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EIGENVALUE PINCHING AND APPLICATION TO THE STABILITY AND
THE ALMOST UMBILICITY OF HYPERSURFACES

J.-F. GROSJEAN

ABSTRACT. In this paper we give pinching theorems for the first nonzero eigenvalue of the
Laplacian on the compact hypersurfaces of ambient spaces with bounded sectional curvature.
As application we deduce a rigidity result for stable constant mean curvature hypersurfaces M
of these spaces N. Indeed, we prove that if M is included in a ball of radius small enough
then the Hausdorfl-distance between M and a geodesic sphere S of N is small. Moreover M
is diffeomorphic and quasi-isometric to S. As other application, we obtain rigidity results for
almost umbilic hypersurfaces.
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1. INTRODUCTION

One way to show that the geodesic spheres are the only stable constant mean
curvature hypersurfaces of classical model spaces (i.e. the Euclidean space, the
spherical space and the hyperbolic space) is to prove that there is equality in the
well-known Reilly’s inequality. One of the main points of the present paper is to
obtain new stability results for hypersufaces immersed in more general ambient
spaces.

First, let us recall the Reilly’s inequality. Let (M™, g) be a compact, connected
and oriented m-dimensional Riemannian manifold without boundary isometrically
immersed by ¢ in the simply connected model space N"*!(c) (¢ =0, 1 ,—1 respec-
tively for the Euclidean space, the sphere or the hyperbolic space). The Reilly’s
inequality gives an extrinsic upper bound for the first nonzero eigenvalue A\ (M) of
the Laplacian of (M™, g) in term of the square of the length of the mean curvature
H. Indeed we have
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m

(1) M(M) < W/M(\HF—FC)dU

where dv and V(M) denote respectively the Riemannian volume element and the
volume of (M™, g). Moreover in the case of hypersurfaces (i.e. m = n), the equality
holds if and only if (M™", g) is immersed as a geodesic sphere of N""!(c). For
¢ = 0 this inequality was proved by Reilly ([IT]) and can easily be extended to the
spherical case ¢ = 1 by considering the canonical embedding of S* in R**!. For
¢ = —1 it has been proved by El Soufi and Ilias in [f].

In the sequel we will consider a weaker inequality due to Heintze ([§]) which
generalizes the previous for the case where (M™, g) is isometrically immersed by ¢
in a n + l-dimensional Riemannian manifold (N"*! h) whose sectional curvature
K" is bounded above by 6. Indeed if ¢(M) lies in a convex ball and if the radius
of this ball is 4—\7;3 in the case § > 0, we have

(2) M (M) < m(|[H]Z + )

where ||H || denotes the L*-norm of the mean curvature. Now for m = n if we
assume that K% is bounded below by p and M has a constant mean curvature H
and is stable (see section 5) we have

n(H? + u) < M (M) < n(H? +6)

Consequently we see that if N is not of constant sectional curvature we can’t con-
clude as in the model spaces. However, the above inequality is a kind of pinching on
the Reilly’s inequality, that is a condition of almost equality. Such conditions have
been studied for the Reilly’s inequality in the Euclidean space in [f]]. In the present
paper we will generalize the results of [f] to the inequality (B) for hypersurfaces (i.e.
m = n) of ambient spaces with non constant sectional curvature. That amounts
to finding a constant C' depending on minimum geometric invariants so that if we
have the condition

(Po)  n(lHIIZ +0)(1 = C) < M (M)
then M is close to a sphere in a certain sense.

Before giving the main theorems, we precise some notations which will be more
convenient. Throughout the paper, we will note h = (||H||%, + §)*/? and B the
second fundamental form. Moreover if (N"! k) is a n+ 1-dimensional Riemannian
manifold so that KV < § and the injectivity radius i(N) satisfies i(N) > 75 110 >0,
we will note H*(n, N) the space of all Riemannian compact, connected and oriented
n-dimensional Riemannian manifolds without boundary isometrically immersed by
¢ in (N™', h). We call Hc(n, N) the space of all Riemannian manifolds of H*(n, N)
satisfying the following convexity hypothesis : ¢(M) lies in a convex ball and the
radius of this ball is 7 if 0 > 0. Moreover Hy(n,N) will be the space of all

Riemannian manifolds of H*(n, N) which satisfy the following hypothesis on the

volume : V(M) < £25 if 6 > 0 and V(M) < cw,i(N)" if 6 < 0 for some constant

c¢. These two hypotheses on the volume of M with the condition on i(N) for § > 0
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are providing from hypotheses assumed in a result on a Sobolev inequality due to
Hoffman and Spruck ([{] and [[[0]). At last we put H(n, N) = He(n, N)NHy (n, N).
Furthermore we need the following function ss defined by

%sin or if >0

55(7*): T if 6=0
ﬁsinh\/wr if <0,

Moreover we will note B(p, R) all geodesic ball in N of center p and radius R.
Let us state the first main theorem.

Theorem 1.1. Let (N""' h) be a n + 1-dimensional Riemannian manifold whose
sectional curvature KN satisfies p < KV < § and i(N) > % if 0 > 0 and let
M € H(n,N). Let ¢ < 1/18. Then there exist a point p and positive constants
Ce(n, [|H||oos | Blloos V (M), 0, 1) and R(6, u,€) so that if ¢(M) is contained in the
ball B(p, R(0, p,€)) and if the pinching condition (Pe.)

n([[HI% +0)(1 = Co) < M(M)
is satisfied then M is e-Gromov-Hausdorff close to S(p, s; ! (%)) Namely the Gromov-
Hausdorff distance satisfies

dam (cb(M),S (p,sgl (%))) < %

and M s diffeomorphic and e-quasi-isometric to S(p, 35_1 (%)) Namely there exists
a diffeomorphism from M into S(p, s (%)) so that
AR —1] < e

for anyx € M, uw e T, M and |u| = 1.

Moreover, R(6, j,e) — oo when § — u — 0. On the other hand,

(1) Ce(n, ||H ooy || Blloo, V(M),§) — 0 when e — 0.

(2) Ce(n, |1 H [0, | Blloo, V(M),6) — 0 when ||H||oc — o0.

(3) if VMY [ Bllos < v, then” W2Ce(n, || H o, [Blloos VM), 8) — o0 when

[ H||oo — 0.

We recall that the Gromov-Hausdorff distance between two compact subsets A
and B of a metric space is given by

deu(A,B) = inf{A C V,(B) and B C V,(A)}
where for any subset A, V; (A) is the tubular neighborhood of A defined by V,,(A) =
{z]d(z, A) < n}.

Remark 1.1. The point p is not depending on €, ||H||w o7 ||Bl|lo- The point p is
nothing but the center of mass of M (see preliminaries).
On the other hand, for § > 0, we can omitted the dependence on ||H ||.

As in the euclidean case (see [fl]), in the hyperbolic case or spherical case, we
can obtain the Hausdorff proximity strictly with a dependence on || H|o. More
precisely we have the
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Theorem 1.2. Let N"*(§) with 6 = —1,0 or 1 where N"**(—1), N""(0) and
N™ (1) are respectively the hyperbolic space, the euclidean space and the sphere. Let
M € H(n,N). Then for anye > 0 there exists a positive constant C.(n, |H /o0, V (M))
so that if the pinching condition (Pc.)

n([H% +0)(1 = Ce) < M(M)

then M is e-Gromov-Hausdorff close to S(p, sy’ (%))

The condition (3) of the theorem [[-]] allows to obtain an application for the stable
constant mean curvature hypersurfaces. Indeed we have the following stability
theorem

Theorem 1.3. Let (N"*! h) be a n + 1-dimensional Riemannian manifold whose
sectional curvature KN satisfies p < KV < § and i(N) > % if 6 > 0 and let

M € Ho(n,N). Let v > 0 so that V(M)'/"||Bl|ls < v. For any ¢ < 1/18,
there exists a constant R.(0, u,v,i(N)) > 0 so that if p(M) lies in a ball of radius
R.(0, pu,v,i(N)) and ¢ is of constant mean curvature H and is stable then there
exists a point p so that M is e-Gromov-Hausdorff close, diffeomorphic and e-quasi-

isometric to S(p, sy (3))-

Remark 1.2. If § > 0, R.(6, u,v,i(N)) is not depending on i(N).

As another application of theorems and [[.J we have results for the almost
umbilic hypersurfaces of model spaces. These theorems are to compare with results
of Shiohama and Xu ([[[4] and [[H]) which obtain conditions on the Betti numbers.

Theorem 1.4. Let (N"1, h) be a n+1-dimensional Riemannian manifold with con-
stant sectional curvature 0 and let M € H(n, N). Let p be the center of mass of M.

Letq > % ande < 1/18. Then there exist positive constants 11 (1, || H ||, || Bl|oo, V (M), 0)
and 2. (N, || H ||oos | Blloo, V(M),0) so that if

(1) [I7ll2g < mucl| HllooV (M) /2.

(2) 1H? = [ H|%l, < mecl [ HIZV (M),

Then M is e-Gromov-Hausdorff close, diffeomorphic and e-quasi-isometric to
S(p.s5" (1))
Remark 1.3. The dependence on ||Bl| is not necessary for the Hausdorff prox-
1maty.

In the Euclidean case providing from the pinching theorem proved in [f] we can
improve the condition 2)

Theorem 1.5. Let (M", g) be a compact, connected and oriented n-dimensional
Riemannian manifold without boundary isometrically immersed by ¢ in R"*. Let
p be the center of mass of M. Then for any ¢ > 0, there exist two constants

Me(n, [[Hl|oo, V(M)) and na-(n, ||H||oo, V(M)) so that if
(1) NI7ll2g < Ml H oV (M),

2
2) |2 = Hiler|| < macllHIZV (M) forr > 2.
q
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Then M is e-Gromov-Hausdorff close to S (p, V|(|AI§|)|;/2T> . Moreover there exist two

constants m (0, || Blloo, V(M)) and na.(n, || Blloc, V(M)) so that if the two condi-
tions 1) and 2) (by replacing ||H ||« by ||Bl|s) are satisfied then M is diffeomorphic

V(M)l/Qr)

and -quasi-isometric to S (p, e

2. PRELIMINARIES

Let (M™,g) be a compact, connected n-dimensional Riemannian manifold iso-
metrically immersed by ¢ in an n + 1-dimensional Riemannian manifold (N"*1 h)
which sectional curvature is bounded by . For any point p € N let us consider
exp be the exponential map at this point. Locally we consider (x;)1<i<, the normal
coordinates of N centered at p and for all x € N, we denote by r(z) = d(p, z), the
geodesic distance between p and x on (N1 h).

Moreover we define the function ¢; by ¢s = s5. Obviously, we have ¢ 4 ds3 = 1
and ¢ = —dss.

The gradient of a function u define on N with respect to h will be denoted by
V¥ u and the gradient with respect to g of the restriction of u on M will be denoted
by VMu,

Briefly, we recall the proof of Heintze ([§]) for the Reilly’s inequality.

We will use S‘ST(T):EZ as test functions in the variational characterization of A;(M).
But these functions must be L2-orthogonal to the constant functions. For this
purpose, we use a standard argument used by Chavel and Heintze ([ff] and [{]).
Indeed, if (M) lies in a convex ball we can define the vector field Y by

ss(d(q. ) _
Y, = /M Wequ Yz)dv(z) € T,N, q€ M |,
From the fixed point theorem of Brouwer, there exists a point p € N such that

Sé(r):pidv = 0. For § > 0, we assume in
Mo T
addition that ¢(M) is contained in a ball of radius 7= Indeed, in this case ¢(M)

lies in a ball of center p (the point p so that Y, = 0) with a radius less or equal to
2%/3 and c¢s is then a nonnegative function.

Y, = 0 and consequently, for a such p, /

Now considering the vector field on M, Z = 55V r and noting that the coordi-

s5(r)

nates of Z in the normal local frame are (T:cl , we have

)lgign

Al(M)/Msg(r)dv:Al(M)/M|Z|2dv:>\1(M)/M:§§ (Séir)xi)2dv
L Ef ()

dv
n+1 85(7") 2
Now, Heintze proved that Z vM ( azz) <n—8|Z77 and
r
(3) div (Z7) = nes — nH({Z, V)

i=1
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M)/ \ZEdvg/(n—a\zTP)dv
M
/ n —div (Z7)cs)dv

/ n —ncs +nH(Z v)cs)dv

Then

<

S

/ (nds3 +nH{(Z,v)cs)dv

/n555d0+HHHOO/ nsscsdv
M M

<

and using again (fJ) we get

M)/ |Z|2dv<n5/ |Z|2dv+||H||oo/ (nH(Z,v)s5 + div (Z7)ss)dv
M M M
:n5/ \Z\de—l—HHHOO/ (nH(Z,V>55—0555|VMr|2)dv
M M
< nd / ZPdv + nl|HI2, / (2, 1)) Zdv
M M
gm/ \Z\2dv+nHHH§O/ 12 dv
M M
n(|H|2 + ) / ZPdv
M

3. AN L?-APPROACH

™

Throughout the paper we assume that ¢(M) is included in a ball of radius NG
for 6 > 0. Note that we have

5
4 <
@) [

This inequality is obvious for § < 0. For § > 0, as we have assumed that ¢(M) is

in a ball of radius 7=, it follows that s(37) > —L— and then

e mE < L
Moreover o will denote a constant depending only on n.
Lemma 3.1. If the pinching condition (Pc) holds then || Z7 |13 < 7 |1 Z]/5C"

Proof. We have

12712 = /M ZPdv — /M (Z.0)do < /M (1212 = (2, )| Z])dv

and from the proof of Reilly’s inequality and the pinching condition, we have



7mm&(/ﬁm%v—/|wwmmm)<nmaw%
M M

Lemma 3.2. If C' < , then (P¢) implies that

2(n+1) +1
n V(M) _ 2V(M)
1215 < 7 < s
n—(n+1)C/) h h
Proof. From the proof of the Reilly’s inequality we have

MM)(IZ]5 < nV (M) = 6] 2713
9]

<nV(M)+
1113

R*ClZ|I3

From (f) and the pinching condition we have

W (n — (n+ 1)) Z]3 < nV (M)
and the condition on C' allows us to obtain the desired inequality.
O

Lemma 3.3. If C < and if the pinching condition (Pc) holds then ||Z]|3 >

V(M)
4h?

Proof. From the proof of the Reilly’s inequality, we have

2(n+1) +1

M(M)||Z5 < nV (M) = 6| Z7 I3
(nV (M) — 3| Z7]5)°
nV (M) = 8[| 2713

n2h| 2]
nV (M) - B ||z 30

and using successively (f]), the pinching condition and the previous lemma we get

1 2
A —(1— 1—— M
1213 > (1 - 0) (1- 2¢) v
L (1-Cy V(M)
) >
VM) >
U
Lemma 3.4. Let X = nHcsv —n||H|2Z. If C < 5-2+, then the pinching condi-

tion (Pg) implies | X3 < of[H||2V (M)C.

Proof. Using again (fJ) and the previous lemmas we have

IW@ZMLH%M—%NWQ&H@Mw%Mﬂm&MM
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< / H2Gdv + 20| HI2, / (div (Z7)es — né)do + 02| H|L | 213
M M
= / H2Edv + 20| HI[ / 5127 Pdv — 207 | 2, / Edv + | H|L | 213
M M M

< —n2HHH§o/MC§dv+n2HHHf§oHZH§+2nl5HIHH§oHZTH§
= —n?| H|V (M) + n?[|H S0 213 + n* | HIIN 23 + 2nld]h%)| Z]5C
= n?| H|%(=V(M) + 1*|| Z|[3) + 4n]é|V (M)C

< n?||H|Z (—1—|— V(M) + 4n|o|V (M)C

= || H||%, <n2(n+ 1) +4n||1|{5|‘|2 ) V(M)C

And we complete the proof by applying again (). O

Lemma 3.5. Let Y = |Z|'/? (52 + Hesv — ‘Z|> IfC < 55575, then the condition
(Pc) implies

2
W1 < a (n+ B s iy ) vane
where y € (e"? —1,e" — 1).
Proof. First we have
V2 < / (121162 + Hesw | — 2h(5Z + Hesv, Z) + 12| 2)) do
M

(5) </ (12116Z + Hesv|? — 20(6Z + Hesv, Z)) dv + || Z||,V (M)'/?
M

Let us compute the first term

/ |Z||6Z + Hesv|*dv = / | Z) (62| Z)? + 20csH(Z,v) + H?c3) dv
M M
= / | Z| (H? — 6H?s} + 26¢sH(Z,v) + § — 6c3) dv
M
= / |Z|(H?* + 8 — §|HZ — csv)?)dv
M
< W2 Z)).V (M) — 5/ |Z||HZ — csv|*dv
M
< B2 2|2V (M)'? + \5|HZHoo/ |HZ — csv|*dv
M

On the other hand,



/ |HZ — csv|*dv < HHfo,/ s§dv—2/ H(Z,u>c5dv+/ cidv
M M M M

Now the pinching implies that

HHH?,O/MsgdU - /MH<Z, vycsdv < nh?|| Z||50 < 2nV (M)C

and

9]

1
/ cadv —/ H{(Z, v)csdv < —/ div (Z1)esdv < — || Z7 |3
M M n Jm n
2|6 2
<———V(M)C < =V(M
aajE, (M S GVne
Then we have proved
(6) / |Z|[6Z + HesvPdv < B?(| Z)2V (M)Y? + ald]]| Z||V (M)C
M

Now let us compute the two last terms of (B)

— 2h/ (67 4 Hesv, Z)dv + h*|| Z||,V (M)Y?
M

2
< —25h/ sidv + —h/ div (Z7)csdv — Qh/ c2dv + h2|| Z ||,V (M)Y/?
M nJm M

2
= —2hV (M) + %5/ |ZT 2dv + 2| Z ||,V (M) Y2
M

< —2RV (M) + h*V (M)Y/?

Therefore reporting this and () in ([f]), we get

2hd
Y15 < 2021212V (M)2 = 20V (M) + == Z7|[3 + ald][| Z]|V (M)C

and using the previous lemmas, we get

i< (—2—— 1/2_1 V(M) + (ald]) 2] L Anbl V(M)C
2 S n—(n+1)C O e L TH 2,
48| )
< [ 4h + aldl]| Z]| + V(M\C
(40 + alllZl + o ) VD)

< a(h 4 [0[[[Z]lo0)V(M)C

Now the researched inequality is a straightforward consequence of the following
lemma



10 J.-F. GROSJEAN

Lemma 3.6. If C' < then the pinching condition (Pg) implies

D)
o —
12l < 2 Z (| H, V()
where Z = max(1, |[H||LV(M)"/™).
Then

W1 < a (e Blmas, i von ™) vone

<h+ | h” ax(1,||H||gOV(M)V/”> V(M)C

O

The proof of the lemma B.q is providing from a result stated in the following
proposition using a Nirenberg-Moser type of proof (see [{]).

Proposition 3.1. Let (N"1 h) be a Riemmannian manifold so that K < § and
i(N) 2 5 if 6 > 0 and let M € Hy(n,N). Let § be a nonnegative continuous

function so that £* is smooth for k > 2. Let 0 < r < s < 2 so that

1

- / AR 20y < (A] + kAy) / E"dv + (By + kBy) / 25 dy
2 M M M

where Ay, Ay, By, By are nonnegative constants. Then for any n > 0, if [|]lec > 7
then

||€||OO < L(”) A17A27 Bla BQ? ||H||007 V(M)an)HgHZ
where
L(TL, A17A27Bl7327 ||H||OO7V(M)’T])

4141/2+4Al/2 431/2+4Bl/2 v L.
- o (LA BB ) o

and v € (eV? —1,e" —1).

N

Remark 3.1. In particular we see that

Ui
I < , then o <
( ) f”g”Q L(TL, Al,AQ,Bl,Bg, ||H||OO,V(M),’I7) Hf” n

(2) If ||€||2 < A, then for any n > 0,

1€]c0 < max(n, L(n, A1, Az, By, By, [[H||oo, V/(M), 7)A)

In [f this proposition has been proved for hypersurfaces of the Euclidean space.
The proof is similar for hypersurfaces of some ambient space with bounded sectional
curvature. This proof uses a Sobolev inequality due to Hoffman and Spruck (see [f]
and [[[J]) which is available under the conditions on the injectivity radius of N and
the volume of M contained in the definition of Hy (n, V).
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PROOF OF THE LEMMA [B.6: First we compute the Laplacian of |Z|?. An easy
computation shows that A|Z|* = (—2¢2 + 20s2)|VMr|? + 2ssc5Ar.
Since r < ﬁ for 6 > 0, the first term is nonpositif. Now let us consider

(€i)1<i<n+1 an orthonormal frame in a neighborhood of the point p € M where
we compute the Laplacian and so that e, ; = v. Then

AlZ|* < 2s5¢5 —ZVN dr(e;, e;) +nH (v, VN r})

= 255C5 —ZVN dr(e; — (VN r,e)VY roe; — (VN r,e)VY r) +nH (v, VY 7“))

< 25505 _8 Z ’€z‘ - <VN r, €z‘>VN 7“}2 +nHH”oo>
S5 “

2n||H||003505 2n||H||soss(1 + 1/|d]ss)
= 2n||H||oo| Z| + 20| H]|oo/|0]| Z]?
And from the remark B.1 about the proposition B.] and lemma B.2 we deduce that

(1) 12l < max (1, L (n,20] Hlloe, 0,20 Hlloc /101 0, | Hlle, ) 1Z]]2)

Now

L (n, 2nl|Hloc, 0, 20| H /10T, O, | H |, )
4 7 3
= K(n) (n1/2<2n||H||oo>1/2 + 4020l H oo /131) /2 + ||Hlloo) V(M)

:K(n)( d@ne o) 1) LH |V (M)~

12| H|| | H |2

3R
-

=

_ls|
(1S

L (7,20 Hoc, 0, 20| |lacr/TO1, 0, | H low,m) < @[ H |V (0)
We conclude by reporting this in ([]) and by using the lemma B.3.

and choosing n = + Wlth the fact that < 1 we obtain that

J_
n

2

Let’s introduce now the function ¢ = |Z| (|Z| — —) |Z] ’ — %% . In the

following lemma, we give an L2-estimate of ¢

Lemma 3.7. If C' < g%, then (Pc) implies that

V(M)1/201/4

Ill2 < allell Ky n, | Hloo, VOO | HII L=

where Ky(n, ||H||s, V(M)) = max(1, ||H||§0V(M)“’/4").
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1/2 1/2
Proof. First we have (/ chdv) < ||g0||ié4 (/ gol/QdU) . Moreover
M M

1/2 _ ‘Z‘I/Q

1 A
W7 —57—H = (62 + Hesy — b2
il “”*h?( He |m>’
|Z|1/2
< | X |+ Q\Y\

Then

1/2 1 12 4 1/2
1/2 1/2
(frae) < ([ remton) e ([ i)
<1 |ZW)UWXW” LYYV ()
= pl/2p

V(M)/8
—ﬁwywmwwxw” VIV (s

From the lemmas B.9, B.4 and B.§ we deduce that

M

| H |5 |H )% -\
<h5/4 +h ho i max (1, [ HILVDF) ) ) viayes

<

|H 1 H . .
h5/4 +h3/4+ 15/ max(1,||H||gOV(M)v/4> V(M)1/201/4

[EAES
Ngye
h5/4

where in the last inequality we have used the fact that A < v/2||H||. This completes
the proof.

<«
<«

(14 max(1, | H&LV (M)7/™)) V() 2CH

O
Lemma 3.8. Letn > 0 and

n h?n
H M = mi
OVt 6.V 40 3) =i (35 oy

where

A A !
Kan, 1 Hlloos 0, VM), m) = e { =+ 175 + [1H [l

and A1 = (7+1)<h+|5‘1/27) and A2 = 71/2<h—|—|5‘1/27). Then if (PC(n,||H||oo,6,V(M),n))
holds then

Ui

ol < %
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Proof. We have for any k > 2

2

Let us compute |VMp|?

2
1 2
Vgl = (v (\Z\ (121-) )‘
1\’ 1 i

= w121 (121~ 1) +2121(121- 3 ) v

1\’ 1\’
= (12| -+ Z| -~ M\ 7|12

(121-3) (3121-3) 19120
1

1\’ 1 ?
<oz (121- 3 ) I9MzP+ 5 (121- 1) 9

A straightforward computation shows that |VM|Z||> < ¢2 < 1+ |4]||Z]|%. Then

1 1
CHRN / Ag*p™ v = 3 / (VM2 VM2 du < 2k / VM o202y
M M M

(V¥ l* < A + A
where A} = %(Z +1)? <1 + ‘]%'72> and Ay =27 <1 + %72)
Then reporting this in (f) we get

1
—/ Ag02cp2k_2dv<2kA'1/ cp%_deJerA'Q/ oty
2 Ju M M

Now, applying the lemma B.1] we see that if |||l > 75 then

pAE gl A
lelloo < ( nl 771/22 + [ Hlloe | VIM)»2]l]l2
A short computation yields that h*A7? < a(Z + 1)(h + |0|V2Z) = aA, and

h3/2A’§/2 < a71/2(h +16|"?Z) = aA,. Combining this with the inequality of
the lemma B.7, we deduce that

Al A2 Y 47/n 4 C
[elloo < o T 1Hlloo ) VM)T By (0, [[H oo, VM) 35
Now we see that if C' = min (2(71’11), ||H||goK§?(2j*nV(M)4'V/”> with K5 as in the lemma
then [l¢| < 75.

O

Lemma 3.9. For any ¢ < %, the pinching condition (Peoy 1| s,v (M) With

, g?
Cl(n, [|H||oo; 6, V(M)) = C(n, | H ||, 6, V (M), g)
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implies
1 € (1 €
‘|Z|_E'<E and T—s(;l(E)‘gﬁ
Proof. Consider the function f(t) t( — %)2 The function f is increasing on
[0, 37] and [+, 400) and decreasing on [3;, +]. Choose 17 < 3. From the lemma [

we deduce that the condition (Pe | m||..,5,v(M),y)) implies that f(|Z]) < 75 < f (31]1)

Moreover from the lemma B.1 we see that || Z||3 > 4(h2 Then there eX1sts xg € M
so that |Z,| > - > 5= and by connexity of M, it follows that |Z| > - over M.

Then ’|Z| - %} < \/_h‘[. Now

r—s; (%)’ < (sgp\/ﬁ> ’| |——’ \[\hf\f

where I = R* for § < 0 and I = [0, \/——] for § > 0. Now we conclude by choosing

2

n="7%-

0
We are now in a position to prove the theorem [[.2.

Proof of Theorem [[.3: The case 6 = 0 is a particular case of [§]. From the
lemma above, we know that for any e < 3, the pinching (Pc.) implies that ¢(M) C

B, (R+£)\ B, (R—£) with R=s5' (+). Then ¢(M) C B,(R)\ By(R— £). Let
2o € Syp(R) so that ¢(M) C (By(R+ £)\ By(R — %)) \ By, (p) where p satisfies

’ R+p . RY ¢
"\ 2 °\2)  [H|~
R R—p\ ¢
“(5)‘“( 2 )‘HHHOO

for 6 > 0, where t5 = Z—g From the proof of the lemma 4.3 of we know that for

e < a(n,||H||«) there exists a point xy € M so that |H(xg)| = b(n, ||H||Oo)%
Now if we have chosen ¢ < b(n,| H| ) we get a contradiction. Then ¢(M) N

By (p) # 0 and dey (0(M), S (p,s5' (1)) < =

for 6 <0 and

O
4. THE PROOF OF THE DIFFEOMORPHISM

. r . 2p2
First we recall that C! = min (572, prp e s von v ) - Now

it is easy to see that

CL(n, || H ||oo, 6, V(M)
) n ae?h?
> min (2<n 1) TH 2 (Ko Ka) (n, (1/5/m) [ Bl 6, V (M), e2>v<M>4v/n)
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Then we consider the new constant

CL(n, [[Hloos || Bl os 0, V(M)
— uin < n ag?h? )
=0 S 1) TR R, (1) B8, VD), SV (M7

h2
IH1Z

and since > 1 for 6 > 0, we obtain a constant which is not depending on

1 [|oo-
From now we will need a dependence on ||B||, in order to prove the diffeomor-
phism and the quasi-isometry.

Now, let us consider o . 7 g (p, 55! (%)) , where X = engl(;p).
r —— exp, (35_1 (%) %
1y X

1 s, (571 (1))’
il < lan o < 2 e

Proof. An easy computation shows that

d(|§—|) |2 (1) I%dexppl [o(u) = —5— exp, ()

Then we deduce that

im0 =desp, |, (557 (3 ) (757 ) 1)

55 (3)
T

— T—Qdexpp lo (expljl(:c))
S —
= Tdexpp\g dexp,

Now let us compute the norm of dF,(u). We have

P = ) ldexp, |, (dexpy ()

7‘2
—2(dexp, |, (dexp, (), VY 1) pedr(u) + dr(u)?]

Now since exp,, is a radial isometry (see for instance [[J]), we have
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<depr |g (dexp;1 |$(u)) 7VN T)F(m) = (dexpf |$(u) 7@) = <’LL, VN T)a:
and it follows that
2 551 (%)2 -1 2 M 2
(9) AP, ()2 = 2= [[dexp, |, (dexp, o(w)[* = (77, u)?]

Now

’dexpp lo (alexp;1 |$(u)) ’2 = ’dexpp lo (alexp;1 l(v))
+(u, VMT)depr lo (dexp;1 ’x(VN r))’z

where v = u — (u, VMr)V¥ r. Developping this expression we get

}dexpp lo (dexp;1 |x(u)) }2 =

|dexp, |, (dexp,’ |gc(v))}2 + (u, VMr)?|dexp, |, (dexp,* [.(VY )]
+ 2(u, VMr)(dexp, |, (dexp," |(v)),dexp, |, (dexp, ' |.(V" 7)))
= ’dexpp lo (alexp;1 |$(v))}2 + (u, VMr)?

where in the last equality we have used again the radial isometry property of the
exponential map. And reporting this in () we obtain

2

ap ) = ) aexp, |, (dexpy )

Since 11 < KV < § the standard Jacobi field estimates (see for instance corollary
2.8, p 153 of [[[J]) say that for any vector w orthogonal to V¥ r at y we have

2 r’ 1 2 2 r’
< |dexp, <
‘U}| 8ﬂ<7“)2 | epr ‘y(w)‘ ‘U}| 85(7’)2
This gives
ss(s5 " (£))? su(ss’ (1))”

|dexp, ! [2(v) 2 < |dFu(u)* < = |dexp, " [o(v) |*

r2
and applying again the standard Jacobi field estimates we obtain the desired in-
equalities of the lemma.

0

Lemma 4.2. Let uw € T, M so that |u| = 1. Then for any n > 0, there exists a
constant p(6, 1, m) > 0 so that if M is contained in the ball B(p, p(6, 1, m)), then
(1—mn)? M_.|2 o (L+m)?
1-— < |dF; <
h23§(r)( V) < [dFe(u)] EET

Moreover p(d, u,n) — oo when 6 — u — 0 and p(d, u,n) — 0 when n — 0.
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Proof. Let r > 0. For t € (—o0, %), consider the function o(t) = s;(r). An easy

verification yields that o is C' on (—o0, 1’6%) and

r—tan(\/tr 2
rleu(r) (f (tm(;[ )) if t € (0, )
o'(t) = —% if t=0
T (PR it € (—o0,0)
It follows that o is decreasing on (—oo, 1622) and that there exists a constant D so

that |o'(t)| < Dricy(r), for any t € (—o0, {=). It follows that

(10) 0. < su(r) = s(r) < Dre, (r)(6 — )

Now we have

1 1

hsa() = B (59(r) + Dr3en(r) (6 — )
1

hss(r)(1+ D (535 ) r2eu(r)(8 — )

The function ¢ — 7 beeing bounded on [0,00) and on [0, 7) for & > 0 there

>

exists a constant D’ so that

(11) L L
hs,(r) ~ hss(r) (1 + D'r?¢,(r)(d — p))

On the other hand, as we have seen it in the proof of the lemma B.9, sgl (%) €
0, -Z=) for 6 > 0 and we can apply the inequality ([L(J) which gives
4V

(@) ehenlo (@) () o0
o (50 (0 o ()]

And using the same arguments concerning the function ¢ —

t
=@ we have

(12) o (5t (3)) < 5 (0 DRARG - 0)

where

- J1 if u>=0

eulr) = { cu(r) if p<0
From the two inequalities ([[1]) and (IZ) we deduce that there exists a constant
p(6, 1, ) so that if R < p(8, i, n) then m > % and s, (s5' (1)) < +(1+n).
Finally from the lemma . we deduce that
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(1- 77)2 2 2 (1+ 77)2
< |dF,(w)]? <
hgsg<r>\lﬁ |dF(u)] P20

Since we have assumed that |u| =1 and v = u — (u, VMr)V¥ r we get the desired
result.

i

O

We can now give the proof of the theorem

Proof of Theorem [[.]: Let ¢ < % From the lemma B.9 if (Pc:) holds then
HZ | — %‘ < 1. From this and the lemma we deduce that if M is contained in
the ball B(p, p(d, i1, 1)) then

(1—n)? (L—n)? onr 2 2 (1+n)?
—1| - \Y < |dF, —1< -1
o - 1] - I < amop -1 <
To complete the proof of the theorem [[.]] we need the following lemma
" __ an? A _ : / "
Lemma 4.3. Let C) = () Bt 2 Va0 and C., = min(CL, C}). Then
fore < 3, (Pe.,) implies that IVMr]e < 7.

Proof. As usually by computing the Laplacian of [VMr|? and using the Bochner
formula we get

%/ A|VM7«|2|VM7«|2k—2dU</((Adr,dr)_RiC(VMT’VMT))WMﬂzk_sz
M M

Now integrating by part and using the Gauss formula we obtain

% / AV 2 VMr 22y < / (Ar)2 = RO (VMr, VM) — nHB(VMr, VM7)
M M
BT — [ Ar(© TV
M
(13)

< [ (ArPITY 04 (0= Dl + (Vi DIBIR) [V
M M
—2(k—1) / ArvMdr(VMr, VY ) VY PP dy
M
Now
VMdr(VMr, VMr)y = VN dr(VMr, VM) — B(VMr, VM) (VY 1 v)
= VN dr(VMr — VM 2PON M — VY2V )
— B(VMr, VM) (VY r,v)

From the comparisons theorems (see for instance [[J] p 153) we deduce that
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(14) VM dr (VM V)| < (2—“ + ||B||Oo> VM2

I

Similarly, (e;)1<i<n being an orthonormal frame in a neighborhood of the point
where we are computing we have

|Ar| < Z VN r(ei, e0)| + nH(VY r,v)

i=1

= Z (VY (e; — (e, VN 1)V rie; — (e, VY 1)VY 1) + V1| Bl oo
i—1

C
m

and reporting this and ([[4) in ([J) we get

1

2
—/ AV PIVM P2 < 2k <nc—“ + \/EHBHOO) / (VM2 dw
2 Jm Sp M

(= Dlul + (Vi + DIBI) /M M2y

Now we choose p/(d, 1) so that in the ball of radius p/(d, 1), c,(r) < 1. Now
the pinching condition (Pe.) implies that EZE:; < Sab) < . And since € < 4,

h < V2||H||oo and || H||oo < /|| Bllso we deduce that EZ—EQ < ||B||o and

1
—/ A|VMT|2|VM7“|2’“2dv<ak||B||io/ VM2 dy
2 M M

+alul +1B1) [ 19V e
M

where « is a constant depending only on n. Then from the proposition B.1l, if
|VM™r||s > n then

1 K v_1
IV < a ((1 i ;) 1Bl + W?) V)RV,

Now let ¢ < 1/3  and assume that we have  (Pc:). Then note that

VM < o271 < oz | 272 < 3| H || 27| and from the lemmas BT] and B3

VMr||y < 3V(M)Y2CM?. Therefore

1 K ¥
V7w < a ((1 i 5) 1Bl + wW) V()i
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Now we are allowed to complete the proof of theorem [[.T. First let us choose
n = ¢ and put C. = C... Then if ¢(M) C B(p, R(6, i,¢)) (with R(d,p,e) =
min(p(d, p, €), p'(9, 1)) and if (Pc,) is satisfied then

1—¢)° 1 1_822<|dF()|2 | < 1—¢)° 1
— - £ X z\U - X -
1+e¢ 1+¢ 1+¢
since € < 3 it is easy to see that ||[dF,(u)|* — 1] < 6e. From the choice of €, we
deduce that F'is a diffeomorphism and from the definition of the Gromov-Hausdorff

distance it follows that we have also

o oo (1) <5

Then choosing ¢ < 1/18 we obtain the desired result.
Now to complete the proof, from the expression of C. the assertion (1) and (2)
are obvious. Now to prove that if V(M)¥"|| B|s < v, then

W C(n, [ Hlloo, 1Bl V (M), 8) — 00
when |H||oo — oo it is sufficient to notice that K; < max(1,v'/4),

KVMY"<a(HZ+1+ 1)7 07 and C. > af
<%+1+|%\1/Q> v27

5. APPLICATION TO THE STABILITY

Briefly, we recall the problem of the stability of hypersurfaces with constant mean
curvature (see for instance [J]).

Let (M™, g) be an oriented compact n -dimensional hypersurface isometrically
immersed by ¢ in a n+ 1-dimensional oriented manifold (N"™, k). We assume that
M is oriented by the global unit normal field v so that v is compatible with the
orientations of M and N. Let F': (—e,e) x M — N be a variation of ¢ so that
F(0,.) = ¢. We recall that the balance volume is the function V : (—¢,e) — R
defined by

/ F*dvh
[0,t]x M

where dvy, is the element volume associated to the metric A. It is well known that

V(0) = / Fdu
M
where f(z) = (2(0,z),v). Moreover the area function A(t) = / dvpy, satisfies
M
A0) = —n/ H fdv
M
The balance volume V' is said to be preserving volume if V(¢) = V(0) in a

neighborhood of 0 ; in this case we have / fdv = 0. Conversely, for all smooth
M



21

function f so that / fdv = 0, there exists a preserving volume variation so that
M

f=(2£(0,z),v). The following assertions are equivalent

(1) The immersion ¢ is a critical point of the area (i.e. A'(0) = 0 ) for all
variation with preserving volume.

(2) / H fdv = 0 for any smooth function so that / fdv=0.
M

M
(3) There exists a constant Hy so that A’(0) +nHyV'(0) = 0 for any variation.
(4) ¢ is of constant mean curvature Hy.

An immersion with constant mean curvature H, will be said stable if A”(0) > 0
for all preserving volume variation. Now we consider the function J(t) defined by

J(t) = A(t) + nHyV (t)
Then J”(0) is depending only on f and we have

J”(O):/M\df\2dv—/M(RicN(u,y)+\B|2)f2dv

where Ric" is the Ricci curvature of N with respect to the metric h. It is known
that ¢ is a stable constant mean curvature immersion if and only if J”(0) > 0 for

any smooth function so that / fdv=0.

M
Now let us give a proof of the theorem [.3
Proof of Theorem [I.3: Let f be the first eigenfunction associated to A\ (M). Since

fdv =0 then J”(0) > 0 and

M
)\I(M)/ fPdv — / (RicN (v,v) +nH? 4 |7|*) f2dv = 0
M M
N

where 7 is the umbilicity tensor (i.e. 7=nHg— B). Since u < K
that

< 6, we deduce

n(H? 4 p) < A (M) < n(H? +6)
In other words, we have the pinching condition

n(H? +0) —n(d — p) < (M) < n(H? +9)
Now fix € < 1—18 and let R > 0 so that ¢(M) lies on a ball or radius R. Let p be
the extrinsic radius of M (i.e. the radius of the smallest ball containing ¢(M)).
Then t5(R) > ts(p). On the other hand, we know that ts(p) > — > i

= = TBl=
(see [B]). If we assume that V(M)Y" < B> We see that M € H(n,N)
for R small enough. On the other hand from the theorem [[.] it follows
that  h2C.(n, || H||oo || Bllso, V(M),d) — oo when R — 0 and there exists
R.(0, p,v,i(N)) so that if  ¢(M) lies in a ball of radius  RL(d, u, v,i(N)))
then  C.(n, ||H||so, | Blloo, V(M),8) = (6 — u)/h* Now we conclude by putting
R.(6, 1,v,i(N)) = min(3R(6, p, €), R.(6, 1, v,i(N))) (the quantity R(6,u,¢) is de-
fined in the theorem [[11)). Then ¢(M) is contained in the ball B(p, R(, y1,€)) where
p is the center of mass of M and the conclusions of the theorem [ are valid.
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6. APPLICATION TO THE ALMOST UMBILIC HYPERSURFACES

The theorems [[.4 and [.J are obtained by combining the theorem [.] and the
eigenvalue pinching theorems of [ff] with an eigenvalue pinching result in almost
positive Ricci curvature due to E. Aubry ([]).

In the following theorem we denote Ric(x) the lowest eigenvalue of the Ricci
tensor Ric(z) at x € M. Moreover for any function f, we put f_ = min(—f,0).

Theorem 6.1. (E.AUBRY) Let (M",g) be a complete n-dimensional Riemannian
manifold and g > n/2. If M has finite volume and

_ 1 . q Va —1/q
Pq—W</M(M—(n—1)k)dv> < C(g,n)
then M is compact and A\ (M) = nk(1 — C(q,n)p,)-

Proof of Theorems and [[.J:  Using Gauss formula and the fact that N is of
constant sectional curvature §, we have

|Ric — (n — 1)(H? + 8)gll, _ IR +nHB - B> — (n — 1)H?g — (n — 1)dg|

V(M)a V(M)Ya
= 2Hr — 7,
V(M)t/a
(n=2)[[HllsollTll2g , 73
ST veane Ve
Now, putting k£ = V(M| o+ 0 we get
[Ric — (n — Dkglly _ [Ric— (n— D(H+ O)glly . (n— D/ ||,o  [HIE,
V(M) V(M) V(M) V()i
< (=2 HllsolI7ll2g 17113 LDVl 13,
vonsvapa S v |17 Vo,
If |72 < - and HH2 — g < then
[Ric — (n — 1)kg||
V(M) T < O‘”HHgo(Th,e + o)
and if n; . < Wmin <C(q, n)~4, Ce(n, ”H”w(ﬂbi')"” VM ))). The theorem [.]] allows

us to conclude that

M(M) > n (% n 5) (1-c.)

Now the conclusion is immediate from the pinching theorems of this paper and [f.
o
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(11]
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(13]
14]
(15]
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