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ABSTRACT structure. In Section 3, we discuss the application of the
minimum mutual information paradigm on the considered
separating structure. Firstly, in subsection 3.1, we eotic

through an example that a mutual information-based algo-
rithm resulted from a direct derivation may not be able to

In this work, we deal with nonlinear blind source separation
Our contribution is the derivation of a learning strateggtth
minimizes the mutual information between the outputs of

a class of nonlinear recurrent separating systems. By usmgprovide source separation. Then, in subsection 3.2, a-learn
the concept of the differential of the mutual informatiog w | ' ' . !
ing rule based on the concept of the differential of the mu-

obtain an a'9°”.th"? th"?‘t doe.s not need a precise kr]O\leadgetual information is proposed. In Section 4, simulations are
of the source distributions, in contrast to the one obtained . . ; -
carried out in order to verify the viability of our proposal.

by a direct derivation of the minimum mutual information . : )
. i Finally, in Section 5, we state our conclusions and remarks.
framework, or equally the maximum likelihood approach,

for the considered model. The validity of our approach is
supported by simulations. 2. PROBLEM STATEMENT

Blind source separation methods have been proved to be a
1. INTRODUCTION very promising approach in chemical sensing applications.

i ) In [5, 6], for instance, BSS algorithms were used in the
The problem of blind source separation (BSS) concerns thep, gpiem of estimating the concentrations of several ions in

retrieval of an unknpwn set of source _S'Q”a's, by using only a solution. A remarkable feature in this kind of application
samples that are mixtures of these original signals. A myr-jq 1t the sensors have a nonlinear response and, thus, one
iad of methods were proposed for the case in which the mix- s+ resort to nonlinear source separation techniques. A
ing process is of linear nature [1]. The basis of the majority 5t annroach in this spirit was presented in [6], in which

of these techniques is the independent component analysig . nonlinear separation algorithm was applied on a set
(ICA) [2]. When the mixing system is nonlinear, the BSS of mixtures provided by a sensor array of ion-sensitive field

problem becomes more difficult given' tha}t in this situation ¢t transistors (ISFET). Despite the good results obti
the recovery of the independence, which is the very €ssencg,y, s nroposal, it is limited to situations in which all the
of ICA, does not guarantee, as a rule, source separation. I« in the solution have the same valence

view.of this Iimitfation, a more reasonable approach is to In the present work, we envisage the situation in which
cons_|der constralngd mixing systems as, for exgmplle, POStihe valences are different. We take as our starting point the
nonlinear (PNL) mixtures [3] and linear-quadratic mixtsire Nikolsky-Eisenman model [5], which gives a simple and yet
[4]. adequate description of potentiometric-based ion conaent

~ Inthis work, we deal with the problem of BSS ina par- i, sensors, as the ISFET ones. According to this model,
ticular class of nonlinear systems which is related to a chem response of thieth ISFET sensor is given by:

ical sensing application. Our approach is based on a re-

cursive separating system and the main contribution of this i
work is the derivation of a learning rule based on the ICA i = ci1 + iz log (37 + Z_aijsj )v @)
paradigm of mutual information minimization. The paper is kel

organized as follows: in Section 2, we begin with a descrip- wheres.
(]

. o X ands; are, respectively, the concentration of the
tion of the mixing model as well as of the chosen separating;,, of int

erest and the concentration of fhth interfering
Leonardo Tomazeli Duarte would like to thank CNPq (Braziftie ~ 10N; @nd wherez; and z; denote the valences of the ions
financial support. andj, respectively. The selective coefficiemts model the




interference process;; andc;, are constants that depends
on some physical parameters.

Assuming that;; andc;, are previously estimated and
considering a mixture of two ions, the model (1) can be sim-
plified to the following one that will be considered in this
work

T $1+ aizsh

&)

T2

1
- )
S9 4+ a1 87

wherez; ands; denote the-th mixture and thg-th source,
respectively. In the context of this applicatidnijs related
to the ratio of the valences of the two considered ions.

2.1. Adopted separating system

For separating sources from mixtures (2), we adopt the
following recurrent network as separating system:

T — wlzyz(n)’f
T — w21y1(n) ’

nn+1) =
yo(n+1) =

where the vectow = [wi2 wo;]” denotes the parameters
to be adjusted angt(n) = [y1(n) y2(n)]” corresponds to
the separating system outputs at timd~or each sample of
the mixtures, and for a given value, the system outputs
are obtained after the convergence of the dynamics (3).

In order to understand how this structure worksslet
[s1 s2]T denote a sample of the sources. By considering (2),
one can easily check that whémn;s wo1]7 = [a12 a21]7,
theny(n + 1) = y(n) = s correspond to an equilibrium
point of (3), that is to say, it becomes possible to counterba
ance the action of the mixing system without relying on its
direct inversion. This sort of approach was firstly devetbpe
in [7] regarding linear BSS. Its extension to the problem of
nonlinear BSS was proposed by Hosseini and Deville [4]
in the context of source separation of linear-quadratic-mix
tures.

®)

&

3. MUTUAL INFORMATION MINIMIZATION
APPROACH

Firstly, let us recall the definition of mutual information,
here expressed for the outputs of (3)

I(y) = H(y1) + H(y2) — H(y1,v2), (5)

where H(-) denotes the differential entropy [9]. A com-
mon trick to avoid the estimation dff (y;,y2) consists in
expressing it as a function of the joint entropy of the mix-
tures. Thus, considering that the mapping provided by (3)
after the convergence is invertible in the region contanin
the mixed signals and applying the entropy transformation
law [1], one obtains:

I(y) = H(yr) + H(y2) — H(x) — E{log(| det J|)}, (6)

whereJ is the Jacobian matrix associated to the separating
system mapping. Since we are interested in the minimiza-
tion of (6) with respect tov and given that (x) does not
depend on these parameters, then we may adopt the follow-
ing expression as a separating critetion

Cly) = H(y1) + H(y2) — E{log(|det I)}. (7)

In appendix 6.1, we derive the gradient of (7) with re-
spect tow, which is given by:

B (1) (—y5)
- E{ det [ Y(y1) (karayf s~ ")

1
a1 y{

1
aoyy

aC(y)

_|_

ow +
—1 _
ys
—1 _
ys !

-1
Y(y2)(zanys  y5)

1

8
Y(y2)(—vr) } ©

where(y;) = —log(p(y;))’ denotes the marginal score
function of y;. From this expression, one obtains the fol-
lowing learning rule that would minimize the mutual infor-

Given that the adopted separating system corresponds tenation:

a nonlinear dynamic, a crucial point concerns the stalufity
the separating solutiop = s. In [8], it was shown that, for
each sample of the source, a necessary stability condgion i

given by:
L_1) p_
|a12a215," )35 <1 4)

In this same work, we described a ICA learning rule for (3)

Cly)

VeV T w
W
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wherey is the learning rate.

Expression (8) could equally be derived through the max-
imal likelihood framework (see [11], for instance). Usyall
in this approach, the true distributions of the sources pfe a
proximated by previously defined nonlinear functions [12]

based on the cancellation of the nonlinear correlations be-or by estimations obtained from the reconstructed sources
tween their outputs. The main advantage of this techniqueprovided by the separating system. It is well known that the
relies on its simplicity, given that only the estimation of separation task is accomplished in the linear case even when

higher-order (4th) moments is required. On the other hand,the sources distributions are roughly approximated [12jwH
there are convergence problems which are exacerbated whegver, this is not true for nonlinear mixing systems. Indeed,

the sources are close to the stability boundary. Aiming to " , thouah equvalent in a theorbtndnor
H H : H H n a nonlinear context, although equivalent in a theoréstandpoint,
obtain a more robust learning algorithm, we discuss, in the expressions (6) and (7) may lead to different practical dflgms due to

r?eXt section, the_ paradigm _Of mutual information minimiza- e gifferent statistical properties of these two estingtas demonstrated
tion for the considered mixing model. for the case of PNL models in [10].
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Fig. 1. Score functions.
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Fig. 2. Evolution of SNR for distinct score function estima-
tion approaches.

we present, in the next section, an example that indicates

that for the mixing system (2), even a satisfactory estima-
tion of the score functions in (8) may not result in source
separation.

3.1. Example of the influence of the score functions es-
timations on the performance of (9)

Let us consider a scenario with two sources uniformly dis-
tributed betweer0.1, 1.1], & = 2 and mixing coefficients
given bya;s = a2; = 0.5. This set of parameters satisfies
the structural stability condition given by (4). As it wileb
clarified in the sequel, it is useful to describe the pdf oteac
uniform source as

1
p(s;) = 3 blim tanh(b(s; — 0.1)) — tanh(b(s; — 1.1)).
(10)
Therefore, it is not difficult to show that the score function
of s; is given by:

btanh?(b(s; — 1.1)) — btanh?(b(s; — 0.1))
tanh(b(s; — 0.1)) — tanh(b(s; — 1.1))
(11)

In fact, this limit tends to a sum of two Dirac delta functions
placed a0.1 and1.1, respectively.

In order to verify the influence of the choice of the score
function on (9), we executed this learning rule considering
different values fow in (11). Also we considered the case

¥(si)

b—oo

in which the score functions are estimated from the recon-
structed sources during the adaptation stage by using two

In all executions, we considered as initial conditions
for w the theoretical solution of the problem perturbed by
a small random vector. A typical evolution of a perfor-
mance index (see (18) below) for each approach is depicted
in Fig. 2. It is clear that there is a performance degradation
asb decreases. Whel = 5 (not depicted in the figure),
for example, the adaptation goes toward a instable region
with respect to the separating system. Also, it is worth spe-
cial attention that, for this scenario, even the applicatid
a satisfactory score function estimation method, suches th
kernel-based one, could not be able to maintain the good
initial solution.

3.2. An approach based on the notion of the mutual in-
formation differential

As discussed in the above example, a reasonable perfor-
mance of the mutual information approach (or equally the
maximum likelihood one) based on the minimization of (7)
is depending on a very accurate knowledge of the source
score functions. Evidently, this demand is a very contrast-
ing one to the idea of blind source separation. In the sequel,
aiming to overcome this requirement, we shall develop an
alternative rule that directly minimizes (6). By proceeglin

in this way, one obtains a learning algorithm that is based
on the so-called score function difference vector (see (13)
below).

The cornerstone of our approach is the notion of the dif-

distinct methods: a kernel-based approach [13] and a MSEferential of the mutual information, proposed in [14]. listh

estimation approach [3] using a fourth-order polynomial as
a parametric structure. For matter of illustration, we pres
in Fig. 1, the resulting functions (11) for several values of

b as well as the source score function estimated with the

kernel and MSE methods.

work, it was proved that a small variatidk of a given ran-
dom vectoty results, up to higher-order terms (expressed by
o(A)), in the following variation of the mutual information

Ily+A)—I(y) = E{ATBy(y)} +0(A), (12



whereg, (y) is the score function difference vector associ-
ated with the random variablg. In view of this result, it
can be interpreted as the gradient of the mutual information
with respect tay. In mathematical terms, theth element

of By (y) is given by

() = (-2 (LARERI)) g

i.e. the difference between th¢h element of the joint score
function ofy and the marginal score function gf It is not
difficult to prove thaty have independent components if, B{s?)
and only if, 8,, (y;) = 0 for everyi. SNR; = 10log (’2> . (18)
The result expressed in (12) provides the guidelines for E{(si —yi)"}
the design of a learning algorithm according to the mini- . .
mum mutual information idea. The first step is to determine ThUS,SNR = 0.5(SN R+ SN R;) defines a global index.
how a small variation of the separating system parameters, ~Regarding the estimation of the score function differ-
denoted by the vectohw = [Aw;, Awy |7, affects their ence vector, we considered the method proposed in [13]. In
outputs. Then, the “gradient” of the mutual information short, this is a kernel-based method which differs from the
with respect tow is estimated by (12), by substituting the classical approaches in two points: the estimation is done
calculated small variations of the outputs in this exprassi ~ Over a regular grid and a cardinal spline is used as kernel
In order to determine the variatiahy = [Ay; Ays]” function. As a consequence, one obtain a much faster algo-
given a small variatiodAw, one may consider a linearized fithm than the classical kernel method.
version of the separating system (3) with respeettcCon-

Table 1. Average SNR results ovei0 experiments and
standard deviation (STD).

SNRy | SNRy | SNR | STD(SNR)
k=21 44.40 40.92 | 42.66 7.71
k=3 | 39.41 36.40 | 37.90 14.18

k = 2 andk = 3. In both cases, the efficacy of the obtained
solutions was quantified according to the following index:

sidering two sources, this is expressed by 4.1. First scenario -k = 2
[ Ay ] B 87yAW B ;Tlﬁg 5%1 [ Awia } In a first scenario, we consider the separation of two sources
Ayo | ow™ | P fe Awgy |- uniformly distributed betweef0.1, 1.1]. The mixing para-
(14) meters are given by, = 0.5 andas; = 0.5. Concerning
In the appendix 6.2 the e|ements% are determined. the separation system, a set0f0 samples of the mixtures
If one considers in (12) thak = Ay, then one readily =~ was considered. The number of iterations 2880 with a
obtains that: learning rate: = 0.01. The initial conditions of the dynam-
gy T ics (3) were chosen dg; (1) y2(1)]7 = [0 0]7. The results
I(y+Ay)—I(y)=E {AWTavyV ﬁy(y)} +o(Ay). of this first case are expressed in the first row of Table 1.
(15)

As stated above, the score function differefigéy) may be 4.2. Second scenariok =3

interpreted as the gradient of (12). Hence, consideriny (12 In this situation, the separation of two sources uniformly
and (15), one may argue that the “gradient” of the mutual distributed betweef0.2, 1.2] is conducted. The other para-

information with respect to the parametevds meters were defined in the same way as in the first scenario,
T except the learning step which js = 0.008. In this sit-
ol oy ;
7 =L By (y) (16) uation, there are some samples of the sources that do not
ow ow satisfy the stability condition (4). As a consequence, the

Therefore, it expected that the following learning rule min 2dopted separating system will never converge to these sam-

imizes the mutual information between the reconstructed PI€S Which means that they cannot be retrieved. Also, these
samples act as a kind of noise in the adaptation stage, in the

sourees y T sense that even for an ideal separating system, there are out
W—w—uF {8w ﬁy(y)} , a7 puts that are still mixtures of the sources which may disturb
the separating criteria.
wherey denotes the learning rate. Regardless the problem discussed above, our proposal
does well in this scenario as can be noticed in the second
4. EXPERIMENTAL RESULTS row of Table 1. The high standard deviation in this case

is due to the fact that the algorithm did not converge in
In order to assess the performance of the learning algo-among the 50 experiments. In Fig. 3, the joint distributions
rithm (17), experiments were conducted for two scenarios: of the mixtures and of the retrieved signals are depicted for



typical case. Note that the outputs of the separating systenpresented in section (3.1), ar¥ an investigation of the
are almost uniformly distributed, which indicates that the cases for which our proposal did not converge. Despite the

separation task was fulfilled. fact that just a very small number of trials did not converge,
this problem may be exacerbated in the generalization of
2 : : : : our method to scenarios with a greater number of sources.

6. APPENDIX

6.1. Derivation of (8)
Taking the derivative of (7) with respect to, one obtains:
aC(y) _ OH (y1) N OH (y2) —E{ 1 8detJ}.

: . ow ow ow detJ Ow
o4 0‘5 1 1‘5 2 (19)
v As proved in [3]
(a) Mixed signals. OH (y;) dy;
L) p{uwge ). (20)
12} where(y;) denotes the score function gf, that is to say:
ol dlog p(y:) P'(yi)
) = — =— . 21
i 08 w(y ) dyz p(yz) ( )
0s By substituting (20) in (19), one obtains
7 IC(y) _ Oy Dy
o E . o — e {wmn b+ B {vm e
00 0.‘2 0‘.4 O‘.E 0‘8 1‘ 1‘.2 14 1 a det(J)
‘ - { det(3) aw} - ()

(b) Retrieved signals.
In appendix 6.2, the expressions % are determined
Fig. 3. Second scenariok = 3. The next step is to calculate the derivative of the Jaco-
bian determinant associated with the mapping performed by
the separating system. For a given valuewgfthe sepa-
5. CONCLUSIONS rating system system outputs satisfy the following equmatio
when (3) converges
The objective of this work was to develop a mutual infor-
mation framework for the adjustment of a class of recurrent g,
separating systems. In a first moment, we showed, through Ty = Y2+ ways

an example, that the minimization of (7) leads to a learn- In fact, this is the inverse mapping with relation to the sepa
ing rule that may be very dependent on an extremely accu'rating system. Therefore, itis possible to calculhtey de-

ratehs%ort')e fur;ctlon hest|mz_1t|on fstige(.j_ﬁThen,_ zTn ?Itﬁ rnat'vetermining the Jacobian of this inverse mapping, which will
method based on the notion of the difierential of the MU- ¢ yengteq byl’. Obviously, there is a tacit assumption in

tual informqtion was pro_posed. The obtained experimental this procedure, i.e., we assume that the mapping is invertib
result; confirmed the efﬁcac;y of our proposal. . in the domain of the mixtures.

A first perspective of this work would be the applica- Considering (23), it straightforward to show that
tion of the derived method on a real problem of chemical
sensing. Indeed, in such an application, there are some in-
formations, such as the positivity of the sources, thatatoul
be taken into account in the design of a separating method
for the most general case of the Nikolsky-Eisenman model Gjyen that] = J'1 then the following expression holds
expressed in (1).

Also, there are two other interesting subjects for future det(J) = 1 _ 1 . (25)
work: 1) a theoretical analysis of the experimental result det(J') 1 _ wmwmyl%—lylgfl

1 = U erlQl/éf 23)

,_0x 1 kwizys !

= 1 (24)
dy %IUmylk ! 1




From this expression, it is straightforward to show that

ad(;vtv(J)} _

{ detl(J)

L1 ke
L1 ko w1 k-1 ’
1-— 11)12’[1.)21y1k yé 1 w12y1k y2

Hence, considering (22), (26) and the results derived in the

appendix 6.2, expression (8) is obtained.

6.2. Calculation of 2%

In this appendix, we are interested in the determination of

dy _

ow @7)

Oy1 9y1
) 5]
oys  Dys |-

8w12 3w21

After the convergence of (3), the mapping performed by the
separating system is given by (23). Therefore, the deriva- [7]
tives in (26) can be calculated by applying the chain rule
property on (23). For instance, it is not difficult to verify

from that:
oy k k—1 Oy2
— = k . 28
Dwia (yz + wi2kYs 8w12) ( )
Given that
Y2 1 L1 Op
=—— 29
s kw21y1 8w127 ( )

and substituting this expression in (28), one obtains:

o —y5 (30)
= 1_ :
Jwia 1 — wiowayf 11‘/571
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(6]

(8]
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By conducting similar calculations, one obtains the other [11]
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i3
8y2 _ w21y]k yé (31)
o 11 p_
Owrz k(1 — wiowaryf  ys ")
o k % k—1
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= 1_
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