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Gain of Regularity for the KP-I Equation

Julie Levandosky* Mauricio Septlvedal Octavio Vera Villagran?

Abstract

In this paper we study the smoothness properties of solutions to the KP-I equation.
We show that the equation’s dispersive nature leads to a gain in regularity for the
solution. In particular, if the initial data ¢ possesses certain regularity and sufficient
decay as & — o0, then the solution u(t) will be smoother than ¢ for 0 < t < T where
T is the existence time of the solution.

Keywords and phrases: KP-I equation, gain in regularity, weighted Sobolev space.

1 Introduction

The KdV equation is a model for water wave propagation in shallow water with weak dis-
persive and weak nonlinear effects. In 1970, Kadomtsev & Petviashvili [[4] derived a two-
dimensional analog to the KdV equation. Now known as the KP-I and KP-II equations,
these equations are given by

Uty + Ugzgr + Ugg + EUyy + (uu:v)m =0

where € = F1. In addition to being used as a model for the evolution of surface waves [[If,
the KP equation has also been proposed as a model for internal waves in straits or channels
of varying depth and width [24], [§]. The KP equation has also been studied as a model for
ion-acoustic wave propagation in isotropic media [BI]. In this paper we consider smoothness
properties of solutions to the KP-I equation

(Ut + Uggy + Uy + WUy — Uyy = 0, (r,y) €R?* teR (1.1)
u(z, y, 0) = ¢(z, y). (1.2)
Certain results concerning the Cauchy problem for the KP-I equation include the follow-

ing. Ukai [RH] proved local well-posedness for both the KP-I and KP-II equations for initial
data in H*(R?), s > 3, while Saut [BJ] proved some local existence results for generalized
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KP equations. More recently, results concerning global well-posedness for the KP-I equation
have appeared. In particular, see the works of Kenig [[J] and Molinet, Saut, and Tzvetkov
[B0). Here we consider the question of gain of regularity for solutions to the KP-I equation.

A number of results concerning gain of regularity for various nonlinear evolution equations
have appeared. This paper uses the ideas of Cohen [[], Kato [[J], Craig and Goodman [fj
and Craig, Kappeler, and Strauss [§]. Cohen considered the KdV equation, showing that
“box-shaped” initial data ¢ € L?*(R?) with compact support lead to a solution u(t) which
is smooth for ¢ > 0. Kato generalized this result, showing that if the initial data ¢ are in
L*((14 €°®) dx), the unique solution u(t) € C=(R?) for t > 0. Kruzhkov and Faminskii [I7]
replaced the exponential weight function with a polynomial weight function, quantifying the
gain in regularity of the solution in terms of the decay at infinity of the initial data. Craig,
Kappeler, and Strauss expanded on the ideas from these earlier papers in their treatment of
highly generlized KdV equations.

Other results on gain of regularity for linear and nonlinear dispersive equations include the
works of Hayashi, Nakamitsu, and Tsutsumi [[[(], [[1], Hayashi and Ozawa [[J], Constantin
and Saut [{], Ponce [BZ], Ginibre and Velo [{], Kenig, Ponce and Vega [[q], Vera [q], 27
and Ceballos, Sepulveda and Vera [J].

In studying propagation of singularities, it is natural to consider the bicharacteristics
associated with the differential operator. For the KdV equation, it is known that the bichar-
acteristics all point to the left for ¢ > 0, and all singularities travel in that direction. Kato
[[3] makes use of this uniform dispersion, choosing a nonsymmetric weight function decaying
as r — —oo and growing as * — oo. In [[], Craig, Kappeler and Strauss also make use of
a unidirectional propagation of singularities in their results on infinite smoothing properties
for generalized KdV-type equations for which f, .. > ¢ > 0.

For the two-dimensional case, Levandosky [[§] proves smoothing properties for the KP-
IT equation. This result makes use of the fact that the bicharacteristics all point into one
half-plane. Subsequently, in [[9], Levandosky considers generalized KdV-type equations in
two-dimensions, proving that if all bicharacteristics point into one half-plane, an infinite gain
in regularity will occur, assuming sufficient decay at infinity of the initial data.

In this paper, we address the question regarding gain in regularity for the KP-I equation.
Unlike the KP-II equation, the bicharacteristics for the KP-I equation are not restricted to
a half-plane but span all of R?. As a result, singularities may travel in all of R?. However,
here we prove that if the initial data decays sufficiently as x — oo, then we will gain a finite
number of derivatives in x (as well as mixed derivatives). In order to state a special case of
our gain in regularity theorem, we first introduce certain function spaces we will be using.

Definition. We define
XO(R?) = {u: u, &3, Lae LQ(RQ)} (1.3)
equipped with the natural norm. On the space

Rom) = {us gate ) e 2@ (1.4



we define the operator 9;' by 9;'u = -- 4. Therefore, in particular, we can write the norm

of X°(R?) as

l&

0l oy = / 02 1y, + (0 gy | dirdy < +o0 (1.5)

On this space of functions X°(R?), it makes sense to rewrite ([L1)-([:J) as

ut+uxxx+um+uum_8x_luyy:07 ("L‘a y) eRza teR (16)
u(z, y, 0) = ¢(z, y) (1.7)

and consider weak solutions u € X°(R?).
Definition. Let N be a positive integer. We define the space of functions X~ (R?) as follows
2
XN = {u s u € L*(R?), FY(¢&%u) € HY(R?), F! (% a) S HN(RQ)} (1.8)

equipped with the norm

||u||§(N(R2) = / U + Z u:m::v (aaag?luyy)2] dx dy < + 00 (19)
R? la|<N
where a = (o, ag) € ZT X ZT and |a| = oy + as.

Gain of Regularity Theorem. Let u be a solution of (.G)-(I.7) in R? x [0,T] such that
u e L>*([0,T]; X' (R?)) and

sup / [u® + (Ohu)® + (1 + 21) " (0ku)? da dy < +o0 (1.10)
0<t<T JR2

for some integer L > 2. Then

sup / t\a|—L(:L,iL_|Oé‘—Oé2+ oT_ / / t|o¢\ L 2L || —ca— 1+ oTr_ )(aaux)Z < 00,
0<t<T JR2 R2

for L+1<|a|<2L—-1,2L — |a| —as > 1, 0 > 0 arbitrary.

Remarks.

(1) If we consider |a] = 2L — 1 above, then a@ = (2L — 1,0) in which case the result states

that
sup / tL_l({E++60 82L 1 / / tL 1 1+ ox_ )(aZL )
0<t<T JR2 R2

In particular, this result shows a gain in L derivatives in x.
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(2) While we gain z derivatives and mixed derivatives, we do not gain pure y derivatives.
However, we do not require any weighted estimates on 8yLu. In addition, we do not
require any weighted estimates on u. The results on the KP-II equation include gains
in pure y derivatives, but also require weighted estimates on 0yLu.

(3) The assumptions on u are reasonable and shown to hold in section 6.

The main idea of the proof is the following. We use an inductive argument where on each
level |a|, we apply the operator 0% = dg*d;? to ([.G), multiply the differentiated equation by
2f,0% where f, is our weight function, to be specified later, and integrate over R%. Doing
so, we arrive at the following inequality

o, / FOu)?+3 / Fo(0%u,)? < / Fo(0°0; M )?

+/[ft+f:v:m+f:v](8au)2—|— ‘Q/f@au)aa(u%) (1.11)

where [ = [, dzdy. Assuming f, > 0, the second term on the left-hand side has a positive
sign, thus allowing us to prove a gain in regularity. We notice that the first term on the
right-hand side is of order |a|. By choosing appropriate weight functions for each «a, we
have a bound on that term from the previous step of the induction. After proving estimates
involving the nonlinear term on the right-hand side of the equation, we apply Gronwall’s
inequality to prove the bounds on the terms on the left-hand side of the equation.

The plan of the paper is the following. In section 2 we show the derivation of ([[.I]]). In
sections 3 and 4 we prove an existence result showing that for initial data ¢ € X (R?) there
exists a smooth solution u € L*°([0, T]; XV (R?)) for a time 7' depending only on ||¢||xo. In
section 5 we prove estimates for the terms on the right-hand side of ([.I1). In section 6 we
prove a priori estimates showing that the solution u found in section 4 also satisfies ([L.10])
for the same time 7T as long as

[+ @op + (142 @E0P) < .

Once we have found the solution u in the appropriate weighted space as well as bounds for
terms on the right-hand side of ([[I7), in section 7, we can state and prove our main gain
in regularity result. This proof uses an inductive argument along with the main estimates
proven in section 5.

Choice of weight function. We will be using non-symmetric weight functions. In
particular, we will be using weight functions f(z,t) € C* which behave roughly like pow-
ers of x for x > 1 and decay exponentially for x < —1. We define our weight classes as follows.

Definition. A function f = f(x, t) belongs to the weight class W, ; if it is a positive C'*
function on R x [0, 7] and there are constants ¢;, 0 < j <5 such that

O<e <t ke o%flz,t)<cy, Va<-—-1, 0<t<T. (1.12)
O<cz<tFaif(x,t)<cy Va>1 0<t<T. (1.13)
| Of |+ 10f)/f<es V(x,t)eRx[0,T], VreN. (1.14)
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Thus f looks like t* as t — 0, like 2 as * — +oo and like e°% as  — —oo0.
Before proceeding, we introduce some other function spaces we will be using.

Definition. Let N be a positive integer. Let f[iV(ka) be the space of functions

HYW, i) =S v:R2 =R |[v] ):/Z[(Oav)2+f|8ivv|2]<+oo (1.15)

ﬁév(woik:
lal<N
with f € W, ;. fixed.

Remarks.

(1) We note that although the norm above depends on f, all choices of f in this class lead
to equivalent norms.

(2) The usual Sobolev space is H"(R?) without a weight.

Definition. For fixed f € W, ; define the space (N be a positive integer)

L*([0, T] : HY (Wyix))

T
= {o 05 Wl oy = [ G DM,y < 00 } (110

0

L2([0, T): HY Wy k)
= {v(x, Yo 1) 0l ooy i (v, 4 ) = SUP ||v(-,-,t)l|ﬁ;v<wm><+OO}(1-17)
tel0, T
For simplicity, let

Zp = X' (R (VHEWo o). (1.18)

With this notation, Z;, consists of those functions u such that

s, = [0 e 0 w5 0+ 3 @) Ok dody (119

lo] <L

for some f € Wy .

We now state a lemma describing one of the types of bounds we will be using for our a
priori estimates.

Lemma 1.1. Forp, ¢ > 1, %—l—% <1, u € L*(R?),

1/2
lulliwge < e ([ 114160+ ) a2 dean) (1.20
R

>



Proof. The proof follows from writing u in terms of its inverse Fourier transform and using
the fact that

1
— _dfdn< 400
/Rz T+ g+ e >

for p, q satisfying our hypothesis. O

In particular, we have:
1/2
|[ul| o2y < € (/ (v + ul, +ul ] de dy) : (1.21)
R2

2 Main Equality
We consider the KP-I equation

Up + gy + Uy + WUy — Oy My, =0, (2,y) ER?, tER
u(z, y, 0) = ¢(x, y).

Lemma 2.1. Let u be a solution of (R.1)-(B.2) with enough Sobolev reqularity and with
sufficient decay at infinity. Let f = f(x,t). Then

—~~
oo
N =

o [ f(0%uw)?dx dy + / g (0%uy)? dx dy
RQ

R2
+/ 6 (0%u)? dxdy+/ 0, (0°0; 'u,)? d;z:dy—i—/ R,dxdy =0 (2.3)
R? R? R?
such that
0 = _[ft+fmmm+fx]
01 = = fx
R, = 222(0‘1)( ) £ (0%u) (9105u) (0 "0 ™).
n=0 m=0

Proof. Applying the operator 9* to (R.1]), we have
Ut + 0" Uy + 0%y + 0% (wu,) — 0“0, 'y, = 0.
Multiplying by 2 f ®u and integrating over R?, we have
2 / f(0%) (0%u); + 2 / [ (0%) (0%Uszs) + 2 / f(0%) (0%uy)
42 / F(0%0) 0 () — 2 / F (@) (%0 "uyy) = 0.
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Each term in (.4) is calculated separately integrating by parts

/f (6°u) (8*u) t_at/f (6°u) —/ﬁ(a@u)2
2 [ 1 @0) 0" asa) =3 [ 200 = [ Fons @
2 [ £ @) @) = - [ 1. 0"

—2 / £ (0%u) (0°0;  uyy) / o (0707 )

2 / F(0°u) 0%(uuy) = 2 a_ aj (‘j‘;) (OT‘:) / f(0%u) (D1 w) (903" ).

n=0 m=0

Replacing in (2.4) we obtain

o [ Forwt s [ 0wy

/[ft+fxxx+fx /fx 8048 Uy
v QZIO O{ZQO (&1) (aQ) /f 8a 8"8;%) (a‘x)‘l'i‘l—na;m—mu) —0.

Therefore, we obtain the Main Equality,

9, / F(0°u)? +3 / fu (0°u,)? + / 0 (9°u)? + / 0, (070 u,)? + / R.=0

such that

‘91 = - f:v
Ry = 2) ) <f‘;) <‘:§) £ (0%u) (930yu) (05" 002 ™).
n=1 m=1

3 An a priori estimate

In section four we prove a basic local-in-time existence theorem for (R.I))-(R.3). The proof
relies on approximating (R.I]) by a sequence of linear equations. In this section, we prove



an existence theorem for linear equations as well as an a priori estimate on those solutions
which will be necessary for our main existence theorem in the next section.
We begin by approximating (B-1)) by the linear equation

uﬁ") ol 4 4o (D g am—luéz> — (3.1)

rxrxr T

where the initial condition is given by u™(z, y, 0) = ¢(x, y) and the first approximation is
given by u(%(z, y, t) = ¢(z, y). The linear equation which is to be solved at each iteration
is of the form

Ut + Uz + Uy + bty — O, My, = 0. (3.2)

where b is a smooth bounded coefficient. Below we show that this equation can be solved in
any interval of time in which the coefficient is defined.

Lemma 3.1 (Existence for linear equation). Given initial data ¢ € H*(R?) = (s H" (R?)
and 9, dyy € Ny HY (R?) there exists a unique solution of (BF). The solution is defined
in any time interval in which the coefficients are defined.

Proof. Let T'> 0 be arbitrary and M > 0 be a constant. Let
L=0+0}+0,+b0,— 0,0

be defined on those functions u € X°(R?). Recall that u € X°(R?) means u, Uy, ’2—2ﬁ €
L*(R?*). We consider the bilinear form B: D x D — R,

T
B(u, v) = (u, v):/ / e Mty vdr dydt
0o Jr2

where D = {u € C([0, T] : L*(R?)) : u(z, y, 0) = 0}. By integration by parts, we see that

1 1
/Cu-udxdy = —at/ quxdy——/ b, u? dz dy
R2 2 R2 2 R2

1 1
> —3,5/ u2dazdy——/ cu? dzx dy
2 R2 2 R2

We multiply by e ! and integrate in time to obtain for u € C([0, T] : X°(R?)) with

u(x, y,0) =0

(Lu, u) > e_Mt/

RQ

uw?dx dy + (M — ¢) / e Mty? de dy. (3.3)
RQ

Thus, (Lu, u) > (u, u) provided M is chosen large enough. Similarly, (L*v, v) > (v, v)

for all v € C([0, T] : X°(R?)) such that v(z, y, T) = 0 where £* denotes the formal

adjoint of £. Therefore, (£*v, L*u) is an inner product on D* = {v € C([0, T| : X°(R?)) :

v(z, y, T) = 0}. Denote by Y the completion of D* with respect to this inner product.

By the Riesz representation theorem, there exists a unique solution V € Y, such that for

8



any v € D* (L*V, L*) = (¢, v(z, y, 0)) where we used the fact that (¢, v(z, y, 0)) is a
bounded linear functional on D*. Then w = L*V is a weak solution of Lw = 0, wy = ¢ with
w € L*(R? x [0, TY)).

Remark. To obtain higher regularity of the solution, we repeat the proof with higher
derivatives included in the inner product. It is a standard approximation procedure to ob-
tain a result for general initial data. O

Next, we need to introduce a new function space. Let
Zy¥ ={u: uwe L0, T] : HNTNT(R2)) w, € L=([0, T]: HY(R?))} (3.4)

where H(@1:22)(R?) = {u : u, 0% u, d92u € L*(R?)} with the accompanying norm

iy = swp [ (s Y (@ + @] |+ [ i+ 3 @) @)

2
telo. 7l §I=N R iI=N

Using this function space and the linearized equation (B.]), we consider the mapping II :
ZN — ZX such that u™ = II(u"V) and our first approximation is given by u(®(z,y,t) =
¢(x,y). In Lemma 3.2 below, we show an a priori estimate which will be used on our se-
quence of solutions {u(™} in our main existence theorem in section four.

Lemma 3.2. Let v, w be a pair of functions in ZY for all N and all t > 0, such that
v, w are solutions to

Vg + Vpgy + Vg + WV, — 0;111% = 0. (3.6)
Then for all N > 0, the following inequality holds:
lollZx < [loC-, - O ovssvemggey + oy - O[Fngey + ctllwllzx [[vllZy (3.7)
for allt > 0.
Proof. We will show that for each j, || >0 and 0 <t < t,
at /[ (ajv< EERE) ’{))2_'_(8]89?;@( EERRE) ’{))2 + (a]azv( EER) ’{))2 + (8jvt< EER) ?))2]
< elfwl] gy [oll-
We begin by taking j derivatives of (B.§). We have
I+ Py + P, + F (W) — &I, My, = 0. (3.8)
Multiply (B-§) by 2&’v and integrate over R%. Hence

at/@jv(.,.,%“))? < ¢ /aﬂ(wvx)(ajv)

< ’/[(af'w)vm bt ow (@) ()]
9




The remainder terms can be bounded as follows:

. . ‘ 1/2 ‘ 1/2
[Jown@n)] < ol ([@or) ([e0)
1/2
< o e+ +d1) ollmos lollie
< 2

¢ [[wll gt 101151

< ' [ @y

el [ (@)

1/2
c [w? +w?,, +w? ] / [v][2);
x TTT Ty le\

¢ [[wl] gt [ol]

and

[w@ o

IA

IN

IA

2 .
Zl]"
Therefore, we obtain

0 [(@(- - D < clfull ol

Next, we take three x derivatives of (B§), multiply by 2 #v,,, and integrate over R Our
inequality becomes

) / Dty < / CICTRIRYE 2

+c

<c / O (W 02) (F )

/ 6j(wm Vsa) (8j V)

+ c +c

/ O (1 Vaa) (P
<L+ 1L+ I3+ 1.

/ & (W Vgrz) (8 V)

10



We will look at terms I, k =1, 2, 3, 4 below. For I; we have

' [ @

— '/[aﬂ‘wm)vx (P Vpae) + - oo+ Wage (0,) (6’jvm)]'

<
' 1/2 ' 1/2
bt 0l ([ut)  ([@ o)
< lollzo llwll gyt [[0ll g+ - 4 1[ol] o o]l zg 01l
S 2

¢ [[wll gt ol

For I,

' [0 00) @0

_ ‘ JUO ) s+ 00 (0000) | @)

To bound these terms, we will use the following anisotropic imbedding in [B]. For 2 < n < 6,

(/R? |U|n) " < (/RQ[uz +ul + (8;1%)2])1/2. (3.9)

We will look at the most difficult terms to bound below.

‘ [@ 0.0 ver @02

(@) " () " (/ (aﬂ‘vmf)m

< (/[(8j Wa)? + (& W) + (& wxy)Q])1/2

X (/[(vxz)Q + (Vggw)® + (vxy)2])1/2 (/(&%m)?) 1/2

[Tl g oI,
t Zt

IN

IN

11



while,

' / Wag (O 0r0) (0 0s)
/ Waze (P Vgs)?

< o) (fror)”

< cllwllg (/[(8%3”3)2 (P vam)? + (8%%)2])1/2

< clwl] g [foll

= C

2 .
Zz‘tj‘
For I3,

‘ / O (13 Viz) (F V)

- ‘/[(aﬁ‘wm)vmﬁ ot W (Y Vage) ] (8 V)

A 1/2 ‘ 1/2
< ||a]wz||L°°(R2) (/ vim) (/(ajvxm)Q)
A 1/2
b ooy @)
< cllwll g lfozg [[ol] o + - - +C||w||zg||v||zztm
<

elfwl] g [0l

Lastly, for Iy,

[ #00t0002) 970200 = ] 100 vt -+ 0 )] @)

The first term is handled below. If j = (0, 0), then

/(8jw) VUpxxx (a]vxxx) / W Vggrx Vo

/wll? Uia:a:
2
clluallimge [ i)

< elluwll 1ol

‘ 1/2 ‘ 1/2
||aJwHL°°(R2) (/ v?)g)g)g)) (/(ajvmmm)2)

< wll gy 101

= C

IA

A\

while, if [j| > 0, then

IN

' -

A

12



The last term in I, is handled below

= C

' / 0 (P V) (P

/ Wy (Y V)

< C||w$HL°°(]R2) (/(ajvx:m:>2)
< clfwllg [l
S 2

cllwl] gt 1011151

Consequently, we conclude

O [ (0vane)? < cllul] ol

Next we take two y derivatives of (B:§), multiply by 2 (#’v,,), and integrate over R?. There-
fore, we have

o [@ ) < | [0, @)

<ec /8j(wyy Vg + 2Wy Uy + W V) (7 0y,)

+c

< | [ 0n) @u)| +e| [0(0,00) @0

+c

/8j(w vay) (ajvyy)
< I5+ Ig+ I

First, we look at I5,
’/8j(wyy Uy) (ajvyy)

_ ' / [(@0y) 00+ - + 10y (D0,) ] (D)

1/2 1/2
< cllulliem ([ @u,2) ([@u)
1/2 1/2
+o || ey (/wjy) (/(%yy)Q)

cllollz llwll gt [[ol] gt -+ cloll g [lwll 2o

IN

2
EHE
Zt

IN

cllwl] ot [[o]]
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For I,

[ ) @)

_ '/[(8jwy)vxy+ co A wy (Pugy) ] (o)

A 1/2 A 1/2
< clfwyl| oo w2y (/(&vxy)Z) (/(8vay)2)
' 1/2 . 1/2
+ . 4 c||Pwy|| L m2) (/viy) (/(@M;yyf)
< cllwlf g l[ollze [[oll gor + -+ ellwllz [[ol]zg
< clfw]] ||UHQZtm-

Lastly, for I,

[ 0w @0

_ ’ / (@) tayy + -+ (D) | (Pyy)

We will look at the first and last of these terms below. The rest of these terms are handled
similarly. For the first term, if 7 = (0, 0), then we have

/ W Vg Uyy
2
/ W, vy,

[0 @)

= C

< c||wm||Lm(R2)/v§y
< C||w||zg||v||22tm,

while for |j] > 0,

A 1/2 A 1/2
S . ( / ) ( / <8vay>2)

[Tl g 0]
t Zt

[ @,

R / (070,,)?

[@0) 000 @)

VAN

The last term for I is bounded as follows,

= C

[0 @) @)

IN

IN

elfwl] gt [0l



Now apply one t derivative to (B.§), multiply by 2 (#’v;) and integrate over R?. We arrive at
the following inequality,

8t/(0jvt) < c

J@ @)

< ¢ /W(wtvx) (Pv)| + ¢ /W(wvxt) (th)dxdt‘
= Iy + L.
For Iy, we have
’/8j(wtvx) (Hvy)
< ¢ /(ajwt)vx (Pv)|+ ... +c /wt (P v,) ()
A 1/2 ‘ 1/2
< cl|v] e r) (/(&wt)?) </(8Jvt)2)
A 1/2 ‘ 1/2
4+ ... 4+ ||a]’l}x||Loo(]R2) </(wt)2> </(831)t)2)
< cllllzp [lwll g l[oll o + -+ ellvll g [wllzg o]l 5
< C||w||Ztm||v||QZtm-

Next we look at I;g. If j = (0, 0), we have

'/wvxtvt

|

< ol [ o2
< clwl] g 1ol
If 7 # (0, 0), we have
'/y(wvmt) (dv)| =c /(8jw) Vgt (T 0g)| + .

+c

[ @ 0@

= lio(a) + ... + Iip(a).

Now for I1g(a), we use the following estimate

‘ 1/2 ‘ 1/2
< cl|Pw||poo(re) </v§t> </(8Jvt)2)

c[wl] a1 [0

[0 o)

A

2 .
Z)‘P‘ :
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While for I1o(a), we use the following estimate

= C

[w@ @)

/wm (@ vy)?

¢ ||wa| Lo (r2) /(8jvt)2

2
|31+
Zt

IN

IN

c[wl] g [[ol]
Therefore, for 0 < t< t, we conclude that

at /[(8%)( BRI 5)2 + (ajvﬂcm:( PR %V))Q + (ajvyy( I 5)2 + (ajvt( R %V))Q]

2

< clfwll gt llvllZ-

Integrating with respect to ¢, we obtain
oIl < ToC-s -5 O rarsen ey + 105 -5 Oz + el gy lloll,

as desired. O

4 Uniqueness and Existence of a local solution
In this section, we will prove that for ¢ € X (R?) there exists a unique solution of (R.1])-

(B2) in L=([0, T] : XN(R?)), where the time T" depends only ||@||xowz). First we prove
uniqueness of solutions.

Theorem 4.1 (Uniqueness). Let ¢ € X°(R?) and 0 < T < +oo. Then there is at most
one solution of (B1)-R32) in L>([0, T] : X°(R?)) with initial data u(zx, y, 0) = ¢(z, y).

Proof. Assume that u, v € L>([0, T] : X°(R?)) are two solutions of (B1])-(B.2) with
ug, vy € L°°([0, T) : L*(R?)), so all integrations below are justified and with the same initial
data, in fact, with (u — v)(z, y, 0) = 0. Then

(u =)+ (U= V) gzr + (U —0)s + (Wt —vv,) — 0, (u—v),, = 0. (4.1)

By (1),
(U =)+ (U= V)ggr + (0 —0)p + (u—0)uy + (u—v)yv — 8, (u—v)y, = 0. (4.2)
Multiplying (f32) by 2 (u — v) and integrating with respect to (z, y) over R?,
2/(u—v)(u—v)t+2/(u—v)(u—v)m$+2/(u—v)(u—v)$ (4.3)
+2/(u—v)2ux+2/(u—v)(u—v)wv—2/(u—v)8;1(u—v)yy:0.
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Integrating by parts each term in (f.3) we obtain

8t/(u—v)2 - —2/(u—v)2ux+/(u—v)2vx

< C(HU:BHLOO(RQ)+||'Ux||Loo(R2)) /(u—v)2
< c(||u||X0(Rz)+Hv||X0(R2))/(u—U)2 (4.4)

Using Gronwall’s inequality and the fact that (u—v) vanishes at ¢ = 0, it follows that u = v.
This proves the uniqueness of the solution. O

Now we consider existence of solutions to (B-])-(B-3). Our plan is to show that for ¢ €
XN(R?) there exists a solution v € L*>([0,T] : XV (R?)) for a time T depending only on
||¢||x0. In order to prove this we must first prove a preliminary result by introducing the
following function space. Let

2
YN (R?) = {u U Usgas Uy, %a € HN(]RQ)} (4.5)

with the accompanying norm

HUH%(M:/ Wt Y (P aen)® + (0, 0 uy,)* + (uyy)*] | dudy (4.6)
R2

l7I<N

where j = (a1, as) and |j| = a; + as. We will begin by showing that, for ¢ € Y (IR?), there
exists a solution u of (2.I]) such that u € L>=([0,T] : YV (R?)) for a time T depending only
on ||¢||yo. Then we will prove a differential inequality of the form

3/2
at (/ u2 + ugzcxx + (8;1uyy)2) S (/ u2 + uazcxx + (8;1uyy)2) )

to show that in fact the solution u obtained in Theorem 4.2 is in L*([0,T"]; X°(R?)) for
a time 7" depending only on ||¢||xomre). With these ideas in mind we state our existence
theorem.

Theorem 4.2 (Existence). Let kg > 0 and N be an integer > 0. Then there ezists a time
0 < T < +o0o depending only on ko such that for all ¢ € YN(R?) with ||@||yome) < ko there
exists a solution of [B)), u € L*® ([0, T]: YN(R?)) such that u(z, y, 0) = é(z, y).

The method of proof is as follows. As discussed in section 3, we begin by approximating
(BJ)) by the linear equation (B-1). We construct the mapping

:zN — zZN
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where the initial condition is given by u((x, y, 0) = ¢(x, y) and the first approximation
is given by u®(z,y,t) = ¢(x,y). Subsequent approximations are given by u(™ = II(u(1)
for n > 1. Equation (B.]]) is a linear equation which by Lemma 3.1 can be solved at each
iteration. We show that the sequence of solutions {u(™} to our linear equation is bounded
in L>([0,T]; Y°(R?)) for a time T depending only on ||¢||yo. We then show that there
is a subsequence of solutions to our approximate equations which converges to a solution
u € L*([0,T]; Y°(R?)) of (). Lastly, we show that if ¢ € YN(R?) for N > 0, then our
solution u € L*([0,T]; YV (R?)) where the time T’ depends only on ||¢||yo.

Proof. Tt suffices to prove this result for ¢ € (s, HY (R?) and 9, ¢y, € Nyso HY (R?).
We can then use the same approximation procedure as before to prove the result for general
initial data. Let u(™ be a solution of (]) with initial data u(™(x,y,0) = é(z,y) and where
the first approximation is given by u”)(z,y,t) = ¢(z,y). By Lemma 3.2, we know that

2 < 1, -, O ay + (- O)lEageny + et u Dl [, (47)
Further, using the fact that ||¢||yo < kg, we have
(. . o) . )2
s Ty H3,2) (R y T
[t ( Wiz @2y + 1w ( N2z me)
frnd ||’U/(n)<.7 :, O>||§‘I(372)(R2)

+/[u§:7;:)ar<7 7O>+u§:n)<7 7())_6;1,“3(/7;)(7 7O)+u(n_1)(7 ’O)an)(’ 70)]2

IN

161 2o + / (62 + B+ (0726,)2 + (6 62)°]
< Clgl[Fomey < Cks,

where C' is independent of n. Define co = ($k3 + 1) . Let T{™ be the maximum time such
that [[u®]|,0 < ¢ for 0 <t < Ty", 0 < j < n. That is

TO(") = sup{t € [0, To(n)] : ||u(j)||Z§ <¢ for 0<j<n}
Therefore,

a1 < W Ol + 110”5 O)lagea) + et ez N1

< Ckj+ctc. (4.8)

Claim: TO(") does not approach 0.

On the contrary, assume that TO(") — 0. Since [[u™(-, -, t)||zo is continuous for ¢ > 0,
there exists 7 € [0, T such that ¢g = [[u) (-, -, 7)||z0 for 0 < 7 < T{™, 0 < j < n. Then,
by (E.§) we have

cg < Ckg+ cTO(") cp. (4.9)
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As n — oo, we have
C ? C?
(§k§+1) <Cki = Ik§+1§0 (4.10)

which is a contradiction. Consequently TO(") # 0. Choosing T' = T'(¢y) sufficiently small, and
T not depending on n, one concludes that

uM|2e<c for 0<t<T. 4.11
Zt

This show that Té") > T. Hence from ([[.T1]) we see that there exists a bounded sequence of
solutions u(™ € Z% and therefore a subsequence u(™) = u(™ such that

u™ S weakly in - L([0, T] : H®?(R?))

u™ Xy, weakly in L([0, T) : L*(R?)).

Therefore, by Lions-Aubin’s compactness theorem there is a subsequence u(") = «(™ such
that u™ — u strongly on L>=([0, T] : H._.(R?)). Now it remains to show that each term

loc
in (B]) converges to its correct limit. First, ul%h - ., weakly on L=([0, T] : L2(R2)).
Similarly u(™ — u, and ul” — wu, weak* in L*([0, T] : L2(R?)). Now we will show that
the nonlinear term converges to its correct limit. First, u™Y — u strongly in L>=([0, 77 :

H} (R?)). Moreover, ui"™ " = weakly in L®([0, 7] : L2(R?)). Therefore,

loc

u™ D ul™ N, weakly in ([0, T] : L*(R?)).

xT

Consequently;,

0, ul) = ul™ + ul™ 4 ul 4 0™ (4.12)
Uy + Uggg + Up + uug,  weakly in L]0, T] : L*(R?)). '

But, also note that

ul™ o, weakly in - L([0, T] : L*(R?)).

vy

Therefore

8;1%’;) 50 uy, weakly in - L2°([0, T) : L*(R?))
and consequently u is a solution to (R.1]). Now, we prove that there exists a solution to (2.1)
with u € L>([0, T] : YN (R?)) for the time T chosen above. We already know that there is
a solution u € L®([0, T] : Y°(R?)). Therefore, it suffices to show that the approximating
sequence u™ is bounded in Z and thus, by the convergence arguments above, our solution
wis in L=([0, T] : YN(R?)). Again, by Lemma 3.1, we know our linearized equation can

19



be solved in any interval of time in which the coefficients are defined. Therefore, for each
iterate, ||u®™|| zn s continuous in ¢ € [0, 7. By Lemma 3.2, it follows that

]2 < (-, - O owss, won

™ (- - 0) Frwgaey + et [lu g [lu] (4.13)
On the other hand, as before and using ||¢||y~ < ky we obtain
||u(n)( BERR 0)||§{(N+3’N+2)(R2) + ||utn)( EER 0)||§{N(R2) S Ck/i]2\77

where ky is independent of n. Define cy = (£ k% +1). Let T](V") be the largest time that
||U(j)||ZtN <ecyfor0<t< T](V"), 0 < j <n. That is,

T = sup{t € [0, "] - ||u(j)||th <ecy for 0<j<n}.
Therefore, for 0 <t < T](V"),
™[5y < CkY +ct el (4.14)
Claim: T](V") does not approach 0.

On the contrary, assume that T](V") — 0. Since [|[u™(-, -, t)||zy is continuous for ¢ > 0,
there exists 7 € [0, T] such that cy = |[ul?(-, -, 7)|[zv for 0 < 7 < T, 0 < j <n. Then,

by (EI4) we have
e < Cky+ cT](V") e (4.15)

As n — oo, we have
C ? c?
<§k]2\,+1) <Cky = ij‘VJrlgO (4.16)

which is a contradiction. Consequently T](V") -+ 0. Choosing Ty sufficiently small, and Ty
not depending on n, one concludes that

||u(")||QZtN <c for 0<t<Ty. (4.17)
This show that T](\?) > Tx. Now, let
Ty =sup{t € [0, Tx]: uwe ZN}.

We claim that 7% > T and therefore, a time of existence can be chosen depending only on
||¢||yo. By Lemma 3.1 the linear equation (B.I]) can be solved in any interval of time in which
the coefficients are defined, and thus 7% > T. t
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Now we want to improve our existence theorem. In particular, we want to show that the
solution w € L*°([0, T] : YV (R?)) found in Theorem 4.2 is in L>([0, 7"] : XV (R?)) for a
time 7" depending only on ||¢|| xog2). In order to do so, we first prove a differential inequality.

Lemma 4.3. Let u be the solution to our main equation in L>=([0, T| : YN(R?)). Then
for any 0 <t < T, we have

at/ Wt S (P ttgae)? + (0 (95 uyy))?] | dr dy
R2 .
l7I<N
3/2

< ¢ /]R P4 S [P ttaea)? + (0, uyy))?] | dudy| (4.18)

l7I<N

Proof. We use a priori estimates on smooth solutions w. Multiplying (R.I) by u and inte-
grating over R?, it is straightforward to see that the L?(R?)-norm is conserved. Therefore,
we only need to show that

0 [ 3 (@ uase) + (00, )]
l7I<N
3/2

= / 24 S [P r)? + @O u)?] || (4.19)

l7ISN

We consider the case j = (0, 0). The case j # (0, 0) is handled in a similar way.

Applying 92 to (B.]) we obtain

Multiplying (f20) by 2 4., and integrating over R? we obtain

+ Z/umm (U Ug) g — 2/umm Ugzyy = 0. (4.21)

Using in (f.2])) straightforward integration by parts, we obtain

R2
1/2
R2

3/2
< ¢ (/W Fu 4 (amlugy)ﬂ) |

21
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In a similar way, but now apply 9, '9; to (21]) instead of 9 and multiply by 2 9; 'u,, instead
of 2 Uy, we get

o [0 u
[ @ )| = | [l u 1210, )
/ e (0 )| + ’ / y (0 ty)

1/2 1/2
< dlullime [0+ ([u) ([0 0?)
1/2
< dllllomer [0 w2+ ( [14,+ 0u) ([ @ un?)

3/2
< o fle e @)

The lemma follows. O

< ¢

=C

< c

Corollary 4.4. Let u be the solution to (1)) with initial data ¢ € Y™ (R?). Denote by
0 < T < +oo the life span of this solution in Y (R?). Then there exists 0 < T" < T, de-
pending only on the norm of ¢ € X°(R?) such that u € L=([0, T"] : XN (R?)).

Proof. Let

) = [0 3 @) + @0, )] | drdy = v

7SN
Using ([E1§) we have K/ (t) < ¢ [h(t)]*/%. Integrating this inequality with respect to ¢, we
obtain that h(t)'/? < ¢/(h(0)~'/2 — t) and therefore, we get a lower bound on the time of
existence of h(t) depending only on h(0). O

Corollary 4.5. Let ¢ € XN(R?) for some N > 0 and let ¢™ be a sequence converging
to ¢ in XV (R?). Let u and u™ be the corresponding unique solutions, given by Theorems
4.1 and 4.2 and Corollary 4.4, in L>([0, T] : XN (R?)) for a time T depending only on
sup,, ||| xomz). Then

u™ Xy weakly in - L°([0, T] : XN (R?)). (4.22)

Proof. By assumption u € L>*([0, T] : X"(R?)), then there exists a weak* convergent
subsequence, still denoted u™ such that

u™ Sy weakly in - L([0, T]: XM(R?)) — L=([0, T] : H'(R?)).

Moreover, by equation (B), u™ € L*([0, T] : XN (R?)) implies u{"” € L>([0, T] : L2(R?)).
By The Lions-Aubin compactness theorem,

u™ — u strongly in  L=([0, T] : H/?(R?)).

loc
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Now we just need to show that each term in (R.]) converges to its correct limit, and ugn) — Uy
for u € L>([0, T] : XV(R?)).

The only thing we need to show is that the nonlinear term converges to its correct limit,
namely that u™ u{” — wu,. We know that ul” = u, weakly in L>([0, T] : H'(R?))
and u™ — wu strongly in L>([0, T] : Hllo/f(Rz)). Therefore, their product converges in
L*([0, T] : L},.(R?%). Clearly, the linear terms also converge in L*([0, T] : L} .(R?)) and

(R?)). The proof follows. O

loc
therefore, we conclude that u{™ — w, in L2([0, T] : LL,

5 Estimate of error terms

In this section we prove the main estimates used in our gain of regularity theorem.

Theorem 5.1 Let L > 2. For u a solution of (2.1), sufficiently smooth and with suffi-
cient decay at infinity,

T
sup /fa(ﬁau)2+/ /ga(ao‘ux)2 <C (5.1)
0<t<T 0
for L+1 < |a] < 2L -1, 2L — || — ay > 1, where fo € Woar_jaj-asjal-L: Ga €
Woor—ja|—as—1,ja|-L and C depends only on ||u||x: and

sup [ £,y (5.2)

0<t<T

A?/%@MQQ (53)

where v = (71,72) € Z¥ X Z*, |y| < el = 1, [ € Wor—jy|—anl-L: 97 € WoaL—|y|—a—1,1|-L
for|y| > L, 2L — |y| — v > 1 and f, € Wo0,9y € Wory—1,0 for 0 <|y| < L.

The idea of the proof is the following. For a given « satisfying the hypotheses above,
we choose a weight function f, ~ tl*l=Lg?l-lel=e2 for o > 1 and f, ~ tl*l=Le?® for & < —1.
Then with this choice of weight function, we apply the operator 9* to (B.I), multiply by
f20%u and integrate over R? to obtain the main equality stated in (R.J). In this theorem, we
bound the last three terms on the left-hand side of (£.3) by terms of the form (p.9) and (5.3).

Proof. For each o we apply the operator 0% to (2.1), multiply our differentiated equation
by 2f,(0%u) where we take

folz,t) = / Ga(2,t)dz for go € Woar_jal—as—1,jal~L (5.4)

and integrate over R? x [0,¢] for 0 <t < T. As stated in Lemma 2.1, we arrive at our main
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equality

0 [ 1007 +3 [ = [+ Feduwe + (2100
- / (fo)z (00, uy)? + 2 / Fa(00)0% (wuy) = 0.

Using (1.5) and f(-,0) = 0 we get the following identity after integrating with respect to t,

[ futora +3//fw )
< / [tutero )+ / / ful@u)? +2

We notice that the first term on the right-hand side of (5.J) can be written as

/ @ ) = / [ oy (5.6)

for some g, € Woar—|y|—ys—1,y|- Where v = (oq — 2,0 + 1). Further, we notice that
— |y =72 >1and oy > 2 since 2L — |a| —ay > 1 and L+ 1 < |a|. Therefore, (b.6) is of
the form specified by (5.3). Therefore,

[ futorw +3//fm )
§C+C/O /fa(ﬁau)2+2

where C' depends only on terms of the form (£.3). We now need to estimate the term

(5.5)

(0%u)0“(uuy)| -

(0%u)0*(uuy,)

OT/fa(aau)éo‘(uux) :

Each term is of the form

(0%u)(0"u)(0%uy)| .

where 71 + s1 = ay, 79 + S3 = . Below we consider all terms of level |a.

The case |s| = |a|. In this case, |r| = 0, and we have

" [ @
OT s
<l [ [ vy

24

0 / Fa(0) (0 u)(0%u,)| =

=C




The case |s| = || — 1. In this case, |r| = 1 giving us the following two subcases:
(a) The subcase r = (1,0). In this case, we have

(0%u)(0"w)

(0%u)uy (0%u)

< O jullxo / [ oy

(b) The subcase r = (0,1). We note that this case will only occur if ay > 1. In this
case, we have

(0%u)(0"u)

(0w, (921922 L)

<t ([ fa@a“>2) ([ fa<a§1+la;wu>2)m

Since f, ~ x 2 as x — 00, it is clear that f, < Cfa11.00-1
The case |s| = |a] — 2. We have three subcases to consider.
(a) The subcase r = (2,0). In this case, we have

2L—|a|—

0 / o) = | [ / Fa (0P (020020,

< Olftigg ]| £ </OT/fa(aau)2) v (/OT/fa(0§1‘18§2u)2)
<t (f f ) " ([ f )

The last term on the right-hand side above is of order |a] — 1 > L. The weight function
Jo € Woar—|a|-as,ja|—L- Since 2L — |a| — ap < 2L — (a; — 14 ap) — arp, we see that this term
is bounded by a term of the form (f.9).

(b) The subcase r = (1,1). In this case, we have

1/2

T
/ fa(00) (0 u) (D) | = / Fo( 0P )ty (002 )

< Otz (/OT/fa(ﬁo‘u)Q) - (/OT/fa@gla;Q_lu)Q)
<ot ([ i) ([ frirez)

Using the fact that f, € Wo2r—jaj—as,jal- and 2L — |a| —ay < 2L — (a1 +ap — 1) — (g — 1),
we conclude that the last term is bounded by a term of the form (5.2).

1/2
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(c) The subcase r = (0,2). In this case, we have

[ [ e

[ [ @ auen o)

([ frror) ([ [)"
x ( /0 ' / ( f;/QaglﬂagHu)‘i) 1/4.

2

T 1/4 T 1/
(/ / u) sc(/o /[u§y+uiyy+(3xluyyy)2]> < Cllullx.
T 1/4
([ [ureropy)
0

T 1/2
<C ( / / fal 010527 %u)® + fo (0572002 2u)® + fa(8§‘18;2_1u)2>
0

Now

Further,

Now the first and third terms in the integrand are of order |a| — 1 and are clearly bounded
by terms of the form (5.J). The second term in the integrand is of order |a|. It will be
bounded using Gronwall’s inequality (and using the fact that the order of the y derivative
is less than ay and therefore this terms can handle an even greater power of z.)

The case |s| = |a| — 3. In this case |r| = 3. First, we consider the case in which L > 4.
Since |a| > L + 1, we note that |s| + 2 = |a| — 1 > L. Using this fact, we bound as follows.

[ [reaewew|<([ | fa<aau>2)l/2 ([ [oar) "
<( N (10w "

(/OT/(aru)4> i <C (/OT/[(OTU)2+(OTU$)2Haruy)g])

Since |r| = 3, each of these terms is at most of order 4 < L < |a|—1, and, therefore, bounded
by terms of the form (5.3). Similarly,

</OT /(fjl/?asm)“) " <C (/OT/fa[(aSux)2+ (0 10n)? + (8su$y)2]>1/2 (55

We notice that the last two terms on the right-hand side of (B.§) are of order |s| +2 =
|| —1 > L. In order to verify that we have the correct power of x, we note that

Now
1/2

2L — |a| —ag <2L — (|s| +2) — (s2 + 1)
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since |s| = |a| — 3. Therefore, we can conclude that each of those terms is bounded by a
term of the form (5.g). Finally, we look at the first term on the right-hand side of (£.§). If
|s| +1 > L, then this term is bounded by (b.7) as the other two terms. If |s| +1 < L, then
using the fact that |s| + 2 > L, we conclude that |s| = L — 2, and, therefore,

2L — |a| —ag < 2L — (|s| +2) — (s2 + 1)
<s1+1

Therefore, we conclude that the first term above is bounded by a term of the form (5.2) of
order |s|+1 < L.

We now look at the cases when L = 2 or L = 3. In either case, if || > 5, then we can
handle as above. We first consider the case when |o| =4 (L = 2 or L = 3). In this case,
using the fact that |r| = 3 and |s| = 1, we have

< o | N fa<aau>2)l/2 (/ N fa<a’"u>2)l/2
<ttty ([ [ o) " ([ [niror) "

Since |r| =3 =|a| —1 and 2L — |a| — ag < 2L — |r| — 1o, we see that the last term above is
bounded by a term of the form (f.2).

Last, we consider |o| = 3. In this case, we must have L = 2, |r| = 3 and |s| = 0.

Therefore, r = a. We bound as follows:
T T
| [ n@new) < clulle [ [ f.@w
’ r
<Cllle [ [ @y

The case |s| < |a| —4. We consider the set A = {x: 2 > 1}. Theset A_; = {x < —1} can
be handled similarly. We have

[ [ soroerere)

T 1/2 T 1/
< CTMHtVSaSuxHLOO(A) (/ / fa(aau)Z) (/ /terZL—M—ag(aru)Q)
0 A 0 A

[ [ rerwere)

2

where v, = W and v, = w First, we must verify that M > 0. We see that
— L
M = o] — Vs — U,

ol =L—(s[+3-L)" = (r[-L)"

B 2

o ~ls| || =3% L

- 2

L—-3

-2 2>

5 =
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as long as L > 3. By assumption, L > 2. If L = 2, then |a| = 3. In that case, we cannot
have |s| < |a| — 4. Therefore, we conclude that M > 0. Further,

1/2
||t 0% ug|| e < C (/ {2 [(85u$)2 + (8Sumw)2 + (8Suxy)2]) .

Each of those terms is of order at most |a| — 1, and therefore, bounded by terms of the form
(B-2). Further, 2L — |a] — aa < 2L — |r| — ry. Therefore, for |r| < |a| — 1, the last term
above is bounded by terms of the form (B.3). In the case that |r| = |a|, we have |s| = 0, and

therefore
T
< Clus]| i / / fa(@Pu)?
0

< O||ul| xo /OT/J‘?a(@au)2

(0%u)(0"u)(0%uy)

/ Fa () (07 ) ()

Combining our estimates above on

with (B.7), we see that

/faaa +3//fm “u)’ <C+C Y //fvau (5.9)

[yI=lel

2L—|y|—v2>1

where the constant C' depends only on terms of the form (p.9) and (p.3).
Using the above estimate for all derivatives 7 of order |a| such that 2L — |y| — 72 > 1,

we see that
[/fw?“ +3//fw }

ST S A FCTE

[yl=lal

2L— |’y| ’yg>1

Iy \ la
2L—|vy|—y2>1

(5.10)

where C' depends only on terms of the form (5.2) and (5.3). Applying Gronwall’s inequality,
we get the desired estimate. O

6 Persistence Theorem

In section four we proved the existence of a solution u to (R]) in L>([0, T]; X™(R?)) for
given initial data ¢ € XV(IR?). In this section, we prove that if, in addition, our initial data
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¢ lies in the weighted space ﬁf(WgKo) for some K > 0, then the solution u also lies in
L*([0,T]; ﬁ]f (Wo ko). This property is known as a “persistence” property of the initial
data. This property provides a basis for starting the induction in our Gain of Regularity
theorem in Section 7.

Theorem 6.1 Suppose u € L*°([0,T] : X*(R?)) with initial data ¢(z,y) € X' (R?) such
that ¢ also lies in HX (W i o) for some integer K > 0. Then

we L=([0,T] : X' (R?) N HE(Wy ko))

and

T
sup /fal(aau)Q—l—/ /gm(ﬁaux)2 dt < C
0<t<T 0
for la] < K, aq # 0, where fo, € Woa,0 and go, € Wy a,—10 for o > 0 arbitrary and C
depends only on T and the norm of ¢ € X (R*) N HE (W ko).

Proof. We use induction on j = |af for 1 < j < K. The case that j = 0 follows
from conservation of L? norm. We derive formally some a priori estimates for the solution
where the bound involves only the norms of u € L>*([0,7] : X'(R?)) and the norms of
o€ ﬁ]f (Wo ko). Then, we can apply convergence arguments to show that the result holds
true for general solutions. In order to do so, we need to approximate general solutions
u € X'(R?) by smooth solutions and approximate general weight functions f € Wy ;o by
smooth, bounded weight functions. The first of these procedures has already been discussed,
so we will concentrate on the second.

For a fixed ¢, we begin by taking a sequence of bounded weight functions g; s which decay
as |z| — oo and which approximate g; € W, ;1 with ¢ > 0 from below, uniformly on any
half-line (—o0, ¢). Define the weight functions

xT

fis(z,t) =1 +/ gis(2,t) dz.

—00

Therefore, the functions f; 5 are bounded weight functions approximating f; € Wy, from
below, uniformly on compact sets.
;From (5.3) and using the fact that 0;(fis) < cfis and 0.(fis) < cfis, we have

[ fsterwr+s | ) Jtanrayas | ()@ ) e
v C /O : / Fis(@u) dt +2 /O : / fi,g(ﬁo‘u)ﬁa(uux)dt).

(a) The subcase a = (1,0). Defining g, 5 and fi5 as above, we see that fi; will
approximate f; € Wy from below. Differentiating (2.1) in the z—variable, multiplying by

The case j = 1.
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2f1s and integrating over R?, we have

at/fl,éui_'_?)/(fl,(g)xuix
= /(fl,a)xuf, + /[atfl,é + B fi5+ Opfrsluz — Q/fl,éux(uux)x (6.1)
< C/uf/ + C/fl,(sui + 2 ’/fl,éum<uum>m

) [ st

Moreover

= ‘/fl,éux[ui —+ qux]

= ‘/fl,g[ui + Uy U]
2 ]‘ 2

< ducle [ fosid + 3| [(omad

< of|ful [z + s ) / fusi?

< Cllullxo [ fisid.

Combining this estimate with (6.1)), we conclude that for 0 <t < T,

[ st +s | ) Jraat <c [ nstogec ' [a+c] ' [ .

Applying Gronwall’s inequality, we conclude that

T
sup / fusi +3 / / ()i, < C
0<t<T 0

where C' does not depend on & but only on 7 and the norm of ¢ € X' (R2) N HX(Wy1,).
Taking the limit as 6 — oo, we conclude that

T
sup /flui‘l'?)/ /gﬁﬁm <C, (6.2)
0<t<T 0
as claimed.

(b) The subcase a = (0, 1). Here, our weight function fy € Wy . Differentiating (2.1)
in the y-variable, multiplying by 2fsu, and integrating over R?, we have

2/f075uyuyt + 2/f075uyumxy — 2/f075uy8x1uyyy + 2/f075uyuxy + 2/f075uy(uux)y = 0.
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Integrating each term by parts gets

5t/fo75u32, +3/(f0,5)$u3:y

< / (Fos)a(0 Myy)2 + C / foat? 42 ] / fosty (ti12),
< C’/(@;luyy)2 + C/fo,auz +2 ’/fo,guy(uugg)y

‘/fo Uy (Utly)y

(6.3)

Moreover,

‘/f(] 5uy Uy Uy +uumy>
< Olus| / fot2 + Cllul| = / (fous)ot?
SCHUHXO/]CO,(WLZ-

Combining this estimate with , we conclude that for 0 <t¢ < T,

/f05 U+3//f05 xy_/foa ¢+C//6 Uyy) +C/ /fogu (6.4)

Applying Gronwall’s inequality, we conclude that

sup /foau +3/ /f05 uy, < C
0<t<T

where C' does not depend on §, but only on T" and the norm of ¢ € X°(R?) N ﬁ;(WO 10)-
Passing to the limit, we conclude that

T
sup /f0u§+3/ /gouiy <C. (6.5)
0<t<T 0

(a) The subcase a = (2,0). In this case, f55 will approximate fo € Wy20. In a similar
way as above, we have

2/f2,6uxxuarmt+2/f2,6uxxummxmm _2/f2,6uxxumyy
+2/f2,5ummuxxx+2/f2,5uxx<uum)xx = 0.

Integrating each term by parts gets

8t/f2,5uix+3/<f275>muimm

_y / (fag)ot, + / Ofos+ & fos + Onfoslu, — 2 / fostian (1) o

S /fZ,éuiy +C/f2,6uim +2 '/fQ,(Suxx(uum)xx
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Moreover

’/ fo5Uaa (Utls) 2

- ’/f2,6uxx[3umuxx + uuxxx]

= ‘/f?ﬁ[guxuim + uua:a:ua:mm]

1
<clwllue [ fosi, + 5| fasu)ai|
(lfullz + Ilusllz<) / fosil,
s@Mm/ﬁw;

at/fltsuim_'_?)/(f?,ls)lvuixx < /(f2,5)33u926y+0/f2,5u3:$7

where C depends only on the norm of ¢ € X°(R?). We will combine this estimate with the
estimate below.

(b) The subcase a = (1,1) Applying 0,0, to (2.1), multiplying by 2f; su,, where fi s
approximates f; € Wy 1o, and integrating over R?, we have

Therefore,

2/f175umyuxyt + 2/f1,5umyummmmy - 2/f175umyuyyy
+ 2 / fl,éu:cyummy +2 / fl,&u:vy(uum):vy = 0.

Integrating each term by parts gets

8t/f1,6uiy+3/(fl,5)xuixy

= /(fl,(s):vuzy + /[8tf1,5 + 8§f1,5 + azfl,é]uiy —2 / fl,(Su:vy(uuz)xy

/fléxu +C/f16uxy+2'/f16umyuu$x
Moreover,

'/fléumy uuz Ty

‘/ fl S Ugzy 2uxuazy + Ugz Uy + uuxxy)

< Cllullie +llall) [ o, + \ [ Bstacag

< CJul|xo / frsti2, + Oy || o / frol, + / frai?)
< CJul|xo / frst2, + Cllullx: / fra?, )
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since

1/2
gl < ( [+, +u) < llul .

/f15u$y+3/(f15) xxy—/flému +C/f15uxx+0/f15uxy

(c) The subcase a = (0,2). Applying J; to (2.1), multiplying by u,, and integrating

over R?, we have
-1
2 / Uyy Uyt + 2 / UyyUgzayy — 2 / Uyy Oy~ Uy

+ 2/uyyuﬂﬁyy + 2/uyy(uum)yy =0.

u <2’/uyyuum

‘ / Uy (Uyy Uy + 2Ugy Uy + Ulgyy)

<Ml [ 0+l ( / u+u)

<llullyo [ w2, + Cllullxs [ a2, + 2,

Therefore,

Integrating by parts gets

Now

‘ / Uy (Ul ) yy

Now combining these estimates from (a), (b) and (c) above, we have

8t /(fllsuim + flﬁuiy + uiy) + 3/ [(fQ 5) Ugga (fl 5) mmy]
C/(fz,é + frs)us, + C/((fZ,(S)x + fio+ Dud, + /((fl,&)a: + 1),

where C' depends only on the norm of ¢ € X'(R?). Since fo5 approximates fo € Woao
and fi s approximates f; € Wy, we can choose fas, fis such that (fas). < Cfis, ete.
Therefore,

at /(fQ,Suix + fl,éugzcy + qu/ ) / [(fQ 5) Upe (fl 5) xxy}

< C/(f2,5uix + f1,5uiy + Uiy)
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Integrating with respect to t, we have

t
[t + sty +u) 43 [ (ot + (R
0
t
< [0+ Fis. 0062, +63) +C [ [ (o + fisi, + i)
0
Further, integrating by parts and using the fact that f, approximates fi5 ~ x for > 1, we

note that
/ frgd?, < C / foaa 1 C / 8,

Therefore, by Gronwall’s inequality

T
sup / (oo 02, + s 1), +u2) +3 / / (o)t + (Frs)eids,] < C

0<t<T

where C does not depend on & but only on 7' and the norm of ¢ € X(R2) N H2(Wy ).
Consequently, we can pass to the limit and conclude that

T
sup /<f2<7 t)ui:v + f1<'7 t>uiy + ugzjy) + 3/ / [gZuimx + gluizy] < C.
0

0<t<T

The case j = 3.

(a) The subcase a = (3,0). We choose our weight functions such that f; s approximates
f3 € Wy30. Applying 92 to (2.1), multiplying by f3 stz and integrating over R?, we have

2 / [3,6Uzalazat + 2 / RN — / 13,6 UzzaUazyy
+ 2 / f3.5Uzzatsree + 2 / f3.5Ua (Ul ) poz = 0.
Integrating by parts gets
8t/f3,5uixx+3/(f3,5)$uixxx
- / (Fas)otiZay + / Oufss + 0 s+ Oufoglin — 2 / Fottne (Ut sas
< / (Fa)otiZay + / fota +2 ‘ / Fottans (i) ms|
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Moreover

‘/f3,6uxxx(uum)xxx

2 2
< 3 /f375uarmu$$$ +4‘/f3,5u$umma:

+ ‘/f3,5uuxxxuxxxx
/<f375u)$ui:v:v

<3 / Foustotinas]| + cl gl 1 / Foustiay +

<3| [ frstlstans| +ellulln [ Fasi.
+ellullen + e [ oot

< C'/f?,,auigguxm +C||U||X0(R2)/f3,6uixx-

Now we estimate the first term on the right-hand side.

Case: x> 1. Let Ay={z €R:z>1} x RC R

/<f3,5)$ui:v

Ay

< Oltnal |1 ar) / (Fas)otis
Ay

1/2
2 2 2 2
A1 Al

2
J: 2,5Uix) :

Now the terms involving wu,, have been bounded by the previous step in the induction.
Therefore, we conclude that

=C

2
f3,5ug;g;ummm

Ay

<e / (U3 + U2y + UZy,) + C (
Ay

Ay

2
f3,5uzzu:v:v:v
Ay

<C+e / (U g+ Udy)-
Ay

Case: < —1. Let Ay ={reR:z< -1} x R C R% We use the fact that f35 ~ ¢ to

show
/ ufmuxxx
A_q
1/2 1/2
co(f )" (] )
A4 Ay
1/2
cof [ wneiara)) (] )
A_1 A—l

< cljul -

2
f3,6uxxuararm S &

A_q
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Combining these estimates for the subcase a = (3,0), yields

[ sttt | t [thoi...
< /fs,a('>0)¢ixx+c+/Ot/(fs,a)xuimy+C/Ot/f3,5uim+€/ot /A1 U2
s/ﬁamwa+0ﬁ[/mm@wHAV%w@wﬁf/mwﬁm

Therefore,
t
/f375('7t)uixx + 3/ /(fS,&)xuixxx
0

t t
< /f375('7 O)Qﬁ:m: +C+ / /(f3,5)xuimy + C/ / f3,5uix:v
’ t ° t
< /f375<'7 0)¢i:m: +C+ C/ /f2,5uixy + C/ /f375uimm'
0 0

(b) The subcase o = (2,1). In this case, we take f;5 approximating fo € Wy2o. Apply
029, to (2.1), multiply by fs sty and integrating over R?, we have

0 [ fusitey +3 [ (ashoti,
S /(fQ,é)a:uiyy + /f2,6uixy+2 ’/fQ,éuxxy(uux)myy

Now

‘ / f2,6uxxy(uux)mmy

= ‘/ f276um&y [3u3&yu$m + 3uxumcy + UyUgza + uum&a‘y]

S C/fZ,éuxxyumyumc+/f2,6uxxyuyuma:m+C||u||X0/f2,6ui$y-

The second term on the right-hand side satisfies

/AWWMMMSQWMm/ﬂMﬁm+@M
< Clullx: / (ot + fogtia,).

For the first term on the right-hand side, we consider two cases. First, for Ay,

1/2 1/2
fZ,éua:J:qu:yumc S ||uxy||L°°(A1) ( f2,6uimy) ( f2,6uim>
A1 Al

2 2 2 2
S € <[4 uxy + ummcy + umyy) + C/A f275um&y
1 1

S C + € /(f275)$u3:$$y + ¢ / fl,&uiyy + C/fQ’éuixy'

Aq
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Then for A_q,

A

fZ,éua:J:yuxyumc :/ UggyUgyUygs
A
C
A

1/2 1/2
C ( / ) ( / )
Ay A
1/2
<C </ ul, +ul,, + uzy) </ uim)
A1 Ay
< C(lJul o) (1 + [ fu)

Combining these estimates and integrating with respect to t, we have

t t
[ teststiin, 43 [ [, <0+ [fast062 e [ [ (s,
" ; y
—|—/0 /f275u32my+0/0 /f1,5uiyy'
Therefore,

faseo ity 43 [ sty <t [ fas 02+ [ [ fusizagrc [ [ fisec,
0 0 0

(c) The subcase o = (1,2). We take our weight function f; s approximating f; € Wy 1.
Applying 83685 to (2.1), multiplying by fi su.,, and integrating over R?, we get

2
uxyu:v:m:
-1

IN

at/fl,éuiyy +3/(f1,5)xuixyy
S C/(fl,(g):vuzyy + /fl,(guiyy _'_2 ’/fl,(gu:vyy(uu:v)myy

Now

2 ’/fl,(suxyy(uum)xyy

=9 '/ fL(;uxyy(Zuiy + 20U Uy + UyyUgy + 2Uy Uy + Uy
The first term on the right-hand side satisfies

/fl,éuryyuiy = C/fl,é(uiy)y =0,

since (f14)y, = 0. Integrating by parts, it is clear that the second and fifth terms on the
right-hand side are bounded by

C’||u||Xo/f1,5uiyy.
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The fourth term on the right-hand side is bounded by

Oy o ( [ s+ | fu) .

For the third-term on the right-hand side, we consider the cases when x > 1 and x < —1
separately. First, for z > 1, we have

1/2 1/2
2 2
/ J15Uayy Uyt < |[Uyy||Loe(ay) (/ f1,5uaryy) (/ fl,éum)
A1 A1 Aq
1/2 1/2
2 2 2 2
<C </ Uy = Uy T uyyy) ( flﬁu:vyy)
Al Al

<C+ 6/ uimyy + C/ fL(;uiyy + C/ uf/yy
Aq Ay Ay

where we have used the fact that [ fi su2, was bounded on the previous step of the induction.
We will bound the € term back on the left-hand side. For x < —1, we have

~ 2
f1,5u:vyyuyyu:v:v N/X[m<—1}uyyu:m::v

1/2 1/2
4
() (/)
A4 Ay

S C/A uZy + uiyy + (am_luyy)Q
-1

<C

Ay

where C' depends only on the norm of u € X!(R?). Combining these estimates and integrat-
ing with respect to t, we have

[t s [ [wata, < [naeos,+c [ [nat,ve [ [,

(d) The subcase o = (0,3). In this case we apply 95 to (2.1), multiply by u,,, and
integrate over R?. We have

O / uZyy < / Uzyy +2 ' / Uy (WU ) yyy
‘ / Uy, (Ul )y

Integrating by parts as necessary, we see that the first and fourth terms on the right-hand
side are bounded by
||u||Xo/u§yy.
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The second term on the right-hand side is bounded by

1/4 1/4 1/2
)" ()
1/2 1/2 1/2
< (/ ul, +ul,, + (&Bluyyy)z) (/ ul, +ul,, + uzy) (/ uzyy)
1/2
< CHUHXl(RQ) (/u?/yy)

§C+C/ﬁ

yyy-*

The third term on the right-hand side is bounded by

1/2 1/2
C||“y||L°° (/uiyy) (/ uzyy)
1/2 1/2 1/2
<o favay ) ([en) ([i)
1/2
scmm;(/ﬁzo

<c+c [,

Combining the estimates above and integrating with respect to ¢, we have

t
Jin [Gnrcrc | [,

where C' depends only on the norm of ¢ in X*(R?).
Combining the estimates above for (a), (b), (¢) and (d) and applying Gronwall’s inequal-
ity, we conclude that

2 2 2 2
sup /(f3,5uxxx + f275uxxy + flﬁua:yy + uyyy)

0<t<T

T
+ 3/(; /<<f3,5)$uixxx + (f275)mui‘a:my + (fl,ls)xuixyy) < C

where C' does not depend on 4, but only on T and the norm of ¢ € X (R2) N H3(Wy3,).
Consequently, we can pass to the limit and conclude that

T
sup /(f3uixx + fQUiJ:y + fluiyy + qu/yy) + 3/ /(g3ui‘mmm + gQuixwy + gluixyy) < C.
0

0<t<T

The case: j > 4.
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In this case, we take f,, s approximating f,, € Wy, 0. We apply 0% to (2.1), multiply
bY fa,.s0%u and integrate over R%. We need to get a bound on

/ [ feustorwir ).

In Lemma 6.2 below, we prove that

/ [ st

where C' depends only on terms bounded in the previous step of the induction. Consequently;,

we have that .
s 3 fus@ 02+ Y [ [ (s < (6.7)

0<t<T A
|lr|=j |or|=7

<C+C Y. A/Ot/fyl,s(mu)Q (6.6)

Y1+v2=J

where C' does not depend on §, but only on 7" and the norm of ¢ € X*(R?) N ﬁg(Wojo).
Passing to the limit, we get the desired estimate, namely,

s 3 @+ 3 [ [anorur<c (63)

0<t<T ,
lor|=3 |or|=3

U
Theorem 6.2 Let f,, 5 approzimate fo, € Wy, 0. Let j = |af, 4 < j < K. The following

inequality holds:
t
| [ mstorwerun)
0

ccrey [ [ ey (6.9)

Ivl=7
for 0 <t <T where C' depends only on
sup [ frys(00) (6.10)
0<t<T

/ ' [thaatory (6.11)

fory=(n,7)€Z* xZ*, |y| <j—1.

Proof. In order to get bounds on the left-hand side of (£.9), we use the fact that every
term in the integrand is of the form

Jo5(0%0)(0"u) (0% uy,) (6.12)

where 7; + s; = «;. Before showing the bounds on each of the terms in the integrand we
point one bound we will be using frequently:

07ullp= < € ( J@ 0+ @+ <muy>2) " (6.13)
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The case |s| = j. In this case, |r| = 0 and s = «. Therefore,

[ st u@w@) / Fo 510 0) (D%uy)

- / [Fon 5t12(0°0)°
< Ojull xo / For (0%

The case |s| = j — 1. Therefore, |r| = 1. We have two subcases below:
(a) The subcase r = (1,0). In this case,

/ For(0°0) (0 0) (0°u,) = / For (%0 (80)
< Olfuy [~ / Fara(0%0)°.
) The subcase r = (0,1). In this case,

/ Fun s (0°0) (07 0) (0°uz) = / Fon (0%t (02100201

1/2 1/2
SCHuyHLOO </fa175(8au)2> </fa1 (80414-16042 1 )2)

< CJul|x: [ / Fars(0)? + / faﬂ,s(agl“m-lu)ﬂ .

The case |s| = j — 2. We consider three subcases below:
(a) The subcase r = (2,0). In this case

/ Fon s (070) (070) (0 uy) = / Fo (010110 (0211 0020)

1/2
<C||fléuxx||L°° </f0416 8a ) </fa1 16 8a1 16&2 )) .

LUy z>1
Ugr r < —1.

f1,5u:m: ~ {

For x < —1, we use the fact that

1/2
||uxx||L°°(A71) S C </ (U + uma}a}m + uixy))
A_q
For x > 1, we use the fact that

fl,éu:m: = <f1,5u):v:v - (fl,é)mmu - 2<f1,5)mum
= (fl,(su)xx - (fl,é)a:a:u - 2((f1,6)a:u)a: + 2(f1,6)xxu~
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Therefore,
ustisallm < 1swaellie + Cl((Frset)ellim + Cll( st~
1/2
S C (/((fl,éu)mm)Q + ((fl,(su)xmcx)Q + ((fl,éu)mmy)Q)
1/2
+C(/Wﬁww%V+Wﬁwwhw2+Wﬁdef>

1/2

+C ([ (Ura)eat? + (rs)ast)oe) + (o)

<C+C / u2 + Ui + f1,5ui:v + uimm + f175u§'1'1'1' + u; + uiy + flyéuimy

<c+cz/fwau

Iv<J

(b) The subcase r = (1,1). Then

/hwW WX%mz/mwﬂmemﬂw

< [ttayl| L (/foq& (6u ) (/fa15 (oo ))1/2
<cmm(/m5y )(Jhuww1))2

<C+C> /f7175(87u)2

IvI<j

where C' depends only on the bounds in the statement of the theorem.
(c) The subcase r = (0,2). Then

/nﬁw%W%mwu>‘/nwquMW“@”2>

< ugy|| Lo </fa15 (0°u ) </fa1 a2y )1/2
< Clluyy Iz ( / fa1,5<aau)2) .
SC(/u Uy ryy) (/faleau ) 8

<c+cz/fwau

Ivl=J
where C' depends only on the bounds in the statement of the theorem.

The case |s| =j — 3 for j > 5.

42



In this case we consider x > 1 and = < —1 separately. First, for x < —1, we have

" Fons(0%u) (07 u) (8°u,) < / (/A_l(aau)2> 1/2 </A_1(8TU)4> 1/4 </A_1(85ux)4) 1/4.

. (/Al(ﬁru)‘*) " < (/Al(&m)Q + (0", )? + (8ruy)2>1/2

and |r| = 3 implies each of these terms is bounded by C' where C' depends only on

‘/nﬁ@MV for |y < j— 1

since 7 > 5 and each of these terms has derivatives of order < 4. Also,

and |s| = 7 — 3. Therefore, each of these terms has order at most j — 1 and thus bounded by

c / Fors(07u)2.

ly|<i—1
Therefore, for x < —1, we have
Jor 5(0%uw)(0"u) (Duy) < C+C far6(0%u)?,

where C' depends only on the terms in the statement of the theorem.
Now for x > 1, we have

1/2 1/4
fa175<8au><8ru><asum) S ( fal,(S(aau)z) </ (frl/gﬁaru)él)
Al Al

1/4
X </A (f(sl+1)/2,563ux)4) -

1/4 1/2
(/(ﬂﬁuﬁuf) fs</<ﬁﬁuﬁmf+«uapxywa2+«ﬁdu&u%f)
A1 Al

A
since r; + S; = 1. Now

1/2

sc( ﬁwWWF+mxy%f+nxwa)
Ay

Since |r| = 3, each of the terms above has order at most four, and, therefore, is bounded by
a constant C' which depends only on

‘/ﬁMWMF for |y <4< j—1,

43



since here we are assuming j > 5.
Similarly,

([ erenstern?) :

<c ( JUerinss@u? + Usnaal@u)a)? + <<f<51+1>/2,5<83um>>y>2)

1/2

<C </ Forw16l(0"u2)” + (0us0)* + (8su:vy>2]) " :

Since |s| = j — 3 each of these terms is of order at most j — 1. Therefore, each of these terms
is bounded by

c /fwau

[v|<i—-1

The case |s| =j — 3 when j = 4.
In this case, |s| = 1. Therefore, either s = (1,0) or s = (0,1). For s = (1,0), we have

[ tmst@ @@ = [ fos@n) @,

<(/ fw@“u?)m ([ unarart) " (ftom) "
(/(fn/za(@ u ) (/fms (070 + (07, +(8ruy)2])1/2.

We note that || = 3. Therefore, each of these terms is at most of order 4 = j. Further,

(/(fléum ) <C(/f25u +umx—|—umy])1/2.

We note that each of these terms is of order at most j — 1. Combining these estimates, we
conclude that

Now

/fal,(s(@“u)(a” )(9°u,) <C+CZ/fW; (07u)?

Iv|=4

where C' depends only on

> /fwau

ly[<i—1
The case in which s = (0, 1) is handled similarly.
The case |s| < j —4.
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In this case, we bound the terms as follows:

[ Fens @ 0@ 0) (@) < 250 ] (/ Funs(00) ) (/ Fons(070) ) .

1/2
fiorsty2s(@u)llim < C ( [ sl @ + @ )’ + <88umy>21) .

Since |s| < j—4, all of these terms are of order at most j — 1. Therefore, each of these terms

is bounded by
c Y / Fons(070)?

[v|<i—-1

and, therefore,

[ fus@n@ @) e+ Y [ 0

Ivl=J
where C' depends only on

c /fwau

[vI<i—1

7 Main Theorem

In this section we state and prove our main theorem, which states that if the initial data
¢ possesses certain regularity and sufficient decay at infinity, then the solution u(t) will be
smoother than ¢. In particular if the initial data satisfies

/ 0+ (14 25)(00)* + (01)* < oo,

then the solution will gain L derivatives in x. More specifically,

T
/ /tL_l(l + €77 (0% u)? < oo
0

for o > 0 arbitrary, where 7' is the existence time of the solution.

Theorem 7.1 (Main Theorem). Let T > 0 and let u be the solution of (B.1) in the region
0, T] x R? such that w € L>([0, T| : Z1) for some L > 2. Then

T
sup fo (0%u)* dx dy +/ / G (0%uy)? dr dydt < C (7.1)
0<t<T JR2 0 JR2

for L+1 < |a] < 2L -1, 2L — |a| —ay > 1 where fo € Wy 21— ja|—as, ja|-L and go €
We. 21— jal—as—1, |a|-L, 0 > 0 arbitrary.
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Proof. By assumption, u € L>([0, T] : Z;). Therefore u; € L>([0, T] : L?(R?)), then
u e C(0,T] : LA R?) NCyu([0, T] : Z1). Hence u : [0, T] — Zr is a weakly continuous
function. In particular, u(-, -,t) € Zy, for every t. Let to € (0, T) and u( -, -, t9) € Zp, then
there are {¢™} C C2°(R2) such that 9 !¢\ are in C5°(R2) and ¢™ (-, -) — u(-, -, ) in
Z;. Let u™ be the unique solution of (E-J) with initial data ¢™(z, y) at time ¢t = ¢,. By
Corollary 4.4, the solution u™ € L=([ty, to + ] : X'(IR?)) for a time interval § which not
depend on n. By Theorem 6.1, u(™ € L>([to, to + 9] : Z1) and

to+9
/ / Go, (0%uy)*dxdydt < C (7.2)
to R2

for |a| = L, a; # 0, where go, € W, o,-1,0 and C depends only on the norm of ¢™ € Z;.
Also by Theorem 6.1, we have (non-uniform) bounds on

sup sup [(1+25) 07 u™ (2, y, t)| + 1052 u™ (2, y, 1)]] < +00 (7.3)
[t07t0+5] (‘Tvy)

for each n, k and aq, as. Therefore, the a priori estimates in Lemma 5.1, are justified for
each u(™ in the interval [to, to + d].

We start our induction with || = L + 1. In this case, we take g, € W, 194, 1 and
let fo = 5 [°_ga(z, t)dz. We note that 2L — |a| — ap > 1 by assumption. Therefore,
L —2—ay; > 0. As shown in Lemma 5.1, we have the following bounds on the higher
derivatives of u(™,

to+0
sup fa (0%u™)? da dy + / / Jo (0°ul™)2 dx dy dt < C (7.4)
[to, t0+(ﬂ R2 to R2

where C' depends only on the norm of u™ € L>([0, T] : Z;) and the term in ([-3). We
conclude, therefore, that the constant C in (:4) depends only on ||¢{™||z,. We continue this
procedure inductively. For the |a| step, let g, € W, 2L —|a|—as—1, [o|—L for ay < 2L —|af =1
and define fo = % [* g4(2, t) dz. The non-uniform bounds on v in (T2) allows us to use
Lemma 5.1 and our inductive hypothesis to conclude that

to+0
sup fa (0°u™)? da dy + / / Go (0°u 2 da dy dt < C
to R2

[tmto-ﬁ-(ﬂ R2
where again C' does not depend on n, but only on the norm of ™ € Z;. By Corollary 4.5,
u™ X weakly in - L%([to, to + 0] : X1(R?)).

Therefore, we can pass to the limit and conclude that

to+9
sup fo (0°u)?* dx dy + / / go (0°u)* dx dy dt < C. (7.5)
[to, to+6] J R2 to R2

This proof is continued inductively up to |a| = 2L — 1. Since ¢ does not depend on n, this

result is valid over the whole interval [0, T7. O

46



References

1]

2]

(6]

[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

M.J. Ablowitz & P.A. Clarkson, Solitons, Nonlinear Evolution Equations and Inverse
Scattering, Cambridge University Press, Cambridge, 1991.

O. V. Besov, V. P. IL'IN and S. M. Nikolskii, Integral representations of functions and
imbedding theorems, Vol. 1, J. Wiley 1978.

J.C. Ceballos, M. Sepulveda and O. Vera, Gain in regqularity for a coupled nonlinear
Schrodinger system, Boletim da Sociedade Paranaense de Matematica. To appear.

A. Cohen, Solutions of the Korteweg-deVries equation from irregular dat, Duke Math.
J. 45 (1978), 149-181.

P. Constantin and J.C. Saut, Local smoothing properties of dispersive equations, J. Amer.
Math. Soc. 1 (1988), 413-439.

W. Craig & J. Goodman, Linear dispersive equations of airy type, J. Diff. Eqns. 7
(1990), 38-61.

W. Craig, T. Kappeler, & W. Strauss, Gain of reqularity for equations of KdV type,
Ann. Inst. H. Poincare 9 (1992), 147-186.

D. David, D. Levi & P. Winternitz, Solitons in shallow seas of variable depth and in
marine straits, Stud. Appl. Math. 80 (1989), 1-23.

J. Ginibre and G. Velo, Proprietes de lissage et existence de solutions pour l’equation
de Benjamin-Ono generalisee, C.R. Acad. Sci. Paris 308 (1989), 309-314.

N. Hayashi, K. Nakamitsu, and M. Tsutsumi, On solutions of the initial value problem
for the nonlinear Schrodinger equation in one space dimension, Math. Z. 192 (1986),
637-650.

N. Hayashi, K. Nakamitsu, and M. Tsutsumi, On solutions of the initial value problem
for the nonlinear Schrodinger equation, J. Funct. Anal. 71 (1987), 218-245.

N. Hayashi and T. Ozawa, Smoothing effect for some Schrodinger equations, J. Funct.
Anal. 85 (1989), 307-348.

T. Kato, On the Cauchy problem for the (generalized) Korteweg-de Vries equation, Adv.
in Math. Suppl. Studies: Studies in Appl. Math. 8 (1983), 93-128.

B.B. Kadomtsev & V.I. Petviashvili, On the stability of solitary waves in weakly disper-
sive media, Sov. Phys. Dokl. 15 (1970), 539-541.

C.E. Kenig, On the local and global well-posedness theory for the KP-I equation, Annales
de I'Institut Henri Poincare. Annales: Analyse Non Lineaire/Nonlinear Analysis 21, 6
(2004) 827-838.

47



[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

C. Kenig, G. Ponce, and L. Vega, Oscillatory integrals and reqularity of dispersive equa-
tions, Indiana Univ. Math. J. 40, No. 1 (1991), 33-69.

S. Kruzhkov and A.V. Faminskii, Generalized solutions of the Cauchy problem for the
Korteweg-de Vries equation, Math. U.S.S.R. Sh. 48 (1984), 93-138.

J. Levandosky, Gain of reqularity for the KP-II equation, Indiana Univ. Math. J. 49
(2000), 353-403.

J. Levandosky, Smoothing properties of nonlinear dispersive equations in two spatial
dimensions, J. Differential Equations 175 (2001), 275-352.

L. Molinet, J.C. Saut, N. Tzvetkov, Global well-posedness for the KP-I equation on the
background of a non-localized solution, Communications in Mathematical Physics 272,
3 (2007) 775-810.

V.I. Petviashvili & V.V. Yan’kov, Solitons and turbulence, Rev. Plasma Phys., XIV
(1989), 1-62.

G. Ponce, Regularity of solutions to nonlinear dispersive equations, J. Differential Equa-
tions 78 (1989), 122-135.

J.C. Saut, Remarks on the generalized Kadomtsev-Petviashvili equations, Ind. Univ.
Math. J. 42 (1993), 1011-1026.

P.M. Santini, On the evolution of two-dimensional packets of water waves over an uneven
bottom, Lett. Nuovo Cim. 30 (1981), 236-240.

S. Ukai, Local solutions of the Kadomtsev-Petviashuvili equation, J. Fac. Sci. Univ. Tokyo
Sect. 1A Math. 36 (1989), 193-209.

O. Vera, Gain of regularity for a generalized coupled system of nonlinear evolution dis-
persive equations type, Ph. D. Thesis, UFRJ, Rio de Janeiro, Brazil(2001).

O. Vera, Gain of regularity for a Korteweg-de Vries-Kawahara type equation, Electron.
J. Differential Equations 71 (2004), 1-24.

48



