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Abstract

The main purpose of this work is to study self-similar branching Markov chains.
First we will construct such a process. Then we will establish certain Limit Theorems
using the theory of self-similar Markov processes.
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1 Introduction.

This work is a contribution to the study of a special type of branching Markov chains. We
will construct a continuous time branching chain X which has a self-similar property and
which takes its values in the space of finite point measures of R*. This type of process is
a generalization of a self-similar fragmentation (see []), which may apply to cases where
the size models non additive quantities as e.g. surface energy in aerosols. We will focus on
the case where the index of self-similarity « is non-negative, which means that the bigger
individuals will reproduce faster than the smaller ones. There is no loss of generality by
considering this model, as the map z — z~! on atoms in R% transforms a self-similar
process with index « into another one with index —« (and preserves the Markov property).
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In this article we choose to construct the process by bare hand. We extend the method
used in ] to deal with more general processes where we allow an individual to have a mass
bigger than that of its parent. We will explain in the sequel, which difficulties this new
set-up entails. There exists closely related articles about branching processes, like among
others [18], [19] from Kyprianou and [12], [I3] from Chauvin. However notice that the time
of splitting of the process depends on the size of the atoms of the process.

More precisely we will first introduce a branching Markov chains as a marked tree and
we will obtain a process, indexed by generations (it is simply a random mark on the tree of
generation, see Section B). Thanks to a martingale which is associated to the latter and the
theory of random stopping lines on a tree of generation, we will define the process indexed
by time. After having constructed the process, we will study the evolution of the randomly
chosen branch of the chain, from which we shall deduce some Limit Theorems, relying on
the theory of self-similar Markov processes. In an appendix we will consider the intrinsic
process and give some properties in the spirit of the article of Jagers [I5]. By the way we
will show properties about the earlier martingale.

2 The marked tree.

In this part we will introduce a branching Markov chain as a marked tree, which gives a
genealogic description of the process that we will construct. This terminology comes from
Neveu in [21] even if here the marked tree we consider is slightly different. First we introduce
some notations and definitions.

A finite point measure on R? is a finite sum of Dirac point masses s = Y ", d;,, where
the s; are called the atoms of s and n > 0 is an arbitrary integer. We shall often write
s = n = s(R%) for the number of atoms of s, and M,y (R? ) for the space of finite point
measures on R* . We also define for f : R% — R measurable function and s € M,(R?)

fis

(f,s) = fls1),

1=1

by taking the sum over the atoms of s repeated according to their multiplicity and we will
sometimes use the slight abuse of notation

fis

(f(z),8) = f(s1)

1=1

when f is defined as a function depending on the variable z. We endow the space M, (R?)
with the topology of weak convergence, which means that s, converge to s if and only if
(f,sn) converge to (f,s) for all continuous bounded functions f.

Let a > 0 be an index of self-similarity and v be some probability measure on M,,(R% ).

The aim of this work is to construct a branching Markov chain X = ((23):(1(1&) dx,(1))t>0) With
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values in M,,(R?% ), which is self-similar with index « and has reproduction law v. The index
of self-similarity will play a part in the rate at which an individual will reproduce and the
reproduction law v will specify the distribution of the offspring. We stress that our setting
includes the case when

v(di @ s;>1) >0, (1)

which means that with a positive probability the size of a daughter can exceed that of her
mother.

To do that, exactly as described in Chapter 1 section 1.2.1 of [, we will construct a
marked tree.

We consider the Ulam Harris labelling system

I/{ = U,?LO:(]N/”,

with the notation N = {1,2,...} and N° = {}}. In the sequel the elements of U are called
nodes (or sometimes also individuals) and the distinguished node ) the root. For each u =
(U1, ..., u,) € U, we call n the generation of u and write |u| = n, with the obvious convention
0] = 0. When n >0, u = (uq,...,u,) € N" and i € N, we write ui = (uy, ..., Uy, 1) € N*T!
for the i-th child of u. We also define for v = (uq, ..., u,) with n > 2,

mu = (U, ..., Up_1)

the mother of u, mu = () if u € N. If v = m"u for some n > 0 we write v < u and say that
u stems from v. Additionally for M a set of U, M < v means that u < v for some u € M.
Generally we write M < L if all x € L stem from M.

Here it will be convenient to identify the point measure s with the infinite sequence
(81, .-, Sn, 0, ...) obtained by aggregation of infinitely many 0’s to the finite sequence of the
atoms of s.

In particular we say that a random infinite sequence (&;, 7 € N) has the law v, if there is
a (random) index n such that { = 0 < ¢ > n and the finite point measure » ., d, has the
law v.

Definition 1. Let two independent families of i.i.d. variables be indexed by the nodes of the
tree, (€,,u €U) and (e,,u € U), where for each u €U &, = (Eui)ien 18 distributed according
to the law v, and (ey;)ien 1S a sequence of i.i.d. exponential variables with parameter 1. We
define recursively for some fized x > 0

§o:=x, ap:=0, (p:=a"ey,
and foruw e U and v € N:

gui = gmgua Ayi = Ay, + Cua Cuz = g;z'aeui-



To each node u of the tree U, we associate the mark (&, a,, () where &, is the size, a, the
birth-time and (, the lifetime of the individual with label u. We call

TSL‘ = ((gua Qo Cu)ueu)

a marked tree with root of size x, and the law associated is denoted by P,. Let Q be the set
of all the possible marked trees.

The size of the individuals (&,,u € U) defines a multiplicative cascade (see the references
in Section 3 of [B]). However the latter is not sufficient to construct the process X, in fact
we also need the information given by ((ay, (), u € U).

Another useful concept is that of [line. A subset L C U is a line if for every u,v € L,
u X v = u=v. The pre-L-sigma algebra is

Hr = a(gu,eu;Ell €L:u=l).

A random set of individuals

J:Q— PU)

is optional if {J < L} € Hy, for all line L C U, where P(U) is the power set of U . An
optional line is a random line which is optional. For any optional set J we define the
pre-J-algebra by:

A€My VL line CcU:AN{T <L} €H,.

The first result is:

Lemma 1. The marked tree constructed in Definitionl satisfies the strong Markov branching
property: for J an optional line and ¢, : @ — [0,1], u € U, measurable functions, we get

that,
E, <H Pu o T HJ) = H Ee, (¢u),

ueJ ueJ

where T is the marked tree extracted from Ty at the node (&, ay, (). More precisely

Tgu = ((é-m;, Aoy — Qo Cuv)vél/)’

Proof. Thanks to the i.i.d properties of the random variables (gu, u € U) and (e,,u € U),
the Markov property for lines is of course easily checked. In order to get the result for a more
general optional line, we use Theorem 4.14 of [I5]. Indeed, the tree we have constructed is
a special case of the tree constructed by Jagers in [I5]. In our case the Jagers’s notation py,
7. and o, are such that the type p, of u € U, is the mass of u: &,, the birth time o, is a,
and 7, is here equal to (,,, (because the mother dies when she gives birth to her daughters).
We notice that all the sisters have the same birth time, which means that for all u € & and
all + € N, we have that 7,; is here equal to (,. O



3 Malthusian hypotheses and the intrinsic martingale.

We introduce some notations to formulate the fundamental assumptions of this work:

pi= inf{peR:/ (:cp,s>1/(ds)<oo},
- My (R?)

and

Poo := inf {p>p:/ (:)sp,s>1/(ds):oo}
= Imme)

(with the convention inf () = co) and then for every p € (p, poo):
K(p) = / (1= (a”,s)) v(ds).
My (R?)

Note that k is a continuous and concave function (but not necessarily a strictly increasing
function) on (p,p), as p — [ ™ (R*)<xp’s>y(ds) is a convex application. By concavity, the
p p(RE
equation x(p) = 0 has at most two solutions on (p, po). When a solution exists, we denote
by po := inf{p € (p,psc) : K(p) = 0} the smallest, and call py the Malthusian exponent.
We now make the fundamental:

Malthusian Hypotheses. We suppose that the Malthusian exponent py exists, that
po > 0, and that
k(p) >0 for some p > py. (2)

Furthermore we suppose that the integral
[ syt 3)
My (%)

1s finite for some p > 1.

Throughout the rest of this article, these hypotheses will always be taken for
granted.

Note that (B) always holds when v(s; <1 for all i) =1 (fragmentation case). We stress
that x may not be strictly increasing, and may not be negative when p is sufficiently large
(see Subsection [l for a consequence of this fact.)

We will give one example based on the Dirichlet process (see the book Kingman [I6]).
Fix n > 2, (v1,...,0,) n positive real numbers and v = > v;. We define the simplex A,

by
An = {(p17p27 7pn) € R:L-a sz = 1} .

j=1



The Dirichlet distribution of parameter (vy, ..., v,) over the simplex A,, has the density (with
respect to the (n — 1)-dimensional Lebesgue measure on A,,):

I'(v v — Up, —
(v) T 1 e

J1spn) = 5510

Let a == v(v + 1)/(37, vi(v; + 1)). Note that a is strictly larger than 1. Let the
reproduction measure be the law of (aXj,...,aX,), where (Xi,..., X,,) is a random vector
with Dirichlet distribution of parameter (v, ...,v,). Therefore

r(p) = a”

I'(v) i I'(p+vi)
I'(v+p) — C(v;)
p = —uv, pp = 1 and the Malthusian hypotheses are verified.
~ In this article we will call extinction the event that for some n € N, all nodes u at the
n-th generation have zero size, and non-extinction the complementary event. We see that
the probability of extinction is always strictly positive whenever v(s; = 0) > 0, and equals
zero if and only if v(s; = 0) = 0 (as we have suppose ([B); see p.28 []).

After these definitions, we introduce a fundamental martingale associated to (&,,u € U).

Theorem 1. The process
M,:=)» & neN

lul=n

is a martingale in the filtration (Hy,), with L, the line associated to the n-th generation
(i.e. L, :={uel: |u|=n}). This martingale is bounded in LP(P) for some p > 1, and in
particular is uniformly integrable.

Moreover, conditionally on non-extinction the terminal value My, s strictly positive a.s.

Remark 1. As k is concave the equation k(p) = 0 may have a second root py := inf{p >
pos, k(p) = 0}). This second root is less interesting: even though

M= "¢+, neN,

lul=n

is also a martingale, it is easy to check that for all p > 1 the p-variation of M, is infinite,
e B (S0 Mgt — Mql?) = 00).
We can notice that for all p € (po, p+) (Mr(Lp))neN 1= (D_uj=n E0)nen s a supermartingale.
The assumption [3) means actually that E(M?) < oc.

Proof. @ We will use the fact that the empirical measure of the logarithm of the sizes of

fragments
ZM = Z Olog €., (4)

|ul=n
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can be viewed as a branching random walk (see the article of Biggins [§]) and use Theorem
1 of [§]. In order to do that we first introduce some notation: for 6 > p, we define

m(@)::E(/GmZ“ dx): d & =1-k(0)

lul=1

and

W0 = m(8) ™ [ 20 (de) = (1= n(0) " Y €l

|ul=n

We notice that M, = W™ (py). Therefore in order to apply Theorem 1 of [§] and to get the
convergence almost surely and in pth mean for some p > 1, it is enough to show that

E(W M (pg)7) < 0o

for some v € (1, 2] and
m(ppo)/Im(po)|” <1

for some p € (1,7]. The first condition is a consequence of the Malthusian assumption.
Moreover the second follows from the identities

m(ppo)/Im(po)’ = (1 — k(ppo))/|1 — k(po)|" =1 — K(ppo)

which, by the definition of py, is smaller than 1 for p > 1 well chosen.

e Finally, let us now check that M, > 0 a.s. conditionally on non-extinction. Define
q =P(My = 0), therefore as E(M,,) = 1 we get that ¢ < 1. Moreover, an application of the
branching property yields

E(¢”") = q,

where Z,, is the number of individuals with positive size at the n-th generation. Notice that
Z, = (Z™ 1). By the construction of the marked tree and as v is a probability measure:
(Zn,n € N) is of course a Galton-Watson process and it follows that ¢ is its probability of
extinction. Since M., = 0 conditionally on the extinction, the two events coincide a.s. [

4 Evolution of the process in continuous time.

After having defined the process indexed by generation and having shown that the martingale
M, is LP(PP) bounded, we are now able to define properly the main objet of this paper. In
order to do this, when an individual labelled by u has a positive size, &, > 0, let [, :=
[ay, ay, + ¢,) be the interval of times during which this individual is alive. Otherwise, i.e.
when &, = 0, we decide that I, = (). With this definition, we set:



Definition 2. We define the process X = (X(t),t > 0) by

X(t) =Y lger,ybe,.t > 0. (5)

uel

In particular we have for f : Ry — R measurable function

(F X)) =D () prery-

ueU

For every x > 0, let P, be the law of the process X starting from a single individual with
size x. And for simplification, we denote P for P, and let (F;):>o be the natural filtration
of the process (X(t),t > 0). We use the notation (X;(t),..., Xsx)(t)) for the sequence of
atoms of X(t). In the following we will show that this sequence is almost surely finite. Of
course the set (X(t), ..., Xyx(1)(t)) is the same as the set ((£,);t € 1,,); but sometimes it will
be clearer to use the notation (X;(t)).

We define for u € R, :
F(u) = / u*v(ds).
Mp(R?)

We notice that F'(u) is the generating function of the Galton-Watson process (Z,,n > 0) =
(H{uelU: & >0and |u| =n},n>0).
From now on, we will suppose that for every € > 0

/%zm (6)

Of course if F'(1) = E(Z;) < oo this last assumption is fulfilled. Therefore we get the first
theorem about the continous time process:

Theorem 2. The process X takes its values in the set M,(R%). It is a branching Markov
chain, more precisely the conditional distribution of X (t+1) given that X(r) = s is the same
as that of the sum >_ X (t), where for each index i, XV (t) is distributed as X (t) under Py,
and the variables X (t) are independent.

The process X also has the scaling property, namely for every ¢ > 0, the distribution of
the rescaled process (¢X(c*t),t > 0) under Py is P,.

In the fragmentation case, the fact that the size of the fragments decreases with time
entails that the process of the fragments of size larger than or equal to € is Markovian, and
which leads easily to Theorem Pl This property is lost in the present case.

Proof. e First we will check that for all £ > 0, X(¢) is a (random) finite point measure. By
Theorem [M and the Doob’s LP-inequality we get that for some p > 1:

sup M,, = sup Z g e LP(P).

neN neN
lul=n
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As a consequence:

sup & € L(P)

ueU
and then by the definition of the process X, writing X (¢),... for the (possibly infinite)
sequence of atoms of X(t)

sup sup X;(t)* € LP(P).
i teR,

Recall that py > 0 by assumption. We fix some arbitrarily large m > 0. We now work
conditionally on the event that the size of all individuals is bounded by m, and we will show
that the number of the individuals alive at time ¢ is almost surely finite for all ¢ > 0.

As we are conditioning on the event {sup,¢;, & < m}, by the construction of the marked
tree, we get that the life time of an individual can be stochastically bounded from below by an
exponential variable of parameter m®. Therefore we can bound the number of individuals
present at time ¢ by the number of individuals of a continuous time branching process
denoted by GW in which each individual lives for a random time whose law is exponential
of parameter m® and the probability distribution of the offspring is the law of #s V 1 under
v (we have taken the supremum with 1 to ensure the absence of death). For the Markov
branching process GW, we are in the temporally homogeneous case and, we notice that

/ u My (ds) = (f(u) — u)v(ns # 0) + u,
Mp(RY)

therefore as we have supposed (), we can use Theorem 1 p.105 of the book of Athreya and
Ney B] (proved in Theorem 9 p.107 of the book of Harris [14]) and get that we are in the
non-explosive case for the GW. As the number of the individuals is bounded by that of GW
we get that the number of individuals at time t is a.s. finite.

Therefore conditioning on the event {sup,, & < m}, we have that for all ¢ > 0, the
number of individuals at time ¢ is a.s. finite, i.e. X(t) is a finite point measure.

e Second we will show the Markov property. Fix r € R,. Let 7. be equal to {u € U :
r € I,}. We notice that 7, is an optional line. In fact for all lines L C U we have that

{r.2L}={r<a,+¢ Vuel}eH,.

By definition, we have the identity

X (t+r)
D A 05030, 14 = O Lareny e,
i=1 ueld

Let X(r) = >, b, € My(R%) with n = X(r) and (vy, ..., v,) the nodes of Y. Define for
all i < n,

T = ((gwu Ao — Qs Cogu — H{U=®}(T - an))'ueu) = ((éq(j)7 az(Li)7 ézsi))uele)v



I = [a a + [ and

Z ]l{tel(“} gn-

uel

X(t+r) ZX

By the lack of memory of the exponential Varlable, we have that for u € U, given s € I,
the law of the marked tree T is the same as that of

T&)i = ((gviua a'viu - a'vw Cviu)uEU) = (( ju afm CZ)UEZ/{)

Thus we have the equality in law:

Z ]l{tel( n Oz = Z Ngreriyde:

ueU ueU

Then

with I} .= [ay, af, + C[-
Let 71 :={v;u €U : r € I'}. Moreover for all lines L € U we have that

{7'7f = L} = {T < Ay + Cviu Voiu € L} € He.

Therefore 7! is an optional line and by applying Lemma [Tl for the optional line 7, we have
that the condition distribution of the point measure

Z Wypireriyocs

ueU

given M., is the law of X(t) under P,. We notice that H, = o(£,, e, : a, < s) is the
same filtration as F, = o(X(s') : s < s). Therefore (XM, X@ | XM) is a sequence of
independent random processes, where for each i X®(t) is dlstrlbuted as X(t) under P,,. We
then have proven the Markovian property.

e The scaling property is an easy consequence of the definition of the tree T. O

Remark 2. For every measurable function g : RY — R, define a multiplicative functional
such that for everys = Y% 6, € Mp(RY):

q(s) := exp(—(yg,s)) = exp(— Zg si))
Then the generator G of the Markov process X(t) fulfills for everyy = 2311 by, € M,(RY):

Goy(y Zy e~ 2 i 9(i) / (e~{9(@va)s) _ o=90wi)) 1 (ds). (7)
Mp(RY)
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The intrinsic martingale M, is indexed by the generations; it will also be convenient to
consider its analogue in continuous time, i.e

M(t) == (x"°, X(t Z Lgrer, &0
ueU
It is straightforward to check that (M (t),t > 0) is again a martingale in the natural filtration
(Ft)e>o of the process (X(t),t > 0); and more precisely, the argument Proposition 1.5 in [4]
gives:

Corollary 3. The process (M(t),t > 0) is a martingale, and more precisely
M(t) = E(Mx|F),

where My, is the terminal value of the intrinsic martingale (M,,n € N). In particular M (t)
converges in LP(P) to My, for some p > 1.

Proof. We will use the same argument as in the proof of Proposition 1.5 of []. Netherless,
we have to deal here with the fact that sup,, & may be larger than 1. Therefore we will
have to condition. We know that M,, converges in LP(P) to M., as n tends to 0o, so

By Theorem [l as we have
sup £i° € LA (P),
ueU
we fix m > 0. We now work on the event B,, := {sup,, & < m}.
By applying the Markov property at time t we easily get that

E(M,|F:) = Z XP () Migx,apeny + Y €0 Mg, cuny (8)

|ul=n

where o(§,) stands for the generation of the individual v (i.e. o(&,) = |v|), and a, + (, is
the instant when the individual corresponding to the node u reproduces. We can rewrite the
latter as

au—i_Cu—g 0+£ e1+--’+£u_ae|u\

where eg,... is a sequence of independent exponentlal variables with parameter 1, which is
also independent of &,. We can remark that in the first term of sum (B) we sum over the
sizes of the individuals which belong to the n-th generation and are alive at time ¢, and in
the second term we sum over those belonging to the n-th generation and are dead at time .

As « is nonnegative, and as we are working on the event B,,: { ¢ > m™" we have that
for each fixed node u € U , a, + ¢, is bounded from below by the sum of |u|+ 1 independent
exponential variables with parameter m® which are independent of &,. Thus

Im E () & lipg | =0,

|ul=n
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and therefore by () on the event {B,,}, we get that for all m > 0: E(My|F)1lip,) =
M(t)1yp,,}, and then by letting m tend to oo we get the result. O

5 A randomly tagged leaf.

We will here (as in []) define what a tagged individual is by using a tagged leaf.

We call leaf of the tree U an infinite sequence of integers | = (uy, ...). For each n, I :=
(uq, ..., uy,) is the ancestor of | at the generation n. We enrich the probabilistic structure by
adding the information about a so called tagged leaf, chosen at random as follows. Let H,, be
the space of bounded functionals ® which depend on the mark M and of the leaf [ up to the n-
th first generation, i.e. such that ®(M,1) = &(M',1')if " = " and M (u) = M (u) whenever
|u| < n. For such functionals, we use the slightly abusing notation ®(M, 1) = ®(M, ™). As
in [ for a pair (M, \) where M : U — [0,1] x Ry x R, is a random mark on the tree and A
is a random leaf of U, the joint distribution denoted by P* (and by PZ if the size of the first
mark is = instead of 1) can be defined unambiguously by

EY(Q(M ) =E [ Y oM ugr|, @cH,

lul=n

Moreover since the intrinsic martingale (M, n € Z, ) is uniformly integrable (cf. Theorem/Tl),
the first marginal of P* is absolutely continuous with respect to the law of the random mark
M under P, with density M.

Let A, be the node of the tagged leaf at the n-th generation. We denote x,, := &), for
the size of the individual corresponding to the node A, and x(t) for the size of the tagged
individual alive at time ¢, viz.

X(t) = Xn if ay,, <t< ay, + g)\n,

because in the case considered sup,,cyax, = 00. We stress that, in general the process x(t)
is not monotonic. However as in [4], Lemma 1.4 there becomes:

Lemma 2. Let k: R, — Ry be a measurable function such that k(0) = 0. Then we have
for everyn € N

E*(k(xn)) =E | > &°k(&) |,
|lul=n
and for everyt > 0
E*(k(x(t)) = E ({(z"k(x), X(1))) -

Proposition 1.6 of [4] becomes:

12



Proposition 4. Under P*,
Sn Z:hlxn, HEZ+

18 a random walk on R with step distribution
P(In x,, — In xna1 € dy) = v(dy),
where the probability measure v is defined by
| sty = [ klinge).s)(ds)
10,001 My (RY)
Equivalently, the Laplace transform of the step distribution is given by
E*(e?™) =E*(x{) =1 —#(p+po), p>0.

Moreover, conditionally on (xn,n € Z,) the sequence of the lifetimes ((,,Ch,,---) along
the tagged leaf is a sequence of independent exponential variables with respective parameters

a (e}
XO)XI)"'

We now see that we can use this proposition to obtain the description of x(t) using a

Lamperti transformation. Let
ne =S o Ny, t >0,

with N a Poisson process with parameter 1 which is independent of the random walk S;
for probabilities and expectations related to n we use the notation P and E. The process
(x(t),t > 0) is Markovian and enjoys a scaling property. More precisely under P! we get

that W
X(t) = eXp(nT(tx*a))a t >0, (9)

where 7 is the compound Poisson defined above and 7 the time-change defined implicitly by

7(t)
t= / exp(ans)ds, t>0. (10)
0

6 Asymptotic behaviors.

6.1 The convergence of the size of a tagged individual.

Let
K 0) = — 2P In(x), s)v(ds
(po) //\4P(R*+)< (<), spv(ds)

denote the derivative of xk at the Malthusian parameter pg.

In this part we focus on the asymptotic behavior of the size of a tagged individual. In
this direction, the quantity w, = e*™ plays an important role, as it appears at the time
change of the Lamperti transformation (see (), as we see in the next proposition:

13



Proposition 5. Suppose that o > 0, that the support of v is not a discrete subgroup rZ for
any v > 0 and that 0 < k' (py) < oo. Then for every y > 0, under Py, t/ox(t) converges in
law as t — oo to a random variable Y whose law is specified by

B((Y™) = — —B(H(DI™),

for every measurable function k : Ry — Ry, with I := [~ exp(am,)ds and my := E(n) =
—K (po).

Proof. As —k'(po) is the mean of the step distribution of the random walk S,, (see Proposition
H), therefore x'(po) > 0 imply that E(—n;) > 0 thus the assumption of Theorem 1 in the

works of Bertoin and Yor [7] is fulfilled by the self-similar Markov process x(¢)~!, which gives
the result. 0

We could also try to use the same method as the one used in [6] for which we need
Proposition 1.7 []. But in this latter we needed E({x?, X (t))) to be finite when p is large,
and its derivative to be completely monotone. But here neither of these requirements is
necessarily true as s is not necessarily positive when p is large. This explains why we have
to use a different method.

Remark 3. In the case k' (py) = 0 we can estend this proposition. More precisely if

fM a:p°|ln( )|, s)v(ds) < oo

Y xv~ ((x,00))dx
J '_/1 1 +f0m dy fyoo v~ ((—o00, —2))dz

< 00,

(where v~ is the image of U by the map v — —u and v is defined in Proposition [j)) and
E <logJr fOTl e‘”mls) < 0o (with T, = inf{t : —n, > z}) hold then, for any y > 0 under P,

t2x(t) converge in law as t — oo, to a random variable Y whose law is specified by
for any bounded and continuous function k and fort > 0:

E(K(7)) = lim < B(I; K1),

where I = [ exp(ans — As)ds.
The proof is the same as the previous one using Theorem 1 and Theorem 2 from the
works of Caballero and Chaumont [I1] instead of [7].

6.2 Convergence of the mean measure and L”-convergence.
We encode the configuration of masses X (t) = {(X;(t))1<i<tx(r)} by the weighted empirical

measure
EX (1)

Ot ‘= ZX tl/aX (t)

14



which has total mass M (t).
The associated mean measure o} is defined by the formula

/0 " k(2)or(dz) = E ( /0 h k(:)s)at(d:v))

which is required to hold for all compactly supported continuous functions k. Since M (t) is
a martingale, o] is a probability measure. We interest us to the convergence of this measure.
This convergence was already established in the case of binary conservative fragmentation
(see the results of Brennan and Durrett [9] and [I0]). A very useful tool for this is the
renewal theorem, for which they needed the fact that the process x(t) is decreasing; here
we no longer have such a monotonicity property. See also Theorem 2 and 5 of [6], Theorem
1.3 of [] and Proposition 4 of [I7] for Theorems about empirical measure for measure which
have a conservative property v(s; < 1Vi € N) = 1.
Nonetheless, with Proposition [l and Lemma B, we easily get:

Corollary 6. With the assumptions of Proposition[d we get:

1. The measures o; converge weakly, as t — oo, to the distribution of Y i.e. for any
continuous bounded function k : Ry — Ry | we have:

E ((z"k(t"*z), X (1)) — E(k(Y)).

t—o0
2. For all p. > p > py:

t(p_pO)/O‘E((:cp,X(t)>) — E(YP 7).

t—o0

We now formulate a more precise result concerning the convergence of the empirical
measure:

Theorem 7. Under the same assumptions as in Proposition[d we get that for every bounded
continuous function k:

L7 — lim h k(z)o,(dx) = M E(k(Y)) = %E(k(l)l‘l),

t—o00 0 am

for some p > 1.

Remark 4. A slightly different version of Corollary@ and Theorem[] exists also under the
assumptions in Remark [3.

See also Asmussen and Kaplan [I] and [2] for a closely related result.
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Proof. We follow the same method as Section 1.4. in ] and in this direction we use Lemma
1.5 there: for (A(t))i>0 = (Mi(t),7 € N)i>o a sequence of non-negative random variables such
that for fixed p > 1

sup E ((i )\i(t)> ) < oo and }LI?OE (f: )x,-(i)) =0,

20 i—1

and for (Y;(t),7 € N) a sequence of random variables which are independent conditionally

on A(t), we assume that there exists a sequence (37;,@ € N) of i.i.d variables in L?(IP), which

is independent of A(¢) for each fixed ¢, and such that |Y;(t)| < Y, for all i € N and ¢ > 0.
Then we know from Lemma 1.5 in [4] that

lim 37 A (6)(Yi(t) — E(H(1)A®D) = 0. (1)

i=1
Now, let k be a continuous function bounded by 1 and let
Ay = (@Pk(tex), X (1)),

By application of the Markov property at time ¢ for A;, , and the self-similarity property
of the process X we can rewrite A, as

1X(t)
Ni(t)Yi(t, s)
i=1

where \;(t) := XP°(t) and
Yilt,s) = (@™k((t + )" Xi(t)), X;.(5)),

with X , Xy , ... a sequence of i.i.d. copies of X which is independent of X(?).
By Theorem [ we get that

p

By the last corollary we also obtain that
X (¢)
E( DN | ~ o mEE (1) -0,
i=1

as t — oo.
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Moreover the variables Y;(¢, s) are uniformly bounded by

Y; = sup(a?°, X; (s)),

s>0

which are i.i.d. variables and also bounded in L”(IP) thanks to Doob’s inequality (as (z,,, X (s))
is a martingale bounded in L*(IP)).
Thus we may apply ([I), which reduces the study to that of the asymptotic behavior of:

¥X (1)

> OB IX(0)

as t tends to co. On the event {X;(t) =y}, we get
E(Y;(t, 5)|X(1) = E ((z™k((t + 5)"*yz), X(s))) .
Then by Lemma B

E ((a7k((t + s)"yx), X, (5))) = E* (k ((t + )" *yx(s))) -
With Proposition Bl we obtain

lim E° (k (¢ +)°yx(s)) = E(k (V).

Moreover recall from Corollary Bl that fol(t) Ai(t) converges to My, in LP(IP). Therefore we
finally get that when ¢ goes to infinity:

EX (1)

Z)\ Yi(t, )| X (t)) Z)\ (Y)) Ma.

A Further results about the intrinsic process

We will give more general properties about the intrinsic process {Mg, Q@ C U}, My =
Y e &80 For a line @, {Mg} is adapted to the filtration {H,}. We use the abuse of
notation that M,, stand for the process My, , with L, = {u € U : |u| = n} the labels of the
n-th generation. We introduce new definitions, we say that a line ) covers L, if () > L and
any individual stemming from L either stems from ) or has progeny in Q). If ) covers the
ancestor it may simply be called covering. Let Cy be the class of covering lines with finite
maximal generation. We denoted the generation of Q: [Q| = sup,q |u|. The origin of the
intrinsic martingale comes from real time martingale of Nerman [20].
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Also for r € R%, let ¥, be the structural measure:

0.(B) ==E,(tH{lucU & € B})=> v(rs;€ B) for BCB,

=1

e e}

where B is the Borel algebra on R?. Let the reproduction measure ; on the sigma-field
B ® B be such that for every r > 0:

w(r,dv x du) = rae_ra“duz v(rs; € dv)
i=1
and for any A € R
(7, dv x du) = e pu(r, du x dv).

The composition operation * denotes the Markov transition on the size space R, and con-
volution on the time space R, so that: for all A € B and B € B,

(s, Ax B) = px*pu(s,Ax B) = / w(ry A x (B —u))u(s,dr x du).

R+ XR+

With the convention that the x-power 0 is Iyaxpy(s,0) which gives all the mass to (s,0).
We define the renewal measure as .
Py = Z [y
0

Let

o :=inf{A : ¥(r,R; xR,) < oo for some r € R,}.
Moreover as
mre/(r*+ ) if A > —r®

pa(r, Ry xRy ) = {
00 else,

thus
Ua(r, Ry x Ry) < oo if and only if A < (r/(m — 1))¥/«

therefore we get a' = 0. For A € B, let
m(A) := lim (1, A x R}) (12)

which is well defined as p*"(1, A x R, ) is a decreasing function in n and nonnegative. Let
h(s) := s for all s € R, and 3 := 1. These objects correspond to those defined in [I7].
Recall that the Galton-Watson process (Z,,n > 0)) is equal to (#{u € U : &, >
0 and |u| =n},n >0).
We suppose that
m = E(Zl) < 00,

ie. [ My (RS ) fsv(ds) < oo this assumption is slightly stronger than (@), therefore we get that:
+
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Proposition 8. 1. If L < @ are lines, then

E(Mq|H,) < M.

If Q verifies |Q] < oo and covers L, then

E(Mg|Hy) = My.

2. For all s >0, {My; L € Cy} is uniformly Ps-integrable.

3. There is a random variable M > 0 such that for m-almost all s > 0
My, =E,(M|Hy)
)

1
and Mj, L& M, as L € Cy filters (X). If ¢, = guy1 € Co and to any x € U there is an
G such that x has progeny in ,, M., — M, asn — oo, also a.s. Ps.

A consequence of the first and second points applied for L, = {u € U : |u| = n} and
L, ={u €l : |ul =m} with m >n > 0, is that M, is a martingale and the uniform Ps-
integrability of this martingale. The third point applied for the lines 7; give the convergence
of M(t) in L'(P,) and almost surely.

Proof. e First the conditions of Malthusian population are fulfilled, thus by Theorem 5.1 in
[15] we get the first point.

Let € := [y g, h(s)r®e™""dtdi(ds) = 32|, -, &b and E, be the expectation with respect
to f[& Ps(dw)m(ds). Therefore,

E.(€log" &) = / E, <Z & <1og+ fo°)> m(dz),
+ i=1 j=1

and it follows readily from the Malthusian hypotheses and the fact that Zm‘:n EPPo s a
supermartingale, that this quantity is finite. Therefore the assumption of Theorem 6.1 of
[T5] are check, which gives by Theorem 6.1 of [I5] the second point and by Theorem 6.3 of
[T5] we get the third point. O

Acknowledgements: 1 wish to thank J. Bertoin for his help and suggestions. I also
wish to thank the anonymous referees of an earlier draft for their detailed comments and
suggestions.

19



References

1]

2]

[10]

[11]

[12]

S. AsMUSSEN and N. KAPLAN (1976). Branching random walks. 1. Stochastic Process.
Appl. 4 , no. 1, 1-13.

S. AsmUsSEN and N. KAPLAN (1976). Branching random walks. II. Stochastic Process.
Appl. 4 ; no. 1, 15-31.

K. B. ATHREYA and P. E. NEY (1972). Branching processes. Springer-Verlag Berlin
Heidelberg.

J. BERTOIN (2006). Random fragmentation and coagulation processes. Cambridge Univ.
Pr.

J. BERTOIN (2006). Different aspects of a random fragmentation model. Stochastic Pro-
cess. Appl. 116, 345-369.

J. BERTOIN and A. V. GNEDIN (2004) Asymptotic laws for nonconservative self-similar
fragmentations. FElectron. J. Probab. 9 , No. 19, 575-593

J. BERTOIN and M. YOR (2002). The entrance laws of self-similar Markov processes
and exponential functionals of Lévy processes. Potential Analysis 17 389-400.

J. D. BIGGINS (1992). Uniform convergence of martingales in the branching random
walk. Ann. Probab. 20, No. 1, 131-151.

M. D. BRENNAN and R. DURRETT (1986). Splitting intervals. Ann. Probab. 14 | No.
3, 1024-1036.

M. D. BRENNAN and R. DURRETT (1987). Splitting intervals. II. Limit laws for lengths.
Probab. Theory Related Fields 75 No. 1, 109-127.

M.E. CABALLERO and L. CHAUMONT (2006). Weak convergence of positive self-similar
Markov processes and overshoots of Lévy processes. Ann. Probab. 34, No. 3, 1012-1034.

B. CHAUVIN (1986). Arbres et processus de Bellman-Harris. Ann. Inst. Henri Poincaré.
22, No. 2, 209-232.

B. CHAUVIN (1991). Product martingales and stopping lines for branching Brownian
motion. Ann. Probab. 19, No. 3, 1195-1205.

T. E. HARRIS (1963). The theory of branching processes. Springer

P. JAGERS (1989). General branching processes as Markov fields. Stochastic Process.
Appl. 32, 183-212.

20



[16]

[17]

[18]

[19]

[20]

[21]

J. F. C. KINGMAN (1993). Poisson processes. Oxford Studies in Probability, 3. Oxford
Science Publications. The Clarendon Press, Oxford University Press.

N. KRELL (2008). Multifractal spectra and precise rates of decay in homogeneous frag-
mentations. To appear in Stochastic Process. Appl.

A. E. KYPRIANOU (1999). A note on branching Lévy processes. Stochastic Process.
Appl. 82 , No. 1, 1-14.

A. E. KyPRIANOU (2000). Martingale convergence and the stopped branching random
walk. Probab. Theory Related Fields 116 , no. 3, 405-419.

O. NERMAN (1984). The growth and composition of supercritical branching populations
on general type spaces. Technical report, Dept. Mathematics, Chalmers Univ. Technol-
ogy and Goteborg Univ.

J. NEVEU (1986). Arbres et processus de Galton-Watson. Ann. Inst. H. Poincaré Probab.
Statist. 22, No. 2, 199-207.

21



	Introduction.
	The marked tree.
	Malthusian hypotheses and the intrinsic martingale.
	Evolution of the process in continuous time.
	A randomly tagged leaf.
	Asymptotic behaviors.
	The convergence of the size of a tagged individual.
	Convergence of the mean measure and Lp-convergence.

	Further results about the intrinsic process

