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Abstract

In this paper we introduce a new kind of Backward Stochastic Differential Equations,
called ergodic BSDEs, which arise naturally in the study of optimal ergodic control. We
study the existence, uniqueness and regularity of solution to ergodic BSDEs. Then we apply
these results to the optimal ergodic control of a Banach valued stochastic state equation.
We also establish the link between the ergodic BSDEs and the associated Hamilton-Jacobi-
Bellman equation. Applications are given to ergodic control of stochastic partial differential
equations.

1 Introduction

In this paper we study the following type of (markovian) backward stochastic differential equa-
tions with infinite horizon (that we shall call ergodic BSDEs or EBSDEs for short):

T T

Y;f”:Yf—i-/ [¢(X§,Z§)—)\]da—/ Z5dWs, 0<t<T < 0. (1.1)
t T

In equation ([[.J) X* is the solution of a forward stochastic differential equation with values in

a Banach space E starting at z and (W;);>0 is a cylindrical Wiener process in a Hilbert space

Our aim is to find a triple (Y, Z, \), where Y, Z are adapted processes taking values in R and

respectively and A is a real number. ¢ : £ x 2 — R is a given function. We stress the fact

that A is part of the unknowns of equation ([L.1) and this is the reason why the above is a new
class of BSDEs.
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It is by now well known that BSDEs provide an efficient alternative tool to study optimal
control problems, see, e.g. [B1], [[] or, in an infinite dimensional framework, [[J], [[q]. But up to



our best knowledge, there exists no work in which BSDE techniques are applied to optimal con-
trol problems with ergodic cost functionals that is functionals depending only on the asymptotic
behavior of the state (see e.g. the cost defined in formula ([.4) below).

The purpose of the present paper is to show that backward stochastic differential equations,
in particular the class of EBSDEs mentioned above, are a very useful tool in the treatment of
ergodic control problems as well, especially in an infinite dimensional framework.

There is a fairly large amount of literature dealing by analytic techniques with optimal ergodic
control problems for finite dimensional stochastic state equations. We just mention the basic
papers by Bensoussan and Frehse [[J] and by Arisawa and Lions [f[] where the problem is treated
through the study of the corresponding Hamilton-Jacobi-Bellman (HJB) equation (solutions are
understood in a classical sense and in a viscosity sense, respectively).

Concerning the infinite dimensional case it is known that both classical and viscosity notions
of solutions are not so suitable concepts. Maslowski and Goldys in [1d] employ a mild formulation
of the Hamilton-Jacobi-Bellman equation in a Hilbertian framework (see [{] and references within
for the corresponding mild formulations in the standard cases). In [[[J] the authors prove,
by a fixed point argument that exploits the smoothing properties of the Ornstein-Uhlenbeck
semigroup corresponding to the state equation, existence and uniqueness of the solution of the
stationary HJB equation for discounted infinite horizon costs. Then they pass to the limit, as
the discount goes to zero, to obtain a mild solution of the HJB equation for the ergodic problem
(see also [H]). Such techniques need to assume, beside natural condition on the dissipativity of
the state equation, also non-degeneracy of the noise and a limitation on the lipschitz constant
(with respect to the gradient variable) of the hamiltonian function. This last condition carries
a bound on the size of the control domain (see [[[4] for similar conditions in the infinite horizon
case).

The introduction of EBSDEs allow us to treat Banach valued state equations with general
monotone nonlinear term and possibly degenerate noise. Non-degeneracy is replaced by a struc-
ture condition as it usually happens in BSDEs approach, see, for instance, [{], [[J]. Moreover
the use of L*° estimates specific to infinite horizon backward stochastic differential equations
(see [[], BT, [LM]) allow us to eliminate conditions on the lipschitz constant of the hamiltonian.
On the other side we will only consider bounded cost functionals.

To start being more precise we consider a forward equation
dX! = (AX] + F(X)))dt + GdWy, Xo==x

where X has values in a Banach space F, F maps F to E and A generates a strongly continuous

semigroup of contractions. Appropriate dissipativity assumptions on A+ F' ensure the exponen-

tial decay of the difference between the trajectories starting from different points z, 2’ € E.
Then we introduce the class of strictly monotonic backward stochastic differential equations

T T
Vo =it [z —aVeydo - [ Z3tdWe, 0<t<T < (12)
t t

for all a > 0 (see [[], [R3] or [1d]) where ¥ : E x Z* — R is bounded in the first variable and
Lipschitz in the second. By estimates based on a Girsanov argument introduced in [[] we obtain
uniform estimates on aY % and Y*® — Y% that allow us to prove that, roughly speaking,
(Y=o — YOO’O‘, VAR ozYOO’a) converge to a solution (Y?, Z% X) of the EBSDE ([L.1)), for all x € E.



We also show that A is unique under very general conditions. On the contrary, in general we can
not expect uniqueness of the solution to (), at least in the non markovian case. On the other
side in the markovian case we show that we can find a solution of ([[.1) with Y,* = v(X{) and
ZF = ((X}) where v is Lipschitz and v(0) = 0. Moreover (v,() are unique at least in a special
case where 1 is the Hamiltonian of a control problem and the processes X? are recurrent (see
Section § where we adapt an argument from [13]).

If we further assume differentiability of F' and ¢ (in the Gateaux sense) then v is differen-
tiable, moreover ( = VoG and finally (v, \) give a mild solution of the HJB equation

Lo(z) + ¢ (z,Vu(z)G) =\, z€E, (1.3)

where linear operator £ is formally defined by
1
Lf(z) = 5Trace (GG*V2 [ (2)) + (Az, V[ (2)) 5~ + (F (2), V[ (2)) 5,5+

Moreover if the Kolmogorov semigroup satisfies the smoothing property in Definition f.] and F'
is genuinely dissipative (see Definition [5.9) then v is bounded.

The above results are then applied to a control problem with cost

1 T

J(z,u) = limsup — E/ L(XZ, us)ds, (1.4)
T—o00 0

where u is an adapted process (an admissible control) with values in a separable metric space

U, and the state equation is a Banach valued evolution equation of the form

dXF = (AX? + F(XP)) dt + G(dW; + R(uy) dt),

where R : U — = is bounded. It is clear that the above functional depends only on the
asymptotic behavior of the trajectories of X*. After appropriate formulation we prove that,
setting ¢(z, z) = infyey[L(z,u) + zR(u)] in ([.), then X is optimal, that is

A =inf J(z,u)

where the infimum is over all admissible controls. Moreover Z allows to construct on optimal
feedback in the sense that

A = J(z,u) if and only if L(X[, us) + Zi R(u) = (X[, Zy).

Finally, see Section [Jj, we show that our assumptions allow us to treat ergodic optimal
control problems for a stochastic heat equation with polynomial nonlinearity and space-time
white noise. We notice that the Banach space setting is essential in order to treat nonlinear
terms with superlinear growth in the state equation.

The paper is organized as follows. After a section on notation, we introduce the forward SDE;
in section 4 we study the ergodic BSDEs; in section 5 we show in addition the differentiability
of the solution assuming that the coefficient is Gateaux differentiable. In section 6 we study the
ergodic Hamilton-Jacobi-Bellman equation and we apply our result to optimal ergodic control
in section 7. Section 8 is devoted to show the uniqueness of Markovian solution and the last
section contains application to the ergodic control of a nonlinear stochastic heat equation.



2 Notation

Let E, F' be Banach spaces, H a Hilbert space, all assumed to be defined over the real field and
to be separable. The norms and the scalar product will be denoted | - |, (-, ), with subscripts if
needed. Duality between the dual space E* and E is denoted (-, - ) g+ p. L(E, F) is the space of
linear bounded operators E — F', with the operator norm. The domain of a linear (unbounded)
operator A is denoted D(A).

Given a bounded function ¢ : E — R we denote ||¢||o = sup,cp|¢(x)|. If, in addition, ¢ is
also Lipschitz continuous then H¢||hp = ||9llo + sup, wrep, wpar |0(2) — (2’| — 2'| 71

We say that a function F': E — F belongs to the class G'(E, F) if it is continuous, has a
Gateaux differential VF(x) € L(E, F) at any point € E, and for every k € E the mapping
x — VF(x)k is continuous from E to F (i.e. x — VF(x) is continuous from E to L(E, F) if the
latter space is endowed the strong operator topology). In connection with stochastic equations,
the space G! has been introduced in [[[J], to which we refer the reader for further properties.

Given a probability space (2, F,P) with a filtration (F;)¢>¢ we consider the following classes
of stochastic processes with values in a real separable Banach space K.

1. LL(Q,C([0,T],K)), p € [1,00), T > 0, is the space of predictable processes Y with
continuous paths on [0, 7] such that

Yy =E sup |[Yif} < oo.

5 (Q,C([0,T],E)) t€(0,T]
2. L%(Q,LQ([O,T]§K))7 p € [1,00), T > 0, is the space of predictable processes Y on [0, 7]
such that

T p/2
p —
|Y|L%(Q,L2([07T]§K)) =k (/0 m'Kdt) =

3. L% 10e (€2 L%(0, 005 K)) is the space of predictable processes Y on [0, 00) that belong to the
space L%(Q, L*([0,T); K)) for every T > 0.

3 The forward equation

In a complete probability space (2, F,P), we consider the following stochastic differential equa-
tion with values in a Banach space E:

(3.1)

dX; = AX,dt + F(X;)dt + GdW,, t>0,
Xo=x€ E.

We assume that E is continuously and densely embedded in a Hilbert space H, and that both
spaces are real separable.
We will work under the following general assumptions:

Hypothesis 3.1 1. The operator A is the generator of a strongly continuous semigroup of
contractions in E. We assume that the semigroup {etA, t > 0} of bounded linear operators
on E generated by A admits an extension to a strongly continuous semigroup of bounded
linear operators on H that we denote by {S(t), t > 0}.

—

2. W 1is a cylindrical Wiener process in another real separable Hilbert space =. Moreover
by Fi we denote the o-algebra generated by {Ws, s € [0,t]} and by the sets of F with
P-measure zero.



3. F: E — E is continuous and has polynomial growth (that is there exist ¢ > 0,k > 0 such
that |F(x)| < c¢(1 + |z|*¥), x € E). Moreover there exists 1 > 0 such that A+ F +nl is
dissipative.

4. G is a bounded linear operator from = to H. The bounded linear, positive and symmetric
operators on H defined by the formula

t
Qih = / S(s)GG*S*(s)hds, t>0, heH,
0
are assumed to be of trace class in H. Consequently we can define the stochastic convolution
¢
wh :/ S(t — s)GdW,, t>0,
0

as a family of H-valued stochastic integrals. We assume that the process {WtA, t > 0}
admits an E-continuous version.

We recall that, for every z € E, with x # 0, the subdifferential of the norm at x, 0 (|z|), is
the set of functionals z* € E* such that (z*,z) 5. p = |z| and |2*|g» = 1. If 2 = 0 then 0 (|z])
is the set of functionals z* € E* such that |z*| g~ ’g 1. The dissipativity assumption on A + F
can be explicitly stated as follows: for x,2’ € D(A) C E there exists z* € 0 (Jx — 2/|) such that

(z*Alx =)+ F(z) = F (¢')) . p < —n|z —2'|.

E*,
We can state the following theorem, see e.g. [], theorem 7.13 and [, theorem 5.5.13.

Theorem 3.2 Assume that Hypothesis [3.1 holds true. Then for every x € E equation ([3.1) ad-
mits a unique mild solution, that is an adapted E-valued process with continuous paths satisfying
P-a.s.

¢ ¢
X, = ety —|—/ et=9)Ap (Xs)ds + / e(tfs)AGdWs, t>0.
0 0

We denote the solution by X*, z € E.
Now we want to investigate the dependence of the solution on the initial datum.

Proposition 3.3 Under Hypothesis 3.1 it holds:

| X7 — X372 < e~ |x1 —xa|, t >0, x1,29 € E.

Proof. Let X (t) = X' and X3 (t) = X%, z1,20 € E. For i = 1,2 we set X (t) = J,, X; (¢),
where J,, = n (nI — A)~'. Since X (t) € D (A) for every t > 0, and

t t
X () = e + / et=)A T F (X, (s))ds + / et=)A 1. Gdw,
0 0

we get

d n n n n

7 (K1 (1) = X3 (1)) = A(XT (8) = X5 () + Ju [F (X1 (1) = F (X2 (2)] -

So, by proposition I1.8.5 in [R4] also |X7 () — X% (t)| admits the left and right derivatives
with respect to t and there exists z} (t) € 9 (| X7 (t) — X% (¢)|) such that the left derivative
of | XT' (t) — X§ (t)| satisfies the following

di n n * d n n

— [ X7 (1) = X3 ()] = (2 (), = (X7 (8) = X5 (1)) -

dt dt B E



So we have
d 7 X (@) = X3 ()] = (25, (), A (XT (t) —X"( )+ F (X7 (1) — F (X5 (1) ge g
1 F(XT (1)) g
, (X2( )) F(X3 (1)) g &
t) = X3 ()] + |07 () — 05 (1)1,
where for i = 1,2 we have set 0 (t) = J,F' (X; (1)) — F (X[ (t)).
Multiplying the above by e”t we get

Cclz—; (™ |XT (1) = X3 (8)]) < e™ |87 () — 05 (1)]

We note that §7" (¢) tends to 0 uniformly in ¢ € [0, 7] for arbitrary 7" > 0. Indeed,
o7 (t) = nR (n, A) [F (X; () = F (X{ ()] + (nR(n, A) = I) F (X; (1)) ,

and the convergence to 0 follows by a classical argument, see e.g. the proof of theorem 7.10 in [{],
since X (t) tends to X; (¢) uniformly in ¢ € [0,7] and the maps t — X; (¢) and ¢t — F (X; (1))
are continuous with respect to .

Thus letting n — oo we can conclude

’Xl (t) — X2 (t)‘ < e_”t Tr1 — T2 .

and the claim is proved. =

We will also need the following assumptions.

Hypothesis 3.4 We have sup,>¢ E|W/[* < 0.

+
Hypothesis 3.5 ¢/4G (Z) C E for allt > 0 and / "Gz pydt < 0.
0

We recall that for arbitrary gaussian random variabile Y with values in the Banach space

E, the inequality
E¢(Y[-E|Y]) <E¢Q2VE|Y[*)

holds for any convex nonnegative continuous function ¢ on E and for « a real standard gaussian
random variable, see e.g. [[[(], Example 3.1.2. Upon taking ¢(z) = |z|?, it follows that for every
p > 2 there exists ¢, > 0 such that E|Y|? < ¢,(E [Y|?)P/2. By the gaussian character of W/ and
the polynomial growth condition on F stated in Hypothesis B.1, point 3, we see that Hypothesis
B-4 entails that for every p > 2

§1>1]O)E [[WtA\p + \F(WtA)\p] < 00. (3.2)

Proposition 3.6 Under Hypothesis [3.1 it holds, for arbitrary T > 0 and arbitrary p > 1

E sup |[X[|P <Cpr(1+ |z|P), x € E. (3.3)
te[0,7

If, in addition, Hypothesis|3.4 holds then, for a suitable constant C

supE| X} | < C(1 + |z]), x € FE. (3.4)
>0



Moreover if, in addition, Hypothesis holds, v is a bounded, adapted, Z-valued process and
X7 is the mild solution of equation

dX7 = AXVdt + F(X,”")dt + GdW; + Gy dt, ¢ >0,
oy (3.5)
Xy ' =x €k
then it is still true that
supE| X7 < C,(1+ |z]), z€E, (3.6)

t>0

for a suitable constant C., depending only on a uniform bound for .

Proof. We let Z; = X — W/, Z' = J,Z;, then

d
2 = AZ + I F(X]) = AZ + [F(Z] + W) = F(LWE] + F(W) + 67
where
0F = JoF(X}) = F(Ju X7) + F(JWi') — F(W{Y).
t
Proceeding as in the proof of Proposition B.J observing that, for all ¢ > 0, / |07 |ds — 0 as
0

n — 00, we get:
t
| Z,| < e || +/ eS| F(WA)|ds, P— aus.
0
and (B.4) follows from (B.2).

In the case in which X7 is replaced by X®*7 the proof is exactly the same just replacing WA
by W = WA + [ =94y ds.

Finally to prove (B.J) we notice that (see the discussion in [[]) the process W# is a Gaussian
random variable with values in C'([0,T], E). Therefore by the polynomial growth of F' we get

E sup [[W7P + [F(WHP] < Cpr(1 + |2f?),
t€[0,T]

and the claim follows as above. m

Finally the following result is proved exactly as Theorem 6.3.3. in [f].

Theorem 3.7 Assume that Hypotheses [3.] and hold then equation has a unique in-
variant measure in E that we will denote by p. Moreover u is strongly mixing (that is, for all
x € E, the law of X[ converges weakly to p as t — o0). Finally there exists a constant C > 0
such that for any bounded Lipschitz function ¢ : E — R,

(XD [ odu| < 00+ Lal)e ol

4 Ergodic BSDEs (EBSDEs)

This section is devoted to the following type of BSDEs with infinite horizon
T T
Ve =Yi+ [ WXz - Ndo - [ Zzaw,, 0<t<T<wx, (4.1)
t t

where A is a real number and is part of the unknowns of the problem; the equation is required to
hold for every t and T as indicated. On the function ¢ : £ x =¥ — R and assume the following;:



Hypothesis 4.1 There exists K, K, > 0 such that
[(x, 2) — (2, 2))] < Kplz — 2|+ K|z — 2|, v, € E, 2,2 € E".
Moreover ¢(-,0) is bounded. We denote sup,cp | (x,0)| by M.

We start by considering an infinite horizon equation with strictly monotonic drift, namely, for
a > 0, the equation

T

T
Y5 = YO 4 / (W(XT, Z5%) — aY 5 do — / ZEqW,, 0<t<T<oco.  (4.2)
t

t

The existence and uniqueness of solution to ({.J) under Hypothesis [i.1 was first studied by
Briand and Hu in [ and then generalized by Royer in [P9]. They have established the following
result when W is a finite dimensional Wiener process but the extension to the case in which W
is a Hilbert-valued Wiener process is immediate (see also [[[6]).

Lemma 4.2 Let us suppose that Hypotheses [3.1 and [f.1 hold. Then there exists a unique
solution (Y, Z%*) to BSDE ([[.3) such that Y™ is a bounded continuous process, and Z**
belongs to L%JOC(Q; L?(0,00; =%)).

Moreover |Y;""| < M/a, P-a.s. for all t > 0.

We define
v (z) = Y5

We notice that by the above |[v*(z)| < M/« for all x € E. Moreover by the uniqueness of the
solution of equation ([.3) it follows that ¥, = v*(X})

To establish Lipschitz continuity of v® (uniformly in «) we use a Girsanov argument due to
P. Briand and Y. Hu, see [[I]. Here and in the following we use an infinite-dimensional version
of the Girsanov formula that can be found for instance in [f].

Lemma 4.3 Under Hypotheses and [[1 the following holds for any o > 0:

K
[v*(x) —v*(2))] < == |z — 2|, r,2' € E.

Proof. We briefly report the argument for the reader’s convenience.
We set Y = Yoo —yor' 7 — gow _ gaa’

WXL 20T — (X 27
B = | Z" — 7 |2
0, elsewhere,

(Ztayil? _ Z;LI’) ’ if Z;LI ?é Zta,:l:’

ft= Tzz)(Xtm’ sz,a) - ¢(X£BI’ sz,a).

By Hypothesis~EI, 0 is a bounded =-valued, adapted process thus there exists a probability P
under which W; = fg Bsds + Wy is a cylindrical Z-valued Wiener process for ¢ € [0,7]. Then
(Y, Z) verify, for all 0 <t < T < o0,

_ _ T B T T B B
Y, =Yr—a / Y,do + / frdo — / ZydW,. (4.3)
t t t



Computing d(e~®"Y;), integrating over [0, 77, estimating the absolute value and finally taking
the conditional expectation E7* with respect to P and F; we get:

T
il < o T0ER Ty + B7 [ o0y
¢
Now we recall that Y is bounded and that |f;| < K| X} — X7 | < Kye |z — z'| by Proposition
B.3 Thus if T — oo we get |V;| < K,(n+ a)~te®|x — 2’| and the claim follows setting ¢t = 0. m

By the above Lemma if we set
1%(z) = v*¥(z) — v*(0),

then [7%(z)| < Kyn~'|z| for all € E and all o > 0. Moreover by Lemma [.3 a|v*(0)| < M.
Thus by a diagonal procedure we can construct a sequence a,, \, 0 such that for all z in a
countable dense subset D C E

v (x) — (), apv®(0) — A, (4.4)

for a suitable function ¥ : D — R and for a suitable real number .
Moreover, by Lemma (.3, [7%(z) — 7%(z')| < Kyn~'a — /| for all 2,2’ € E and all o > 0.
So T can be extended to a Lipschitz function defined on the whole E (with Lipschitz constant
K,n~1) and
v (z) — v(x), x € FE. (4.5)
Theorem 4.4 Assume Hypotheses [5.] and [[.1 hold. Moreover let X be the real number in W4)
and define Y;¥ = o(XY) (where U is the Lipschitz function with ©(0) = 0 defined in ([{.4)). Then
there exists a process Z© € LP 10c (€2 L%(0,00; %)) such that P-a.s. the EBSDE ([.1) is satisfied

by (Y®, Z% X) for all0 <t <T. B ~
Moreover there exists a measurable function ¢ : E — E* such that Z, = (XF).

Proof. Let Y, " = Y"“ — v®(0) = 5*(X}). Clearly we have, P-a.s.,
Y, =Y, +/ (W(XZ,Z2Y) —aY, —av*(0))do — / Z2YdW,, 0<t<T < o0. (4.6)
t t

Since [0%(x)| < Kg|z|/n, inequality (B3) ensures that Esup,co 1] [SuPaso Y7 P] < +oo for
any T > 0. Thus, if we define Y = v(X?), then by dominated convergence theorem

/ Y, =Y PPdt =0 and E|YZ" —Y7> =0
0

as n — oo (where ay, \ 0 is a sequence for which (f.4) and ({.5) hold).
We claim now that there exists Z* € L73 1o (€2 L2(0, 'E )) such that

T
E/ \ZPo — 73 |2edt — 0
0

Let Y = Y%0n — Y%om 7 — g@on _ zoom  Applving [t6’s rule to Y2 we get by standard
computations

T T T
YZ+E /0 |Z|2.dt = EYZ + 21 /0 U Y,dt — 2R /0 [0, Y70 — Y5O Y, dt

9



where 1, = O(XE, Z7) — (X, Z*™). We notice that |7/~)t| < Kz|Zt| and a, |V, < M.

Thus T

T T
IE/ | Z|2dt < ¢ [E(Y%)Q+IE/ (Yﬁ)2dt+E/
0 0 0

It follows that the sequence {Z%%m} is Cauchy in L?(Q2; L?(0,T;=*)) for all T > 0 and our claim
is proved.
Now we can pass to the limit as n — oo in equation ([£§) to obtain

7ot

T T
?f:?§+/ (zp(X§,7j)—X)da—/ ZydWy, 0<t<T <oo. (4.7)
t t

We notice that the above equation also ensures continuity of the trajectories of Y It remains
now to prove that we can find a measurable function ¢ : E — Z* such that Z, = {(X}), P-a.s.
for almost every t > 0.

By a general argument, see for instance [[L]], we know that for all o > 0 there exists ¢ :
E — =* such that Z,"% = (%(X}), P-a.s. for almost every ¢t > 0.

To construct ¢ we need some more regularity of the processes Z*“ with respect to x.

If we compute d(Y,”" — th/’a)Q we get by the Lipschitz character of v:

T /
B[ 1z -z
0

T
+B [ (Kalxg - X2 | 4 K250 - 270
0

2.dt <E(u*(XE) — v (X¥))>?

v (XE) = 0 (X)) ds

By the Lipschitz continuity of v® (uniform in «) that of v and Proposition .3 we immediately
get:

2.dt <clz — o). (4.8)

T /
B[ iz -z
0

for a suitable constant ¢ (that may depend on T').
Now we fix an arbitrary 7' > 0 and, by a diagonal procedure (using separability of E) we
construct a subsequence () C (ay,) such that o, \, 0 and

T / / /
E/ |z — Z Rt < 27"
0

for all m > n and for all x € E. Consequently Ztm’a/” — 7:, P-a.s. for a.e. t € [0,7]. Then we

set:
C(z) = lim,, ¢ (z), if the limit exists in Z*,
10, elsewhere.

Since Ztm’a;’ = (O (X}) — Z; P-a.s. for a.e. t € [0,T] we immediately get that, for all z € E, the
process X7 belongs P-a.s. for a.e. t € [0,7] to the set where lim,, Con (x) exists and consequently
Z; =((X7). m

Remark 4.5 We notice that the solution we have constructed above has the following “linear
growth” property with respect to X: there exists ¢ > 0 such that, P-a.s.,

[Y;| < ¢|XF| for all t > 0. (4.9)

If we require similar conditions then we immediately obtain uniqueness of A.
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Theorem 4.6 Assume that, in addition to Hypotheses [3.1, and [{.1, Hypothesis [3.] holds as
well. Moreover suppose that, for some x € E, the triple (Y', Z', ') verifies P-a.s. equation (@)
for all 0 <t < T, where Y' is a progressively measurable continuous process, Z' is a process in
L%JOC(Q;L2(O, 00;2*)) and N € R. Finally assume that there exists ¢, > 0 (that may depend
on ) such that P-a.s.

IY/| < (| XF| + 1), for allt > 0.

Then N = ).

Proof. Let \ =X —\, Y =Y'-Y", Z = 7' —Z". By ecasy computations:
A=T"" [YT - YO} + Tl/ Ziydt — Tl/ Z:dW,
0 0

where

T ! xr 7T — % J—
w(Xt =Zt,) __w(Xt 7Zt) (Zé _ Zt) . if Zé £ 7y,
Y= |Zt - Zt =
0, elsewhere |,

is a bounded =Z-valued progressively measurable process. By the Girsanov Theorem there exists
a probability measure P., under which W, = — fot vsds + Wy, t € [0,T], is a cylindrical Wiener
process in =. Thus computing expectation with respect to P, we get

A=T7E" |¥Vr - Yo
Consequently, taking into account ([.9),
Al < T ER (| XE| 4+ 1) + T (2] + 1) (4.10)
With respect to W7, X?* is the mild solution of

dXy"" = AX[Vdt + F(X[7)dt + GAW, + G dt, ¢ >0
Xg;y = e E.

and by (B-G) we get supy o EP7| X% < co. So if we let T — oo in ([EI0) we conclude that A = 0.
u

Remark 4.7 The solution to EBSDE ([.1]) is, in general, not unique. It is evident that the
equation is invariant with respect to addition of a constant to Y but we can also construct an
arbitrary number of solutions that do not differ only by a constant (even if we require them to
be bounded). On the contrary the solutions we construct are not Markovian.

Indeed, consider the equation:

—dY, = [p(Z,) — Ndt — Z,dW,. (4.11)

where W is a standard brownian motion and ¢ : R — R is differentiable bounded and has
bounded derivative.

One solution is Y = 0;Z = 0; A = ¢(0) (without loss of generality we can suppose that
$(0) = 0).

Let now ¢ : R — R be an arbitrary differentiable function bounded and with bounded
derivative. The following BSDE on [¢, 7] admits a solution:

{ —dYPt = (Z8Yds — Z2Aw,
Vit = g+ Wr — Wy).

11



If we define u(t,z) = V" then both u and Vu are bounded. Moreover if V; = YtO,O =
w(t,Wy), Z = 2" = Vu(t,W;) then

{—dft = p(Z)dt — ZdWy, te[0,T),
Yr = ¢(Wr).

Then it is enough to extend with }7} = ffT, Zt =0 for ¢t > T to construct a bounded solution to

(ET).

Remark 4.8 The existence result in Theorem [1.4 can be easily extended to the case of ¢ only
satisfying the conditions

[W(z,2) — (@', 2)| < Koz — 2|, Jib(z,0)] < M, [¥(z,2)] < K.(1+]z]).

Indeed we can construct a sequence {1, : n € N} of functions Lipschitz in = and z such that for
all 2,2’ € H, € Z*, ne N

n—0o0

This can be done by projecting x to the subspaces generated by a basis in Z* and then regular-
izing by the standard mollification techniques, see [[J]. We know that if (Yzn z=n \,) is the
solution of the EBSDE ([.1]) with ¢ replaced by 1™ then Y;*" = o"(X}) with

/

K
0" () = 0" (@) < —Flz =2, 0"(0) =0; M| < M
U

Thus we can assume (considering, if needed, a subsequence) that v"(z) — v(z) and A, — A.
The rest of the proof is identical to the one of Theorem [£.4]

5 Differentiability

We are now interested in the differentiability of the solution to the EBSDE ([.1]) with respect
to .

Theorem 5.1 Assume that Hypotheses [3.1 and [[.1 hold. Moreover assume that F is of class
GY(E, E) with VF bounded on bounded sets of E. Finally assume that 1 is of class G1(ExZ*, E).
Then the function U defined in ({4.3) is of class G'(E,R).

Proof. In [[[7] it is proved that for arbitrary 7' > 0 the map 2 — X? is of class G! from E to
LE(9,C([0,T],E)). Moreover Proposition B.3 ensures that for all h € E,

IVXZh| < e ™|h|, P-as., forall t €[0,T]. (5.1)

Under the previous conditions one can proceed exactly as in Theorem 3.1 of [If] to prove that
for all a > 0 the map v® is of class G'.

Then we consider again equation ([L.9):

T T
Yo = Y5O 4 / (B(XE, Z5) — aY2)do — / Z20dW,, 0<t<T < oo,
t t

12



we recall that Y7 = v*(X#), and apply again [[7] (see Proposition 4.2 there) and [[2] (see
Proposition 5.2 there) to obtain that for all & > 0 the map 2 — Y* is of class G! from E
to L%(Q,C([0,T],R)) and the map x — Z®° is of class G! from E to L%(Q, L*([0,T],E%)).
Moreover for all h € E it holds (for all ¢ > 0 since T was arbitrary)

—AVYh = [V (XE, Z8)VXTh + Vo (XT, 200\ 205 h — aVY S  hldt — V 24T hd W,
We also know that |Y,**| < M/a. Now we set
US® = e"VYSh, V& ="V Zh.
Then (U**, V*) satisfies the following BSDE:

—dU® = [eMV W(XE, Z0)WVXE — (a+n)UST + Vop(XE, Z25)WVSEdt — VT dW.
By (b.1)) and the usual Girsanov argument (recall the V.1 and V1 are bounded),
U] < L, vVt > 0, P—aus. ie. VY <e ™ .
a+n a+n

Moreover, consider the limit equation, with unknown (U*, V?),
—dUf = [e"V (X7, ZF)V XY = nUF + V(X7 Z8)VEdt — VEdW, (5.2)

which, since |"'V 4V, X7 is bounded, has a unique solution such that U® is bounded and V*
belongs to L% . .(Q2; L*(0, 00; E*)) (see [ and [PJ)).
We know that for a suitable sequence a, \, 0,

27a($) — Y'(]Lan _ Y'OO,CVn N ?E)x’

and we claim now that

Vit (z) = VY = Uy — Uy
To prove this we introduce the finite horizon equations: for ¢ € [0, N],
—dUP N = [V (XF, Z0)VXE — (o mUPY + V(X7 207 VN dt
_‘/tm,a,Nth’
Um,a,N -0
N =0.

{ —dUPY = [V 0(XF, ZE)VXE — (a+ U + Vo (X7, Z0) V0 Ndte — VioN aws,
Upt =o.

N
Since IE/ | ZTn — 7%2ds — 0 it is easy to verify that, for all fixed N > 0, Uom’a"’N — U()B’N.
0

On the other side a standard application of Girsanov Lemma gives see [[[],

c c
|U0$7an7N _ Uomvan| < e*nN’ |U(:)B7N _ U6B| < _e*nN‘
an +1 n
for a suitable constant c.
Thus a standard argument implies Uy"*" — UF. An identical argument also ensures conti-
nuity of U§ with respect to z (also taking into account B.§). The proof is therefore completed.
|

As usual in the theory of markovian BSDEs, the differentiability property allows to identify

the process Z% as a function of the process X*. To deal with our Banach space setting we need
to make the following extra assumption:
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Hypothesis 5.2 There exists a Banach space =g, densely and continuously embedded in =, such
that G (Z9) C 2 and G : Z¢g — E is continuous.

We note that this condition is satisfied in most applications. In particular it is trivially true

in the special case E = H just by taking Zy = =, since G is assumed to be a linear bounded
operator from = to H. The following is proved in [[7], Theorem 3.17]:

Theorem 5.3 Assume that Hypotheses 3.1, [/.1 and hold. Moreover assume that F' is of
class GY(E, E) with VF bounded on bounded subsets of E and 1 is of class G'(E x =%, E). Then
7ZF = Vo(XP)G, P-a.s. for a.e. t > 0.

Remark 5.4 We notice that Vo(x)G¢ is only defined for £ € =y in general, and the conclusion of
Theorem f.3 should be stated more precisely as follows: for £ € Zg the equality ZF¢ = Vo(X7)GE
holds P-a.s. for almost every ¢ > 0. However, since Z% is a process with values in Z*, and more
specifically a process in L% (Q, L*([0,T],Z*)), it follows that P-a.s. and for almost every ¢ the
operator £ — Vo(X7)GE can be extended to a bounded linear operator defined on the whole
=. Equivalently, for almost every ¢ and for almost all x € E (with respect to the law of X;)
the linear operator £ — Vu(x)GE can be extended to a bounded linear operator defined on the
whole = (see also Remark 3.18 in [[L7]).

Remark 5.5 The above representation together with the fact that o is Lipschitz with Lipschitz
constant K,n~! immediately implies that, if F'is of class G (F, E) and v is of class G (ExZ*, F),
then ]Zf]gé < Kwnfl\G\L(EO,E) for all z € F, P-a.s. for almost every t > 0. Consequently we can
construct ¢ in Theorem [L.4 in such a way that it is bounded in the =} norm by K:v77_1|G|L(EO,E)-

Once this is proved we can extend the result to the case in which 1 is no longer differentiable
but only Lipschitz, namely we can prove than even in this case the process Z% is bounded.
Indeed if we consider a sequence {1, : n € N} of functions of class G}(E x Z*, E) such that for
all z,2' € H, 2,7 € E*, n €N,

[Vn (2, 2) — Pu (2, 2)] < Kplz — 2’| + K|z — 2']; nler;O |t (2, 2) — Y(x, 2)| = 0.

We know that if (Y™, Z%" ),) is the solution of the EBSDE (1)) with ¢ replaced by 1), then
|z =x < K,n=! |G|1(20,E)- Then as we did above we can show (showing that the corresponding
equations with monotonic generator converge uniformly in «) that E fOT |z — ZF %Sdt — 0
and the claim follows. B

We also notice that by the same argument we also have |(*(x)

Ef < K$7’]71‘G‘L(507E), Va > 0.

Now we introduce the Kolmogorov semigroup corresponding to X: for measurable and bounded
¢ : F — R we define
Pol(x) = Eo(XY) t>0,ze k. (5.3)

Definition 5.1 The semigroup (P;)i>o is called strongly Feller if for all t > 0 there exists k¢
such that for all measurable and bounded ¢ : E — R,

|Pel(x) — Plel(2))] < Kellgllolz — 2|, @,2" € E,

where [[¢llo = sup,ep [$(2)].

This terminology is somewhat different from the classical one (namely, that P, maps mea-~
surable bounded functions into continuous ones, for all ¢ > 0), but it will be convenient for
us.
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Definition 5.2 We say that F is genuinely dissipative if there exist € > 0 and ¢ > 0 such that,
for all z,2' € E, there exists z* € 0|z — 2’| such that < z*, F(z) — F(2') >p= p< clx — /|1 <.

Lemma 5.6 Assume that Hypotheses [3.1 and hold. If the Kolmogorov semigroup (P;) is
strongly Feller then for all bounded measurable ¢ : E — R,

/qﬁ w(dx)

If in addition F' is genuinely dissipative then

/¢ p(dx)

Proof. We fix ¢ > 0. For ¢t > 2 we have, by Theorem B.7,
0~ [ ola)

and the first claim follows since |P;[¢](z) — [, ¢ dz)| < 2[|¢]o-
If now F is genuinely dissipative then in [f], Theorem 6.4.1 it is shown that

< e M1+ [a))||6lo-

< ce M |g)lo.

< C(A+ Jz)e ™4 Py [¢llhip
< C+ Jz)e™ ™ k|| ¢]lo,

| PP ) - /E Py[6)(x) u(d)

o(x7) - [ odu| < 2ol

and the second claim follows by the same argument. m
We are now able to state and prove two corollaries of Theorems .1 and f.3.

Corollary 5.7 Assume that Hypotheses [3.1, B-4, /-1 and .3 hold. Moreover assume that F is
of class G with VF bounded on bounded subsets of E, and that 1) is bounded on each set E x B,
where B is any ball of . Finally assume that the Kolmogorov semigroup (P;) is strongly Feller.

Then the following holds:
A= [ b Ca)n(ao),
E

where p is the unique invariant measure of X.

Proof. First notice that 1) := ¢ (-,{(-)) is bounded, by Remark p.5. Then

7Yy - ) =T 7B [ ' (w(Xé”,E(Xf)) -/ qz‘sdu) dt + ( / &du—x).

We know that T_lE[YOJC — Y#] — 0, by the argument in Theorem [.§. Moreover by the first
conclusion of Lemma .6

T
e | <w<Xf,é<Xf>> -/ qz‘sdu) dt =0,
0 E
and the claim follows. m

Corollary 5.8 In addition to the assumptions of Corollary B.7 suppose that F is genuinely
dissipative. Then v is bounded.
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Proof. Let (Y®%, Z%%) be the solution of (f.J). We know that V""" = v*(X}) and Z;" =
C*(X}) with v® Lipschitz uniformly with respect to a and (% bounded in =Z* uniformly with
respect to a. Let 9@ = ¢(-,{%(-)). Under the present assumptions we conclude that also the
maps Y* as well are bounded in Z* uniformly with respect to a.

Computing d(e~*Y;*®) we obtain,
T
R R A
0

and for T — o0,
o0
Yy ¢ =E / e p*(XF)dt.
0

Subtracting to both sides ! [, ¥*(z)u(dz) we obtain

et Pl — [ vt @nlde)| dt] < aen 0o
[ [P~ foman)

Yg© — a7l [E v° (@)u(de)

where the last inequality comes from the second conclusion of Lemma f.4.
Thus ‘Yox’a — YOO’O“ < 8cn~ |40 and the claim follows since by construction Y"* — Y"* —

o(z). m

6 Ergodic Hamilton-Jacobi-Bellman equations

We briefly show here that if Y = o(z) is of class G! then the couple (v, \) is a mild solution of
the following “ergodic” Hamilton-Jacobi-Bellman equation:

Lo(x) + Y (z,Vo(x)G) =X, z€E, (6.1)

Where linear operator £ is formally defined by
1
Lf(z)= §T7°ace (GG*V2f (2)) + (A2, Vf (2)) e+ + (F (2) ,Vf (%)) 5,5~

We notice that we can define the transition semigroup (P )>o corresponding to X by the formula
(b.3) for all measurable functions ¢ : E — R having polynomial growth, and we notice that £ is
the formal generator of (P;)¢>0.

Since we are dealing with an elliptic equation it is natural to consider (v, ) as a mild solution
of equation (f.1)) if and only if, for arbitrary T' > 0, v(z) coincides with the mild solution u(t, z)
of the corresponding parabolic equation having v as a terminal condition:

Qo) | fo(t )+ (2, Vu(t,2) G) ~ A =0, t€[0,T), z € F,
ot (6.2)

u(T,z) =v(x), z€E.
Thus we are led to the following definition (see also [[[4]):

Definition 6.1 A pair (v,\) (v: E — R and A € R) is a mild solution of the Hamilton-Jacobi-
Bellman equation ([6.]) if the following are satisfied:

1. ve GH(E,R);
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2. there exists C > 0 such that |Vv (z)h| < C'|hlg <1 + ]w\%) for every x,h € E and some

positive integer k;

3. for0<t<T andx € E,
T
o) = Pr_q [o] () + / (Pt [0, Vo () G)] () — A) ds. (6.3)

In the right-hand side of (.3) we notice occurrence of the term Vv (-) G, which is not well
defined as a function £ — =¥, since G is not required to map = into E. The situation is similar
to Remark p.4. In general, for x € E, Vo(x)G¢ is only defined for £ € Z¢. In (6.9) it is implicitly
required that, P-a.s. and for almost every ¢, the operator £ — Vo(X[)GE can be extended to a
bounded linear operator defined on the whole =. Noting that

B [p(, Vo (1) Q)] (2) = B¢ (XY, Vo (XF) G)

the equation (6.3) is now meaningful.
Using the results for the parabolic case, see [[L7], we get existence of the mild solution of
equation (p.J) whenever we have proved that the function ¥ in Theorem [1.4 is differentiable.

Theorem 6.1 Assume that Hypotheses 3.1, [/.1 and hold. Moreover assume that F is of
class GY(E, E) with VF bounded on bounded subsets of E and 1 is of class G*(E x =*, E).
Then (v, \) is a mild solution of the Hamilton-Jacobi-Bellman equation (6.1).
Conversely, if (v, \) is a mild solution of (-1) then, setting Y;* = v(X}) and Zf = Vvu(X})G,
the triple (Y®,Z% ) is a solution of the EBSDE ([/.1).

7 Optimal ergodic control

Assume that Hypothesis B.1 holds and let X? denote the solution to equation (B.1). Let U be
a separable metric space. We define a control u as an (F;)-progressively measurable U-valued
process. The cost corresponding to a given control is defined in the following way. We assume
that the functions R: U — =Z* and L : E x U — R are measurable and satisfy, for some constant
c>0,

|R(u)| <ec, |L(z,u)] <c¢, |L(z,u)— Lz u)|<clz—2], welU, z,2' €E. (7.1)

Given an arbitrary control u and T' > 0, we introduce the Girsanov density

T 1 (T
pPF = exp </ R(us)dWy — 3 / ]R(us)]%*ds>
0 0

and the probability P% = p%P on Fr. The ergodic cost corresponding to u and the starting
point z € E is

1 T
J(x,u) = limsup —IE”’T/ L(X7, us)ds, (7.2)
0

T—o0

where E%T denotes expectation with respect to P%. We notice that W = W; — fot R(us)ds is a
Wiener process on [0,7] under P* and that

dX7 = (AX] + F(X7))dt + G(dW}* + R(u)dt), t€[0,T]
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and this justifies our formulation of the control problem. Our purpose is to minimize the cost
over all controls.
To this purpose we first define the Hamiltonian in the usual way

U(x,2) = ireltf]{L(x,u) + zR(u)}, r€E, z€E" (7.3)

and we remark that if, for all z, z, the infimum is attained in ([.3) then there exists a measurable
function v : F x Z* — U such that

P(x, 2) = Uz, y(2, 2)) + 2R(v(2, 2)).

This follows from an application of Theorem 4 of [[[J].

We notice that under the present assumptions 1) is a Lipschitz function and (-, 0) is bounded
(here the fact that R depends only on u is used). So if we assume Hypotheses B.1] and B.4 then
in Theorem [£.4 we have constructed, for every x € E, a triple

(?x72x’)\) = (@(Xx)7§(Xx)75‘) (7.4)
solution to the EBSDE ([.1)).

Theorem 7.1 Assume that Hypotheses [3.1, and 3.3 hold, and that holds as well.
Moreover suppose that, for some x € E, a triple (Y, Z,\) verifies P-a.s. equation @) for
all 0 <t < T, where Y is a progressively measurable continuous process, Z is a process in
L%’IOC(Q; L?(0,00;=%)) and A € R. Finally assume that there exists ¢, > 0 (that may depend on
x) such that P-a.s.
Vi < e (| X+ 1), forallt>0.

Then the following holds:

(i) For arbitrary control u we have J(xz,u) > X\ = ), and the equality holds if and only if
L(X?,u) + ZyR(uy) = W(XF, Zy), P-a.s. for almost every t.

(i) If the infimum is attained in then the control u; = v(XF, Z;) verifies J(x,u) = ).
In particular, for the solution ([7.4) mentioned above, we have:
(iii) For arbitrary control u we have J(z,u) = X\ if and only if L(XF, us) + ((XF)R(uy) =

V(XF,((XF)), P-a.s. for almost every t.
(iv) If the infimum is attained in ([7.3) then the control u; = v(XF,((XF)) verifies J(z, @) = \.
Remark 7.2 1. The equality A = X clearly follows from Theorem [.6.
2. Points (ii7) and (iv) are immediate consequences of (i) and (7).

3. The conclusion of point (iv) is that there exists an optimal control in feedback form, with
the optimal feedback given by the function x — ~(z, {(x)).

4. Under the conditions of Theorem p.], the pair (v, \) occurring in ([.4) is a mild solution
of the Hamilton-Jacobi-Bellman equation (B.])).

5. It follows from the proof below that if limsup is changed into liminf in the definition
([[-2) of the cost, then the same conclusions hold, with the obvious modifications, and the
optimal value is given by X in both cases.
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Proof. As (Y,Z,)\) is a solution of the ergodic BSDE, we have

—dY, = [W(X[T,Z;) — Ndt — ZdW,
= [W(X],Z) — Ndt — Z dW — ZyR(uy)dt,

from which we deduce that

- 1 1 [T
N o= TE“’T[YT—YO]—i—E“’TT/ [W(XT, Z¢) — Zer(ug) — L(XT, Zy)]dt
0

1 T
+—E“’T/ L(XF, Zy)dt.
T 0

Thus

1 T 1 _
?E“’T/ L(XF, Zy)dt > fE“’T[YO —Yr]+ A
0

But by (B.6) we have
[ETYr| < EUT(|XF] +1) < o1 + |]).

Consequently T7'E%T[Yy — Y7] — 0, and

1 T _
lim sup —E“’T/ L(XF, Zy)dt > \.
0

T—o00

Similarly, if L(X{, ut) + ZR(w) = (XY, Zy),

1 T 1 _
FET [ L Z)de = ZEVTY - Vi) + X
0

and the claim holds. =

8 Uniqueness

We wish now to adapt the argument in [[[] in order to obtain uniqueness of markovian solutions
to the EBSDE. This will be done by a control thoretic interpretation the requires that the Markov
process related to the state equation with continuous feedback enjoys recurrence properties. In
this section we assume

E=H and F is bounded. (8.1)

We recall here a result due to [BJ] on recurrence of solution to SDEs.

Theorem 8.1 Consider
dX; = (AXy + g(Xy))dt + GdW,. (8.2)

where g : H — H is bounded and weakly continuous (that if © — (£, g(x)) is continuous for all

€ H). Let
t
Q= / e AGG e ds.
0
and assume the following
1. sup;>q Trace (Qy) < oo;

2. Qy is injective for t > 0;
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3. e'(H) C (Qu)Y2(H) fort > 0;
4. fé ’Qs_l/zeﬂlds < 00 fort > 0;
5. there exists 3 > 0 such that f(f 578 Trace (S(s)S(s)*)ds < oo fort > 0.

Then, for all T > 0, equation (8.3) admits a martingale solution on [0,T], unique in law. The
associated transition probabilities P(t,x,T,-) on H (0 < t < T,x € H) identify a recurrent
Markov process on [0, 00).

Consider now the ergodic control problem with state equation:
dxX;" = (AX)" + F(X)"") + GR(w))dt + GdAW,, X" =,

and cost

1 T
limsup—E/ I(Xs,us)ds
0

T—o00

where R : U — = is continuous and bounded.

We restrict ourselves to the class of controls given by continuous feedbacks, i.e. given ar-
bitrary continuous u : H — U (called feedback) we define the corresponding trajectory as the
solution of

dX;" = (AX]" + F(X[")dt + G(R(uw(X["))dt + dWy), X" = x.

We notice that for all T' > 0 there exists a weak solution X% of this equation, and it is unique
in law.

We set as usual
T/)($, Z) = ln(f]{L(x’ u) + ZR(U)}’
ue

and assume that 1 is continuous and there exists a continuous v : H x 2 — U such that
¥(z,2) = L(z,v(z, 2)) + 2R(y(x, 2))-

Theorem 8.2 Suppose (8.1) and suppose that the assumptions of Theorem [S.] hold. Let (v,(, \)
with v : H — R continuous, ( : H — R continuous, and A a real number satisfy the following
conditions:

1. Ju(z)| < cz|;

2. for an arbitrary filtered probability space with a Wiener process (Q, F, {ft}t>0, P, {Wt}t>0)
and for any solution of

dX; = (AX; + F(X;))dt + GdWy,  t€ 0,7,

setting Yy = v(Xy), Zy = ((X¢), we have

—dYy = (X, Zy) — Ndt — ZedW, ¢ € [0,T].
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Let
=inf{s € [0,T] : | X*| <r},

with the convention 7 = T if the indicated set is empty, and
T
J(x,u) = limsuplimsupIE/ [P(XT" u(XT")) — Nds.
r—0 T—o0 0

Then
v(z) = inf J(z,u),

where the infimum (that is a minimum) is taken over all continuous feedbacks w.

Proof. Let v : H — U be continuous. We notice that X*" solves on [0, T:
dXP" = (AX]P" + F(XP"))ds + GAWY, t € [0,T),

where W; = fo w(X;")dr +W; is a Wiener process on [0, 7] under a suitable probability puT,
Therefore Yt = v(X "), Zpy = C(X[") satisfy:

—dYy = [Y(X"" (X)) = Adt — ZyR(u(X3))]dt — ZdW.

Integrating in [0,7,]] we get

T

ola) = B(X) + B [ [0 u(X3) = A= ZeR(X3")lds

Thus,
o(z) < E(u(X7") +E /O L, u(XE) — Nds. (8.3)
Now
E(o(X)] < EIXE < e+ EB(XF"P)VA@E =)'/
< er+o(P(r] = r))Y/?

Notice that P(7] = r) = Iﬁ’(infte[O’T] |X;| > r), where X is the Markov process on the whole
[0, +00) corresponding to the equation (8.9) with g = F(-) + GR(u(")).

Since X is recurrent, for all r > 0 it holds If”(infte[O,T] |X;| > r) — 0 as T — oo. Thus

lim sup lim sup [E(v(X7;"))[ — 0.

r—0 — 00
Hence,
T
v(z) < limsup lim supE/ (XD u(XDY)) — Nds.
r—0 T—oo 0

The proof is completed noticing that if u is chosen as u(x) = y(z,{(x)) then the above inequality
becomes an equality. m
This result combines with Theorems [I.§ and [.]] to give the following

Corollary 8.3 Suppose that all the assumptions of Theorems [[.4, and 8.3 hold. Then (v, \)
is the unique mild solution of the Hamilton-Jacobi-Bellman equation satisfying |v(x)| <
clx|.
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9 Application to ergodic control of a semilinear heat equation

In this section we show how our results can be applied to perform the synthesis of the ergodic
optimal control when the state equation is a semilinear heat equation with additive noise. More
precisely, we treat a stochastic heat equation in space dimension one, with a dissipative nonlinear
term and with control and noise acting on a subinterval. We consider homogeneous Dirichlet
boundary conditions.

In (2, F,P) with a filtration (F;),> satisfying the usual conditions, we consider, for ¢ € [0, 7]
and ¢ € [0, 1], the following equation

dy X" (ta 5) = {%XU (ta 5) +f (57 X (t7 g)) + Xla,b] (g)u (ta 5) dt + Xla,b] (S)W (t7 g) dt,
XU (£,0) = X*(t,1) =0,
XU (,€) = 20 (€)

(9.1)
where X[, is the indicator function of [a,b] with 0 < a < b < 1; W (t,€) is a space-time white
noise on [0, 7] x [0,1].

We introduce the cost functional

T 1
J (z,u) = limsup ~E /0 /0 LE X (€) , us(©)) 1 (de) ds, 9.2)

T—o0 T

where p is a finite Borel measure on [0,1]. An admissible control u (¢, &) is a predictable process
such that for all t > 0, and P-a.s. u(t,-) € U :=={v € C([0,1]) : |v(&)| < d}. We denote by U the
set of such admissible controls. We wish to minimize the cost over U, adopting the formulation
of Section [, i.e. by a change of probability in the form of (7.9). The cost introduced in (9.9) is
well defined on the space of continuous functions on the interval [0, 1], but for an arbitrary p it
is not well defined on the Hilbert space of square integrable functions.

We suppose the following:

Hypothesis 9.1 1. f : [0,1] x R — R is continuous and for every & € [0,1], f(&, -) is
decreasing. Moreover there exist C > 0 and m > 0 such that for every £ € [0,1], x € R,

()| <C+]z)™,  f(0,2)=f(1,z)=0.

2. 1:[0,1] xR x [=6,0] — R is continuous and bounded, and (&, -, u) is Lipschitz continuous
uniformly with respect to & € [0,1], u € [—6,0].

3. xg € C([O, 1]), 1‘0(0) = 1‘0(1) =0.

To rewrite the problem in an abstract way we set H = Z = L?(0,1) and E = Cy ([0,1]) = {y €
C ([0,1]) : y(0) =y(1) = 0}. We define an operator A in E by

2
D(A)={yeC?(0,1) : y,y" € Co((0,1])},  (Ay) () = ;—5231(5) for y € D (A).

We notice that A is the generator of a Cy semigroup in F, admitting and extension to H, and
|etA‘L(E,E) < e see, for instance, Theorem 11.3.1 in [i]. As a consequence, A + F + I is
dissipative in F.

We set, forz € E, £ €[0,1], z€ Z, u e U,

1

F(z) () = f (&2 (8), (G2) (€)= Xap (€)2(£), L(CE,U):/ (& (&), u(8)) p(dg), (9.3)

l
0
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and let R denote the canonical imbedding of C([0,1]) in L?(0,1).
Finally {W;,t > 0} is a cylindrical Wiener process in H with respect to the filtration (),

It is easy to verify that Hypotheses B.1 and B.4 are satisfied (for the proof of point 4 in Hypothesis
and of Hypothesis B.4 see again [] Theorem 11.3.1.).
Moreover, see for instance [f], for some C' > 0,
{etA\L(HE) <ct™V4 te(0,1],

thus Hypothesis B.H holds.
Also Hypothesis p.d is satisfied by taking Zg = {f € Co ([0,1]) : f(a) = f(b) = 0}.

Clearly the controlled heat equation (0.1]) can now be written in abstract way in the Banach
space E as

{ dX[" = [AX[" + F(X[")] dt + GRugdt + GdW,  t € [t,T] (9.4)

T0o,U __
XO = Xo,

and the results of the previous sections can be applied to the ergodic cost (D.2) (reformulated
by a change of probability in the form of (7.9)).
In particular if we define, for all x € Cy([0,1]), z € L?(0,1), u € U (identifying L?(0,1) with its
dual)
1 b

vie.2) = it { [ teal@uepmiae) + [ x(@utepae
then there exist ¥ : F — R Lipschitz continuous and with #(0) = 0, ¢ : E — =* measurable and
X € R such that if X¥ = X200 is the solution of equation (9.4) then (T(X?0),((X%0),\) is a
solution of the EBSDE (1)) and the characterization of the optimal ergodic control stated in
Theorem [-1] holds (and X is unique in the sense of Theorem [L.§).

Moreover if f is of class C1(R) (consequently F' will be of class G}(E, E)) and 1 is of class
GY(E x Z*,E) then by Theorem p.1] 7 is of class gl(E,_E) and, by Theorem B.1], it is a mild
solution of the ergodic HJB equation (f.1]) and it holds ¢ = VoG.

Let us then consider the particular case in which [a,b] = [0,1], f(z,&) = f(x) is of class C*
with derivative having polynomial growth, and satisfies f(0) = 0, [f(z + h) — f(z)]h < —c|h|?T*
for suitable ¢,e > 0 and all z,h € R (for instance, f(x) = —z%). In that case the Kolmogorov
semigroup corresponding to the process X®° is strongly Feller, see [[f] and [[[§], and it is easy to
verify that F is genuinely dissipative (see Definition f.9). Moreover we can choose Zy = Cy([0, 1])
and it turns out that 1 is bounded on each set E x B, where B is any ball of Zj. Thus the
claims of Corollaries .7 and p.§ hold true, and in particular @ is bounded.

Finally if we assume that p is Lebesgue measure and f is bounded and Lipschitz we can choose
E =Z=ZEy=H = L*0,1). Then the assumptions of Theorem R.I| are satisfied and we can
apply Theorem B.9 to characterize the function 7. In particular if f is of class C*(R) and 1 is
of class G1(H x Z*, H) then v is the unique mild solution of the ergodic HJB equation (f.1).
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