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HODGE METRICS AND THE CURVATURE OF
HIGHER DIRECT IMAGES

CHRISTOPHE MOUROUGANE AND SHIGEHARU TAKAYAMA

ABSTRACT. Using the harmonic theory developed by Takegoshi for representation of
relative cohomology and the framework of computation of curvature of direct image
bundles by Berndtsson, we prove that the higher direct images by a smooth morphism
of the relative canonical bundle twisted by a semi-positive vector bundle are locally free
and semi-positively curved, when endowed with a suitable Hodge type metric.

Résumé. Nous utilisons la théorie de représentation par formes harmoniques des classes
de cohomologie relative développée par Takegoshi et la structure des calculs de courbure
de fibrés images directes développée par Berndtsson, pour étudier les images directes
supérieures par un morphisme lisse du fibré canonique relatif tensorisé par un fibré vec-
toriel holomorphe hermitien semi-positif. Nous montrons qu’elles sont localement libres
et que, munies de métriques convenables de type Hodge, elles sont a courbure semi-
positive.

1. INTRODUCTION

This is a continuation of our works [M] [MT] on the metric positivity of direct image
sheaves of adjoint bundles. The goal of this paper is to prove the following

Theorem 1.1. Let f : X — Y be a holomorphic map of complex manifolds, which is
smooth, proper, Kihler, surjective, and with connected fibers. Let (E, h) be a holomorphic
vector bundle on X with a Hermitian metric h of semi-positive curvature in the sense
of Nakano. Then for any q > 0, the direct image sheaf qu*QSL(/Y(E) 15 locally free and

Nakano semi-positive, where n is the dimension of fibers.

A real (1,1)-form w on X is said to be a relative Kdhler form for f : X — Y, if for
every point y € Y, there exists a local coordinate (W;(¢y,...,t,)) around y such that
w+ cf*(v/—1 >, dtj A dt;) is a Kéhler form on f~'(W) for a constant ¢. A morphism f
is said to be Kdhler, if there exists a relative Kahler form wy for f (see [TK, 6.1]).

In case when E' is a semi-positive line bundle and ¢ = 0, Theorem is a theorem of
Berndtsson [B, 1.2]. In our previous paper [MT]], we obtained independently from [B], a
weaker semi-positivity: the Griffiths semi-positivity of f.£% /Y(E) for a semi-ample line
bundle E. Right after two papers [B] [MT]], especially have appeared, the analogous
statement for higher direct images has been considered as a next problem among others.

Theorem [[.]] solves this problem for Nakano semi-positive vector bundles E.
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For a Nakano semi-positive vector bundle F, the local freeness R?f, ) /Y(E) is a con-
sequence of Takegoshi’s injectivity theorem [[TH]. Here is one point where we use the
smoothness of f. We can only expect the torsion freeness in general, by Kollar [Koll|
([[H] in analytic setting). Another theorem in [[TH] shows that R?f.Q%  (E) can be
embedded into f.25 §.(E) at least locally on Y, and that R?f.Q% , (E) = 0 for ¢ > n.
The sheaf f*Q;Zg,(E) has a natural Hermitian metric induced from a relative Kahler
form wy and h (at least on which it is locally free) the so-called Hodge metric. For lo-
cal sections 0,7 € HY(W, f*Q?&qY(E)), the inner product at y € W C Y is given by
ny(a|Xy) A%, (T|x,), where X, = f~1(y) is the fiber, and %, is the “star”-operator with
respect to w, = wy|x, and h, = h|x,. By pulling back this Hodge metric via the injection,
say S} 1 RIfAYS 5 (E) — fuQx )y (E), we have a Hermitian metric on R?f. Q% (E) in
the usual sense. Our original contribution is the right definition of this “Hodge metric”
on RIf. Q% /Y(E), and our main theorem is that its curvature is Nakano semi-positive.

The space H?(X,, 2 (E,)) has another natural inner product with respect to w, and
hy. For cohomology classes u,,v, € HY(X,, Y% (E,)), it is given by [ X, Uy, N\ ¥p, v, Where
uy, and v, are the harmonic representatives of u, and v, respectively. These fiberwise inner
products also define a Hermitian metric on RYf. ()% /Y(E). We first tried to compute its
curvature, but we did not succeed it.

We follow [B], not [MT]], for the method of computation of the curvature. Since one can
directly see the original method in [B], let us explain how different from [B], i.e., the differ-
ences in cases ¢ = 0 and ¢ > 0. In case ¢ = 0, the map SJQ : f*Q’;(/Y(E) — f*Q}/Y(E) is
an isomorphism, in fact the multiplication by a constant. Moreover f,£% /Y(E) is locally
free thanks to Ohsawa-Takegoshi type L*-extension theorem [OT]] [O] [Md], and the (1,0)-
derivative of o € H(Y, f.Q%y(F)) = H°(X, Q% (E)) vanishes on each fiber X, by
simply a bidegree reason. However in case ¢ > 0, we have no local freeness of f*Q?&%(E),
nor the vanishing of the (1,0)-derivative of o € H(Y, [ v (E)) = HO(X, 05y (E)) on
X,. To overcome these difficulties, we need to restrict ourselves to consider the image
of 57+ R1Uf.Q% )y (E) — fify)y.(E). Then we have a local freeness as we mentioned
above, and the vanishing of the (1, 0)-derivative thanks to an estimate by Takegoshi [TH].
This is a key fact, and which is like the d-closedness of holomorphic p-forms on a compact
Kéhler manifold. After getting those key observations: the local freeness, the right Hodge
metric to be considered, and the closedness of holomorphic sections, the computation of
the curvature is a straight forward generalization of [H].

There are many positivity results of direct image sheaves of relative canonical bundles
and of adjoint bundles, which are mostly about the positivity in algebraic geometry. We

will recall only a few here. The origin is due to Griffiths in his theory on the variation
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of Hodge structures [[Gif|. Griffiths” work has been generalized by Fujita [F{], Kawamata
[KaT], Viehweg [ViI], Kollar [KoI], and so on, in more algebro-geometric setting. There
are also positivity results on higher direct images by Moriwaki [Mw], Fujino [Fd] and
so on. We refer to [My [EV] [Vid] [KoZ for further remarks on related results. On the
analytic side, it can be understood as the plurisubharmonic variation of related functions
to the Robin constant [[Y]] [LY]], or of the Bergman kernels [MY]. There is also a series
of works by Yamaguchi. As he mentioned in [B], his method is inspired by those works.
There are also related recent works by Berndtsson-Paun [BH] and Tsuji [T
Acknowledgments. We would like to thank Professor Berndtsson for his correspondences
in many occasions, for answering questions, and showing us a revised version of his paper
[B]. A part of this work was done during the second named author’s stay in Rennes. He

would like to thank the mathematical department of Rennes for a support to stay there.

2. PRELIMINARIES

2.1. Hermitian vector bundles. Let X be a complex manifold of dimension n with
a Hermitian metric w, and let E be a holomorphic vector bundle of rank r» on X with
a Hermitian metric h. Let (E*,h*) be the dual vector bundle. Let AP?(X, F) be the
space of E-valued smooth (p, ¢)-forms, and Ay?(X, E) be the space of E-valued smooth
(p, q)-forms with compact support. Let x : AP9( X, F) — A" %""P(X, F) be the Hodge
star-operator with respect to w. For any u € AP4( X, F) and v € A% (X, E), we define
u A hv € APttt (X C) as follows. We take a local trivialization of F on an open subset
U C X, and we regard u = *(uq,...,u,) as a row vector with (p, ¢)-forms u; on U, and

similarly for v = *(v1,...,v,). The Hermitian metric h is then a matrix valued function

h = (hji) on U. We define u A ho locally on U by

wARD =Y u; Ahydg € APPHH(UC).
gk

We should write ‘u A kT, but if there is no risk of confusions, we will write in this way.
In this manner, we can define anti-linear isomorphisms f : AP4(X, E) — A%?(X, E¥)
by #hu = hu, and %, = f, 0o % : APY(X, E) — A" P" 49X, E*) by ¥,u = h*u. The inner
product on A§(X, E) is defined by (u,v), = [, u A %4v. Denote by D, = ) + O the
metric connection, and by ©;, = D? the curvature of (E, h). The Hermitian vector bundle
(E, h) is said to be Nakano semi-positive (resp. Nakano positive), if the End (E)-valued
real (1,1)-from \/—10), is positive semi-definite (resp. positive definite) quadratic form
on each fiber of the vector bundle Ty ® E.

We define ¥, : APY(X,E) — AP9YX,E) by ¥, = — * Op* = —%,-0%,, which is
the formal adjoint operator of 9 : AP4(X, E) — AP9+1(X | F) with respect to the inner
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product ( , ),. We also define ¥ : AP4(X, E) — AP~Y9(X, E) by 9 = — % 0%, which is
the formal adjoint operator of ), : AP4(X, E) — APT14( X, E) with respect to the inner
product (, ),. We denote by e(f) the left exterior product acting on AP%(X, E) by a
form 6 € A% (X,C). Then the adjoint operator e(f)* with respect to the inner product
(', )n is defined by e(f)* = (—1)P+HOEHFD 4 ¢(f)x. For instance we set A, = e(w)*. We
recall the following very useful relation ([Huy, 1.2.31] [Vd, 6.29]):

Lemma 2.1. For a primitive element u € APY(X, E), i.e., p+q=Fk <n and A,u =0,
the Hodge x-operator reads

w(w Au) =v—=1"""(=1)

1
k(k+1 .
(1) J

WA
for every 0 <3 <n—k.
As immediate consequences, we have

Corollary 2.2. Denote by ¢,y = V=1 = V=1"(=1)r-an—a-1)/2,

(1) Let a,b € A" 99X, E). Then xa = (Co_q/q")w? A a, Fpa = (cn_q/q")w? A ha,
a=(cnyq/q") * (W Aa), and a ANFpb = (cn_y/q)w? A a A hb.

(2) Let w € A™(X,E). Then u = (cp—q/q")w? N *u.

Notation 2.3. We use the following conventions often. Denote by ¢; = \/—_1d2 =
V—1%(=1)4=D/2 for any non-negative integer d. Let ¢ = (t1,...,t,) be the coordinates
of C™.

(1) dt =dty A... Ndty, dt = dt, and dV, = cp,dt A dE = T2, /=1dt; A dE; > 0.

(2) Let dt; be a smooth (m — 1,0)-form without dt; such that dt; A dt; = dt, and
@i, = di,

(3) Let dtj//\\dﬁ be a smooth (m — 1,m — 1)-form without dt; and df; such that
VLdt; A dEy A dE; A dEg = eodt A dE.

2.2. Set up. In the rest of this paper, we will use the following set up.

Let X and Y be complex manifolds of dim X = n+m and dimY =m. Let f: X — Y
be a holomorphic map, which is smooth, proper, Kéhler, surjective, and with connected
fibers. Let (E, h) be a holomorphic vector bundle on X of rank r, with a Hermitian metric
h whose curvature ©,, is semi-positive in the sense of Nakano.

(I) a general setting: f : (X,ws) — Y. We take a relative Kéhler form w; for f, and
let Ky = {ws} be the de Rham cohomology class. On each fiber X,, we have a Kéhler
form w, = wy|x,, and a Nakano semi-positive vector bundle (E,, h,) = (£, h)|x,.

(IT) a localized setting of (I): f: (X,w) — Y C C™. We further assume that the base

Y is a unit ball in C™ with coordinates t = (t1,...,t,) and with admissible charts over
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Y (see below). We take a global Kihler form w = w; + ¢f*(v/=1>_ dt; A dt;) on X for
large ¢ > 0, without changing the class x; nor the fiberwise Kéhler forms w,,.

Since f : X — Y is smooth, for every point y € Y, we can take a local coordinate
(Wit = (t1,...,tm)) centered at y, so that (W;t) is a unit ball in C™, and a system
of local coordinates U = {(Uy; 2a,t); a = 1,2,3,...} of f~1(W) which is locally finite,
and every U, is biholomorphic to a product D, x W for a domain D, in C";, z
(zl(x),...,2"(x),t1,...,tn), namely the projection from D, x W to W is compatible
with the map f|y,. We can write 2/ = éﬁ(zé,...,zg,tl,...,tm) for 1 < 7 < non
Usa NUs. All f7;5(25,t) are holomorphic in 25 and t. We call it admissible charts U over
W (cf. [Kd, §2.3]).

Since our assertions are basically local on Y, we will mostly use the set up (II). The set
up (I) will be used in subsections 3.1, 3.3, 4.3 and p.1.

3. GENERALITIES OF RELATIVE DIFFERENTIAL FORMS

Let f : (X,wf) — Y and (E,h) be as in §.2.I. We recall the complex analytic

properties of the relative cotangent bundle Q2x/y = Qx/f*Qy and the bundle of relative

P
X/Y

corresponding locally free sheaf. For a subset S C Y, we denote by Xg = f~1(5) and
Eg¢ = FElx,.

holomorphic p-forms €2 = A\ Qx/y. We will not distinguish a vector bundle and the

3.1. Definition of relative differential forms. Let U C X be an open subset.

(1) For a form u € AP4(U, E), we have the restriction u|x,nv € A(X, NU, E) on each
fiber over y € Y, which is the pull-back as a form via the inclusion X, — X. Two forms
u,v € API(U, E) are said to be f-equivalent “u ~ v”, if u|x,nv = v|x,~v for any t € Y.

We denote the set of equivalence classes by
AP(UJY, E) = AM(U.E)/ ~ .

The set AP9(U/Y, E) will be called the space of relative differential forms on U. We
denote by [u] € AP9(U/Y, E) the equivalence class of u € AP9(U, E).

(2) A form u € AP°(U, E) is said to be holomorphic on each fiber, if the restriction ulx,
is holomorphic, i.e., ulx, € H(X,, Q% (E,)) for every y € Y. A form u € A?°(U, E)
is said to be relatively holomorphic, if for any local chart (W;t = (¢1,...,t,)) of Y, the
form u A f*dt is holomorphic on Xy N U, ie., u A f*dt € HO( Xy NU, Q% ™(E)).

(3) For a function o € A%Y,C) and [u] € APY(U/Y,E), we can define afu] :=
[(f*a)u] € APO(U/Y, E). For each open subset W C Y, we set

AW, £, (E)) == {[u] € AP°(Xw /W, E); u is holomorphic on each fiber},

X/Y

HOW, f %y (B)) = {[u] € APO( Xy /W, E); w is relatively holomorphic}.
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We can see that A°(W, fi8¥% )y (E)) becomes an A%(W, C)-module, and H°(W, [ )y (E))
becomes an H°(W, Oy )-module.
(4) It is some times convenient to use local coordinates to look at those properties

above. Let u € AP%(X, E). On an admissible chart (U,; 24, t) as above, we can write

U= Z urjadzl A dzJ + R,

Iel,, Jel,
where U7 7o = U170(2a,t) € A°(U,,C"),and R € > Ar=ta(y,, CNdt+3 7, Ara=1(U,, C")A
dt;. Here we use a standard convention. We set I, = {{i1,i2,...,7p}; 1 <i3 <ip <...<

i, < n}, and Iy is empty. For I = {iy,is,...,1,} € I,, we denote by dz! = dzi* A.. Az

Similar for J € I, and dz_g. The restriction on a fiber is locally given by

U|Xy == Z 'U/[Ja,|Xdeé/\dg.
I€l,,J€l,
In particular, for two forms u,v € AP9(X, F), they are f-equivalent u ~ v if and only if
Urja = Vrjo for any (I,J) € I, x I, on any admissible chart (Uy; 24, 1).
(5) Let u € AP°(X, E). On an admissible chart (Uy; 24, t), we have

U= Z U Iadzé + R
€],
as above. Therefore u is holomorphic on each fiber (resp. relatively holomorphic) if and
only if every wy, is holomorphic in z, (resp. holomorphic in z, and t) for any I € I, on

any admissible chart (Uy,; zq, t).

3.2. Holomorphic structure of f,Q /Y(E). We also give the holomorphic structure
on f.Q% ,(E) by an action of the 0-operator. Let (W;(ty,...,t,)) C Y be alocal chart,
over which we have admissible charts. Let [o] € A°(W, f. Q% sy (E)), which can be seen as
a differentiable family of holomorphic forms. Since (90)|x, = d(o|x,) = 0, we can write

as
Jo=> i Ndt;+> v AdE;
j j

with some 77 € AP~LY( Xy, F) and some 17 € APY(Xy, E). In particular d(c A dt) =
>,V AdtjAdt. On an admissible chart (U; z,t) = (Ua; 2a, t), we write o = e, ordz!+R
with R € 3~ AP~1(U,, C")Adt;. Then we have v/|x qy = (—1)P Zlelp(ﬁaf/ﬁt_jﬂxymjdzl
€ H'(X,nU, 0%, (E,)) for every j. In particular, the class (V1] € AY(W, [y (E)) is

well-defined for [o]. For [o] € A (W, f.Q%y (E)), we define

Blo] = Y 1AV, € A% (W, £, (B)).

J
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Here A%Y(W, [y (EB)) = AW, [y (B)) @ A% (W, C) as A°(W,C)-module, but it
has only a formal meaning. Then, [o] € H°(W, [y (E)) if and only if 0lo] = 0. In

fact both of them are characterized by the holomorphicity of all o; in z and ¢ locally.

Lemma 3.1. Let (W;(t1,...,tm)) C Y be a local chart as above in §2.3 Let o €
APY( Xy, E) such that [o] € H(W, f&¥%y(E)). Then (1)
Jo = Z nj A dt;
j

with some n/ € AP~V Xy, F),

(2) these 7 are not unique, but ('] € A=Y ( Xy /W, E) are well-defined for o,

(3) all | x, are O-closed on any X,, and

(4) [B, Lemma 4.3] all 17| x, Awi*! are 0-ezact on any X,.

Proof. (1) is now clear. We show (2) and (3). For each j, o A (jt\] € Artm=lO(X . F)
is well-defined for o, and so is d(c A c?t\j) = 1/ Adt. Hence [1)/] are well-defined for
o, by Remark B.3 below. Moreover (9n/) A dt = 90(o A c?t\j) = 0. Hence we obtain
o(n|x,) = (n9)|x, = 0 by Remark B3 again.

(4) We fix j. By a bidegree reason, we can write as o A dt; A wit! = a7 A dt with
some @/ € A™(X, E). We note that the class [a/] € A (X /Y, E) is well-defined by
Remark B-3. By taking 0, we have 7/ A dt A wi*! = (0a?) A dt. Then [y A w?™] = [a’]
in A™9*2(X/Y, E) by Remark B3, and hence 7/|x, A wi™ = 9(a?|x,) on any X,,. O

Remark 3.2. For u,v € APY( Xy, E), a relation u A dt = v A dt implies [u] = [v] in
AP Xy, /W, E), and the converse holds true in case ¢ = 0.

Remark 3.3. Bach cohomology class {n’|x,} € H?""(X,, E,) is well-defined for [o] €
HO(W, f¥% )y (E)). As it is well-known, {n’|x,} is obtained by the cup-product (up to a
sign) with the Kodaira-Spencer class of f : X — Y at y € Y for ¢;-direction. However

we will not use these remarks.

3.3. Canonical pairing. There is a canonical pairing on each stalk f.Q% /Y<E)y with
respect to wy and hy, via the natural inclusion f.Qf% . (E), C HY(X,, 0% (Ey)). At each
point y € Y, we have the fiberwise inner product

gy(Oy, Ty) = (Uya 7_y)hy = /X (Cp/(n - p)!)wgf_p Naoy NhTy,
for o,, 7, € APY(X,, E,). As germs 0,7, € f*Qg(/Y(E)y, we will denote by g¢,(0y,7,). On
the other hand, as forms o,,7, € H°(X,, Qg(y(Ey)), we will denote by (o, 7,)n,. These

two are the same, but our standing points are different, i.e., at a point y € Y, or on the
fiber X.



For relative forms [o], [7] € AP?(Xyw /W, E) (or H*(W, fi&¥%y(E))) over an open subset

W C Y, the above fiberwise inner product gives

9o, [7]) == fullen/ (n = p))wy™ Ao A BT),

where the right hand side is a push-forward as a current. For a test (m,m)-form ¢ on W
(i.e., a smooth form with compact support), we have f.((c,/(n —p))w; " Ao ART)(p) :=
Jx(cp/(n = p)Ywi™ Ao ART A f*o. Hence the right hand side does not depend on
representatives o nor 7 (see Remark B.9). Since the map f is smooth, g([o], []) is in fact
a smooth function on W.

We remark that the definition of the pairing g depends only on the fiberwise Kahler
forms {wy, },ey. For example, over a local chart (W;t) C Y, we can replace wy by wy +
cf*(v/—=13_dt; Adt;) for any ¢ € R in the definition of g([o], [r]). The pairing g defines
a Hermitian metric on every locally free subsheaf of f,Qf /Y(E ) in the usual sense, which
we call the Hodge metric. As a matter of fact, ¢ itself is called the Hodge metric on

[ /Y(E) commonly, although it may not be locally free.

4. HARMONIC THEORY FOR NAKANO SEMI-POSITIVE VECTOR BUNDLES

We collect some fundamental results of Takegoshi [TK], and immediate consequences

from them.

4.1. Absolute setting. Let (X(,wy) be an n-dimensional compact Kahler manifold and
let (Ey, ho) be a holomorphic Hermitian vector bundle on X,. We have an inner product
(', )n, and the associated norm || ||5, on each AP(X,, Ey). Let HP4( Xy, Ey) be the space
of harmonic (p, ¢)-forms. From Bochner-Kodaira-Nakano formula, it then follows that
if (Eg, ho) is furthermore Nakano semi-positive and Nakano positive at one point, then
H?( Xy, Y%, (Eo)) vanish for all ¢ > 0.

Enoki [H]] and Takegoshi [TH] (a special case of Theorem [.J below) show that if
(Eo, ho) is Nakano semi-positive, then the Hodge x-operator yields injective homomor-
phism g : H™9(Xo, Ey) — H°(Xo, %, “(Ey)). Recalling that (c,—q/q!)wg A sou = u for
u € A™(Xo, Ep), it then follows that the Lefschetz operator L§ : HO(Xo, Q% “(Ey)) —
H9(Xo, V%, (Ey)) is surjective. Hence we have H°(Xo, Uy (Ep)) = Ker Li@+H™(Xo, Ep).

4.2. Localized relative setting. Let f: (X,w) — Y C C™ and (E, h) be as in §2.9.1L.
We take a C* plurisubharmonic exhaustion function ® = f* Z;nzl t;]* on X. We take
any 0 < ¢ < n. Following [TH, 4.3], we set the following subspace of E-valued harmonic

(n + m, q)-forms with respect to w and h:

H (X, B, ®) = {u € A""™(X, E); Ou=1U,u =0 and e(0®)*u =0 on X}.
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By [[TH, 4.3.i], u € H"™4(X, E, ®) if and only if Ju = 0, (v/—1e(6), +90®)A,u) Aht = 0
and e(0®)*u = 0 on X. One can check easily that (f*a)u satisfies those latter three
conditions, if & € H*(Y, Oy) and if u € H""™4(X, E, ®).

Theorem 4.1. [TH, 4.3]. (1) The space H" ™ 9(X, E, ®) does not depend on C* plurisub-
harmonic exhaustion functions ®, and has a natural structure of H(Y, Oy)-module.

(2) For uw € H"™4(X,E,®), one has 0 xu = 0 and O, * u = 0. In particu-
lar, the Hodge x-operator yields an injective homomorphism * : H"™™4(X E &) —
HO(X, QY™ YE)), and H"™(X, E, ®) becomes a torsion free H'(Y, Oy)-module.

Let ¢/ : ZgJ“m’q(X, E) — HY(X,Q%™(E)) be the quotient map which induces the

Dolbeault’s isomorphism.

Theorem 4.2. [TK, 5.2]. (1) The space H"T™(X, E, ®) represents H1(X, Q%™ (F)) as a
torsion free HO(Y, Oy)-module, in particular the quotient map ' induces an isomorphism
L HYT™(X B, @) — HY(X, QY ™(E)).

(2) The injective homomorphism * : H**™4(X, E, ®) — HO(X, QY™™ UE)) induces

a splitting homomorphism (up to a constant)
xou 1 HI(X, QE™(E)) — HO(X, Q5™ (E))
for the Lefschetz homomorphism
L HY(X, Q%" YE)) — HYX,Q%™(E)).

such that (cpym—q/q!) L0 x 0™t =id.

(8) Let u € H™™4(X, E, ®). Then the form xu € H(X, QY™ U(E)) is saturated in
base variables, i.e., ¥u = o, A dt for some [o,] € H*(X, Q;;’,(E)) (see the proof of [[TK,
5.2.i]). In particular, uw = (¢pym—q/q )W A oy A dt and the map u — [o,] is well-defined.

Thus the Hodge x-operator induces an injective homomorphism

ST HTMX, B, ®) — HY(X, Q1 (E)).

In Theorem (.3 (3), we used our assumption that f is smooth.

We take a trivialization Oy — QY given by 1 — dt, which induces isomorphisms of
sheaves ('} iy = 955 Iy ® [ =2 Q™ by [u] — u A dt, and hence of cohomology groups
at s HI(X, Q% )y (E)) — HI(X, Q™ (E)). We also have an injection Oy — Qe
by [o] — o A dt, and hence an injection 5% : H°(X, Q3 (B) — HO(X, QY YE)).
Combining with Theorem [L.2), we have

loat: HI(X, O )y (E)) — HI(X, Q5™ (E)) — H""™ (X, E, @),
x =00 ST HMX, B, @) — HO(X, QY 1(E)) — H(X, Q™ (E)),

(a”)™ho LT+ HO(X, Q%™ (B)) — HU(X, Q¢™(B)) — H'(X, Qv (E)).
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Then Theorem [.3(2) reads the following relative version:

Corollary 4.3. Let
St=28%0 ot HI(X, %)y (E) — — H(X, Oy (E)),
L?c =(a)toLlop’: H)X, Q;L(/g,(E)) — HYX, QX/Y(E))
Then (cnym—q/q")L} 0 S} =id on HY(X, Q% (E)).

We can also see, thanks to [[H, 5.2.iv] (see also [T'K, 6.5.i]) that those constructions can

be localized on Y, and induce homomorphisms of direct image sheaves.

Corollary 4.4. There exist homomorphisms induced from the Hodge x-operator and the

Lefschetz homomorphism:

RSy (B) — LV (E), Ly LV (E) — RSO )y (E)
so that (cn+m_q/q.)Lq oS¢ =id on Rf f*Q}/Y(E) In particular
LOQGV(E) = F" 7@ K", with F" =1Im S} and K" = Ker L.

X/Y

We translate some results above into explicite forms.

Lemma 4.5. Let 0 € A" %°(X, E) such that [o] € H*(Y, F"~%). Then (1)
8h0' = Z [Lj AN dt]
J

for some i € A" (X E),

(2) these 17 are not unique, but [p/] € A" 99(X/Y, E) are well-defined for o, and

(3) On, (1']x,) =0 on any X, and all j.

Proof. There exists u € H"*™4(X, E, ®) such that u = o Adt € H(X, Q% ™ 9(E)). By
Takegoshi: Theorem [L.1], we have ), * u = 0. Hence (0,0) A dt = 0, x u = 0, and we have
(1). We can show (2) and (3) by the same method in Lemma B.]. O

Remark 4.6. Unlike in the case ¢ = 0 that is treated by degree considerations [B, §4], we
used the semi-positivity here. In general, for [o] € H°(Y, f,.Q7%, /g,(E)) with ¢ > 0, we can
not have dpo = > p/ A dt; for some p/ € A" %X, E). This is in fact a key property,
and it makes various computations possible. We also note that 7’ in Lemma B.1 and j’
are not well-defined for a class [¢] € H°(Y, F"~9), and that means, we have some freedom

of choices in a class.

Stalks or fibers at a point y € Y will be denoted by f, QX/Y(E)y,F;_q,ICZ_q respec-
tively. Those stalks can be seen as subspaces of H°(X,, Qy (Ey)), ie., Fy 9@ Kyt =
[y (B)y € HY(X,, Q% U(E,)).

X/Y
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Lemma 4.7. Let o, € "% and 1, € K!'™9, and regard them as elements of H(X,, Q%' (B,
Then, (1) 0,0y =0 in A""9(X, E,),

(2) w1, € A™(X,, E,) is 0-ezact, and

(3) (va Ty)hy = fxy (Cnfq/q!)wg Noy N hyT, = 0.

Proof. We will argue at y = 0.

(1) Since Y is a unit ball in C™, there exists [0] € H(Y, F"~%) such that o|x, = 0.
By Lemma (.5, we have 0,(c|x,) = 0.

(2) We take [r] € H°(Y,K""9) such that 7|x, = 70. We have L{([7]) = 0. Recall the
definition of L} = (a?)~" o L7 0 3%, where 3°([7]) = 7 Adt, and (a?)~" is an isomorphism.
Then we have L? o 3°([7]) = 0 in HY(X, Q%™ (E)), namely w? A 7 A dt = da for some
a € AvTma~1(X F). By a bidegree reason, a can be written as a = b A dt for some b €
A™7Y( X E). Then (w?AT—0b)Adt = 0. By restricting on X, we have wl Ay —0by = 0,
where by = b|x,.

(3) By (2), we have on wgiao A hoto = on oo A hodby. Since Aoy A hob_o_) =
(Oho0) A hobo + (—1)""90¢ A hgdby, and since 00 = 0 by (1), we have on oo A hoOby =
(—1)"4 [ (00 A hodby) = 0. O

4.3. Local freeness. We shall show that the direct image sheaves R? f*Q’;(/Y(E) are
locally free. This is an immediate consequence of a result of Takegoshi [[TH]. We start

with recalling a general remark.

Lemma 4.8. Let X andY be varieties (reduced and irreducible), f : X — Y be a proper
surjective morphism, and let £ be a coherent sheaf on X which is flat over Y. Assume
that the natural map ¢(y) : R1f.€ ® Cly) — HYX,,&,) is surjective for any y € Y
and any q > 0, where X, is the fiber over y, and &, is the induced sheaf (JHd, 111.9.4] ).
Then RIf.E is locally free for any ¢ > 0, and (y) : R f.€ @ C(y) — HY(X,,&,) is an
tsomorphism for any y € Y and any q > 0.

Proof. By [Hd, I11.12.11(a)] (cohomology and base change), the surjectivity of ¢?(y) im-
plies that it is an isomorphism. By [Hal, 111.12.11(b)], the local freeness of Rf,£ in a
neighborhood of y € Y follows from the surjectivities of ¢?(y) and of 7~ (y).

We can find the corresponding results in the category of complex spaces, for example
[BS, 111.3.4, T11.3.7]. O

Lemma 4.9. (¢f. [T, 6.8]) Let f: (X,ws) — Y and (E,h) be as in §2.3.1. Then
(1) the natural restriction map Rf.Y%,\ (E) — HY(X,, Q% (E,)) is surjective for
anyy €Y and any ¢ > 0, and
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(2) Rf.AY5y (E) is locally free for any ¢ > 0, and ¢i(y) : R1f.Q%,y(E) ® Cy) —
HI(X,, Q}y(Ey)) is an isomorphism for any y € Y and any q¢ > 0.

Proof. (1) Fix y € Y. Since our assertion is local on Y, we may assume that Y is a
unit ball in C™ with coordinates t = (t1,...,t¢,) centered at y = {t = 0}. We take a
trivialization Oy = QF given by 1 — dt = dt; A ... Adt,,. For every ¢ with 1 <7 < m,
we let Y; = {t; = ... = t; = 0} be a complex sub-manifold of Y, X; = f~!(V;), and
let f; :+ X; — Y, be the induced morphism. We denote by X, = X,Y; = Y and
fo = f. By the injectivity theorem of Takegoshi with F' = Ox in [[T'H, 6.8.i], the sheaf
homomorphism R fo.(fgt1) + R [y (E) @ QF — RIUfQY%,(E) @ Qf induced by
the product with the holomorphic function f*¢; is injective for any ¢ > 0. Hence the
restriction map R fo. Yy 5 (E) — R?f1.(Qyy (E) ® Ox,) is surjective for any ¢ > 0. By
the adjunction formula, we have Q% vy ® Ox, = Q% /v,- Hence inductively, we obtain a
surjection RYf. Q% y (E) — HY(X,, Q% (Ey)).

(2) This follows from (1) and Lemma [.§ O

5. THE HODGE METRIC

We shall define a canonical Hermitian metric on RY f, (2% /Y(E), and compute the metric
connection and the curvature. §5.J] will be discussed in the global setting §P.2.1, and the
rest of this section will be discussed in the localized setting §2.9.11.

5.1. Definition of Hodge metrics. We define a canonical Hermitian metric on a vector
bundle R?f. Q) y (E), which we call the Hodge metric.

Definition 5.1. Let f : (X,w;) — Y and (£, h) be as in §L.21, and let 0 < ¢ < n. For
every point y € Y, we take a local coordinate W = {t € C™; ||t|| < 1} centered at y,
and a Kéhler form w = wy + ¢f*(v/—1>_ dt; Adt;) on Xy for a real number c¢. A choice
of a Kihler form w gives an injection S, := S} : R1f.QO% y (E) — fu.QY )y (E) over W
(Corollary [L.4). Then for every pair of vectors uy, v, € R [0y (E),, we define

9y v,) = / (Camaf )@ A Suty) A BB (03)) 5,

Xy

Here the right hand side is the restriction on the image of S, of the canonical pairing, say

g again, on f.Q% ¥.(E), in §B3

The injection S, = S} : RIf% )y (E) — f.Qx )5 (E) over W may depend on the

choices of Kéhler forms in the relative Kahler class {w;}, however

Lemma 5.2. In the situation in Definition -1, the induced metric g on R?f.Q% y (E)|w
via Sy = S} 1 RULQY () — f.Q% 3 (E) over W does not depend on the choice of a
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Kiahler form w in the relative Kihler class {wy|x,, } € H*(Xw,R) so that w|x, = wylx,
for any y € W, and hence g defines a global Hermitian metric on qu*Q}/Y(E) over'Y
by varyingy € Y.

Proof. 1t is enough to check it in case u, = v,. We may also assume that Y =W C C™.
We take two Kéhler forms w; and w, on X, which relate wy — wy = f*\/—190% for some
e A%Y,R).

(i) We need to recall the definition of ST. Let u € H(Y, RIf. Q% vy (E)) = HI(X, Q% )y (E))
be an extension of u,. With respect to w;, we denote by *; the Hodge *-operator, by
H"™4( X w;, B, ®) the space of harmonic forms in Theorem 1 with ® = f*||¢||?, by
L HP( X wi, B, @) — HI(X, Q% (E)) the isomorphism in Theorem [ (1), and by
S; the injection S} : qu*Q}/Y(E) — f*Q}X/(E) We have isomorphisms

H, =i o at s HY(X, Q. () = H" (X, w,, B, ®)

(see the argument before Corollary [£g). Then we have #/H;(u) € HO(X, Q%" Y(E)),
and *;H;(u) = o; A dt for some [o;] € H°(X, Q};%(E)) Namely S;(u) = [0y]. In this
setting, our lemma is reduced to show that

folwi Aoy Ahay) = fo(wi A os A hoTs).

This is reduced to show [, (f*B)wi Aot Adt Ahoy ANdt = [ (f*B)wi Aoy Adt A hoy Adi
for any 3 € A°(Y,C) with compact support. We take such a 8 € A°(Y,C).

(ii) Since the Dolbeault cohomology classes of H;(u) and Ha(u) are the same, there
exists a € A"tm4=1(X| E) such that H;(u) — Ha(u) = (Cnym—q/q!)0a. Recalling Corollary
P2 (2) that H;(v) = (Cpym—q/q")w! AxiH;(u), we have wi A x1H; (v) —w§ A *9Ha(u) = Oa,
and hence w{ A oy A dt — wi A oy A dt = Oa.

By a degree reason in the base variables, we have f*(03) A df = 0. Hence O((f*3)a A
hoy A dt) = (f*B)daAhoy Adt+(—1)"T" 1 (f*3)a ARy (oy A dt). We also have 0),(oq A
dt) = O, *1 Hi(u) = 0 by Theorem [[J (2). Hence [, (f*3)da A hoy Adt = [, O((f*B)a A
hoy A dt) = 0 by the Stokes theorem. Then the relation wi A o1 A dt = w§ A o9 A dt + Da
implies that [ (f*B)wi Aoy Adt Ahoy Ndt = [ (f*B)ws Ao Adt A hoy Adt.

(iii) Now we use wy — wy = f*v/—1909¢. This leads [, (f*B)wi A o2 Adt A hoy Adt =
[ (f*B)winca Adt Ahoy A dt. The last integral equals to fX(f*ﬁ)ag/\dt/\hm =
[ (f*B)oa A dt A hwl Aoy A dt + [ (f*B)oa A dt A hoa. By a similar manner as above,
mainly because of J),(g2 A dt) = O), *2 Ha(u) = 0, we can see [ (f*B)os A dt A hda = 0.
We finally obtain [, (f*B)w! Aoy Adt Ahoy Ndt = [ (f*B)ws Aoy Adt A hoy Ndt. O

At this point, we have the so-called the metric connection (or the Chern connection)
Dy of the Hermitian vector bundle (R?f.Q%,, (E),g), and the curvature ©, = D?. Since
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the curvature property in Theorem [[.1 is a local question on the base Y, it is enough to
consider in the following setting:

Let f:(X,w) — Y C C™ and (E, h) be as in §L.II, and let 0 < g < n. We denote
by F'= F"79 the image of S} : RIf.% y (E) — [0y 5 (E) with respect to w. Since,
by definition, the canonical pairing g on f*QSL&qY(E) gives our (qu*Q}/Y(E), g), we say

a sub-bundle

5.2. The metric connection. We shall construct the metric connection D, of (F,g).
Recall Lemma .3 that 0y = Y./ Adt; with some p? € A" 9°(X, E) for [0] € H(Y, F).
Since A°(Y, F) = A°(Y,C) ® H°(Y, F) as A°(Y,C)-module, this formula holds for [o] €
A°(Y, F), too. We consider the fiberwise orthogonal projection P, : A"~ %°(X, E,) — F,
given by u, +— Zﬁzlgy(uy,ajy)ajy, where oy,,...,04 € F, is a basis of F,. Since F is

locally free, the family {P,},cy induces a map
P:A(X,E) — {ue A" (X, E); u|x, € F, for any y € Y}
Then for [0] € A°(Y, F) with 9,0 = 3 1/ Adt;, we define
0,10 = S IP(dt, € AV, F).
Lemma 5.3. The class [P(i?)] is well-defined for [o] € A°(Y, F).

Proof. (1) We shall show that p|x, are perpendicular to H O(Xy,Q;Zq(Ey)) under the
condition [o] = [0], namely o|x, = 0 for any y € Y. We write as 0 = ) o0, A dt;
with some o; € A" 19(X, F). We note that we can take p/ = 9,0;. We take any
5 € HO(Xy_,QZq(Ey)). Then O(wi A ojlx, N hyS) = wi A O, (0j]x,) A RyS + (=1)""9wi A
oilx, /\hygs. Because of 0s = 0, we have 9y((0h0j)|x,,8) = (cn—q/q") ny wg/\ﬁhy(aj|xy) A
hys = (cn—q/q") ny 8(wg Nojlx, Nhys) = 0.

(2) The above (1) is enough to show that [P(u/)] is well-defined. But in fact, (1) said
slightly more. U

Lemma 5.4. The sum D, := 0, + 0 is the metric connection of the Hermitian vector

bundle (F,g).

Proof. 1t is not difficult to see that it is a connection. Let us check the compatibility
with the metric g. Let [o],[r] € HO(Y,F), and write 0,7 = >, 4/(7) A dt;. Then
g([0),[7]) = (~1)" 1 fu(n-o/@)s A 0 A DBT) = 3, Ful(enof g A & A BT (7).
Since o|x, € F), the last term becomes >, f.((cn—q/q")w? Ao A RP(pi(7)))dt;, and it is

> g_([a], [P(1d (7))])dt;. Ehe notation of §P-1], we can write as g([o], [7]) = [o] A ¢[7]
and 9g([a], [7]) = [o] A g0y [7]. O
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5.3. Curvature formula. We describe the Nakano semi-positivity of a Hermitian holo-
morphic vector bundle. Since it is a local property, we will discuss on a local chart.
Let Y € C™ be a unit ball centered at 0 with coordinates t = (t1,...,t,), and let
F =Y x C* be a trivial vector bundle with a non-trivial Hermitian metric g. (This
(F,g) may not necessarily be our original bundle.) We write ©, = > 0;,dt; A dt) with
O, € End (Y, F'). Then (F, g) is Nakano semi-positive at ¢ = 0, if and only if for any ten-
sor s =), 0/0t; ® 0} € (Ty ® F)o, we have Oy(s) = -, 90(0;107, ) > 0. Moreover

the last quantity can be obtained another way from local sections. If 0,7 € H°(Y, F), we

have 529(0.7) = g((8,0)7, (9,7)") — 9(©y40.7), where Dy = ¥,(8,0)dt; € AY(Y, F)

and so on. Hence if o and 7 are normal at 0 with respect to g (i.e., 9,0 = 9,7 =0 at 0),
82

we have (mg(a, T))|i=0 = —90(O;x0 |1=0, T|t=0)-

Notation 5.5. (1) Let V' be a continuous (m,m)-form on Y C C™. Then we can write
V' = v(t)dV, with a unique continuous function v on Y, and we define V,— := v(0).
(2) Associated to m-ple o4,...,0,, € HY(Y, F), we let

T(o) = Zg(crj, op)dt; A dt, € A"y C).
g,k
In case all o; are normal at ¢ = 0, we have \/—199T (¢)=o = — Ej,k 90(050|20s Tkl )-

Hence we have

Lemma 5.6. [B, §2] A Hermitian vector bundle (F,g) on an open subset Y C C™ is

Nakano semi-positive at t = 0, if for any m-ple vectors o}, ... 00 € Fy, there exist exten-

sions o; € H(Y, F) of a?, all of which are normal at t = 0 and satisfy /—100T (¢ )=y <
0.

We go back to our original situation. We prepair the following notations.

Notation 5.7. Let f: (X,w) — Y C C™ and (FE, h) be as in §2.31I. Let 0y,...,0,, €
A"~ X, E) such that [0;] € H(Y, F) for all j.
(1) We set
5= o;Ndt; € ALY R,
Then
T(lo)) = " gllo ], loul)dt; A dfi = F.((ex /)" AT A1),
ke
HereN:n—q+m—17
(2) We write Opo; = 3, p¥ A dty. Then

8h3:Zu§Adt::u/\dt
J
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with u € A"9%(X, E), or rather [u] € A" 99 X/Y, E).
(3) We write do; =, 15 A dt. Then

0o = Zn;/\dt =:nAdt
J
with n € A"~9"L1(X | E), or rather [ € A" M(X/Y E). O
Lemma 5.8. (cf. [B, (4.4)]) In Notation [5.1, one has

VZI00T([0))ice = ful(en /@)t A V=1Oh AT AKT)ieg
- /X (Camaf ) (@ At A o — / (Camafa) (@ A A ) 5,

Xo

Remark 5.9. The first term comes from the curvature of E, and contributes positively.

The second term is —||p|x, |7, and it can be seen as the “second fundamental form”
of F' C ey A" (X, Ey) at t = 0. This negative contribution will be eliminated by a
careful choice of forms o}, in §p.2.

The third term is not a definite form. In general one can write 7|x, as a sum 7|y, =
1o +wo Ang for primitive forms 7y and ng on Xo, and then — [ (c,—/g) (W ANART)|x, =
6117, — 196117, In §6-3, we will show that we can take o; so that all 5}|x, and hence
n|x, are primitive on Xy. In that case, the third term is — fXO(cn,q/q!)(wq ANART) | x, =

17 x,I7, = 0. We should read the Kodaira-Spencer class contributes positively.

Proof of Lemma p-§. The proof will be done by direct computations. We first note that
folw? A OG Aho) = f(w! AnAdtAhd) =0 as an (m — 1,m)-current on Y, because
it contains dt. By the same reason, we have f.(w? A& A hg_ﬁ) = 0, and hence, by
taking 0, we have f,(w? A G A h0,00) = —(—1)Nf.(w? A 05 A hg_&\). Then we have

Of(WINTAKG) = (—1)N f,(w? AT A hD,o), and then

DO f (WINGAKT) = (=1)N fo(w? A OWT A hOWT) + fo(W AG A hDOKT).

Since 9,0 + 09y, = e(O},), we have f,(wI AT A hJOLT) = f(WI AT AROL AT) — fu(w? A
G A h0,05). Using f.(w? AT A hdL05) = —(—1)N f.(w? A 5 A hJT), we can write
DOf(WINTAKG) = —fo(WIAOL NG AIG) + (=1)NTO=Dm £ (I A A BT A dt A dE)
+ (=1)NFH=am g (W8 A AT A dEA dE).

Here we mind that /—10j, is real. Hence —/—199f.((cn/q)w? AT A ho) is
Fol(en /@)Wt AV=10, AT ART) — fu((cng/q)w? A A BTEA cpdt A dE)
— ful(Cn—q/@")w" Ay N BT A crpdt A dE).

By taking their values at ¢ = 0, we have our assertion. O
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6. NORMAL AND “PRIMITIVE” SECTIONS, AND THE PROOF OF THEOREM [[.]]

Let f:(X,w) — Y C C™ and (F, h) as in §R.2.11, and keep the notations in §f.

6.1. Effect of normality. We control 9,0 at one point for [0] € HO(Y,F), when it
is normal at ¢ = 0. Recall o0 = >/ A dt; with some p/ € A" 2°(X, F). To go
further, we need a genericity condition over the base Y. We will assume that the function
y — dim H O(Xy,Q;Zq(Ey)) is constant around ¢ = 0. This assumption implies that
fQ% )y (E) is locally free around ¢ = 0, and that the fiber f.QY J.(E), coincides with
H°(X,, Q% “(E,)) around t = 0 ([GR, 10.5.5], [Hd, 11 §12]). In case ¢ = 0, i.e., the case in
B, §4], this assumption holds true thanks to Ohsawa-Takegoshi type L*-extension theorem
[OT] [ [Md]. Recall Corollary [ that f.{2y 5 (E) = F & K, where K = K74 = Ker L.

Lemma 6.1. Assume that the function y — dim HO(Xy,Q;gq(Ey)) is constant around
t =0. Let [o] € H)(Y, F) with 0,0 = > i/ A dt;, and suppose d,[c] =0 att = 0. Then
all (7| x, are perpendicular to H°(Xo, % *(Eq)).

Proof. We will use notations in §fI.]] for (Xo,wp) and (Eg, ho). Let (, )a, be the in-
ner product of A" %%(Xy, Ey) in terms of the metrics wy and hy on X,;. We have
H°(Xo, % "(Ey)) = Fo ® Ko, which is an orthogonal direct sum by our assumption
and by Lemma [7(3). We fix j. Let pf|x, = 70+ ap € A" 9%(Xy, Ep) be the Hodge
decomposition of forms so that 7, € H°(Xo, Q% (Ep)) and ag € 94, A" 21 (Xo, Ey). We
would like to show that 7y = 0.

Since 9,[0] = 0 at t = 0, namely all u*|x, are perpendicular to Fy, it follows that 7o € Ko
by Lemma [£7(3). Then wl A 79 = by for some by € A™7(X,, Ey) by Lemma [f.7(2).
Combining with Lemma [ that Oy, (1/]x,) = 0, we have [y wi A p|x, A hoTo = 0 by
integration by parts as in Lemma [L7(3). Then ||7o[[;, = (70+a0, o) = [y, (¢n—q/a))wi A
W\ x, A hoTo = 0, and hence 7y = 0. O

Lemma 6.2. Let [0] € HY(Y,F) with 0,0 = > p? A dt;, and suppose that pi|x, is
perpendicular to H°(Xy, Q' "(Ey)) for some j. Then there exists & e A1 Xy, Ey)
such that &mfg = 1’|x, and that 556 s primitive.

Proof. We will use notations in §fL.1] for (Xo,wp) and (Fp, ho). Recall Theorem
with dimY = 0 that the Hodge *-operator yields an injective homomorphism g :
H™ (X, Eg) — H°(Xo, %, (Eb)).

We consider u := wi A 1?|x, € A™(Xo, Ep), and recall (c,_,/q!) %o u = p]x,. Let
u = a+ 0b + Up,c be the Hodge decomposition of forms so that a € H™(X,, Ey),b is

Vp,-exact, and that c is 0-exact.
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We first show that 0b = 0. Using integration by parts and by Lemma E3(3), we have
on b A hoi|x, = 0. Since ||5()||%0 = (Ob,u)p, = on 0b A Fp,u, and since the last term is
Cnqd! [, 00N hoi | x, = 0, we have 9b = 0.

We next show that a = 0. Recall in general, (v, w)n, = (*v, *ow)p, holds for v,w €
AP9( Xy, Ey) ([Huy, 1.2.20]). Since 9p,,c € (H™(Xy, Ey))* the orthogonal complement in
A™1(Xo, Ep), we have #o(Up,c) € (xgH™(Xo, Ep))*. We also have xou = ¢,;"qlpd|x, €
HO(Xo, Q3" (Eo))* C (x0H™4(Xo, Ep))*. On the other hand xga € *oH™4(Xo, Ey), hence
the both sides of xga = *qu — *o(Jp,c) have to be 0.

Now we had u = ¥y, ¢ for a 0-exact form ¢ € A™9+1 (X, Ey). By the Lefschetz isomor-
phism on forms ([, 1.2.30]), there exists £ € A"~9~10(X,, Ey) such that wi™ A€ = c.
We have wi™' A 9¢ = dc = 0, namely ¢ is primitive. We also have xoc = *o(wl™' A &) =
c;iq_l(q + 1) by Lemma P Then pf|x, = (caq/q!) *0 u = (ca_q/q")(— *o © *o
Oha (406)) = —(=1)" e/ a)Bho (€1 (1 + 1E) = —v/~T(q + 1)hot. We finally take
€ = —v=T(q + 1)E. 0

6.2. Existence of strongly normal and “primitive” sections. Here we state a key
result for the curvature estimate of our Hodge metric, as a consequence of Lemma B.]] and
Lemma [.2. The part (I) of Proposition (.3 below in fact holds not only for F', but also
for any locally free subsheaf of f.Qy 5 (E). The property (3) (respectively, (4)) below will
be referred as “primitive” (respectively, strongly normal) at ¢ = 0.

Proposition 6.3. (cf. [B, Proposition 4.2]) Let 0" € Fy be a vector at t = 0.

(I) Then, there exists o € A" 99X, E) such that [o0] € H°(Y, F) with the following
three properties: (1) olx, = 0,

(2) O4l0) =0 att =0,

(3) W|xo Awl™ =0 for any j, where do = 317 A dt;.

(I) If the function y — dim H°(X,, O, (Ey)) is constant around t = 0, one can take
o in (1) with the following additional fourth property:

(4) 1] x, = 0 for any j, where Opo = > p? A dt;.

Proof. (I) A local extension as in (1) and (2) is possible for any Hermitian vector bundle.
Hence we start with a local extension [o0] € HO(Y, F) satisfying (1) and (2). We write do =
S™ 0/ Adt;. By Lemma B (4), we have (17 Awi™)|x, = 0dj, for some a}, € A X, Ep).
By the Lefschetz isomorphism on forms ([Huy, 1.2.30]), we can write a? = b} A wit" for
some b, € A"9710(X,, E,). We take smooth extensions b/ € A" 9~10(X, E) so that
V]x, = ), and we let & = o0 — S0 Adt; € A" 90(X, E). We check [7] is what we are
looking for. Since [o] = [o] in A" %%(X/Y, E), we see [6] € H*(Y, F), and (1) and (2) for
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. Moreover 05 = S_(17 — W) A dt;, and (1 — Ob7)|x, Awit! = dal — () AwI™) = 0.
Hence we have 77(3)|x, Awl™ =0, i.e., (3) for .

(IT) We assume that the function y — dim H°(X,, QY “(Ey)) is constant around ¢ = 0.
We take 0 € A" %0(X F) which satisfies all three properties in (I). We write dpo =
Sou? A dt; and do = S A dt;. By Lemma p.J] and p.2, for every j, there exists
€ e Ar110(X,, Ey) such that 0,6} = 1f|x, and that € is primitive. We take &/ €
A"919(X E) such that &|y, = & for every j. We consider & = o — >80 N dt;.
Since [0] = [o] in A" 99X, E), we see [¢] € H*(Y, F), and (1) and (2) for 5. We have
oo = Y (p7 — On€?) Adtj and 95 = > () — O&7) A dtj. The property (3) for & follows
from the primitivity of 77| x, for o and of (9¢7)|x, = 0&). The property (4) for & follows
from 17|, — (9n€’)]x, = 0. 0

6.3. Nakano semi-positivity.

Proposition 6.4. Let 0q,...,0, € A" (X E) with [01],..., |0, € H'(Y, F) and sat-
isfying the properties (3) and (4) in Proposition [6.3. Then v/—199T([0])i—0 < 0 in
Notation P.7 for these oy, ...,0m.

Proof. We will use the notations in [.]. By the property (4) in Proposition (.3, we
have u|x, = 0. The property (3) in Proposition (.3 implies that n|x, is primitive. In
particular, by using Lemma R.1, — [y (ca—q/¢")(w? An A WT)|x, = [Inlxll7, the square

norm with respect to wg and hg. Then the formula in Lemma [.§ is
—V/=109T([0))i=0 = fu((en/q")w? AV=10, AT A5 )i=o + [|1]x 17, -

The right hand side is non-negative, since the curvature ©; is Nakano semi-positive. [
Corollary 6.5. (F,g) is Nakano semi-positive, and hence so is qu*Q’;(/Y(E).

Proof. Since g is a smooth Hermitian metric of F', to show the Nakano semi-positivity, it
is enough to show it on the complement of an analytic subset of Y. By Grauert ([[GR,
10.5.4] [Hg, 111.12.8, 12.9]), there exists an analytic subset Z C Y such that the function
y — dim H(X,, QY “(Ey)) is constant on Y\ Z. We apply the criterion in Lemma p.0 at
each point on Y\ Z. Then thanks to Proposition [6.3, Proposition p-4 in fact shows that
g is Nakano semi-positive on Y\ Z. O
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