) o\ Me - AVN M 4 Mg - Vgr M

o N 3 Y ) Vo (8.26)
+ (A eAe—M%ﬂq-e—i—C M = (N, M)yt M in Q

Y

with v - AV M = 0 on 9.
Owing to the uniqueness, up to multiplication by positive constants, of the first eigen-
function of (B.2(), one may assume that:

YA >0, VM >0, [0 M) = 1. (8.27)
N, M :
Moreover, for each M > 0, min L’,) is attained at A, > 0. Thus,
A'>0
Conia M g, ) pON M) p(h, M)
VM >0, —— - = min - = — (8.28)
V M A'>0 A )\M

The above characterization of c; aia, M7 g, f( e)/V' M will be used in the next steps in

M—+4o00

order to prove that liminf CQ Ma, M7 g, f< e)/VM (resp. lim sup CQ A, M7 g, f( e)/VM ) is
M—

greater than (resp. less than) 2\/][ e¢Aé(x,y)dx dy \/ ((x,y)dz dy; and hence, complete the
C C

proof.

Step 2. Fix A" > 0 and M > 0. We divide (8:28) by wAlvM then, using the facts V.Aé = 0
in 2 and v - Aé = 0 on 0f), we integrate by parts over the periodicity cell C. It follows from

(B:3) and the L—periodicity of A, ¢ and 1/1)‘/’M that

vw)\ M AV’QZ)A M
/ wA M

where |C| denotes the Lebesgue measure of C. Let

+)\'2/éAé+/C:u()\',M)|C\, (8.29)
C C

1
mo :][éAé = —/ eA(x,y)éedrdy and m :][C(a:,y) dx dy.
c ‘C| C c
One concludes that

YA >0,YM >0, p(\,M) > )\'ZJ[éAé+][C:)\'2mo+m,
C C
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whence

NoM)
PAM) e (8.30)

by M
\ > 0, \ >0, N = A\

’ m
The right side of (B:30) attains its minimum over R* at Ay = ,/—. This minimum is
myo
equal to 2,/mgm.

c gl (e) N, M
Consequently, for any M > 0, “aaia M q f = min ——— 2l X ) > 2y/mqgm. This yields
>0
that
gl
%\i/[minf QMAM Qf > 2\/][6Aexyd:cdy\/ C(x,y)dxdy. (8.31)

Step 3. Fix A" > 0 and M > 0. Multiply (B:24) by @Z)A M and integrate by parts over C.
/ ’ 2
Owing to the L—periodicity of Q, A, ¢ and ¥* '™ and due to the facts that / <1/1)‘ ’M> =1, V-4 =0
c
in Q, and that v - Aé = 0 on 99, together with (R.3), one gets

v a0 (o)

, / (8.32)
_Mé-w /cq'é@A 7M>2 = u(X, M),

whence

VA" >0, VM >0, 0<p(\, M) <

(q-€) [l
where @ = max éAé(z,y) and = max ((z,y). Together with (B:30), one gets
(z,y)€Q (z,y)EQ

!

YA >0, YM >0, 0< X mo+m < p(\, M) <

(@-€) [l (833)

1 A _ / _ 1
Iffyzi, then ——1|(¢-€)" ||l = A|| (¢ €) ||oo- On the other hand, if 0 < v < 3
M

then

/

A

(¢-€) |lo— 0 as M — +o0.

Consequently, the right side of (B.33) is bounded above by a positive constant B which
does not depend on M and . This yields that

VA >0, 0< limsup ,u()\/, M) < +oo.
M —+oc0

On the other hand, it follows from (22) and (B33) that VA" > 0,¥M > 0,

0 Salf |vw)\/,M|2 S / V¢AI,M_Ava/,M
C C

[—u()\',M)Jer/CéAé (w*/’M>2+/CC(¢AI’M>2_ MA /Cq'é(¢AI7M)2]

<

A
=l ==
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B
Meanwhile, MhIE — =0, one then gets

YA'>0,  lim /|V@Z)A/’M|2:O,
M —+oc0 c

/ N (8.34)
YA >0, VM >0, / (va) ~ 1.
c
Fix A" > 0, and let (M,), be a sequence converging to +0o as n — +oo and such
that p(\, M,) — (%) as n — +oo. Tt follows, from (§34), that || M| gy — 1
as n — -+oo. Thus, the sequence (1) M), is bounded in H'(C). Therefore, there exists
a function * > € H'(C) such that, up to extraction of some subsequence, the functions

(@Z)’\/’M")n converge in L?(C') strong, H'(C') weak and almost everywhere in C| to the function
Y* . Consequently, and owing to (B:34), ¢ > satisfies

/C (W'W)Q — 1, and (8.35)

(/ |V¢A'v°°|2) < liminf (/ \wﬁvMﬂP) = 0. (8.36)
c Mpn—=+oo \ Jo

From (B:38), it follows that for all A" > 0, the function 1/))‘/’00 is almost everywhere constant
over C. On the other hand, the elliptic regularity applied on equation (B.24) for M = M,,,

implies that VA" > 0, the function 1/1)‘/’00 is continuous over C. Consequently, referring to

(B.39), one gets

’ ! 1
VA >0, o= over C. (8.37)
VIC]|

Consider now equation (B2G). Fix X', take M = M, and integrate by parts over C. It
follows, from (B.2), (B-3) and the assumptions V.Aé = 0 over Q2 with v.Aé = 0 on 012, that

/ M,V - (AVp Mr) = 0, / —oN\/M,é - AV M = 0, and / g- Vi M — 0. Hence,
C C C

i

)\ ! ’ / ’ , ’
I_W/Q-éz/))‘ ’M"+)\2/é-Aé@/)A vM"+/w* M= (A ,Mn)/wA M (8.38)
M c c c c

Meanwhile, the functions 1/1)‘/7M" converge to the constant function wxvoo in L*(C) strong;
and hence, in L'(C') strong ( C'is bounded, so L?(C') is embedded in L'(C)). Let M,, — +oc
in (B.39):

In case v = 1/2, one has

/

)\ / ’ / ’ /
l_w/q-éwA’anx/q-éwwuwm q-e=0,
M? C c c

n

as n — +oo (from (.3)). Also, in the case 0 < v < 1/2, one trivially has

i

A
ME

/q-éw)"M"—>O as n — +o00.
c
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Moreover, éAé and ¢ are in L*°(C'). Thus, as M,, — +oo in (B.3§), we get
Alzwwi/ eAE + @zﬂ'm/ ¢ =10 N0,
c c

One concludes that

l)\ J(Mn) ][C
VYA >0, v —)\][ )\m0+— (8.39)
/ i m lA:N(Mn)
Whence for A\ = \; = ,/—, one gets — = 2y/mgm.
mo )\0

On the other hand, for all M,

Cona My g f9 VM) ph, M)
inf < - .
VM, Veo N Y

(8.40)

C:Z,MnA, M7 q, f(e) [Xos(Mr)

Passing M, — 400, one gets limsup < ¥ = 2y/mgm, and this
0

M, —-+oc0 V Mn

holds for all sequences {M,}, converging to +o0o. Thus,

lim sup CQ’MA’%Q’ f<e) < 2\/][éAé(:c,y) dxdy \/][C(a:, y) dxdy. (8.41)

M—+oc0

Having (B-3])) together with (B41]), the proof of Theorem [-]] is complete. O

Proof of Theorem f.J. We will consider the change of variables similar to that made in
the proof of Theorem B.4:

v(t,z,y) = u(t, Lz, Ly), (t,z,y) € R x RY.

After the same calculations done there, one gets that u satisfies ([.1]) if and only if v
satisfies

1 1
vt z,y) = FV (A(z,y)Vou)(t,z,y) + T Vo(t,z,y) + f(z,y,v) over R x RY. (8.42)
Consequently,

VL > 0, CE%N,AL,QL,JCL (6) = LC]EN,L%A,%(],]C(B)' (843)
On the other hand, the coefficients and the domain of problem (B:43) satisfy all the

assumptions of Theorem [ Taking M =1/ L’ and v = 1/2, then (B-43) can be rewritten
as

w(t,2,y) = MV - (Alz,y)Vo)(t,2,y) + MZ q- Vo(t, z,y) + f(2,y,v) over R x RV,

In this situation, the periodicity cell of the whole space RY is C'=[0,1] x - -- x [0, 1].
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It follows, from Theorem [, that

lim CRNE%A’%%JC(@) = lim CRN’MAvM% q,f(e)
L—0+ 1 M —+o00 ‘/M
i (8.44)
=2 ][éAé(ZL‘, y)dx dy ][C(:E, y)dx dy.
C c
Having (B.4]) together with (B:44), the proof of Theorem [ is complete. O

8.3 Proofs of Theorems p.1] and

Proof of Theorem (.1 The main ideas of this proof are similar to those in the demon-
stration of Theorem B.]. Applying the variational formula (R.7) of the minimal speed, one

gets

kﬂ,@A,O, BC()\)

: = min A0 ECN 45
Co.a0,57(€) = min T (8.45)

where ko 40,5c(A) is the first eigenvalue (for each A, B > 0) of the eigenvalue problem:

{ LQ,e, A,0,BC,\ 77/)(1‘, y) - kQ,g,A,O,B{ (A) ?/J(% y) over R X w;

(8.46)
v AV =0 onR X Ow,

and

[AZGA(@/)G AV (Alg)e) + BC(y)] v (=, y),
for each (z,y) € R x w.
We recall that for all A > 0, and for all B > 0, we have k, _, BC()\) > 0. Also, the

first eigenfunction of (848) is positive over {1 = R x @, and it is unique up to multiplication
by a non zero constant.

Moreover, whether in (B.7) or (B-§) and due to (B.4), one concludes that the coefficients
in LQ@ 4,0, BC, \ A€ independent of x. Hence, the first eigenfunction of (B.46) is independent

of x and the eigenvalue problem (B.4q) is reduced to

Lo a0 BC, A0 = V- (Ay)Ve(y)) + [NeAly)e + BC(y)l ¢(y)
= ko 4,08:(A) ¢ over w; (8.47)
viz,y) - Aly)Vo(y) = (0;v(y)) - A(y)Ve(y) =0 on R x dw,

where ¢ = ¢(y) is positive over w, L—periodic (since the domain w and the coefficients of
Lﬂve, a0, BC, \ are L—periodic), unique up to multiplication by a constant, and belongs to
C%(w).

In the case where d > 1, let C' C RV~ denote the periodicity cell of w. Otherwise, d = 0
and one takes C' = w. In both cases, C' is bounded. Multiplying the first line of (B:47) by ¢,
and integrating by parts over C, one gets

/ Vo Aly)Vody — / eA()e + BC()] 6(y) dy
— kg e, A,0, BC /C )
Cqb (y) dy

(8.48)



One also notes that, in this present setting, the operator L, . ,, BC, A is self-adjoint and
its coefficients are (L, . .., Lq)—periodic with respect (y1, . . ., yq). Consequently, —k, _ , , BC()\)
has the following variational characterization:

/ Ve - Ay)Vedy — / [(NeA(y)e + BC(y)] ¢*(y) dy
L BC()\) min L :

1(c
peH(C)\{0} /()02(?/) dy
C
(8.49)

In what follows, we will assume that (B.7) is the alternative that holds. That is, eAe = «
is constant. The proof can be imitated easily whenever we assume that (B.§) holds.

The function y — ((y) is continuous and (L1, ..., Ly)—periodic over w, whose periodicity
cell C' is a bounded subset of RV~! (whether d = 0 or d > 1). Let yo € C C @ such that

max ((y) = ((yo) (trivially, this also holds when ( is constant). Consequently, we have
yew

/Vw AV — /C(M2 + B((y))¥?

/C ¥’ (y) dy

VB>0,YA>0, ko, 4o pc(N) = —[aX + B((y)]. (8.50)

Ve HY(C)\{0}, > — [N + BC(yo)] -

This yields that

Consequently,
VB >0,V\A>0,

kQ,e,A,O,BQ(A) < N +
\ <

B ((yo)
— (8.51)

However, the function A — Ao + (B ((yo)/)\) attains its minimum, over Rt at A\(B) =

B
C(yo). This minimum is equal to 21/B¢(yo) X

«

ko (A(B))
From (B51), we conclude that: — ’A’O)’\(B;) < 2V B av/((yo)-
Finally, (R.7) implies that

Ko e (A)
C;7A7O7Bf<€) — min —> ’A’O)’\BC < 2V B arv/((yo),

A>0

or equivalently

VB >0, 69“7\/%]”@ < 2v/av/C(yo). (8.52)

We pass now to prove the other sense of the inequality for lim inf
B—+oc0

consider formula (B.H), and then organize a suitable function ¢ which leads us to a lower
CE,A,O,Bf(‘e)

e
“.a0.8¢() ). We will

bound of lim inf
B—+o0

B
We have ((yo) > 0. Let § be such that 0 < ¢ < ((yo). Thus 0 < ((yo) — § < max ((y).

The continuity of ¢, over C' C @, yields that there exists an open and bounded set U C C
such that B
C(yo) =0 <C(y), Vye U. (8.53)
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Designate by ¢, a function in D(C') (a C*°(C') function whose support is compact), with
suppt) C U, and / 1? = 1. One will have,
U

VA>0,VB >0,
~kgen0B(N) < / Vi - A(y) Vi dy — / [NeA@)e + BC(y)] () dy

U

< / V- Aly)Vidy — [Ma + B (C(yo) — 6)] (by (E53))
< / x| VY2 — [Ma + B (C(w) — 0)] by (B3,

or equivalently
kg 4, 0, BG(A) B
= > — p(B .54
\ = Ao + \ p( )7 (8 5 )

1
where p(B) = ((yo) —0 — E/ as|V1)|?. Choosing B large enough, we get p(B) > 0 (this is
U

B
possible since ((yo) —d > 0 and also / as|Vy|? > 0). The map A — Ao + X p(B) attains
U

Bp(B
its minimum, over R, at A(e) = 4/ L This minimum is equal to 2V B a+/p(B).
a

Now, referring to formula (B.54)), one gets:

k
e B
for B large enough, & ’A’O)’\ ) > 2V Bay/p(B) forall A > 0.

Together with (R.7), we conclude that
C; A0, Bf (e)
for B large enough, ————="— > 2./p(B)v/«. (8.55)
VB
Consequently,

¢ ()
lim inf 22001 ° BJ

.
Boise VB > liminf2v/p(B)Va

= 2/C(yo) — 6v/a (since 1 is independent of B),

and this holds for all 0 < § < ((yo). Therefore, one can conclude that

. Chaoss(e)
lggg.lfwo’i\/—g > 2v/a/( (o). (8.56)

ce e
Finally, the inequalities (B.53) and (B.56) imply that BliI_? M’O’?Zf()
equal to 2v/a\/C(yo) = 2\/m_ax eA(y)e\/m_aX C(y).

The above proof was done while assuming that the alternative (B.q) holds. The same

ideas of this proof can be easily applied in the case where alternative (B.§) holds. In (B.g),
we have ( is constant; however, eAe is not in general. Meanwhile the converse is true in the

exists, and it is
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case (B1). The little difference is that, in the case of (B.§), we chsose the subset U (of the
proof done above) around the point yy where e Ae attains its maximum and then we continue
by the same way used above. O

Proof of Theorem [5.2. According to Theorem P-4, and since v - Aé = 0 on 052, the
minimal speeds C;A B'q. B f(e) are given by:

k ()
X . Maea B7q, BC
VB =0 a B g, By = 1Y ) ’

where ki, ., pv q BC()\) and 1P denote the unique eigenvalue and the positive L-periodic
eigenfunction of the problem
V- (AVYMP) —2xé - AVYNT 4+ BYg - VNP + [N €Aé — ABYq - é+ B (| ™M
=ko. 4 B q BC()\) PN in Q, with v - AVY = v - AVYME =0 on 09,

For each A > 0 and B > 0, let A" = A\/VB, and let ko, , v, pc(\) = (N, B).
Consequently,
c, g (€) '
0,4, B"q, Bf . (A, B)

= min ——=,
VB Ao A B

where p()\', B) and Q/JAI’B are the first eigenvalue and the unique, positive L—periodic (with
respect to ) eigenfunction of

VB > 0, (8.57)

V- (AVYNB) — 2XVBe - AV F 4 Brg - vy B

12 5 / w+% - \ B , VB - (858)
+ AN BéAé—\B “q-é+ B(|v* P = p(N,B)yY*F in Q,
with v - AV B = 0 on Q.

Owing to the uniqueness, up to multiplication by positive constants, of the first eigen-
function of (B.5§), one may assume that:

YN >0, VB >0, [0 5] = 1. (8.59)
N\, B :
Moreover, for each B > 0, min % is attained at Az > 0. Thus,
A'>0
Con B q, Bf) N.B)  p(\, B
vB >0, 2B e B 0B ps B) (8.60)
\/E A'>0 AN B B)\B

Having the above characterization, one can now imitate the steps 2 and 3 in the proof of
Theorem [L]] to prove that
liminf i, | poy 7. Bf<e>/\/§

B0t €

(resp. limsup C;,A, Bq, Bf(e)/\/E ) is greater than (resp. less than)

B—0t
2\/][ c¢Aé(x,y)dx dy \/][C(Jf, y)dx dy;

and hence, complete the proof of Theorem [.9 O
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8.4 Proofs of Theorems B.1], 5.3, and [6.5
Proof of Theorem B.]]. Referring to Theorem P-4, it follows that for each 3 > 0, we have:

panBar® _ ko ga vaac(A)

VB A>0 PRVAC] '

where ko . 54 54.c(A) is the first eigenvalue of the problem

{ LQ,e,BA,\/Bq,C,)\w(:L‘ay) = kQ,e,,@A,\/E’q,C()‘) ’ll)(l‘,y) over R x wj (8 61)

v.AVY =0on R x Jw,
where

Locpavigen? = BV (Aly)Ve) — 28X\ a(y) 9.4 + /B a, ()91
+ [BX%eA(m)e = M/Ba,(y) + ()] ¥ over R x w.

The boundary condition follows so from the facts that @ = R x w, e = (1,0,...,0) and
that A(y)e = a(y)e over w. These yield that v - Ae = 0 over 02 and V - Ae = 0. Moreover,
for each (z,y) € 09, we have v(z,y) = (0;v,(y)), where v,(y) is the outward unit normal
on dw at y.

On the other hand, the function v is positive , (L1, ..., Ly)—periodic with respect to v,
and unique up to multiplication by non-zero constants. Meanwhile, the coefficients A, ¢ and
¢ are independent of . Thus the eigenfunction v will be independent of x and our eigenvalue
problem is reduced to

BV - (A(y)Vi(y)) + [BXeA(y)e — ABa, (y) + C(y)] v(y)
= ke pa vgcNU(y) for all y € w, (8.62)
v(z,y) - Aly)Vi(y) = (0;u.(y))  Aly)Ve(y) = 0 on R x dw.

For each A > 0 and 3 > 0, let A" = A\//3, and let Koe gavigc(A) = ,u()\/,ﬁ). Since for
Kae, 54, vBacN)

each > 0, r/{ligl is attained at A((3), it follows that
>

A
g () (N, 5)
V3 >0, QPBAVBa ST 2 8.63
s FT (6
where p(\', 3) is the first eigenvalue of the problem:
Ly =0V (Awe) + [XeAle = Xa,0) + )] o =X D inw o

v-AVyY =0 on dw.

The elliptic operator Lf, in (B.64) is self-adjoint. Consequently, the first eigenvalue
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w(X\', B) has the following characterization:?
VA >0, V3 >0, —,u(X B) =
12
5 [ Ve anVeds+ [ 0wt [ [Neawe+cw)] @i
Ao ) )
PEmEn /C o (y)dy

= min  R(\,B,¢).

 eeHL(O)\{0)

For each \" and > 0, ¢ — R(\, 3, ¢) attains its minimum over HI(C')
the eigenfunction of the problem (@) On the other hand, 3 — R(\ ﬁ %)
as an affine function in 3. Consequently, fixing \' > 0 and taking >3 >0:

; {0} at 7,

is increasing

/

—p(X,B) = RN, 8,0°%) > RN, 8,0 (8.66)
> min B 0) = N, 3. ‘
2 im0 RN, 5, ¢) = —u(X, 8)
In other words, for all A" > 0, the function /3 — u()\', () is decreasing. Concerning now
the function 3 +— 0576A7\/3q7f(e)/\/5, one takes randomly 3 > §° > 0, hence

‘T pN(8).0) N (5).5)
V7 N (3) NG

pN.B) _ Copaves®)
A'>0 N \/B ’

which means that the function 8+ ¢, 54 5, (€)/ )/+/3 is decreasing.
Finally, when 3 — +o0, one can easﬂy check that the hypothesis of Theorem [.1] are
satisfied; hence, one has the limit at +o0o, and that completes the proof of Theorem 1. O

Proof of Theorem [B.3. Consider the change of variables v(t, z,y) = u(t, Lz, Ly), for
any (t,7,y) € R x RY. One consequently has,

VL >0, CE%N,A f (e) = LCRN LAl s (€): (8.67)

L’qL?
Taking 3 = 1/L2, then
w(t,z,y) =BV - (Ay)Vo)(t, 2, y) + VB a,(y) D v(t, z,y) + f(2,y,v) over R x RY.

Owing to Theorem p.l], the function § +— ¢* e [ is decreasing in § > 0.
g b1 v on A O Vi g

Besides, L — 1/L? is decreasing in L > 0. Together with (B:67), one obtains that the function
Ly g (e) is increasing in L > 0 which completes the proof of Theorem (.3. O
RY, Lo qu fL

Proof of Theorem [B.5. Referring to Theorem P.4, it follows that for each B > 0, we
have:

o, Bq5s\E) — min Ko a,vBandN)

v B A>0 W B
2To have an idea, multiply () by the positive, (L1, ..., Lgs)—periodic function ¢ and integrate by parts
over the periodicity cell C' of the the domain w.
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Owing to the same justifications explained in the proof of Theorem B} kg, . 4 /5, 5c (M)
is the first eigenvalue of the problem

V- (A)Ve(y)) + [Ne- Ae — AW Bq, (y) + BC(y) | () = ke avBes( MY in w,
v(z,y) - Aly)V(y) = (0;v(y)) - A(y) Ve (y) =0 on R x dw.

(8.68)

For cach A > 0 and B > 0, let X' = \/VB and kg, 4 /5,p5(A) = p(X, B). The first
eigenvalue u(\', B) has the following characterization:

/ _ M(AI7B> _
VA >0,VB >0, N
[ vo-at)voay v
min ; +/q1<p —A/GA&P - 7
p € H'(C)\{0}; AB ¢ c A (8.69)
||90||L2(C) =1
= Ilnin R()\/, B, ).
¢ € H(C)\ {0}
||80||L2(C) =1

On the other hand, B — R(\, B, p) is decreasing in B > 0. Consequently, fixing A" > 0
and taking 0 < B < B,

)\/ B / / / / / / /
_ ”(X;B ) _ RN, B,9*B) > RN, B, v*F) > min RN, B, o)
p € H(C)\{0};
||90||L2(C) =1
_ u(\,B)
A/B/ *

In other words, for all A" > 0, the function B — u(\, B)/A B is increasing in B > 0.
Now, we take randomly 0 < B < B'. Thus,

CQ,A,\/Eq,B’f@) _ min n(N, B) _ p(\y, B)
VB Nso ANDB )\;3/ x B’
pAg s B) > min p(\, B) _ C;z,A,\/Eq,Bf<€)
Ny xB ~xs0 NB vB
which means that B +— C?),A,\/Eq,Bf(e)/\/E is increasing in B > 0. O

9 Applications to homogenization problems

The reaction-advection-diffusion problem set in a heterogenous periodic domain €2 satisfying
(B.1)) generates a homogenization problem:
Let ¢ € R? be a vector of unit norm. Assume that Q, A, ¢, and f are (Ly,...,Lg)—

periodic and that they satisfy (B.1), (2.9), (B.3), (4) and (.9).
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For each € > 0, let 2 =) and consider the following re-scales:

Ty Ty Ty
v ) EQE’ A ) :A<_7_>7 ) = <_7_>7 d ) = <_7_)'
(z,y) (7, y) o2) ey =a(Z2) s and foloy) = (2.2
The coefficients A, q., and f, together with the domain ()° are (e Ly, ...,e Ly)—periodic,
and they satisfy similar properties to those of A, ¢, f and (2.
Consider the parametric reaction-advection-diffusion problem

ui(t,z,y) = V- (A VUS)(tx,y) + ¢ - Vu© + fo(z,y,u), t €R, (z,y) € OF,
()
ve - A Vui(tx,y) =0, t € R, (z,y) € 008,

where v°(z,y) denotes the outward unit normal on 9Q2° at the point (z,y).

Owing to the results found by Berestycki and Hamel in section 6 of [J], and since the
coefficients A., f. and ¢, together with the domain ()¢ satisfy all the necessary assumptions,
it follows that the problem (F;) admits a minimal speed of propagation cge 4, ;. (e) >0
such that (P.) has a solution u° in the form of a pulsating front within a speed c if and only
if ¢ > cge a.g4.p.(e) >0,

In this section, we investigate the limit of the parametric minimal speeds cg. 4, (€)
(whose parameter is €) of the problems (P.).~o as ¢ — 0%. In other words, we search the
limit of these minimal speeds as the periodicity cell C* = ¢C becomes a very small size.
On the other hand, we study although not the most general setting, the variation of the map
€ Che . q.p.(€) inE>0.

Theorem 9.1 Let e € R? be a unit vector, and let € C RN be a domain which is
L—periodic and satisfying ([2.1). Assume that A = A(z,y), q = q(z,y), and f= f(z,y,u)
are L—periodic and that they satisfy (2-3), (B-3), (B-4) and (B-]) together with the assump-
tions V.Aé =0 on Q and v.Aé =0 on 0. For each € > 0, consider the problem

{ ui(t,z,y) = V- (A Vud)(t,z,y) + ¢ - Vu© + fo(x,y,u®), t €R, (x,y) € O, 9.1)

ve- A Vui(t,e,y) =0, t €R, (x,y) € 00°,

where A., f. and q. are the coefficients defined in the beginning of this section. Then, the
mainimal speed Cae A g, f (e) of pulsating travelling fronts propagating in the direction
) €y 1€y JE

of e and solving ([9.1) satisfies

Elir(l)l+ C*Qs’ A g f. (e) :2\/][ eAé(x,y)dx dy \/][C(a:, y)dzx dy, (9.2)
C C

where C'is the periodicity cell of 0 and é = (e,0,---,0) € RY.

Proof. As a first notice, we mention that the domain €2° is the image of Q2 by the a
dilation whose center is the origin O(0,...,0) and whose scale factor is equal to . Conse-
quently,

for each e > 0, (ex, ey) € Q° if and only if (z,y) € 2, and

(ex, ey) € 0 if and only if (x,y) € 0N.
Moreover,

Ve >0, Y(x,y) € 09, v°(ex, ey) = v(z,vy).

40



Consider now, for each € > 0, the following change of variables
v (t,z,y) = u(tex,ey);  (t,z,y) € R x Q.

One gets
V(t,z,y) € R x Q, vi(t,x,y) = u;(t,ex,ey),

Vaey (Alz,y)Voo)(t, z,y) = Va, - (A V) (t ex,ey) = AV (AVus)(t, ex, ey),
and

ve(ex,ey) - [AVuE] (tex,ey) =v(z,y) - A <%, %) Vus(t,ex, ey)
1

(9.3)
= v(z,y) - A(z,y)Vo'(t,z,y) on R x 0€Q.

The boundary condition in (D) yields that v.(ez,ey) - [A-Vuf] (t,ex,ey) = 0, for all
(t,z,y) € R x 9Q (which is equivalent to say: for all (¢,ex,ey) € R x 09F). It follows
from (P.3) that

V(t,z,y) € R x 09, v-AVV(t,z,y) = 0.

One can now conclude that: for each € > 0, u® satisfies (D.1) if and only if v° satisfies

1 1
vi(t,x,y) = ?V AV (t, z,y) + B q-Vov© + f(z,y,0%), t e R, (z,y) € Q,
v- AV (t,x,y) =0, t € R, (z,y) € 0.

Having the assumptions (1)), (2), £.3), (B4), and (R.5) on Q, A, ¢, and f, one gets
that problem (P.4) admits, for each & > 0, a minimal speed of propagation denoted by

c (e).

(1)’ Le s
Moreover, due to the change of variables between u® and v°, it follows that for each

e > 0, u® is a pulsating travelling front propagating in the direction of e within a speed ¢
and solving (P.1)) if and only if v is a pulsating travelling front propagating in the direction

of e within a speed € and solving (04). This yields that
5

(9.4)

Ve > 07 bej AE’ mea(e) = 60;,(%)2A,%q,f(e) - C;z,MA,\/Mq,f(e)/ Y M’ (95)

where M = (1/¢)”.
1
As e — 07, the variable M — +o0o. Applying Theorem [.1], with v = 5 one gets that

c /7o 7€)
lim —MAvVMa/S 7 2\/][ eAé(x,y)dx dy \/][C(af, y)dz dy.
Mo /M c c

Therefore, lim ce 4 . | (e) = 2\/][ eAé(z,y)dx dy \/][C(:L’, y)dz dy, and the proof
) €y 1€y JE c c

e—0t

of Theorem P.]] is complete.

Remark 9.2 [t is worth noticing that, in formula[9.3, the homogenized speed depends on the
averages of the diffusion and reaction coefficients, but it does not depend on the advection.
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We move now to study the variation of the map ¢—cqe 4 G | (e) with respect
) €y 1€y JE

to € > 0. In other words, we want to check the monotonicity behavior of the parametric
minimal speed of propagation, whose parameter € > 0, as the periodicity cell of the domain
of propagation shrinks or enlarges within a ratio €. In this study, we will consider the same
situation of Theorem [.]] and also the same notations introduced in the beginning of section

g:

Theorem 9.3 Let e = (1,0...,0). Assume that 2 has the form R x w where w may or may
not be bounded (precisely described in section [) and that the diffusion matriv A = A(y)
satisfies (B-3) together with the assumption that e is an eigenvector of A(y) for all y € ©,
that s

Alx,y)e = A(y)e = a(y)e, for all (z,y) € R X W; (9.6)
where y — «(y) is a positive (Lq, . .., Ly)— periodic function defined over @. The nonlinearity
[ is assumed to satisfy (B-3) and (3.4). Assume further more that the advection field g (when
it exists) is in the form q(z,y) = (q,(y),0,...,0) where q, has a zero average over C, the
periodicity cell of w. For € > 0 consider the reaction-advection-diffusion problem

ViteR, V(z,y) e X* =R X cw,
uj(t,z,y) = V- (A Vud)(t,x,y) + ¢ - Vu© + fo(z,y,u); (9.7)
ve - A Vu'(t,x,y) =0, t € R, (z,y) € 00°.

Then, the map € — c e 4 . f (e) is increasing in € > 0.
) €y 4€Y JE

Proof of Theorem P.3. For each £ > 0, we consider the change of variables
v (t,z,y) = u(tex,ey);  (t,z,y) € R x Q.

Owing to the justifications shown in the proof of Theorem P.I], one consequently obtains
Y20 et A g 1) TG yaas ) T v ONVE(08)

where () = (1/¢)”.

Applying Theorem [B.1, it follows that the map n, : 3+ cq 54 5, ;(€)/ /3 is decreasing
in # > 0. On the other hand, the map 7, : €+ ((¢) is also decreasing in € > 0. Therefore,
ErCOE 4 . f (e), which is the composition 7, on,, is increasing in € > 0 and this

) €y 4€Y JE

completes our proof. O

Other homogenization results, concerning reaction-advection-diffusion problems, were
given in the case of a combustion-type nonlinearity f = f(u) satisfying

360 € (0,1), f(s)=0forall s €[0,0], f(s) >0forallse (0,1), f(1) =0, (9.9)
dp € (0,1 —0), fis non-increasing on [1 — p, 1]. '
Consider the equation
ui(t,x) =V - (A(e ™t 2)Vu) + e q(e 7t o) - Vot + f(uf) inRY, (9.10)

where the nonlinearity f satisfies (p.9), and the drift and diffusion coefficients g and A satisfy
the general assumptions (R.2) and (B.3), with periodicity 1 in all variables 1, ..., zy. Fix a
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unit vector e of RY. From Berestycki and Hamel [J], it follows that for each ¢ > 0, problem
(PI0) admits a unique pulsating front (c.,u®) such that

u(t,x) = ¢°(z - e+ cet, x)

where ¢°(s,z) is (g,...,e)—periodic in z that satisfies ¢°(—o0,.) = 0 and ¢°(+00,.) =
1. The functions u® are actually unique up to shifts in time, and one can assume that

max ¢»°(0,.) = 4.
Concerning problem (P-I0), Heinze [[J] proved that

as € — 0, c. — co >0, and u®(t, 2) — ug(x - e + cot) weakly in H} ,

where (co, 1) is the unique solution of the one-dimensional homogenized equation

{ a* uy — cotg + f(ug) = 0in R,

up(—00) = 0 < up < up(+00) = 1in R, uy(0) = 0 (9.11)

and a* is a positive constant determined in [[[].

In Theorem 1 of Caffarelli, Lee, Mellet [[(], the homogenization limit was combined with
the singular high activation limit for the reaction (one can also see [ in this context) while
the diffusion matrix was taken A = Idg~. More precisely, the nonlinearity had the form

1
fe(u) = gﬁ(g) with 3(s) a Lipschitz fucntion satisfying
B(s) > 01in (0,1) and B(s) = 0 otherwise.

These nonlinearities approach a Dirac mass at u = 1.

10 Open problems

In all the results of this paper, we deal with nonlinearities of the “KPP” type. In the
periodic framework of this paper, pulsating travelling fronts exist also with other types of
nonlinearities (see Theorems 1.13 and 1.14 in [JJ)). Namely, they exist when f = f(z,y,u) is
of the “combustion” type satisfying:

[ is globally Lipschitz-continuous in Q xR,
V(z,y) € Q, Vs € (=00, 0] UL, +00), f(s,7,y) =0, (10.1)
Ipe (0,1), V(z,y) € V1—p< s <5 <1, f(z,y,8) > fl,y,5),

and

f is L—periodic with respect to z,
Vse (0,1), (x,y) € Q such that f(x,y,s) > 0,

or when f = f(z,y,u) is of the “ZFK” (for Zeldovich-Frank- Kamenetskii) type satisfying
(L0.1)) and
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f is L—periodic with respect to =z,
3§ > 0, the restriction of f to Q x [0, 1] is of class "7, (10.3)
Vs e (0,1), 3(z,y) € Q such that f(z,y,s) > 0.

In particular, the “KPP” nonlinearities are of the “ZFK” type.

Recently, El Smaily [[J] gave min — max and max — min formula for the speeds of propa-
gation of problem (R.0) taken with a “ZFK” or a “combustion” nonlinearity. These formulze,
together with the results of this paper, can give important estimates for the parametric min-
imal speeds of the problem (B.6) when f is a “ZFK” nonlinearity which is not of the “KPP”
type. Indeed, if f is a “ZFK” nonlinearity, one can find a “KPP” function h = h(z,y,u)
such that

V(z,y,u) € AXR, flx,y,u) < h(z,y,u).

Referring to formula (1.17) in El Smaily [[J], one can conclude that
VM >0,¥B >0, Vv €R, ¢, apv g B < S aa M g, BR(O)
Moreover, if f is a “ZFK” nonlinearity satisfying the additional assumption
V(z,y) €Q, fi(x,y,0)>0, (10.4)
then one can find a “KPP” function g = g(x,y, u) such that ¢ < f in Q x R, and thus
VM > 0,VB > 0, Vy € R,
« < (10.5)
CQ,MA,MVQ,Bg( ¢) < QMA M“/q,Bf( ¢) < QMA M”q,Bh( ¢).

As a consequence, under the assumptions that 0 <~ < 1/2, v-Aé = 0 on 0f), and V-Aé = 0
in €2, Theorem [L.]] implies that

. €O, MA, M'Yq,f(e) -~ /
lim sup <2 eAé(z,y)dx dy g, (x,y,0)dz dy, (10.6)
VM c o

M—+4o00

and

. Co A Mg, £(€) ][~ . ][ ,
lim inf === =2 e¢Aé(x,y)dx d R (x,y,0)dzdy > 0. 10.7
e \/ j (z,y)dz dy j (z,y,0)dx dy (10.7)

If fis a “combustion” nonlinearity, then problem (P.f) admits a solution (¢, u) where
c = cq,,(€)>01is unique and u = u(t,z,y) is increasing in ¢ and it is unique up to a
translation in t. Taking ¢ as a “KPP” nonlinearity such that ¢ > f in © x R and using

Theorem [L]], it follows that

l}/lmsup QMAM”f <2\/][6Aexydxdy\/][guxy, Ydx dy
— 400

together with liminf Co. a1, f< 2 > 0.

M —+oo v M -
44
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Similarly, one can get several estimates concerning the case of a small diffusion factors,
small (resp. large) reaction factors, or small (resp. large) periodicity parameters.

The above motivation gives several upper and lower estimates for the parametric speeds
of propagation. However, the exact limits are not known. This leads us to ask about the
asymptotics of the minimal speeds of propagation with respect to diffusion, reaction and
periodicity factors in the “ZFK” case and about the asymptotics of the unique parametric
speed of propagation in the “combustion” case. These studies should help, as it was done in
section [, in solving some homogenization problems in the “ZFK” case.

Besides, Theorem P.1 gives the limit of ¢ ) A q., fs(e) as ¢ — 07. However, finding

the homogenized equation of (P.1]) in the “KPP” remains an open problem.

11 Conclusions

As we mentioned in the beginning of this paper, our first aim was to give a complete and
rigorous analysis of the minimal speed of propagation of pulsating travelling fronts solving
parametric heterogeneous reaction-advection-diffusion equations in a periodic framework. In
the paper of Berestycki, Hamel and Nadirashvili [fJ], several upper and lower estimates for
the parametric minimal speed of propagation were given (see Theorems 1.6 and 1.10 in [J]).
However, the exact asymptotic behaviors of the minimal speed with respect to diffusion and
reaction factors and with respect to the periodicity parameter L were not given there. In
this paper, we determined the exact asymptotes of the minimal speed in the “KPP” periodic
framework. In sections B, f] and [, we proved that (under some assumptions on A, ¢, f and
Q) the asymptotes of the parametric minimal speed are either

2\/mwax C\/mwax eAe or 2\/][ eAeé(x,y)dz dy \/][C(:L’, y)dz dy.

(see Theorems B.|, B4, .1, f.3, B.1 and .3 above). Moreover, we found in section f that
the presence of an advection field, in the general form or in the form of shear flows, changes
the asymptotic behavior of the minimal speed within a small diffusion (see Theorem and
Remark B.g). Conversely, we proved in section 4 that the presence of a general advection

field M7q (wh tisfies (E3)) b floct on Lm0 Mg, £
e q (where ¢ satisfies as no effect on  lim i
v < 1/2 (see Theorem [L.]). Furthermore, we studied, in a particular periodic framework, the
savFas®) o vBans®)
\/E
with respect to the positive variables 3, L and B respectively. Roughly speaking, we found
that the first and the third maps have opposite senses of variations (see Theorems and
6.3). On the other hand, Theorem and Theorem .3 yield that the minimal speed
increases when the medium undergoes a dilation whose scale factor is greater than 1.

The second aim was to find the homogenized “KPP” minimal speed. We achieved this
goal in section ] (Theorem P.I) under the assumptions of free divergence on A(z,y)é and
invariance of the domain in the direction A(x,y)é. This was an application to the results
obtained in section f. The found homogenized speed should play an important role in finding
the homogenized reaction-advection-diffusion equation in the “KPP” case. In a forthcoming
paper [[[3], we find also the homogenized speed in the one dimensional case but in a more

whenever 0 <

variations of the maps [+ and L — cpv 4 o ) (e) and B +—
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general setting (in fact, the assumption of divergence free is equivalent to the assumption
that the diffusion term x — a(z) is constant over R in the case N = 1).

All the mathematical results obtained in this paper can be applied to study some spread-
ing phenomena. Referring to the results of Weinberger [B{], one can conclude that the
spreading speed is equal to the “KPP” minimal speed of propagation in the periodic frame-
work under some assumptions on the initial data ug := ug(x,y) = u(0, z,y) which is defined
on a periodic domain © of R™. In such a setting, all our results can be applied to give
rigorous answers on the asymptotic behavior of the parametric spreading speed with respect
to diffusion and reaction factors and with respect to the periodicity parameter.
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