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Abstract

In this paper, we prove a central limit theorem for a sequence of
multiple Skorohod integrals using the techniques of Malliavin calculus.
The convergence is stable, and the limit is a conditionally Gaussian
random variable. Some applications to sequences of multiple stochas-
tic integrals, and renormalized weighted Hermite variations of the frac-
tional Brownian motion are discussed.
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1 Introduction

Consider a sequence of random variables {F,,,n > 1} defined on a complete
probability space (2, F, P). Suppose that the o-field F is generated by an
isonormal Gaussian process X = {X(h),h € $} on a real separable infinite-
dimensional Hilbert space $). This just means that X is a centered Gaussian
family of random variables indexed by the elements of §), and such that, for
every h,g € 9,

EX(h)X(9)] = (h,g)s. (1.1)

Suppose that the sequence {F,,n > 1} is normalized, that is, E(F,) = 0
and lim, ., F(F?) = 1. A natural problem is to find suitable conditions
ensuring that £, converges in law towards a given distribution. When the
random variables F, belong to the gth Wiener chaos of X (for a fixed ¢ > 2),
then it turns out that the following conditions are equivalent:

(i) F), converges in law to N (0, 1);
(ii) limy, e E[F1] = 3;

(iii) limp—oo [|[DF,[|3 = ¢ in L2(9).

Here, D stands for the derivative operator in the sense of Malliavin calculus
(see Section P below for more details). More precisely, the following bound
is in order, where NV denotes a standard Gaussian random variable:

(1- énDFnH%ﬂ (1.2

< ,/%,/\E(Fg) -3 (1.3)

The equivalence between conditions (i) and (ii) was proved in Nualart
and Peccati [23) by means of the Dambis, Dubins and Schwarz theorem.
It implies that the convergence in distribution of a sequence of multiple
stochastic integrals towards a Gaussian random variable is completely de-
termined by the asymptotic behavior of their second and fourth moments,
which represents a drastic simplification of the classical “method of mo-
ments and diagrams” (see, for instance, the survey by Peccati and Taqqu
[B6], as well as the references therein). The equivalence with condition (iii)
was proved later by Nualart and Ortiz-Latorre [RI]] using tools of Malliavin

sup|P(F, <z)—P(N <z)| < E
z€R




calculus. Finally, the Berry-Esseen’s type bound ([[.9) is taken from Nour-
din and Peccati [[[q], while ([.) was shown in Nourdin, Peccati and Reinert

|

Peccati and Tudor [R7] also obtained a multidimensional version of the
equivalence between (i) and (ii). In particular, they proved that, given a
sequence {F},,n > 1} of d-dimensional random vectors such that F belongs
to the g;th Wiener chaos for ¢ = 1,...,d, where 1 < ¢; < ... < qq, then
if the covariance matrix of Fj, converges to the d x d identity matrix Iy,
the convergence in distribution to each component towards the law N(0,1)
implies the convergence in distribution of the whole sequence F) towards
the standard centered Gaussian law N (0, ;).

Recent examples of application of these results are, among others, the
study of p-variations of fractional stochastic integrals (Corcuera et al. [H]),
quadratic functionals of bivariate Gaussian processes (Deheuvels et al. [f]),
self-intersection local times of fractional Brownian motion (Hu and Nu-
alart [[), approximation schemes for scalar fractional differential equa-
tions (Neuenkirch and Nourdin [19]), high-frequency CLTs for random fields
on homogeneous spaces (Marinucci and Peccati [[[0, (1] and Peccati [BJ]),
needlets analysis on the sphere (Baldi et al. [[]), estimation of self-similarity
orders (Tudor and Viens [B1]]), weighted power variations of iterated Brow-
nian motion (Nourdin and Peccati [[§]) or bipower variations of Gaussian
processes with stationary increments (Barndorff-Nielsen et al. []).

Since the works by Nualart and Peccati [P3] and Peccati and Tudor [27],
great efforts have been made to find similar statements in the case where
the limit is not necessarily Gaussian. In the references [P4] and [2], Peccati
and Taqqu propose sufficient conditions ensuring that a given sequence of
multiple Wiener-It6 integrals converges stably towards mixtures of Gaussian
random variables. In another direction, Nourdin and Peccati [[4] proved
an extension of the above equivalence (i) — (iii) for a sequence of random
variables {F,,,n > 1} in a fixed gth Wiener chaos, ¢ > 2, where the limit
law is 2G, 3 — v, G, )2 being the Gamma distribution with parameter v /2.

The purpose of the present paper is to study the convergence in distri-
bution of a sequence of random variables of the form F, = §9(u,), where
uy, are random variables with values in $®¢ (the gth tensor product of £))
and §9 denotes the multiple Skorohod integral (that is, 6%(u) = §(6(u)),
83(u) = §(8(8(u))), and so on), towards a mixture of Gaussian random vari-
ables. Our main abstract result, Theorem B.1], roughly says that under some
technical conditions, if (u,, DIF},) ge, converges in L'() to a nonnegative



random variable S2, then the sequence F}, converges stably to a random vari-

able F' with conditional characteristic function F (ei)‘F ‘ X)=F (e_%sz).
Notice that if u,, is deterministic, then F;, belongs to the qth Wiener chaos,
and we have a sequence of the type considered above. In particular, if S? is
also deterministic, we recover the fact that condition (iii) above implies the
convergence in distribution to the law N(0,1).

We develop some particular applications of Theorem B.]] in the following
directions. First, we consider a sequence of random variables in a fixed
Wiener chaos and we derive new criteria for the convergence to a mixture
of Gaussian laws. Second, we show the convergence in law of the sequence
09(uy,), where ¢ > 2 and wu,, is a g-parameter process of the form

n—1

1
Uy = n?2 Z FBr/m) Lk /m, (k1) /mle
k=0

towards the random variable op 4 fol f(Bs)dWy, where B is a fractional

Brownian motion with Hurst parameter H € (4—1(1, %), W is a standard
Brownian motion independent of B, and o, denotes some positive con-
stant. This convergence allows us to establish a new asymptotic result for
the behavior of the weighted gth Hermite variation of the fractional Brow-
T3
provides a new perspective to the results proved by Nourdin [[J], Nour-
din, Nualart and Tudor [[[§], and Nourdin and Réveillac [1g]. The reader is

referred to Section ] for a detailed description of these results.

nian motion with Hurst parameter H € < ), which complements and

The paper is organized as follows. In Section [, we present some prelimi-
nary results about Malliavin calculus. Section { contains the statement and
the proof of the main abstract result. In Section ], we apply it to sequences
of multiple stochastic integrals, while Section [ focuses on the applications
to the weighted Hermite variations of the fractional Brownian motion.

2 Preliminaries

Let $ be a real separable infinite-dimensional Hilbert space. For any integer
g > 1, let 5% be the gth tensor product of §. Also, we denote by $H°7 the
qth symmetric tensor product.

Suppose that X = {X(h), h € 9} is an isonormal Gaussian process on
$, defined on some probability space (2, F, P). Recall that this means that



the covariance of X is given in terms of the scalar product of § by ([L.1)).
Assume from now on that F is generated by X.

For every integer ¢ > 1, let H, be the gth Wiener chaos of X, that
is, the closed linear subspace of L?(f) generated by the random variables
{Hy(X(h)),h € $,|hllg = 1}, where H, is the gth Hermite polynomial
defined by

17 2,, d? 2
Hy(xz) = %em /zw(e_”ﬁ /2).
We denote by Hy the space of constant random variables. For any ¢ > 1,
the mapping I,(h®?) = ¢!H,(X (h)) provides a linear isometry between 4
(equipped with the modified norm v/¢![|-|| 4e,) and H, (equipped with the
L?(2) norm). For ¢ = 0, by convention Hy = R, and Iy is the identity map.

It is well-known (Wiener chaos expansion) that L?() can be decom-
posed into the infinite orthogonal sum of the spaces H,. That is, any square
integrable random variable F' € L?(2) admits the following chaotic expan-
sion:

F=3 I(fy), (2.1)

q=0

where fo = E[F], and the f; € H9, ¢ > 1, are uniquely determined by
F. For every ¢ > 0, we denote by .J, the orthogonal projection operator
on the gth Wiener chaos. In particular, if F € L%(2) is as in (R-), then
JoF = 1,(f,) for every ¢ > 0.

Let {ex, k > 1} be a complete orthonormal system in §. Given f € §P,
g€ 9 and r € {0,...,pAq}, the rth contraction of f and g is the element
of H®PTa=27) defined by

[e.e]

f®rg= Z <f,€i1 ®---®€ir>5§®r®<g,€il®...®€ir>5§®r. (2.2)

i17~~~7ir:1

Notice that f ®, g is not necessarily symmetric. We denote its symmetriza-
tion by f®,g € HOPt1=2") Moreover, f ®y g = f ® g equals the tensor
product of f and g while, for p = ¢, f ®q 9 = (f, 9) g2a-

In the particular case $§ = L?(A, A, ), where (A4, A) is a measurable
space and p is a o-finite and non-atomic measure, one has that %9 =
L?(A9, A%, 1®9) is the space of symmetric and square integrable functions
on AY. Moreover, for every f € 4, I,(f) coincides with the multiple
Wiener-1t6 integral of order g of f with respect to X (introduced by It6 in



[{)) and (P.J) can be written as

(f Ry g)(tl, - ,tp_,_q_gr) = f(tl, - ,tp_r, 81, .- ,Sr)
A'r
X g(tp—rt1y- - tprg—2rs S1s-- -5 Sp)dp(s1) ... du(sy).

Let us now introduce some basic elements of the Malliavin calculus with
respect to the isonormal Gaussian process X. We refer the reader to Nualart
[BQ] for a more detailed presentation of these notions. Let S be the set of
all smooth and cylindrical random variables of the form

F:g(X(¢1)7"'7X(¢n))a (23)

where n > 1, g : R” — R is a infinitely differentiable function with compact
support, and ¢; € §. The Malliavin derivative of F' with respect to X is the
element of L%(€, $)) defined as

n
9y
DF = 3" 2 (X(60),. X(62) 61
X €T
=1
By iteration, one can define the ¢th derivative D?F for every q > 2, which
is an element of L?(2, 7).
For ¢ > 1 and p > 1, D%P denotes the closure of S with respect to the

norm || - ||pa», defined by the relation
q .
IFIB = EIFPI+ Y E (ID'FIG.) .
i=1

The Malliavin derivative D verifies the following chain rule. If ¢ : R® — R
is continuously differentiable with bounded partial derivatives and if F' =
(Fi,...,F,) is a vector of elements of D2 then ¢(F) € D*? and

n a(p

Dg(F) =Y == (F)DF,.
i=1 "

We denote by 4 the adjoint of the operator D, also called the divergence
operator. The operator 9 is also called the Skorohod integral because in the
case of the Brownian motion it coincides with the anticipating stochastic
integral introduced by Skorohod in [B(]. A random element u € L?(£, $)
belongs to the domain of §, noted Domd, if and only if it verifies

|E((DF,u)g)| < cu vV E(F?)

6



for any F' € D2, where ¢, is a constant depending only on u. If u € Domd,
then the random variable §(u) is defined by the duality relationship (called
‘integration by parts formula’):

E(Fé(u)) = E((DF,u)g), (2.4)

which holds for every F' € D2, The formula (2:4) extends to the multiple
Skorohod integral 9, and we have

E(F§%(u)) = E ((DUF, u) go,) (2.5)

for any element u in the domain of ¢ and any random variable F' € D%2,
Moreover, §7(h) = I,(h) for any h € 1.
The following property will be extensively used in the paper.

Lemma 2.1 Let ¢ > 1 be an integer. Suppose that F € D92, and let u
be a symmetric element in Domd?. Assume that, for any 0 < r+ j <
g, (D"F, 5j(u)>ﬁ®r € L?(Q,9%1=7=J). Then, for any v = 0,...,q — 1,
(D"F,u) ger belongs to the domain of 69" and we have

q

Fsi(u) =3 <z> 597" ((D"Fyu) o) - (2.6)

r=0

(We use the convention that 6°(v) = v, v € R, and D°F = F, F € L*(Q).)

Proof. We prove this lemma by induction on gq. For ¢ = 1 it reads
Fé(u) = 0(Fu) + (DF,u)g, and this formula is well-known, see e.g. [Rd,
Proposition 1.3.3]. Suppose the result is true for g. Then, if u belongs to
the domain of 6971, by the induction hypothesis applied to &(u),

q

F§7 Y (u) = F8I(3(u)) = Y (g) 57 ((D"F8(w) ger) - (2.7)

r=0

On the other hand

(D"F,6(u)) gor = 6 ((D"F,u) qor) + (D" F,u) (2.8)

s
Finally, substituting (R.§) into (R.7) yields the desired result. m

For any Hilbert space V', we denote by D*P (V) the corresponding Sobolev
space of V-valued random variables (see [R0, page 31]). The operator &



is continuous from D*P($®9) to D*~9P for any p > 1 and any integers
k > q > 1, that is, we have

109) g < Chop llpn o (2.9)

for all u € DFP($®9), and some constant ckp > 0. These estimates are con-
sequences of Meyer inequalities (see [R0, Proposition 1.5.7]). In particular,
these estimates imply that D%2($®9) C Domé? for any integer ¢ > 1.

We will also use the following commutation relationship between the
Malliavin derivative and the Skorohod integral (see [R0, Proposition 1.3.2])

Dé(u) = u+ 6(Du), (2.10)

for any u € D*2($). By induction we can show the following formula for
any symmetric element u in DI+52(§®7)

DE () = g (’j) <*Z )z‘!éj_i(Dk_iu). (2.11)

We will make use of the following formula for the variance of a multiple Sko-
rohod integral. Let u,v € D?%2(§®9) C Domd? be two symmetric functions.
Then

E(01(u)d?(v)) = E((u, DU(67(v))) geq)

<3> (051 )

7

M- 10

Il
=)

2
<?> i\E ((Dq—iu, Dq—iv>ﬁ®(gq,i)). (2.12)

7

The operator L is defined on the Wiener chaos expansion as

o0
L=Y —qJ,
q=0

and is called the infinitesimal generator of the Ornstein-Uhlenbeck semi-
group. The domain of this operator in L?(f2) is the set

DomL = {F € L*(Q) : > ¢* | JgF |12 < 00} = D**.
q=1



There is an important relation between the operators D, § and L (see [0,
Proposition 1.4.3]). A random variable F' belongs to the domain of L if and
only if F € Dom (6D) (i.e. F € DY and DF € DomJ), and in this case

§DF = —LF. (2.13)

Note also that a random variable F as in (2.1)) is in D2 if and only if
o0
| 2
qu'HfQHﬁ®q < 0,
q=1

and, in this case, E (|[DF|3) = 1 qq!quH%@q. If § = L?(A, A, ) (with
 non-atomic), then the derivative of a random variable F' as in (R.1) can
be identified with the element of L?(A x ) given by

DoF = qly 1 (fya)), a€ A (2.14)
q=1

Finally, we need the definition of stable convergence (see, for instance,
the original paper [29], or the book [fJ] for an exhaustive discussion of stable
convergence).

Definition 2.2 Let F,, be a sequence of random wvariables defined on the
probability space (0, F, P), and suppose that F is a random variable defined
on an enlarged probability space (Q,G, P), with F C G. We say that F,
converges G-stably to F' (or only stably when the context is clear) if, for any
continuous and bounded function f: R — R and any bounded F-measurable
random variable Z, we have E [f(F,)Z] — E [f(F)Z] as n tends to infinity.

3 Convergence in law of multiple Skorohod inte-
grals

As in the previous section, X = {X(h),h € $} is an isonormal Gaussian
process associated with a real separable infinite-dimensional Hilbert space
9. The next theorem is the main abstract result of the present paper.

Theorem 3.1 Fizx an integer q > 1, and suppose that F, is a sequence of
random variables of the form F,, = §1(uy,), for some symmetric functions uy,
in D224 (H%9). Suppose moreover that the sequence F, is bounded in L'(f2),
and that:



i) {un,(DF,)®" @ ...® (DI7'F,)®k-1 @ h converges in L'(Q) to
,§7J®q
zero, for all integers v, ky,...,kq—1 > 0 such that

ki+2ky+ ...+ (q— kg1 +7=1q,
and all h € H%";

(i1) (un, DIF,) qoq converges in LY (Q) to a nonnegative random variable

S2.

Then, F,, converges stably to a random variable with conditional Gaus-
sian law N(0,S5%) given X.

Remark 3.2 When ¢ = 1, condition (i) of the theorem is that (u,,h)q
converges to zero in L'(Q), for each h € $. When ¢ = 2, condition (i) means
that (up, h ® g) ge2, (U, DF,, ® h)ge2 and (uy, DF, ® DF),) g2 converge to
zero in L(Q), for each h,g € $. And so on.

Proof of Theorem B.1. Taking into account Definition P.3, it suffices to
show that for any hq,...,h, € 5, the sequence

gn = (FnaX(h1)7”’ 7X(hm))

converges in distribution to a vector (Fu, X (h1),...,X(hy)), where Fi
satisfies, for any A € R,

B X (), .., X (b)) = e~ 55 (3.1)

Since the sequence F}, is bounded in L'(€2), the sequence &, is tight. As-
sume that (Fx, X (h1),...,X(hy)) denotes the limit in law of a certain
subsequence of &,, denoted again by &,.

Let Y = ¢(X(h1),...,X(hn)), with ¢ € C°(R™) (¢ is infinitely dif-
ferentiable, bounded, with bounded partial derivatives of all orders), and
consider ¢,(\) = E (ei’\F"Y) for A € R. The convergence in law of &,,
together with the fact that Fj, is bounded in L(£2), imply that

lim ¢, (\) = lim iE <FneiAF”Y> = iB(Faxe™M>Y). (3.2)

n—oo n—oo

10



On the other hand, by (R.) and the Leibnitz rule for D?, we obtain

¢ (\) = iE(F,eMy)=iE (54(un) MF"Y)

)=
- (o (7))
- S () ()3,

_ Z<>Zk1 (it

¥ E (e“Fn <un (DFn)®k1® . é(D“Fn)®k“®Dq_“Y>ﬁ® )

q
. q k144
= 1 g g z)\ ! a
a=0 <a> kl
x B (e“Fn <un (DFn)®k1 ®...® (D°F,)® Dq—ay>ﬁ® ) ,
q

where the second sum in the two last equalities runs over all sequences of
integers (ki,...,kq) such that kj + 2ky + ... + ak, = a, due to the Faa di
Bruno’s formula. By condition (i), this yields that

Gn(N) = =AE (e (tn, DUFy) 5oy ¥ ) + R,

with R, converging to zero as n — oo. Using condition (ii) and (B.9), we
obtain that ' '
iE(Foe*>Y) = —\E <e”\F°°S2Y) .

Since S? is defined through condition (ii), it is in particular measurable with
respect to X. Thus, the following linear differential equation verified by the
conditional characteristic function of F,, holds:

a%E(emoﬂ)((hl), o X () = =AS?E(M=| X (hy), ..., X (hm)).

By solving it, we obtain (B.1]), which yields the desired conclusion. m
The next corollary provides stronger but easier conditions for the stable

convergence.

Corollary 3.3 For a fized q > 1, suppose that F,, is a sequence of random
variables of the form F, = §9(uy), for some symmetric functions wu, in
D24:24(§®9). Suppose moreover that the sequence Fy, is bounded in DP for
all p > 2, and that:

11



(i°) (un, h)goq converges to zero in LY(Q) for all h € $%7; and u,, ®, D'F,
converges to zero in L*(Q; 9% for alll =1,...,q— 1;

(i1) (un, DIFy,) qoq converges in LY (Q) to a nonnegative random variable

S2.

Then, F,, converges stably to a random variable with conditional Gaus-
sian law N(0,5?) given X.

Proof. It suffices to show that condition (i’) implies condition (i) in
Theorem B.1. When k, # 0 for 1 < a < g—1, we have, for all h € H®" (with
r=q—ky —2ky—...—aky,),

‘<un (DE,)®?" @ ... @ (D°F,)®% @ h>

H®a
= ‘<un Ra DaFna

(DRI 6.0 (Pt o () 1
ttn @ D°Fy | o001
(D 66D B o (D

H®(a—a)

IN

X

§®(a—a)

The second factor is bounded in L?(€2), and the first factor converges to zero
in L2(Q), forall a=1,...,q — 1. In the case a = 0 we have that (up, h)geq
converges to zero in L!(Q2), for all h € $¥9, by condition (i’). This completes
the proof. m

4 Multiple stochastic integrals

Suppose that § is a Hilbert space L?(A, A, i), where (A, A) is a measurable
space and p is a o-finite and non-atomic measure.

Fix an integer m > 2, and consider a sequence of multiple stochastic
integrals {F,, = IL,(gn), n > 1} with g, € §°™. We would like to apply
Theorem B.1 with ¢ = 1 to the sequence F},. To do this, we represent each
F, as

F, =6(uy), with u, = In—1(gn),

for g, € H®™ some function which is symmetric in the first m — 1 variables.

Notice that, from (R.14), we have DF,, = ml,,—1(g,). Hence, since
F, = —-L1LF, = L5(DF,) by (B13), g» is always a possible choice for g,.
(In this case, g, is symmetric in all the variables.) However, as observed,

12



for instance, in Example [l.] below, the choice g, = g, does not allow to
conclude in general.

Proposition 4.1 For a fixed integer m > 2, let F,, be a sequence of random
variables of the form F, = L, (gn), with g, € H®™. Suppose moreover that
F, is bounded in L*(Q) and that F, = §(uy), where up, = Iyn_1(gn), for
n € H®™ some function which is symmetric in the first m — 1 variables.
Finally, assume that:

(a) (Gn @m—1 Gn, hE?)go2 converges to zero for all h € H;

(b) (un, DF,)¢ converges in L*(2) to a non negative random variable S>.

Then, F,, converges stably to a random variable with conditional Gaus-
sian law N(0,S5%) given X.

Proof. It suffices to apply Theorem to up = Ipn—1(gn) and ¢ = 1.
Indeed, we have

B ((um h>?§)

E ((In1(G). 1)3) = E (In-1(Gn @1 1)?)
= (m — 1)' <§n Om—1 /g\na h®2>5§®2 — 0,

which implies condition (i) in Theorem B.1], see also Remark B.3. Condition
(ii) in Theorem follows from (b). m

Example 4.2 (see also 28, Proposition 2.1] or [R4], Proposition 18] for two
different proofs using other techniques). Suppose that {W;, ¢t € [0,1]} is
a standard Brownian motion. (This corresponds to A = [0,1] and p the
Lebesgue measure.) Assume that m = 2 and take g,,(s,t) = $/n(s V t)".
Then

1
Fn = Ig(gn) = \/ﬁ/ thtth,
0

and .
Dan = \/ﬁSnWS + \/ﬁ/ thtth

We can take uy,(t) = /nt"Wy, that is, g,(s,t) = /nt"1jg,(s). In this case,

(Gn ®1.9n)(5,1) = ns"t"(s A1),

13



which converges to zero weakly in L%(Q), and

1 1 t
(up, DFy,) g = / nt2nWt2dt + n/ t" W, (/ s”WSdWS> dt,
0 0 0
which converges in L?(Q) to 2W2. Therefore, conditions (a) and (b) of
Proposition .1 are satisfied with S? = %Wf, and F,, converges in distri-
bution to %Wl X N, with N ~ N(0,1). One easily see on this particular
example that the choice g, = g, does not allows us to conclude in gen-

eral (except when S? is deterministic); indeed, one can check here that
(Un, DFy) g = %HDFnH% does not converge in L(2).

If we take g, = g, and S? = 1, then condition (b) coincides with con-
dition (iii) in the introduction. In this case, Nualart and Peccati criterion
combined with Lemma 6 in [R1] tells us that, if the sequence of variances
converges to one, then condition (a) is automatically satisfied.

On the other hand, we can also apply Theorem .1 with u,, = g,,. In this
way, applying Corollary B.3, we obtain that the following conditions imply
that F), converges to a normal random variable N(0,1) independent of X:

(o) gn converges weakly to zero;

(B) 1lgn @1 gnll ge2a-1) converges to zero for all [ =1,...,q—1;

(1) 4!llgn 130, converges to 1.

Indeed, notice first that if g, is bounded in $®9, then F,, is bounded
in all the Sobolev spaces D?P, p > 2. Then, condition (ii) in Corollary B.J
follows from () and the equality D9 (I;(gn)) = ¢'gn. On the other hand,
condition (i’) in Corollary follows from (ii) and

2 12
l q: 2
E [ gn @1 D' Fy, 5®(ql):| = (q — l)|2E |:||gn i Iq—l(gn)HfJ@(q*l)]
12

q:
a_ne? (1419 @1 g0l 3e0-0 ]

q” ~
RCED] Hgn®lgnH;®2(q—L)

g 2
< CEDI 19n @1 gnllgea- -

In this way we recover the fact that condition (iii) in the introduction implies
the normal convergence.
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5 Weighted Hermite variations of the fractional
Brownian motion

5.1 Description of the results

The fractional Brownian motion (fBm) with Hurst parameter H € (0,1) is
a centered Gaussian process B = {By, t > 0} with the covariance function

1
E(B,B;) = Ry(s,t) = 5 (27 + 21— |t — s2). (5.1)

From (B.1), it follows that E|B; — Bs|> = (t — s)?H for all 0 < s < t
and that, for each a > 0, the process {a By, t > 0} is also a fBm with
Hurst parameter H (self-similarity property). As a consequence, the se-
quence {Bj — B;_1, j = 1,2,...} is stationary, Gaussian and ergodic, with
correlation given by

pr(n) = = [In+ 1P — 2" + |n — 1197, (5.2)

M|h

which behaves as H(2H — 1)|n|?’=2 as n tends to infnity.

Set ABy/, = B+1)/n — Brjn, where k = 0,1,...,n, and n > 1. The
ergodic theorem combmed w1th the self-similarity property implies that the
sequence n?H—1 py (ABk /n) converges, almost surely and in L'(£2), to
E(B?) = 1. Moreover it is well-known (see, e.g., [B]) that, provided H €
(0, %), a central limit theorem holds: the sequence

n—1 n—1
% > (n2H (ABy,)” - 1) = % > Hy (n"ABy,) (5.3)
k=0 k=0

converges in law to N(0,0%) as n — oo, for some constant o > 0. (Notice
also that, by normalizing with y/nlogn instead of /n, the central limit
theorem continues to hold in the critical case H = %) When H > %, the
situation is very different. Indeed, we have in contrast that

n—1
o )

converges in L2(Q2). More generally, consider an integer ¢ > 2. If H < 1— 2—1q
then the sequence
1 n—1

15



converges in law to N (0,03 ) (for some constant o,z > 0), whereas, if
H>1- 2—1(1, then the sequence

n—1
nd—aH-1 Z H, (nHABk/n)
k=0

converges in L?(2).

Some unexpected results happen when we introduce a weight of the form
f(Byy) in (B4). In fact, a new critical value (H = 2—1(1) plays an important
role. More precisely, consider the following sequence of random variables:

1 n—1
G = —= kZ:OﬂBk/n)Hq(nHABk/n)- (5.5)

Here, the integer ¢ > 2 is fixed and the function f : R — R is supposed
to satisfy some suitable regularity and growth conditions. In [IJ, [§], the
following convergences as n — oo are shown:

o If H < 2—1q, then

nef—4 ¢ 2D (=1 /1 f9(By)ds. (5.6)
24q! J,
° If%<H<1 2q,then
6™ o, [ 105 (5.7
where W is a Brownian motion independent of B, and
Of g = q!ZpH(r)q < 0. (5.8)
reZ

oIfH:1—2—1q,then

Gn  stably |2 ( 1 )W ( 1)‘1/2/1
= —(1—-— 1—- B)dWs,
Vlogn q! 2q q 0 1(Bs)

where W is a Brownian motion independent of B.
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o If H>1-— then

nQ(l—H)—%G Lz(Q /f

2q’

where Z(@ denotes the Hermite process of order ¢ canonically con-
structed from B (see [[[§ for the details).

In addition, when ¢ = 2 and H = i, it was shown in [[9] that G,, converges
stably to a linear combination of the limits in (f.7) and (b.6). (The proof of
this last result follows an approach similar to the proof of our Theorem .1,
and allows to derive a change of variable formula for the fBm of Hurst index
%, with a correction term that is an ordinary It6 integral with respect to a
Brownian motion that is independent of B.) But the convergence of G,, in
the critical case H = 2—1q, q > 3, was open till now.

In the present paper, we are going to show that Theorem B.] provides a
proof of the following new result, valid for any integer ¢ > 2 and any index

1
He (4.3):

q" 1 1
_1_ stably
Gy — 3 2qu k§ 0: FOB) Y oy, /0 F(BYAW..  (5.9)

(See Theorem f.3 below for a precise statement.) Notice that (5.9) provides
a new proof of (5.7) in the case H € <%E§ (without considering two
1)

different levels of discretization n < m, as in
o . 1 . .
critical case H = 5., convergence (5.9) yields:

stably (—
Gn 2qq' / f d8+01/(2q /f

Hence, the understanding of the asymptotic behavior of the weighted Her-
mite variations of the fBm is now complete (indeed, the case H = 2—1q, q >3,
was the only remaining case, as mentioned in the discussion above).

The main idea of the proof of (5.9) is a decomposition of the ran-
dom variable G, using equation (2.§). The term with r = 0 is a mul-
tiple Skorohod integral of order ¢ and, by Theorem [p.3 below, it con-

. More importantly, in the

verges in law for any H € (4—1(],% The term with » = ¢ behaves as
e (2—q1q)!‘1 S, f(Q)(Bk/n). The remaining terms (1 < r < ¢ — 1)

converge to zero in L?(€2).
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5.2 Some preliminaries on the fractional Brownian motion

Before proving (5.9), we need some preliminaries on the Malliavin calculus
associated with the fBm and some technical results (see [R(, Chapter 5]).

In the following we assume H € ( ) We denote by 5 the set of step
functions on [0,1]. Let $ be the Hilbert space defined as the closure of €
with respect to the scalar product

1
<1[0,t]7 1[(]’3]>5a = RH(t, S) = §(SH + tH — ’t — S’H)

The mapping 1jg 4 — B: can be extended to a linear isometry between the
Hilbert space $ and the Gaussian space spanned by B. We denote this
isometry by ¢ — B(¢). In this way {B(¢), ¢ € $} is an isonormal Gaussian

_1
space. (In fact, we know that the space $ coincides with I(i 2(L?[0,1]),
where

.

is the left-sided Liouville fractional integral of order H — 2, see [H].)
From now on, we will make use of the notation

et = 1y,
O/n = E(k+1)/n — Ek/n = L(k/n,(k+1)/n]>
for t € [0,1], n > 1, and k = 0,...,n — 1. Notice that Hy(n? ABy,) =

niy (85/1)

We need the following technical lemma.
Lemma 5.1 Recall that H < % Letn>1and k=0,...,n—1. We have
(a) |E(By(B; — Bs))| < (t — s)*" for any r € [0,1] and 0 < s <t < 1.

(b) ‘<Et, 8k/n>ﬁ‘ <n2H for any t € [0,1].

(¢) supsepo Zz;é ‘<at, 3k/n>;)‘ = O(1) as n tends to infinity.

(d) For any integer q > 2,
e
k=

Ek/n, 8k/n ~ S | = O(n_zH(q_l)) as n tends to infinity.
n

(5.10)
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(e) Recall the definition of pg. We have
(Djms Okm)g=n""" pu(k — ).

Consequently, for any integer ¢ > 1, we can write

Z ‘ § /> 8k/n ‘ = O(n'~2H) a5 n tends to infinity.  (5.11)
k,j=0

Proof. We have

1 1
E(BT(Bt — Bs)) = 5 (7"2H _|_t2H _ |t _ T’|2H) _ 5 (T’2H + S2H o |S o 7"|2H)
1 1
= ST =) o (s —rPT =t =)

Using the inequality |62 — a?#| < |b — a|?H for any a,b € [0, 1], we deduce
(a). Property (b) is an immediate consequence of (a). To show property (c)
we use

1
(ets Onn) g = T [(k+ 127 — k7 — |k + 1 —nt]" + |k —nt]?].

Property (d) follows from

1
(ekmr Oufn) g = 5 (R + 1) =K —1],

and

(=1

(kms Ousn) — poserr [+ 1) = 21 1] — (—1)

2an2qH ‘

= mmz() [(k + 1)2H — g1’
q

1
< e [(k+ 1 2H k2H Z( >

=1

Finally, property (e) follows from

n—1
Z (O3 O] <077 lpu( = )| < 0! =2 oy ()9

k,j=0 k,j=0 rez
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5.3 An auxiliary convergence result

From now on, we fix ¢ > 2 and we make use of the following hypothesis on
f:R—R:
(H) f belongs to C%@ and, for any p > 2 and i =0,...,2q,

E(sup |f9(By)P) < . (5.12)
te[0,1]

Notice that a sufficient condition for (5.12) to hold is that f satisfies
an exponential growth condition of the form |f( (a:)‘ < ked®l” for some
constants ¢,k > 0 and 0 < p < 2.

The aim of this section is to prove the following auxiliary convergence
result.

Theorem 5.2 Suppose H € (ﬁ,%), and let f be a function satisfying

Hypothesis (H). Consider the sequence of q-parameter step processes defined
by

up = niH—3 Zf (Bi/n)0 k/n. (5.13)

Then u, € Domd?, and §9(u,) converges stably to o 4 fol f(Bs)dWs, where
W is a Brownian motion independent of B, and o4 > 0 is defined in

Proof. The fact that u, belongs to Domd? is a consequence of the
inclusion D%2($®9) C Domé? and hypothesis (H). We are now going to
show that the sequence F,, = §(u,,) satisfies the conditions of Theorem [.1.
We make use of the notation

Ak 5 = <€k/n78j/n>y)7 ﬁk,j = <ak/n78j/n>y)7 (514)
for k,7=0,...,n—1and n > 1. Also C will denote a generic constant.

Step 1. Let us show first that F), is bounded in L?(f2). Taking into
account the continuity of the Skorohod integral from the space D%2(H®7)
into L2(Q2) (see (R.9)), it suffices to show that wu,, is bounded in D%?($H%9).
Actually we are going to show that u, is bounded in DFP(H®*) for any
integer & < 2¢ and any real number p > 2. Using the estimate (5.11]) we
obtain

n—1
HunH%@q = Tl2qH_1 Z f(Bk/n)f( ]/n)ﬂkj < C S%El ‘f(Bt)‘ .
k,j=0
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Moreover for any integer k > 1,

_ H—
'LL ’I’Lq Zf y/n ]/n®6/n’

and we obtain in the same way

o

2

2 H-1 k
OHE) ! Zf (Bin) f ®( Bj/n) (€imr€jm) Bl
1,j=0

< Coiligl‘f (Bt)‘ -

Then the result follows from hypothesis (H).

Step 2. Let us show condition (i) of Theorem B.1 Fix some integers

r k1, ..., kg1 > 0such that k1 +2ko+...4+(¢q—1)kg—1+7 = q. Let h € H®".

We claim that (u,, (DF,)®" @ ... @ (DI7L1E,)®k1 g h>ﬁ®q converges to

zero in L'(Q). Suppose first that » > 1. Without loss of generality, we can

assume that h has the form g ® ¢;, with g € =1 SQet, b, = (DFH)WC1 ®
.. ® (D71F,)®%-1 ® g. Then we can write

(Un, Pp @ €p) H®a =nt Zf Bk/n <5,§(g 1)’(I)n>5§®(q71) <ak/m5t>ﬁ-

As a consequence,

n—1

E (|(tn, ®p @ 1) goa|) < noF2 ;E(‘f(Bk/n) <3§/(§ 1)=‘I’n>,~,®(q71>

)

X ‘(Z?k/n,at)ﬁ‘ )

Condition (c) of Lemma p.1] implies

§ [(Bgmoer)g| < C.
k=0

Hence,

N

E (‘(un, ¢, ® Et>5§®q‘) < Cnfl—3 <E <”@n”%®(q71)>)
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On the other hand

q—1
2 2 2km,
1PnllEeen = lgllgee—n [T 1D Fallges
m=1

and applying the generalized Holder’s inequality

E<H<I>n|]%®(q,1)> < qu:[l < (HD’”F H;’g;nq 1)>)L1

2k77l
= C H D™ Enll ko o D(QH8m) *

m=1
By Meyer’s inequalities (B.9), for any 1 < m < ¢ — 1 and any p > 2, we
obtain, using Step 1, that
HDan”LP(Q;f)@)m) = ”Dméq(un)um(ﬂ;ﬁébm)
167 (un)llpme < Clltnllpm+ar(goa < C-

IN

Therefore,
1
E (‘ (urn cI)n ® Et>5§®q D < CnH_§7

which converges to zero as n tends to infinity because H < %
Suppose now that » = 0. In this case, we have ®, = (DF,)®"1 @ ... ®
(D971 E,)®ka-1, Then

® _ k1 ®(g—1)
<8a/?w‘1’> = (O DR (65970, D11, >ﬁ®( .o (515)

From (f.15) and (5.13) we obtain

(1, B} oy = 0811~ Zf Bin) H (om.pmE) " L (516)

/ )
estimated by n="™ [ D™ F,||qem. Then, taking into account that

Notice that for any m =1,...,q — 1, the term <8®m D™MF, > o €A be

sup B (||D" Fo e ) < 00
n

for any p > 2, and that Zq _, mky, = q, we obtain for £ (|<un, <I>n>ﬁ®q‘) an
estimate of the form C'y/n, which is unfortunately not satisfactory. For this

reason, a finer analysis of the terms <8;®/T:, D™F, > o is required.
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First we are going to apply formula (B.I1) to compute the derivative
D"F,,m=1,...,q—1:

DME, = Em: (f‘) <3>i!5q_i(Dm_iun)

=0
m n—1
= (7) (e S (e eon)
i=0 =0
x §9= ( Fom=i)(p, /n)aﬁfj‘“) : (5.17)

Set UM = <8®m,Dan> , and recall the definition of oy ; and Gy ;
]/TL HOmM ’ ’

from (p.14). From (5.I7) we obtain

m n—1
m,j -1 m . m—i Qi —i m—i —1
gl = nat ZE <Z><3>Zl§ ap B, 0 (f( )(Bl/n)aﬁ,(f )>
=0

=0
m
_ Z LM (5.18)
i=0

with

n—1
im.,j _ifmy[rqy. m—i g sq—i m—i —i
ot =t () (1) Sy (1 o).
1=0

7

By Meyer inequalities (B.9) we obtain, using also assumption (H), that, for
any p > 2,

a—i [ §(m—i) @(g—1) ‘ H (m—i) ®(g—1)
H(S (f (Bl/n)al/" > Lr = ¢ f (Bl/")al/" Da—6p(HBa—1)
< COn~la=H, (5.19)
Using Lemmap.1] (b) and (e) we have ‘oszj_i < Cn~(m=02H gnd S0 ﬁli,j <
Cn~2%H _ Therefore, for any i > 1, we have
. . . 1 n-l . 1 .
@5l < Cnt5 3 |apnTip | < CnmaRmA, (5.20)
1=0
On the other hand, if ¢ = 0, Lemma p.1| (c) and (§.19) yield
Hq>g,m,j HLP < Cn—%—2mH+2H‘ (521)
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Notice that the estimate for the LP(Q)-norm of ®5"™ in the case i = 0 is
worst than for i > 1. We will see later that, for p = 2, we can get a better
estimate for ®p"™7 .

Because > 1 k: > 2, the number of factors in [[% _; <8 /ns Dy, >

. HEm
is at least two. AS a consequence, we can write

n—1

(U, ®r) g0q = n?7 Z F(Bjn)WEITLI07,
7=0

for some p, v (not necessarily distinct), where

0 = (W)t gyt H () (5.22)
mny

Consider the decomposition
<Um (I)n>5§®q = An + Bm

where

n—1 w v
1 .
Ap = 072 [(Bj)) (Z Lipgo1 @)1 Dy "’]> O,

j=0 =0 k=0
n—1
— H_l 07 7' 07”7‘ j
B, = n72)" f(B;,) 00" 00"10),
J=0

From (5:22) and the estimate ||W)"/ || < Cn~™7 for all p > 2 and 1 <
m < ¢, we obtain ‘
17|, < Cn~Hlamr=y), (5.23)

Then, from (f.20), (5-21)) and (p.23) we obtain

14 v
E(|A.]) < CndH+% p—Ha—p—v) (Z Z = 1= 20t H+(i+k) H
i=1 k=1

°w v
I Z n— 12wty HiH+2H | Z n—1—2(u+u)H+kH+2H>
=1 k=1
— COn3 + n—3+2H—pH 4oz t2H-vH

)

which converges to zero as n tends to infinity, because yu,v > 1 and H < %
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For the term B, using again the estimates (5.21]) and (5.29) we get

E(Bu) < Cnof+3-H@-n—r)-12H(eto)4H _ cp=h=Houtw)+aH
< C«n—%+2H,

which converges to zero as n tends to infinity if H < i. To handle the case
H e [ 1 2) we need more precise estimates for the L?(Q2)-norm of "7 We

have, using formula (R.13)

2 2
i\ 2 q my .2
E[@O”’J }: 2B
@297 = ;) <z->l
2 m n—1
i (1) (MY e 3 atot,
1LI=0

< E <5q (f( )(Bl/n)8®q> o1 (f(y (Bl’/n)al’/n>)

2
m
= 2qH 1<> <,>1'2Zal]al,7jz<>Za”,al/lﬁ”/

L=

2

ntH Zaljéq ( Bl/n)ﬁl/n>

xE (f('ﬂrq_Z (Bi/n) f(VJrq_i)(Bl//n))

q
DR

i=0
If i > 1, then Zl V= 2 S Cn'~#H "and we obtain an estimate of the form
HRZ HL2 <Cn?, Where
1
v = 5(2qH—1—4VH—4(q—i)H—|—1—4Z'H) =—qH —2vH.
For ¢ = 0, then sup,, E?l_'io |oq71/oqz,l| < 00, and we get
1 1
v = 5(2qH—1—2H(21/+2q—2)) :—qH—2VH—§+2H.
We have obtained the estimate

00491, < Cn-uH-r2r— (5:24

Fix @% < «a < 1. This choice is possible because quLH < 1. We have, by
Hoélder’s inequality,

0,15 HOd |17 g

n—1
E(|By) < Cntf=2 37 || @037, || @%d]|7, sy
j=0
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Using (p-24), (521) and (5-23) we obtain
E(|Bn]) <Cn?, (5.25)

where

1
v = qH+§+[—2qH—2(u+V)H+4H—1]a
—H(g—p—v)+(1—a)(—-1—-2H(p+v)+4H)
1
= —§+4H—H(,u+1/)—2aqH
< —%+2H—2aqH§%—2aqH<0,

because H < 1. Therefore E (| B,|) converges to zero as n tends to infinity.
Step 3. Let us show condition (ii). We have

(ttny DUFy) goq = n?H Zf i <a®‘1 DIE, >ﬁ®q.

J/n’

From (p.1§) we get

q 2 n—1
® _ gH-1 AN —i i cq—i —i ©(g—7)
(onpom) | =330 (1) Y a0 (1000500
i=0 1=0
Therefore, we can make the decomposition

<umeFn>5§®q =A,+ B, + Cm

n—1
A = 020" B F(By) f(Byn),

1,j=0
g—1 q 2 n-—1 o . . ®(q—1)
B, — nqu—lz <1> il Z af ' B} ;£ (Bj )87 <f(q—l)(Bl/n)al/nq ) ;
i1 1,j=0
B ®(q)
Cc, = p2H-1 Z O‘zg Bj /)67 (f(q (Bl/n)a/ )
1,j=0
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The term A,, converges to a nonnegative square integrable random variable.
Indeed,

A, = Z FBryn)f (Bypn) (I = + 1P + [k —j — 17 — 2|k — j]>)"
k,j=0
oo (n—1)A(n—1—p)

- 2qn Z Y FBim)(Bapym) (o + 127+ [p = 127 — 2[pH)*,

p=—o00 j=0V—p
which converges in L!(Q2) to
1
o (S putvr) [ sB.yds.
kez 0

Then, it suffices to show that the terms B, and C, converge to zero in
L?(Q). For the term B,, we can write, using the fact that 37" 'izo ‘ ;’j‘.lﬁij <

Cn—2qH+1

qg—1 n-1 o ] )
BB < ont ST S ot | o (10
i=1 1j=
q—1 -
< C n_H(q_i)7

1

i

which converges to zero as n tends to infinity. Finally, for the term C,, we
can write

E(’Cn’) S Cn‘ZH'i‘% Suqu)%%jHLZ S C?’L%_qu—l— (2H—%)\/0
J

)

and % —2qH + (2H — %) V0 < 0, because if 2H — % < 0 this is true due to
%— 2qH < 0, and if 2H —% > 0, then we get 2H (1 —¢q) < 0. This completes
the proof of Theorem f.9. m

5.4 Proof of the stable convergence ([5.9)

As a consequence of Theorem .3, we can derive the following result, which
is nothing but (5.9):
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Theorem 5.3 Suppose that f is a function satisfying Hypothesis (H). Let
G, be the sequence of random variables defined in (B.3). Then, provided
H e (£,3), we have

1
_1_ stabl
Gn—n QH(Qqq. Zﬂq ) = o /0 F(By)aw,

k=0

where W is a Brownian motion independent of B and o4 > 0 is defined

by (5.9).

Proof. We recall first that H, (n ( (ABk/n)) anéq((?@q ). Then, using

k/n
(2-6) yields

q

FBryn)3 (@) =3 (4)abud®™" (£ Byl

r=0
where oy i, is defined in (f.14). As a consequence,

q n—1

Gn = —an-%ZZ<> L (O (Byn)oE )

rOkO

= —(5‘1 () +Z5q "))
where u,, is defined in (p.13),

1 T
'U1€L) = —< )’an_§ Zakk f Bk/n)a;?/g ),

and

1 . n—1

R, =—n"2% "ol f9(By,).
T k=0

The proof will be done in two steps.

Step 1 We first show that if H € (0,3),andr =1,...,¢—1, 897" (v (T))

converges to zero in L2(Q) as n tends to infinity. It suffices to show that o)
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converges to zero in the norm of the space ]1)‘1—7‘72%@(!1—?)). For 0 < m <
q — 7, we can write, using the notation (3, defined by (5.14),

2 _ 1 q 2n2qH—1
H®(g—r+m) q! r

n—1
x 3 B (U By £ (Byy))

k,i=0
'S 'S m q—r
Xak,kal,lak,lﬂm

< C«n2qH—ln—2H(2r—2+m+q—r)

E (Hm@;)

C’I’L2H—l_2Hm

Y

which converges to zero as n tends to infinity.
Step 2 To complete the proof it suffices to check that

n—1
R —n—%—qH(_l)qu(‘”(B )
" 24q! k/n
k=0

converges to zero in L2(Q2) as n tends to infinity. This follows from (f.10)
and the estimates

1 1n—1 (_1)(1 ) n—1
ST ol O (Byy) — e Y OBy
T k=0 T k=0 L2
-1
< O QH—%HZ: q L <C —qH+2H—%
< n o Sap2al | = n .

k=0
Notice that —gH + 2H — % < 0. The proof is now complete.
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