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under static and fatigue loadings
J. Payan*, C. Hochard

LMA, CNRS, 31 chemin Joseph Aiguier, 13402 Marseille Cedex 20, France

This study deals with the modelling of the behaviour of laminated carbon/epoxy composites under static and fatigue loading. The non-
linear cumulative damage model developed is written on the scale of the plies. It is based on a multi-criterion approach: brittle 
behaviour in the fibre direction, elastoplastic damage behaviour under shear and transverse tension stress, and elastoplastic behaviour 
under transverse compression loading. The range of validity of the model described here is limited to the first intra-laminar macro-
crack, and it does not account for the delamination processes. This first-ply failure criteria model provides a conserva-tive approach, 
which should be useful in some industrial context where the highest safety is required. Static tests results obtained on plate samples 
are presented [±45°]3s and hybrid glass/carbon [0,90]s are presented: they justify the modelling adopted here. The first tension/tension 
fatigue test results obtained on plate samples [±45°]3s are presented: they are used to identify the parameters of the model contributing 
to the shear behaviour.
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1. Introduction

Modelling laminated composites undergoing damage
and rupture is a complex procedure because of the large
number of mechanisms (matrix micro-cracking,
fibre/matrix debonding, transverse rupture, fibre rupture,
delamination, etc.) involved under both static and cyclic
loading conditions [1,2]. The various failure mechanisms
can be described on different scales (on the laminate
scale, ply scale, fibre/matrix scale, etc.) with models of
different kinds [3] (rupture criteria, damage mechanics,
crack density models, etc.). The fatigue life and the
residual strength can be predicted by laws obtained from
the experimental S–N curves [4,5] or after a computation
based on the development of the damage up to the occur-
rence of rupture [6]. These cumulative damage models
which describe the decrease in the stiffness of the
material can be used to make structural computations.

In this paper, we present a non-linear cumulative dam-
age model, which makes it possible to describe the
development of damage under both static and fatigue
loadings. This model is based on the models previously

* Corresponding author. Fax: +33-4-91-11-38-38.
E-mail address: payan@lma.cnrs-mrs.fr (J. Payan).

proposed by Ladevèze et al. [7]. The damage mechanics
is used here to describe the material on the scale of the
plies, which thus makes it possible to compute any stack-
ing sequences of the laminate. The development of the
damage depends on the static and cyclic loads as well
as the level of damage involved. The delamination
phenomena are not accounted for in the model, which
is therefore relevant only to some particular structures
(tubes, for example) and laminates that are not subjected
to delamination.

One of the most original points to emerge from this
study is that the range of validity of the model described
depends on the ‘diffuse damage’ phase (which is asso-
ciated with micro-cracks) and is limited to the first intra-
laminar macro-crack. In this respect, the modelling pro-
cedure adopted differs from the approaches in which
these intra-laminar macro-cracks are integrated into the
‘average’ or ‘homogenised’ behaviour of the ply [7–9].
Here the first macro-crack is not integrated into the local
behaviour of the ply for several reasons:

1. In some industrial contexts, where security is
required, it is important to be able to detect the onset
of macro-cracks, after which the complete failure of
the laminate will probably occur. The endurance limit
below which the structure will not be liable to failure
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probably corresponds to a ‘diffuse damage’ associated
with micro-cracks;

2. If the size of this crack is correlated with the ply
thickness in the normal direction of the plate, it will
propagate almost instantaneously over a large length
in the plan of the plate (i.e., it will become several
tens of times greater in length than the ply thickness).
With models integrating these macro-cracks and
describing the ‘average’ ply behaviour, it is not poss-
ible to exactly account for the emergence or to specify
the dimensions of these cracks;

3. These macro-cracks can result in other degradation
phenomena, such as delamination. The behaviour of
the structure can be simulated up to the occurrence
of macro-cracks within the framework of the laminate
theory. Accounting for the delamination, which is a
3D phenomenon and can be initiated on the edges of
the plate or even inside the laminate after intra-lami-
nar rupture, requires much heavier and more complex
modelling procedures.

The first-ply failure criterion adopted here provides a
conservative approach that is useful when safety is the
most important constraint or eventually in the prelimi-
nary stages of composite structure design [10].

Static tests results obtained on plate samples [±45°]3s

and hybrid glass/carbon [0,90]s are presented: they jus-
tify the modelling adopted here and the first tension–
tension fatigue test results on plate samples [±45°]3s are
presented here. They were used to identify the para-
meters of the model contributing to the shear behaviour.

2. Testing under static and fatigue loadings

2.1. Experimental conditions

This study relates to unidirectional carbon epoxy com-
posites. All the experiments carried out here focused on
the shearing damage alone except static tests on trans-
verse tension behaviour.

For shearing, the model coefficients were identified
experimentally on machined plate samples in a first time
under static loading then under fatigue loading. Two
kinds of geometry were taken (Fig. 1): one for static
testing (on a static testing machine) the other for fatigue
testing (on a fatigue testing machine). The samples were
obtained from plates made in an autoclave with a curing
cycle of 1 h at 80°C, followed by 2 h at 180°C under a
pressure of 4 bars. The plates were then cut out and
machined under numerical control. The choice made it
possible to rule out the occurrence of edge effects at the
level of the tabs. The initial static strength sult was about
160 MPa and the initial shearing modulus G0 was about
3400 MPa.

The static tests were carried out on a static testing

Fig. 1. Samples geometry (size in mm). Aluminium tabs.

machine on two kinds of laminates: [±45]3s and hybrid
glass/carbon [0(glass),902(carbon)]s. These stacking
sequences allow to identify separately shearing behav-
iour and transverse tension behaviour. In the hybrid
laminate, the on-axis glass plies prevent brittle failure of
90° plies to appear too early. Glass fibres were chosen
instead of carbon fibres because the first intra-laminar
macro-crack of the carbon plies can be easily observed.
The fatigue tests were carried out on a fatigue machine,
with the stresses imposed at a frequency of 35 Hz (which
was directly correlated with the oscillating load). In a
first stage, the stress ratio (minimal stress over maximal
stress) remains constant at 0,5 and the plastic strain evol-
ution is not measured during fatigue loading. The
dynamic and creep phenomena were not taken into
account. The sample temperature was increased by
approximately 20° at the end of the test; mechanical
characteristics were assumed to be unaffected by this
change.

The tests under strain control are now under way. The
test method adopted for this purpose is a four point bend-
ing test, and the samples used are sandwich structures
(a laminate with unidirectional plies forming the bottom
flange, a honeycomb and a woven ply laminate at 0°
forming the top flange). With this sandwich structure, it
is possible to create an almost uniform state of strain in
the unidirectional plies, and the woven plies are assumed
to undergo almost no degradation. An advantage of the
four point bending test is that it is possible to prescribed
a compression load on the plies.

2.2. Experimental observations under static loading

A ply has different kinds of behaviour with respect to
the direction loading (see Fig. 2):

� In the fibre direction the behaviour is elastic and
brittle. No damage is observed before the fracture,
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Fig. 2. Identification of shear and transverse tension behaviour.

� In shearing, which is obtained from a tension test on
a [+45,�45]s laminate, we can observe a non-linear
behaviour: there are anelastic strains and during elas-
tic unloadings we can observe a loss of rigidity (that
is damage); the rupture of the laminate corresponds
to a phenomena of structure instability.

In transverse tension, we observe a loss of rigidity due
to damage; there is a phenomenon of brittle failure in
transverse tension. On the tested material (G827/914)
[11], the loss of rigidity in transverse tension was
approximately 20%.

These experimental results obtained under static load-
ing justify the existence of a stage of a diffuse damage
before the occurrence of the first transverse rupture. The
modelling that we develop in the next part is mainly
based on this phenomenon: it exists a stage without any
macro-cracks i.e. without any ply failure.

3. Modelling of the behaviour under static and

fatigue loadings

3.1. Damage mechanics of anisotropic materials

The model is based on the theory of damage mech-
anics, in which internal variables are used to describe
the progressive loss of rigidity of the ply. It is assumed
here that the rupture mode in the fibre direction is elastic
and brittle and that it does not depend on the cyclic load-
ing. Two scalar damage variables are introduced in order
to describe the loss of rigidity under transverse tension
and shear loading conditions. The in-plane transversal
and shear moduli are modified under the assumption of
a progressive damage associated to micro-cracks parallel
to the fibres [11]. The development of these damage
variables depends on the static and cyclic loadings, and
they are coupled. The anelastic strains observed are

accounted for via a plastic-hardening model coupled
with the damage.

Based on the thermodynamic formulas, we can write
the density of the free energy, making the ‘plane-stress’
assumptions, in the following form:
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where: subscripts 1 and 2 denote the fibre and transverse
directions, respectively; E0
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12 are the elas-

tic coefficients of the ply; d and d� are the scalar-damage
variables describing the loss of rigidity under shear
and transverse tension loading, respectively; ν12 is sup-
posed to remain constant and thus ν21 is function of
d�:n21=n0
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The transverse tension energy and compression

energy are split in order to describe the unilateral feature
resulting from the opening and closing of the micro-
cracks. In the case of a transverse compression load,
micro-cracks close up and thus the transverse direction
behaviour remains undamaged. From this potential, the
conjugated quantities associated with the stresses (i.e.
the elastic strains) are defined as follows:
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and the thermodynamic forces associated with the dam-
age variables d and d� are obtained:
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The development of the damage depends on these
associated forces. The ‘transverse tension/ shear’ coup-
ling effect is taken into account, based on an equivalent
associated force Y(t) which is defined from the maximum
value observed throughout the loading history:

Y(t)�sup
t�t

(Yd(t)�bYd�(t)) (4)

where b is a ‘transverse tension/shear’ coupling para-
meter.

3.2. Framework of cumulated damage

The development of the damage variables d and d�

depends on the static and cyclic loadings involved. Here
we take the cumulated damage: the total damage d is
the result of damage ds, named the ‘static damage’, asso-
ciated with the static loading, superimposed on damage
df, named ‘fatigue damage’, associated with the
fatigue loading:

d�ds�df d��d �
s�d �

f (5)

where the damage variables d and d� ranges from 0 to
1. The development of the damage variables depends on
the loading levels and the damage states. It should be
recalled that in this study, the range of validity of the
model is limited to the first intra-laminar macro-crack
and that the delamination phenomena are not modelled.

3.3. Development of the ‘static damage’

In the case of the unidirectional plies under static
loading, a first approximation of the damage develop-
ment, which corresponds to a linear law with respect to
the square root of the equivalent associated force Y,
shows a good fit with the experimental data:

ds�

��Y−�Y0�+

�Yc−�Y0

if d�1 d �
s�b�ds if Yd��Y�

c else d��1 (6)

where the coefficients b� stand for the ratio between the
transverse damage and the shear damage, √Y0 and √Yc

correspond to the threshold and the critical value of the
development of ds, respectively, and Yd� is a parameter
which defines the ultimate force in the transverse direc-
tion (see Fig. 3). The parameter values are obtained by

Fig. 3. Evolution of damage variables under static loading. (Left) shear damage variable; (right) transverse tension damage variable.

identification in static tests. The rupture criteria depend
on the direction: brittle in the fibre direction, brittle frac-
ture after damage under transverse tension loading and
rupture as the result of instability under shear loading
conditions.

3.4. Development of the ‘fatigue damage’

The development of the ‘fatigue damage’ depends on
the loading occurring during a cycle, which may evolve
with time and depends on the damage state. A simple
fatigue law (similar to Kachanov law [12]) which pro-
vides the development of the fatigue damage can be writ-
ten in the following form:

∂df

∂N
�g∗��Yf��Y0f�+ with Yf(t)� sup

t�cycle(t)

(Yd(t)�bYd�(t)) (7)

d �
f�b�df if Yd��Y�

c else d��1

where the coefficient g is taken to be constant at the
moment and Yf(t) is the maximum equivalent force dur-
ing a cycle. New experimental tests have to be done to
defined the dependence of the coefficient g on the load-
ing ratio R (ratio of the minimum equivalent force to the
maximum equivalent force during a cycle). The para-
meter √Y0f defines the endurance threshold, i.e., the load-
ing level below which no development of the ‘fatigue
damage’ occurs.

Note that during fatigue loading, the development of
the fatigue damage leads to an increase in the cumulated
damage, and may cause the static damage to evolve
because of the changes in the equivalent associated force
Y. Consequently, if a new static load is imposed after
this fatigue loading, the damage evolution will stay con-
tinuous.

3.5. Modelling anelastic strains

After a loading process has taken place in a laminate,
residual strains can be observed. These strains can be
linked to the friction occurring between the fibres and
the matrix due to the damage, but they can also be gener-
ated by the plasticity of the matrix. To describe them,
an isotropic hardening model was developed and it is
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coupled with damage via effective quantities [11] based
on the equivalence of plasticity dissipation �p:

�p�Tr(sėp)�Tr(s̃ẽ̇p) (8)

where the effective stresses are defined as follows:

s̃11�s11; s̃22�
�s22�+

1−d�
��s22�−; s̃12�

s12

1−d
(9)

and the effective strains are defined as follows:
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p
11; ẽ̇

p
22�ė

p
22��s22�+

s22

(1�d�)�
�s22�−

s22
�; ẽ̇ p

12 (10)

�ėp12(1�d)

In the fibre direction, it is assumed that there is no plastic
strain ėp11=0 and that the stress s11 has no effect on the
plasticity. The elastic field is defined by the function f:

f�(s̃2
12�a2s̃2

22)
1/2�R(p)�R0 (11)

where p is the cumulated plasticity index, R0 and a are
coefficients and R(p) is the hardening function such that:

R(p)�Kpa (12)

where K is the power law coefficient and a is the power
law exponent. The hardening law is assumed to be ident-
ical under both static and fatigue conditions. Other tests
are going to be carried out to check this assumption.
Note that during fatigue loading under stress control, the
development of the fatigue damage leads to an increase
in the cumulated damage, and the effective stress
increase so plasticity evolve.

Fig. 4. Simulation of damage evolution under stress control. (Left) shear damage variable evolution versus number of cycles; (right) shear damage
variable evolution versus square root of Y.

3.6. Simulation of the behaviour up to rupture of the

first ply

All these relations provide the evolution of the dam-
age variable and the endurance curve. Here we give an
example of a simulation in the case of a laminate
[±45°]ns (see Figs. 4–6). This stacking sequence was
chosen with an aim of creating in each ply a state of
almost pure shear stress: the transverse stress s22 is neg-
ligible in comparison with the shear stress s12.

In a first case, the development of the state of the plies
is studied when a constant stress is imposed. Fig. 4 gives
the simulated evolution of the shear damage versus the
number of cycles on the left, and versus √Y on the right.
The total damage is split up into the static damage ds

and the fatigue damage df. One can note that the static
damage increases linearly as a function of √Y during the
first cycle (following the ‘static damage’ model) and that
it continues to evolve during the fatigue loading. In this
case of ‘imposed stresses’, all the variables (ds, df, Y, �e,
�p,…) evolve in a coupled way. Fig. 5 gives the simu-
lated life curve, i.e. the loading (maximum stress) versus
the number of cycles to failure. In the case of a [±45°]ns,
complete failure of the structure is taken to have
occurred when the structure has reached a state of insta-
bility (in terms of the strain localisation, i.e. a horizontal
asymptote on the curve stress/strain). The figure on the
right-hand side (Fig. 5) corresponds to the loading versus
the logarithm of the number of cycles. The endurance
curve is Z-shaped.

In a second case, the evolution of the state of the plies
is studied when constant strains are imposed. Fig. 6
gives the simulated evolution of the shearing damage
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Fig. 5. Life curve i.e. maximum stress versus number of cycles at failure. (Left) linear scale of number of cycles; (right) logarithmic scale of
number of cycles.

Fig. 6. Simulation of damage evolution under strain control. (Left) Evolution of shear damage variable versus number of cycles; (right) Evolution
of shear damage variable versus root of Y.

versus the number of cycles on the left and versus √Y

on the right. The same static/fatigue decomposition of
the damage was carried out and it was noted that the
static damage does not evolve when the number of
cycles increases. In this particular case, the associated
force Y remains constant and the imposed total strain,
the elastic strain and the anelastic strain are all constant.
Based on our model, it can be stated that during the
‘imposed strains’ fatigue loading, fatigue damage is the
only variable among all which evolves. This property
makes this test particularly useful for identifying the
fatigue parameters.

Under both kinds of loading (imposed stresses or
stains), the model makes it possible to know the state of

the material at any moment in its history, i.e., it gives
both the state of damage and the state of plasticity reach-
ed.

4. Comparison modelling/testing under fatigue

loading

The experimental and simulated results (Figs. 7 and
8) were compared after identifying the coefficients. They
showed satisfactory agreement in view of the current
state of development of the experimental procedure and
of precision of the model. The rupture of the samples
[±45°]ns was obtained by introducing a structure insta-
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Fig. 7. Simulation of damage evolution smax=120 MPa R=0.5. Comparison model/test.

bility condition. Under static loading, this condition cor-
responds to a damage value d=0.5, although under
fatigue loading, this value can be greater. Fig. 8 shows
the endurance curve obtained on the basis of the first
tests: normalised stress (i.e. maximal stress over ultimate
static stress) is plotted versus log of number of cycles
at failure. The endurance limit (the maximal stress value
at which the life of the structure will be greater than
2.107 cycles and the fatigue damage will be zero) has
been found to be approximately 90 MPa. The number
of experiments carried out so far (under both identical
and varied test conditions) is not large enough to be able
to provide quantitative information about the material

Fig. 8. S–N curve i.e. maximum normalised stress versus log of num-
ber of cycles at failure. Comparison model/test.

tested. However, we have obtained some useful qualitat-
ive information.

5. Conclusions

The results of this modelling and experimental study
are fairly conclusive, since the experimental data
obtained so far are in good agreement with the model. In
addition, they confirm the validity of using a combined
modelling and experimental approach to the physical
phenomena investigated here, namely micro-crack dam-
age and first ply failure; this approach is particularly
adapted for an industrial context where safety is the
major constraint. On the other hand, this study is just
the first part of a larger experimental project, in which
it is proposed to extend this model and to ensure that it
is reliable. It should eventually be possible with this
model not only to predict the number of cycles required
to produce first ply rupture, but also, to determine the
state of the material at any moment. The next step will
therefore consist of integrating this behaviour into a
finite-element code in order to simulate the behaviour of
a laminated composite structure under complex (static
and/or fatigue) loading conditions.
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