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Abstract— Photodynamic therapy (PDT) is an alternative
treatment for cancer that involves the administration of a
photosensitizing agent, which will be activated by light ata
specific wavelength. In order to compare different photosen
sitisers for their cytotoxic activity, photophysical parameters
provide good indicators. These parameters are generally &8s
mated one by one fromin vitro dedicated experiments, but
they cannot always predict thein vivo cytotoxic action. So
far, the estimation of photophysical parameters fromin vivo

data sets has never been regarded as a system identification

problem. This paper deals with the practical identifiability of
photophysical parameters. Practical identifiability deak with

have reported some developments in the measurement of
the singlet oxygen concentration through the detectionsof i
luminescence intensity at 1272nm [3], [4]. Moreover, these
developments are still difficult to reproduce in practiceed

in particular to the interlesion and interpatient variato
This paper proposes an alternative approach.

A model of the photoreaction phase is introduced, based
on the kinetics equations describing the type-Il reactions
specific to PDT. The singlet oxygen yield explicitly depends
on photophysical parameters of these photoreactions. In

the uniqueness of the model parameters estimates, given the other terms, these photophysical parameters provide good

experimental data. The practical identifiability approach and
its application to the photoreaction model of PDT are develped
in this paper. It is shown that that the photophysical parameers
involved in the kinetic model of photoreactions are identifable
in a practical framework with only one measurement - the
intracellular photosensitizer concentration, and a wide guare
pulse as irradiation signal.

. INTRODUCTION

indicators to compare the cytotoxic activities of PS. Sq far
the estimation of photophysical parameters framvivo

data sets has never been regarded as a system identification
problem [11]. The objective of this paper is thus to assess th
practical identifiability of photophysical parameters iDP

by using an approach recently reported in [5]. The latter
approach requires the dynamic model to be expressed as a
block diagram implemented into the simulation environment

Ph_otodynamic therapy (PDT) [1], [2], [9] is a th_erapySimulinl@for the symbolic computation of the sensitivity
for displastic tissues such as cancers. This therapy 'Bmlvfunctions.

selective uptake and retention of a photosensitive drug-(ph
tosensitiser, PS) in a tumor, followed by irradiation with
light at an appropriate wavelength. The activatation of the

II. MODELING OF PHOTOREACTIONS
This part is dedicated to the modelling of the main

photosensitiser is thought to produce singlet oxygen &t higetions involved in the mechanism of singlet oxygen pro-
doses and thereby to initiate apoptotic and necrotic defath Suction. A summary of the notations used in the sequel is

tumour.

i
For the PDT application, many different photosensitiser%1
have been developed. It is important to compare the

photosensitisers for their cytotoxic activity. It is gealdy

accepted that the most important mechanism of cell killin

ven in Tab. |, and a list of all the reactions consideredhia t
odelling study is given in Tab. Il. Considering the reagtio

?ﬁesented in Tab. Il and adopting the notations in Tab. I, the
ghotoreaction phase can be described by a nonlinear state-

pace model, defined as follows

is via the production of singlet oxygen. Currently, these

photosensitisers are compared upon some photophysical

properties: (1) the absorption coefficierts of the PS in

the spectral region of the excitation light; (2) the quantum
yield of the triplet state®; (3) the triplet state lifetime

x=f(x,u,t,0)
y=y [S] 1)
x(0) =Xo

wherex, u andy denote the state vector, the input vector and

tr and (4) the quantum yield of singlet oxygen productiony,q o tnut variable (fluorescence intensity) respectjveith
®,. Most of the time, these parameters are determined froQL (1So], [Su, [T, [FO2, O], [M])T andu = (Va,Up,Uo,)
- 9 9 9 ) ) - 9 9 /"

ded|cat_edn vitro _expe_rlments,_a_md unfortunately are ra_relyXO denotes the initial value of the state variable
determined fromin vivo conditions. So far, few studies

1Communication presented in the 29th International Confaeof the
IEEE Engineering in Medicine and Biology Society, Lyon, kea, 2007

an
the time variable.f(-) contains the state equations apd
is the gain of the measurement system (spectrofluorimeter).
All the photophysical parameters are gathereddnThe



TABLE |

NOTATIONS
Symbol Definition Units
Va Rate of photon absorption M.s T
Up Uptake rate of photosensitising moleculgs M-s™T
Uo, Uptake rate of oxygen molecules M.s T
@; Irradiance of the incident light mW-cm?
S Photosensitizer ground state M
S Photosensitizer singlet excited state M
T1 Photosensitizer triplet excited state M
Oz Triplet ground - state oxygen M
1o, Singlet excited - state oxygen M
M] Cellular targets M
TABLE 1l
SUMMARY OF PHOTOCHEMICAL REACTIONS

Photochemical Reaction Rate Constanf  Units

1. S+hva—S Va M-s T

2.5 — S+hve ke s 1

3.9 % kic st

4.5-T1 kisc st

5. T1 — S +hvp ke s T

6.TT—S krs st

7. T1430, = S+10 kr M~1.s1T

8.10,+S —° 0, +S(0) kep M-T.s7T

9. 102 —3 O, +hvy ke s

10.10, -3 0, Knr st

11.10, +M =20, +M(0) Kox M-T.s71T

tum yield of singlet oxygen productio®,, is

kr [202]
kp + krs+ kg [2O2] ) ®)

where®r is the quantum yield of triplet formatiomg., effi-
ciency of energy transfer arlg is the sum of rate constants
from the quenching off; by O, (knowing that bimolecular
reactions such as physical deactivation by molecular axyge
or electron transfer can also compete with energy transfer)
Therefore, determining the parameter values fiarmivo
conditions, we could compare different photosensitizers.

q)A—q)T'%n—GJT'(

IIl. PROBLEM STATEMENT

Considerx(t,®) e R", y(t,0) e R, © € P and u(t) € U.
P andU are two open sets iiRP and RY respectively with
n=6,p=7 andq=3.T is a set of time instants defined by
T={t}, j=0,---,N=1.N, p, g, ndenote the numbers of
observations, parameters, input variables and stateblesia
respectively.xo = X(tp,®) is the fixed known initial state.
Now suppose that a data det(t),y(t)}, witht € T, resulting
from one experiment, is available. The classical identifica
problem consists in estimatin@ from the observed data
(u andy). However, by answering the investigated question,
remains to know if whether or not thie vivo data{u,y}
may be used to estimate the parameters of the model. The
associated underlying problem is the practical identifigbi
of photophysical parameters.

IV. PRACTICAL IDENTIFIABILITY

state equations corresponding to the photoreactions define

in Tab. Il are
I3 — Up (1) + (ke +kic) [St] — keb [202] [S0)
+ (ke + krs) [Ta] + kr [T2] [302] —Val(t)
dsy =V t) — (kF + ke + I(ISC) [S.I.]

iT:ﬂ =kisc[S1] — (ke + krs) [Ta] — kr [T1] [202]

2] _ Uo, —kr [Ty [202] + (k + kor) [102)]

)

d[;?z] =kr [T1] [F02] — (k + knr) [1O2]
—kox[M] [*O2] — kpp[S0] [*O2]
S = —kox[M] [*0,]

The rate of photon absorptio, depends on the (ground-
state) photosensitizer concentration. Conforming to,[VYR]
can be expressed as

0%
N hUA

(S0l ®3)

A

where os is the absorption cross section &, h is the
Planck’s constant anda is the frequency of the incident
light. Therefore, the vector of parameters is given by

O = (ki kp kr kep kisc K kox) (4)

with ks =kr +kic, kp = kp +krs andk = kr + knr.

A. Method

Structural identifiability [11] deals with the possibilitp
give a unique value to each parameter of a mathematical
model structure. The uniqueness of this solution is asdesse
in an idealized or theoretical framework where the process
and the model have identical structures, the data are noise-
free, and where the input signals and the measurement times
can be chosen at will.

However, in practice, experimental conditions are often
subjected to economical and/or technical constraints kwvhic
can sometimes prevent input design from being applied
to the process. Moreover, the number of observations is
often limited to a few data points collected at time instants
{t;}, i =0,---,N—1. In such a case, even if a parameter
is globally or locally structurally identifiable, it may not
be so in practice, due to a lack of information in the
available observations. For that reason, D. Dochain and P.
Vanrolleghem, in [13], [14], have introduced the notion of
practical identifiability. The practical identifiabilityncludes
the quality of the data. The main question of the structural
and practical identifiability analysis can then be formedat
as follows: Assume that a certain number of state variables
are available for measurements; on the basis of the model
structure (theoretical identifiability) or on the basis dfet
type and quality of available data (practical identifialy),
can we expect to obtain unique values for the model param-

The relationship between these parameters and the quaters?. The practical identifiability is just a particular case



of the output distinguishability [12] for a finite collectio
of observations(t;} and a given experimer{ixo,u). Then,
a sufficient condition for the practical identifiability cdoe
stated as follows: given a parametric model structure with
given input signalsl and the initial conditiong,

y(tj, ©,xo0,u) = y(tj,0",Xo,u) = G = O, (6)

Vie{l,---,p}, Vtje TandvO eV (0*) CP. If dO eV (0¥)
with © = ©* +dO, then a first-order Taylor expansion of
y(t,©*+dO,xo,u) is given by

9y
00

p
y(t,©" +dO,xg,u) ~ y(t,0", Xo,u) + Z
i=

doi. (7)
o

V(©*) denotes a parameter neighbourhood. A local approxi-
mation of the practical identifiability condition defined (i) -
is then given by 2

p ay

&5 00

Fig. 1. Block diagram of the photoreactions

do =0=do =0, 8)

o

or C. Application to the photoreaction model

p
Zd@i -§(t,07,xg,u) =0=dO =0, 9) Fig. 1 depicts the block diagram of eq.(2) implemented
i= into the simulation environment Simulifk The initial val-
where S(t,®,xo,u) = dy/d6;|o. denotes the sensitivity UES of the states have been chosen from literature [10].
function of the model outpuy related to the parameter Pi 1S @ Llsquareisllgnﬂ (width: 300 s)ip =0, andUo, =
©;. Equation (9) expresses the linear independence of e - 10 "mol-L==-s™% Nominal values of the physical
vectors S(t,©F) € R™. In other terms, given the input parameters i@ correspond tain vitro values obtained in
u and the initial conditionxo, the parameters are locally Scientific literatures [10], [6]. The numerical rank §§(©)
practically identifiable if the mapping,(t,®;,xo,u), from IS equal to 7, therefore all the parameters are practically

the parameter space to outputs, is one to one [12]. identifiable.
Let S,(©) be the matrix of sensitivity functions, In conclusion, a_II f[he qonsidere_d parameters can be esti-
mated from a realistiin vivo experiment.
$(0) = (S(@1);---,5(Op)) (10)
S(G)" = (S(t1,0),...,S(tn, 0)), (11) V. PRACTICAL IDENTIFIABILITY RANKING OF

. PHOTOPHYSICAL PARAMETERS
where Sy(©;) € R™*™N and S,(©) € RP*™N, The practical

identifiability can be numerically implemented as a null- Knowing the number of identifiable parameters, it is also
rank test of the matrixS,(©). If the rank of S(©) is interesting to sort out the parameters according to their
estimated as significantly null then the model is not locallynfluence ony and their cross-correlation of their sensitivity
practically identifiable. The rank d,(©) can be viewed as functions. Indeed, more a parameter is practically identifi
a practical identifiability degree of a model structure for able, more accurate is its estimate.

given experiment.

. . A. Output itivit ki
B. Sensitivity analysis of block diagrams by computer alge- uipUt sensitivity ranxing

bra The first classification consists in sorting out (in a de-
tscending order) the parameters according to their influence
on the output variable. The comparison criterion proposed
gerein can be defined as follows

Equation (9) also emphasizes the crucial role of sensitivi
analysis in the local assessment of the practical identifiab
A symbolic approach which eliminates the drawbacks of th
finite-difference approximations and the complexity of the dy(0)
automatic differentiation is proposed and implemented int L(Gi) = [$(6)] = ’0—6.
a software:Diffedge® (htt p: // ww. appedge. con ).

It combines a computer algebra system and block diagraméere S,(©;) denotes the sensitivity function f®) with

to compute the derivatives of a Simulink model with respeatespect to the model parametes. Results are presented in
to its independent parameters. The derivative model is al$ig. 2 by a logarithmic diagram. It is shown thkt is the
represented by a block diagram and can be used like ampost significant parameter, wherdasis the least significant
Simulink model. parameter, in the sense of the maximizatiorlLof

; (12)
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Fig. 2. Output-sensitivity ranking
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Fig. 3. Condition numbers spectrum Bf

B. Condition humber ranking parameters are estimated from one 'dynamic’ experiment

In a second step, a new classification is performed by takistead of several 'static’ ones as it is usually the case for
ing into account the cross-correlation between the seitgiti the estimation of quantum yields. The other main advantage
functions. The vectorS,(©;) € RN are sorted out according Of such an approach is to directly estimate the photophysica
to the condition number of a matrix € RN*H wherepy is ~ Parameters im vivo conditions. Future investigations should
the number of identifiable parametes.s iteratively built €xamine the impact of the input design on the condition
up from its first columnz; = S(@Lmax) such that number of the sensitivity matrix and new experiments will

be handled to estimate some photophysical parameters .

OLmax=argma (&) i€ {1, u}. (13)

In other words,X is initialized by the sensitivity fonction [
of the most influent parameter on the output, Bg(kj) in
this case. The other columns @af are chosen among the (21
remaining sensitivity functions and are arranged in such arg]
order that

2 =5/(6;) with: (14) n

O =arg %‘incond(zl,j(ei)) VOi # Ormax  (15)

I

and j € {2,---,u}. Z; denotes thej" column of = 5]
andXyj(0) = [X1,---,2j-1,S(0j)]. Hence,j is selected
among a given number of sensitivity functions in order to[6]
minimize the condition number af, ;. The final arrange-
ment of the sensitivity functions is described by a spectrum
of the condition number o, ; with respect toj. Fig. 3
shows the spectrum of the condition numberszgf with (7]
respect toj. The final ranking of the parameters is given
by the x-axis of this spectrum. It appears tkats the most i8]
identifiable parameter arld is the least one. In other terms,
the estimation okt will be still uncertain than fok;. [

VI. CONCLUSIONS

This article deals with the practical identifiability of the[lo]

photophysical parameters in PDT. In this study, we have
X I S : . A1)

considered realistim vivo constraints: (i) the input signal is
a wide square signal and (ii) there is only one measuremeniz]
the concentration of intracellular photosensitiser. lesth
conditions, it is shown that seven photophysical pararsetey, 5,
are identifiable. This result opens new perspectives concer
ing the estimation of photophysical parameters in PDT. The
main benefit of the proposed approach is a significant redu?!
tion of the experimental cost. Indeed, the seven photophlsi
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