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Abstract

The aim of this paper is to analyse the fatigue phenomena in the presence of stress gradients. It is well-known that most 
fatigue criteria fail to predict the lifetime of components in the presence of high stress concentrations or stress gradients, as 
it is the case in the neighbourhood of cracks, holes notches and encountered for example in riveted or threaded structures. 
Proposed is a numerical approach in the framework of the high cycle fatigue domain in order to give a qualitative answer. 
The work starts from the numerical computation of macroscopic loading corresponding to some fatigue experiments on 
specimens with an inclusion of metallic grains embedded in a macroscopic matrix. The computed fields are then analysed in 
terms of the HCF (high cycle fatigue) criterion [1], which is based on the estimation of the shakedown limit at the grain 
scale. The infinite lifetime prediction is based on the assumption that fatigue occurs if at least one grain fails, i.e. reaches 
plastic shakedown. The predictions at mesoscopic and macroscopic scales are close if the macroscopic stress distribution is 
homogeneous. However in the case of the stress gradient, lifetime predicted at the macroscopic scale is underestimated 
when compared to the predictions made at the mesoscopic scale. Another result is that the gap between microscopic 
and macroscopic predictions obtained from these numerical computations can roughly be estimated by a diminution of 
stress of the same order of magnitude as found in the experiments and phenomenological observations.

Keywords: Stress gradient; High cycle fatigue; Dang Van criterion; Polycrystalline plasticity

1. Introduction

A well-known fact in the engineering design of
structures is that most fatigue criteria fail to predict
correctly the lifetime of components in the presence
of high stress concentrations or stress gradients.

This is the case in the neighbourhood of cracks,
holes notches, . . . as encountered for example in riv-
eted or threaded structures. More precisely, it can
be stated that the local fatigue criteria based on
the hot spot method, i.e. defining the most critical
point in a structure such as the criterion in [1,2],
generally underestimate the fatigue lifetime. The
critical point of a structure in the neighbourhood
of a geometrical stress concentration as angles,
notches, cracks, etc., stems from the elastic solu-
tion of loading problem and the applied fatigue
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criterion. The problem addressed in this paper is an
analysis of the physical phenomena at the smaller
scales contributing to fatigue in order to give a qual-
itative explanation of this apparent contradiction.

Let us first mention that various phenomenolog-
ical methods have been developed to overcome this
difficulty. The concept of a ‘‘critical distance’’ [3,4]
adapts the fatigue criterion by applying it at a given
distance ahead of the notch tip. This distance is
commonly of the order of the dimension of the
metal grains. An application of this method to cylin-
drical notched specimen made of Ti6Al4V alloy is
given in [3]. A similar concept, using a volumetric
approach to compute an average stress taking place
in a fatigue process zone, instead of the critical dis-
tance, has been proposed for example in [5,6].

Other recent discussions at the macroscopic level
of the influence of the stress gradient in bending
fatigue experiments have been presented in [7,8].
The difficulties in applying fatigue criteria in the
neighbourhood of stress concentrations arising in
fretting fatigue problems is discussed in [9].

As a consequence of this short review of the mod-
els and discussions of lifetime predictions in the pres-
ence of stress gradient, one can finally conclude that
the common practice is to include the stress gradient
effect in fatigue analysis by introducing a notch fac-
tor or a critical distance parameter. This effectively
corresponds to a lowering of the stress level and
can be interpreted as the application of the fatigue
criterion over a small averaging volume, rather than
at the mathematical maximum point (hot spot
method). This phenomenological approach provides
acceptable results from the practical point of view.
However a satisfactory link between the methodol-
ogy and the underlying physical phenomena is still
an open problem.

This paper proposes a numerical approach in the
framework of the high cycle fatigue domain in order
to give a first qualitative answer to this difficult ques-
tion. The work starts from the numerical computa-
tion of macroscopic loading corresponding to some
fatigue experiments on specimens with an inclusion
of metallic grains embedded in a macroscopic
matrix. As such the scale difference between the mac-
roscopic level of the fatigue loading and the meso-
scopic scale of the grains is gapped and as a
consequence the apparition of shakedown at the
grain scale can be observed and understood. If the
fatigue analysis uses the criterion in [1] that is based
on the estimation of the shakedown limit at the grain

scale, then estimate can be made from the mechani-
cal fields computed in the different grains if grain
failure and therefore fatigue crack initiation are a
possible outcome or not. The results present the dis-
tribution of mesoscopic pressure versus mesoscopic
shear computed for the family of metallic grains con-
sidered and the permit to estimate the fatigue crite-
rion [2] in each grain. Recall that the criterion in
[2] is based on the assumption that fatigue occurs if
at least one fails, i.e. reaches plastic shakedown.
Therefore now it is possible to compare the fatigue
predictions for the complete set of grains with the
fatigue prediction by applying directly the criterion
[2] at the macroscopic scale. One can easily remark
that predictions at mesoscopic and macroscopic
scales are close if the macroscopic stress distribution
is homogeneous. However in the case of the stress
gradient, fatigue occurs earlier if only the macro-
scopic scale is considered. Another result is that
the gap between mesoscopic and macroscopic pre-
dictions can roughly be estimated to a diminution
of stress of the same order of magnitude as in the
phenomenological approached cited previously.

The paper starts with the presentation of the
material model and of the simulated bending test
in the second section. The next section recalls the
basic assumptions underlying the mesoscopic and
macroscopic fatigue criterion [1]. The forth section
discusses the results of the computations in terms
of fatigue predictions. The last section presents the
conclusions of the work and opens some further
research perspectives.

2. Shakedown theory and Dang Van HCF

Let us consider a structure under a mechanical
loading. Its fatigue lifetime will be determined from
the mechanical fields: elastic and plastic strains,
stresses, etc. computed over a cycle. The underlying
hypothesis is that the mechanical response of the
structure is stabilized, i.e. that the fields will evolve
under closed loops.

Fatigue phenomena can be characterized at three
scales:

• the microscopic scale of dislocations, which are the
underlying elements of persistent slip bands and
elastoplastic strains;

• the mesoscopic scale of grains, where fatigue and
damage phenomena are concentrated either at
the grain boundary or in the interior;
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• the macroscopic scale of the structure, at which
loads are applied and industrials design is
performed.

An inspection of the three scales during a cyclic
loading would conduct to different observations
determined by the fatigue regime (see Fig. 1):

(i) In the high cycle fatigue regime (HCF), con-
sider two fatigue domains corresponding to
finite and infinite lifetime. Physical observa-
tions at the macroscopic scale show that
structures are macroscopically in an elastic
shakedown state. At the mesoscopic scale of
the grains, it is now commonly accepted that
elastic shakedown occurs only for the infinite
lifetime. The case of a finite lifetime can be
associated with a grain oriented in such a
way with respect to the loading, that it can
only not reach an elastic shakedown state. It
will therefore be in plastic shakedown or rat-
cheting state which will conduct to failure
after a finite number of cycles. The stress con-
centration due to this mesoscopic failure will
therefore equally conduct a macroscopic crack
initiation associated with failure.

(ii) In the low cycle fatigue regime (LCF), physical
observation at both macroscopic and meso-
scopic scales show extensive existence of plas-
tic strains. Moreover homogenisation theory
shows that strains and stresses at the two
scales tend to be closer to each other with
increasing plastic strain. This can be translated
saying that the higher the applied load, the
closer the mesoscopic and the macroscopic
scales will behave.

In this work consider only the high cycle fatigue
domain as defined in (i) and focus essentially on infi-

nite lifetime. Recall the main assumptions of the
fatigue criterion [2] as presented in [1]. As only an
isolated grain will eventually be submitted to plas-
tic shakedown, this problem is reduced to the
analysis of an elastoplastic inclusion in an infinite
elastic matrix and perform the passage between
the macroscopic and mesoscopic fields using stan-
dard homogenisation theory. The homogenisa-
tion in the problem (2) that applies the hypothesis
[3], i.e. equality of mesoscopic e and macroscopic
strains E:

e ¼ E ð1Þ

Under the assumption of equality of the macro-
scopic and mesoscopic moduli, one obtains after
a short computation the following equality of
macroscopic and mesoscopic stresses, R and r,
respectively:

r ¼ R� 2lep ¼ Rþ q� ð2Þ

where l is the shear modulus and q* should be inter-
preted as a mesoscopic residual stress field. The
knowledge of the mesoscopic stress tensor permits
now to compute the mesoscopic shear stress s(t)
and the hydrostatic pressure p(t).

The criterion in [2] states that the lifetime is infi-
nite if elastic shakedown is reached at the macro-
scopic and the mesoscopic scale. This is equivalent
to the statement, that the mesoscopic stress tensor
satisfies the following inequality:

max½sðtÞ þ apðtÞ� 6 b ð3Þ

where the coefficients a and b are defined from
experiments as

a ¼ t1 � f1=2

f1=3
; b ¼ t1 ð4Þ

The a and b coefficients are deduced from two
fatigue tests giving the fatigue limit t1 in alternate
torsion and f1 in alternate flexion.

A common way to represent the criterion in [2] is
to display the stress path in a mesoscopic shear s(t)
versus hydrostatic pressure p(t) diagram as schemat-
ically drawn in Fig. 2. The line defined by the crite-
rion is the frontier between infinite lifetime and
fatigue, i.e. if a load path crosses the line, fatigue
will occur.

From a practical point of view, one disposes
actually of different algorithms which permit to
automatically compute the mesoscopic shear stress
s(t) and the hydrostatic pressure p(t) from the stress

N number of cycles to failure   

Low cycle fatigue High cycle fatigue 

Infinite lifetime L
o

a
d

 o
n
 s

tr
u

c
tu

re
  

Finite lifetime 

Fig. 1. Description of the low and high cycle fatigue domains in a

Woehler diagram.
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results over a complete cycle of a finite element
computation.

3. Material and bending simulation

3.1. Model geometry

The numerical model used in the present work
consists of a domain that contains a number of
grains which is surrounded by a homogeneous
matrix. The domain containing the grains is the
integral part of the fatigue analysis, whereas the
homogeneous matrix allows the application of
the loadings.

The grain domain shown in Fig. 3 includes 156
grains and has a rectangular geometry with side
lengths of 147 lm and 133 lm. The grain distribu-
tion was microscopically observed from an austen-
itic steel with an average grain size of about 10 lm.

The discussed austenitic steel consists of a face-
centred cubic (FCC) crystal structure. The lattice

orientation has been observed with Orientation
Imaging Microscopy using Electron Back Scattering
Diffraction (EBSD). The individual grains were then
meshed in two dimensions using linear three nodded
elements.

3.2. Materials properties

The model used in the simulation consists of two
different material properties which are applied to
the grain containing domain and the homogeneous
matrix. The homogeneous matrix was modelled
with a simple linear elastic material law without
plastic deformation. A more complex model is
needed to describe the mechanical behaviour of
the grains. The fatigue properties of a material are
linked with grain plasticity and thus with the crystal
structure. Therefore, it is necessary to consider the
lattice structure of the material and to know the lat-
tice orientation of all the grains.

From the macroscopic point of view, one can
observe plastic deformation in a metal if the equiv-
alent stress exceeds the yield limit ry of the material.
On the microscopic scale, this plastic yielding is
explained by the movement of dislocations in the
crystal. This movement is induced by a force that
acts on a slip plane in the direction of the Burger’s
vector (slip direction). These slip planes and slip
directions depend on the lattice orientation and
the direction of external forces. It is a well-known
fact that the resulting shear stress and not the nor-
mal stress induces the movement of dislocations in
the crystal and causes the plastic yielding. The
resulting shear stress s caused by a normal stress r
that acts on a slip system can be calculated with
the Schmid law given in the relation below [10–12]

s ¼ r cos j cos k ¼ rS ð5Þ
where j and k are the angles between the normal
stress direction and the normal of the slip plane
and slip direction, respectively. And S is defined as
the Schmid factor.

The shear force acting on a dislocation depends
on the orientation of the slip system relative to the
direction of the external normal stress. Each slip
system has a corresponding Schmid factor. Consid-
ering an external normal stress, the slip system with
the maximum Schmid factor is subjected to the
highest shear stress. Local plastic yielding will occur
if the shear stress s in a slip system exceeds a thresh-
old values s0 and induce the movement of disloca-
tions in this slip system. This threshold value is a

Fig. 2. Schematic view of the Dang Van criterion in the {s,P}

space.

Fig. 3. Description of the micro-structural geometry of the grain

inclusion.
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material parameter and is independent of the lattice
orientation or the considered slip system.

The discussed material with a face-centred cubic
(FCC) crystal has four slip planes with three slip
directions per slip plane. The FCC lattice structure
with one of the twelve slip systems is shown in
Fig. 5. All the corresponding slip planes and slip
directions are listed in Table 1.

The material behaviour of each grain is captured
by a simplified phenomenological elastoplastic con-
stitutive law with a linear kinematic hardening. It is
assumed here that the applied stress resolved along
the slip direction on the slip plane (to give the shear
stress) initiates and controls the extent of plastic
deformation. Yield begins on a given slip system
when the shear stress on this system reaches a criti-
cal value, called the critical resolved shear stress,
independent of the tensile stress or any normal
stress acting on the lattice plane.

For each grain g, the local yield criterion fg(rg) is
obtained by the Schmid law. The individual yield
stress rc

g depends on the active slip (gliding) system s

rc
g ¼ min

s

s0

Ss
g

ð6Þ

The critical resolved shear stress s0, the Young
modulus E and the macroscopic kinematic harden-
ing modulus H were identified from a macroscopic
tensile test. The identification of the mesoscopic
material parameters was done using the grain inclu-
sion embedded in a homogeneous elastoplastic

matrix and by adjusting the parameters so as to give
a response, which when averaged over all the grains
corresponded to the macroscopic behaviour as illus-
trated in Fig. 6.

The complete set of macroscopic material param-
eters is presented in Table 2.

3.3. Computation of the fatigue criteria

All the FEM stress computations were performed
using the object oriented finite element toolbox
Cast3M [13] which includes a number of pre-
processing, solving and postprocessing routines.
Parts of the postprocessing procedures were per-
formed using MATLAB.

The loading case discussed in this paper corre-
sponds to five cycles of a pure plane strain bending
of the specimen as described in Fig. 4.

Once the stabilized stress and strain fields are
obtained, the stress results of the FEM computa-
tions have then been post processed in the following
steps:

1. Determination of the shakedown state. This has
been checked by computation of the relative shift

of the cumulated plastic strain of the last loading
cycle when compared to the one before. The shift
is interpreted as plastic shakedown or ratcheting
if it exceeds a limiting value and as elastic shake-
down otherwise. The limiting value was deter-
mined empirically from observations of single
grains.

Table 1

Slip planes and directions in a FCC crystal

Slip plane Slip directions

(111) [1�10], [�101], [01�1]

(1�11) [0�1�1], [10�1], [110]

(�1�11) [0�1�1], [101], [�1�10]

(�111) [01�1], [101], [�1�10]

Table 2

The macroscopic material parameters: E Young modulus, m

Poisson ratio, ry yield limit, rTS ultimate stress limit and H

kinematic hardening modulus

E [GPa] m ry [MPa] rTS [MPa] H [MPa]

210 0.3 800 1300 4000

Fig. 4. Grain box embedded in the homogenous matrix and the applied boundary tractions creating a stress gradient in the specimen.
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2. Computation of the Dang Van criterion for each

slip system in each grain (slip system projection)

[2,14]. The computation of the Dang Van crite-
rion for each slip system is done using the precise
knowledge of the grain orientation and the slip
systems of the grain. As such, one can precisely
compute the mesoscopic shear and pressure on
each slip system, and compute the inequality in
[2] in each case in order to determine the critical
grain and slip direction.

3. Computation of the Dang Van fatigue criterion in

each grain. The computation of the criterion
[2,14] in each grain is done using the classical
algorithms of the Dang Van criterion with the
mean stress field computed over each grain as
an input value.

4. Computation of the Dang Van fatigue criterion for

the homogenous structure. The computation of
the criterion in [2,14] is done in this case by using

the classical algorithms of the criterion with the
stress field computed from a homogenous elastic
structure submitted to the same load. In this case
only the hot spot of the structure, i.e. most criti-
cal point, is plotted in the diagram [2].

4. Results and discussion

4.1. Preliminary results: uniform applied load

The first step was to confirm that the number of
grains constitutes a representative sample and that
shear obtained by the projection of the mesoscopic
stress vector onto the slip systems leads to values
similar to the mesoscopic pressure and shear
obtained with the assumptions taken in the Dang
Van criterion. For this purpose, the model was
loaded with a fully reversed shear load. In this case,

Fig. 5. FCC crystal with one slip plane and its associated slip

directions.

Fig. 6. Simulated grain mean and experimental behaviours of a

cyclic tension test.

Fig. 7. Grain critical instant in the Dang Van plot: (a) case of a

reversed shear loading inducing purely elastic strains; (b) case of a

reversed shear loading inducing elastoplastic strains.
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the stress tensors of the macroscopic and meso-
scopic stresses are equal due to the absence of
hydrostatic pressure. Thus, in the case of a fully
reversed loading, the centre of the smallest hyper-
sphere circumscribing the stress path is zero in all
its components. The mesoscopic shear is thus equal
to the amplitude of the imposed shear stress.

Fig. 7a represents the values of mesoscopic shear
against mesoscopic pressure determined with the
criterion in [2] as well as with the slip system projec-
tion. The most critical point of the stress path of the
last cycle is plotted for each grain. It can be seen
that the points of the most critical instants deter-
mined with the criterion in [2] are represented by
the same point that corresponds to the homoge-
neous solution.

The grain values computed with the slip system
projection vary in their magnitudes of mesoscopic
shear. This is a direct consequence of the different
lattice orientations of the metallic grains which lead
to different projections for the shear stress on the
slip direction. The criterion in [2] when applied to
the homogeneous solution computes the maximal
mesoscopic shear under the assumption of an uni-
form spatial orientation of slip directions, as it will
homogenise the solution over a large number of
grains. Thus, under a homogeneous applied stress,
both criteria provide equal points in the diagram,
proving that the homogenisation over the 150 grains
functioned as expected.

In a next step, the shear stress was increased to a
range where some of the grains were plastified.

Fig. 7b shows the values of mesoscopic shear and
pressure obtained with the Dang Van criterion for
this loading. It can be observed that the range of
mesoscopic shear and pressure increases with the
initiation of yielding in several grains. This is a
direct consequence of the residual stress field
induced by grain plasticity. The stress components
rxx and rxy of the residual stress field of the
unloaded specimen after the last load cycle are dis-
played in Fig. 8. The plot of the rxy residual stresses
gives an overview about the plastified grains. The
grains are surrounded by residual stresses (see rxx
distribution) which induce the hydrostatic pressure
and cause the spread of points in Fig. 7b.

In addition to the grain orientation (O1)
observed with EBSD, two further calculations were
performed with randomly (uniform distribution)
generated lattice orientations (O2,O3) based on
the same grain structure. The clouds of grain critical
instants with different lattice orientations differ
insignificantly where the primary orientation (O1)
contains the most critical grains. That confirms that
the model contains a sufficient number of grains and
leads to rather conservative results.

4.2. Influence of the stress gradient

As in the case of the shear loading, the first load
in the case of a bending moment induced a common
elastic shakedown state for all the grains. The
mesoscopic pressure and shear computed with the
Dang Van criterion as well as with the slip system

Fig. 8. rxx and rxy components of the residual stress field after the last loading cycle.
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projection are compared with the homogeneous
solution in Fig. 9. One can remark that the homo-
geneous solution can be used as a good reference
for the grain values of the computation [2] which
are right below it. The points form a straight line,
because the values of pressure and shear depend
only on the grain’s position in the grain mesh and
consequently on the imposed pressure.

However, regarding the shear in the slip systems,
it can be observed that the most critical grain is
placed a certain distance from the point represent-
ing the homogeneous solution. Additionally, the
mesoscopic shear in the slip systems of some less
stressed grains is less than 50% of the value of the
homogeneous solution.

As the difference between the two computations
is only the apparition of a stress gradient this indi-
cates that the stress gradient has a non-negligible
effect on the fatigue limit.

A more significant influence can be observed if
the imposed stress exceeds the yield limit of some
grains located in the most stressed zone of the struc-
ture. From the macroscopic point of view, the mate-
rial response has to be in elastic shakedown in order
to permit the computation of the homogeneous
solution and the application of the criterion [2].
Thus, the value of the applied load has to be
between the yield limit of the weakest grain and
the macroscopic elastic shakedown limit of the ref-
erence material. Fig. 10 shows the plots [2] for a
load with a common maximum pressure of
700 MPa applied with four different stress gradients.
In order to improve the understanding of the dia-
gram, only the points in the neighbourhood of the

most critical grain are plotted. A tentative line [2]
of infinite lifetime is drawn through the point of
the most critical grain belonging to the data set with
a stress gradient v = 0 in order to suggest a critical
line [2].

The large range of mesoscopic pressure indicates
the progress of plastic strain within the grains. It
can be seen that the distance between the most crit-
ical grain and the line [2] increases with an increas-
ing stress gradient. Here, it seems the distance of the
clouds to the suggested line [2] is increased with
increasing the stress gradient.

Let us recall that the high stress gradient will
impose a varying stress level on the population of
the 156 grains under observation, more precisely
only about 10–15 grains will sustain the maximal
applied stress level. Moreover each of these grains
has a particular orientation which implies that only
a small number of slip directions will enter the com-
putation when the fatigue criterion is projected over
the slip systems. However when computing the
Dang Van criterion the underlying assumption is a
maximisation over all possible planes, as slip sys-
tems are supposed to be homogenously distributed.
The difference displayed in Fig. 10 between slip sys-
tems and homogenous computation illustrates the
fact that homogenisation does not function for a
high stress gradient.

Compare the critical instants of each grain with
the homogeneous solution. And regard it as an
additional factor the pressure, that the macroscopic
application of the criterion in [2] is more conserva-
tive than the grain values of the higher gradients,
but less conservative for the lower gradients. This
is a consequence of a distribution of plastic strain

Fig. 9. Critical instant of the stress path for each grain in the

Dang Van plot for a repeated bending loading.

Fig. 10. Critical instant of the stress path for each grain in the

Dang Van plot for different stress gradient.
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in same grains which is smoothed out when higher
gradients are applied.

In order to estimate the quantity of plasticity in
the sample the total number of grains which are in
elastic shakedown as well as the fraction of the plas-
tified area has been analysed. The results are sum-
marised in Table 3.

As one can see, the number of plastified grains
and the plastified area decreases significantly with
an increasing value of the stress gradient. Fig. 11
shows the plastic strains for two different stress gra-
dients after the applied load cycles. One can also
remark an increase of the maximum value of eplxx of
more than 50%, when the gradient is increased from
v = 0 MPa/mm to v = 900 MPa/mm.

In the previous paragraph, an important influ-
ence of the stress gradient has been observed, as dis-
played using the projections on the slip directions in
each grain in the plots [2]. However, up to now, the
identification of the material parameters a and b,
parameters defining the fatigue limit, has not been
discussed. The fatigue life line is defined according
to theory by the elastic shakedown limit at the
grains scale. Use the preceding computations in
order to determine precisely the shakedown limit

at the grain scale and define in this way the fatigue
limit. The natural question underlying to this proce-
dure is: does the fatigue limit depend of the macro-
scopically applied stress gradient?

4.3. Shakedown and fatigue limit with stress gradient

Thus, the fatigue limit was determined following
the steps of the technique described below:

1. Apply a macroscopic load with the given stress
gradient in order to attain only the yield limit
of the weakest grain.

2. Compute the projection on each slip system for
all grains.

3. Determine the shakedown state of each grain.
4. If all grains are in elastic shakedown, increase the

apply load with fixed increment, and continue
with step 2 until to reach a plastic shakedown.

This procedure for identifying the fatigue limit,
considered as an elastic shakedown threshold was
performed for five constant stress gradients v. The
results of these fatigue simulations are presented in
Fig. 12a.

In order to interpret the results, let us recall that
the simulated fatigue tests discussed before were all
performed with a repeated load where rmin = 0. In
the computational approximation to the fatigue
limit, only the maximum stress was varied. Regard-
ing the different mean values in the calculated fati-
gue limits, there is a mean stress effect besides the
stress gradient effect which has to be considered in

Fig. 11. Plastic mesostrain for v = 0 and v = 900 MPa/mm for a common maximum stress of rxx = 700 MPa.

Table 3

Shakedown state of the grains for various stress gradients

Stress gradient v [MPa] 0 300 600 900

Number of grains remaining elastic 28 51 86 107

Number of grains in elastic shakedown 128 105 70 49

Number of grains in plastic shakedown 0 0 0 0

Plastified area/ total area [%] 75 66 46 32
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the results presented before. This mean stress influ-
ence was analysed with further fatigue simulations
of repeated loadings with different mean stresses.

This influence can be simply quantified in terms
of the law of Gerber parabola:

rA ¼ rejrm¼0 1� rm

rTS

� �2
" #

ð7Þ

where rejrm¼0 is the endurance limit for a fully
reversed loading (R = �1) and rTS is the ultimate
tensile strength. This assumption was taken in
accordance with its experimental validation in uni-
axial loading of ductile materials like it has been
the case in the simulations. The endurance limit in
reversed tension-compression rejrm¼0 as well as the
tensile strength rTS in Eq. (7) were considered as
‘‘scale parameters’’ to achieve the best fit for the
computed values. Therefore, two further fatigue
limits in tension-compression with different mean
stresses were computed such that three pairs of val-
ues (see Fig. 12b) were at the disposal to obtain the
values of rejrm¼0 and rTS which are, respectively,
equal to 590 MPa and 1400 MPa. It is interesting
to remark that the obtained values match the mate-
rial parameters of the referenced steel 42CrMo4,

which has a material behaviour close to the one rep-
resented in Fig. 3.

With the model specific parameter rTS, the stress
gradient dependent fatigue limits can be related to a
common mean stress. In order to compare the com-
puted data with experimental results, this mean
stress was chosen to rm = 0 (reversed loading).
The re–v plot of the related values is shown in
Fig. 13.

The linear trend is in accordance with the exper-
imental fatigue results obtained on cylindrical rotat-
ing bending specimens with various radii in [16].

4.4. Adaptation of the Dang Van criterion

The computed shakedown limits was used to
determine the parameters a and b of the fatigue cri-
terion in [2].

The material parameter b equals the fatigue limit
on reversed torsion loading. Accepting the experi-
mentally justified fact that the fatigue limit for shear
loads is not affected by a stress gradient effect [16],
the parameter b was fixed and only the slope of
the line [2] of infinite lifetime was varied.

However, obtaining the fatigue limit with the
shakedown criterion for alternating shear load was
less simple. All the grains responded with a plastic
shakedown state if the equivalent stress exceeded
the local yield limit of the grains. A possible expla-
nation is that the number of imposed load cycles
was not sufficiently large to impose the elastic
shakedown state. Considering the experimental
results of [15,17], the fatigue limit for alternating
shear was considered to be the shear yield limit of
the weakest grain. As a consequence the fatigue lim-
its for alternating shear is given by the following
relation:

Fig. 12. Fatigue limit results: (a) computed fatigue limits as a

function of the stress gradient; (b) computed fatigue limits for

different mean stresses.

Fig. 13. Computed fatigue limits related to the common mean

stress rm = 0.
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sTe;�1 ¼ min
gr

sgry ¼ min
gr

rgr
y
ffiffiffi

3
p

� �

¼ 1
ffiffiffi

3
p s0

Smax

¼ 323 MPa ð8Þ

The slope a of the infinite lifetime line [2] can be
achieved in two different ways:

(a) Using the fatigue limits of a reversed bending
associated with the shakedown criterion. This
technique is not accurate, as the values
because the alternate fatigue limits are from
an empiric Gerber law.

(b) By drawing the line through the point [0,b]
and the most critical instant of the stress path
of (i) the homogeneous solution, (ii) the most
critical grain in plastic shakedown or (iii) the
most stressed grain regarding to the values of
mesoscopic shear and pressure.

Taking into account the expected accuracy, pro-
cedure (b) can be tested. The results based on the
threes different points for stress distributions with
v = 300 MPa/mm and v = 1200 MPa/mm are dis-
played in the Dang Van diagram shown in Figs.
14 and 15. It shows the most critical instant of the
mesoscopic stress path for every grain. As one
would expect, the line defined by the grain with
the maximum values of mesoscopic shear and pres-
sure has the smallest slope and represents conse-
quently the most conservative approach. One can
generally remark that the cloud of values computed
using the criterion [2] in each grain is largely spre-
aded and does not permit to draw ay conclusion.
However, the projection over the slip systems in
each grain are a consistent approach and are gen-
erally well placed under the line defined by the

homogeneous computation as one would expect.
Moreover the distance between the homogeneous
solution and the cloud of projection on the slip sys-
tem is increased with increasing stress gradient if the
maximal stress is constant. This is in accordance
with the fact that the mean stress over all grains will
decrease with an increasing gradient.

5. Conclusions

This work presented a numerical fatigue analysis
of specimens using a simplified polycrystalline
model at the mesoscopic/grain scale. The impact
of the applied stress gradient on fatigue was shown
considering the example of a bending experiment.

It was shown that high localization of stresses
causes the failure of the homogenisation assump-
tions as only few grains are exposed to very high
stresses. This failure implies a fundamental change
in the application of fatigue criteria in general and
more particularly of critical plane criterion [2] in
cases of high stress gradient. The results also pro-
vide a physical explanation for critical distances
and notch factors encountered in engineering
practice.

A finer quantitative analysis both at the meso-
and macroscopic level should allow the develop-
ment of a better understanding and ability to predict
fatigue for stress states involving high gradients
such as those found in notched or cracked speci-
mens and bending experiments.

On the one hand side, a direct measurement of
surface strains is actually possible using optical
strain analysis under electronic microscopy could
be used to check a certain number of assumptions
of the presented work.

Fig. 14. Grain critical instants at the computed fatigue limit for

v = 3 MPa/mm and included lines of infinite lifetime in the Dang

Van plot.

Fig. 15. Grain critical instants at the computed fatigue limit for

v = 12 MPa/mm and included lines of infinite lifetime in the

Dang Van plot.
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On the other hand side, the numerical modelling
itself can be also improved by using a more complex
hardening model in the polycrystalline behaviour. It
is also obvious that finer structures like surface
state, grain boundaries, inclusions and impurities
have been completely neglected in this frame setting.

A further drawback is the usage of a simple two
dimensional computation under a plane strain
assumption. The three dimensional computation
does not address a more complex material behav-
iour, but demands a three dimensional measurement
of the grain structure which was not available at the
time of the work. However this could be obtained
sometime in the near future.
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