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Central limit theorems for multiple Skorohod integrals

Ivan Nourdin* and David Nualart'

Abstract: In this paper, we prove a central limit theorem for a sequence of iterated Shorohod
integrals using the techniques of Malliavin calculus. The convergence is stable, and the limit is
a conditionally Gaussian random variable. Some applications to sequences of multiple stochastic
integrals, and renormalized weighted quadratic variation of the fractional Brownian motion are
discussed.
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1 Introduction and main results

Let $) be a real separable Hilbert space and, for ¢ > 1, let %7 (resp. H®7) be the gth
tensor product (resp. gth symmetric tensor product) of §. In the sequel, we consider

X ={X(h):hen, (1.1)

a centered isonormal Gaussian process on $). For every ¢ > 1, we denote by I, the isometry
between H® (equipped with the norm v/q!|| - [¢e¢) and the gth Wiener chaos of X. Note
that, if § is a o-finite measure space with no atoms, then each random variable I,(h),
h € 91 has the form of a multiple Wiener-Ito integral of order ¢q. For p,q > 1, f € $H°P,
ge N and r =0,...,pAgq, we denote by f®, g € H2PH2) and f®,g € HOP+=2),
respectively, the rth contraction and the rth symmetrized contraction of f and g. Also in
the sequel, as usual, D denotes the Malliavin derivative operator, while ¢ is the associated
divergence operator. For more precise definitions and properties, we refer to Section [.

In what follows, we are interested in finding conditions ensuring that a (correctly nor-
malized) sequence of nonlinear functionals of X converges in law towards a given random
variable. When the limit is Gaussian, we have the following remarkable result (here, and
for the rest of the paper, we shall denote by .47(0, 1) the law of a Gaussian random variable
with zero mean and unit variance):
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Theorem 1.1 Fiz an integer ¢ > 2 and a sequence {f,}n>1 C H? such that
Tim glf| fullge, = lim E[I,(f.)?] = 1. (1.2)
Then, the following four conditions are equivalent:
(i) as n — oo, the sequence {1,(f,)}n>1 converges in distribution to N ~ A47(0,1);
(ii) lim, o E[L,(fn)*] = 3;
(iii) for everyr =1,...,q—1, lim, oo || fn @ fullge2a—n = 0;
(iv) limy, oo | DI (fu)]I§ = ¢ in L7

Moreover, in this case, we have the following bound:

sup [P(1(1,) < 2) = PN < 2)] < \/B(1 = 1D ) (13)

The equivalence between (i), (i) and (iii) in Theorem is proved in Nualart and
Peccati [P0] by means of the Dambis, Dubins and Schwarz Theorem. The equivalence
with (iv) was then proved by Nualart and Ortiz-Latorre [[J] using exclusively tools from
Malliavin calculus. Finally, the Berry-Esseen’s type bound ([.3) is proved by Nourdin and
Peccati in [[J].

In particular, Theorem implies that the convergence in distribution of a sequence of
multiple stochastic integrals towards a Gaussian random variable is completely determined
by the asymptotic behavior of their second and fourth moments. As such, Theorem can
be seen as a simplification of the classic “method of moments and diagrams” which was,
until then, the usual method allowing to prove weak convergence for nonlinear functionals
of X (see for instance the works by Breuer and Major [, Major [[, Giraitis and Surgailis
[l and Chambers and Slud [B]; see also the survey by Surgailis [PG) and the references
therein). Peccati and Tudor [P4] also proved the following multidimensional version of

Theorem [[.1]:

Theorem 1.2 Ford > 2, fix d integers 1 < q1 < ... < qq. Consider a sequence of random
vectors of the form

F, = ([m(frlz)v e '7[(Id<frazl))

where [ € §®%. For every 1 < 4,7 < d, assume that limn_,ooE[Iqj(fg)Iqi(fé)} = 0ij,
where 0;; is the Kronecker symbol. Then, the following two conditions are equivalent:

(i) as n — oo, the sequence {F,},>1 converges in distribution to a standard centered
Gaussian vector Ny(0, 1) (14 is the d X d identity matriz),

(i) for every j =1,...,d, asn — oo, the sequence {1,,(f1)}n>1 converges in distribution
to a standard Gaussian random variable A7(0,1).



An immediate (but important for applications) consequence of Theorem [ is the
following “stable convergence” generalization of Theorem [[1]:

Proposition 1.3 Let ¢ > 2 be an integer, and let {I,(f.)}n>1 be a sequence of multiple
integrals verifying ([.3) and satisfying either one of conditions (i)-(iv) of Theorem [[1
Then, as n — oo, for any vector Y = (X(h1),...,X(hn)), hi € 9, the pair (1,(fn),Y)
converges in law to (N,Y'), where N ~ 4°(0,1) is independent of X.

Recent examples of application of Theorems and are the study of: p-variations
of fractional stochastic integrals (Corcuera et al. [H]), quadratic functionals of bivariate
Gaussian processes (Deheuvels et al. [[]), self-intersection local times of fractional Brown-
ian motion (Hu and Nualart [[]), approximation schemes for scalar fractional differential
equations (Neuenkirch and Nourdin [[[J]), high-frequency CLTs for random fields on ho-
mogeneous spaces (Marinucci and Peccati [0, [J]] and Peccati [PT]), needlets analysis on
the sphere (Baldi et al. []), estimation of self-similarity orders (Tudor and Viens [B7]),
weighted power variations of iterated Brownian motion (Nourdin and Peccati [[4]), etc.

Since the works by Nualart and Peccati [0 and Peccati and Tudor [R4], great efforts
have been made to find some similar statements, but in the case where the limit is not
necessarily a Gaussian random variable. In this direction, let us mention the following
recent works:

(1) Peccati and Taqqu have proposed sufficient conditions ensuring that a given se-
quence of multiple Wiener-Ito integrals converges stably towards miztures of Gaussian
random variables. More precisely, the following problem is addressed in [RZ]. Let Y > 0 be
a non-constant random variable having the (finite) chaotic representation Y = 1+ Ir(f2) +
oo Dyg-1y)(fag-1))s let N~ A47(0,1) be independent of Y, and suppose that the sequence
I,(f.) satisfies adequate normalization conditions; is it possible to associate to each f,, and
each r =1,...,q — 1, two generalized contraction kernels, say f, ®; . f, and f, ®;*, fu,
in such a way that the two relations

S @ fo —ne g2r and [, @ fr ——n 0 0, Vr=1,...,q—1, (1.4)

imply that I,(f,) converges stably to VY x N? The work [2F] by Peccati and Taqqu pro-
vides results in this direction, by constructing the two kernels f, ®;_, f,, and f, ®;*, f, with
the help of “resolutions of the identity” and of a “generalized Clark-Ocone formula”. See
also [ for an alternative proof of these results by using the “principle of conditioning”.
Moreover, in this latter reference, general results involving Skorohod integrals on abstract
Wiener spaces can also be found.

(2) On the other hand, Nourdin and Peccati [[J proved the following extension of
Theorem [L.]]:



Theorem 1.4 Fiz v > 0 and let R, be a real-valued random variable such that
' a—i) v
E (ePM) = (ﬁ) , AeR (1.5)
Fiz an even integer ¢ > 2, and define
1 4

@25 @)

Then, for any sequence { f,}n>1 C H1 verifying

Jum @l fallen = Y El(fa)'] =20,

the following six conditions are equivalent:

(i) as n — oo, the sequence {I1,(f,)}n>1 converges in distribution to R,;

(ii) lim, oo E[1,(f,)%] = E[R}] =8v and lim, .. E[1,(f,)"] = E[R}] = 48v + 12v?;
(iii) lim, .o E[I,(f2)*] — 12E[1,(f,)?] = 120 — 48v;

(iv) lim,, ||fn<§q/2fn —¢q X follgea =0 and lim, . ||fn<§rfn||ﬁ®z<q-r) =0, for every
r=1,..,q— 1 such that r # q/2;

(v) lim,, o ||fn<§q/2fn —Cq X fallgea =0 and lim,_.o || fo @ follge2a-n =0, for every
r=1,...q— 1 such that r # q/2;

(vi) as n — oo, DI, (f)III3 = 2al,(fn) — 2qv in L2.

Observe that the limit random variable R, appearing in formula ([) is such that

R, taw o Gyj2 — v, where G2 has a Gamma law with parameter v/2, that is G2 admits

v
xz le®

g(z) = Wl (0,00)(2)

for density, where I' is the usual Gamma function. Thus, when v > 1 is an integer, R, has
a centered x? law with v degrees of freedom. Let us also mention that, in [IF], Nourdin
and Peccati associated bounds with the convergence (i) in the previous theorem, see also

(L3).

For a fixed ¢ > 1, suppose now that F), is a sequence of random variables of the
form F,, = 6%(u,,), for some random variables u, with values in $®? and measurable with
respect to X. Can we exhibit condition(s) on the Malliavin derivative of F;, ensuring that
F,, converges towards mixtures of Gaussian random variables? This question should be
compared with the work by Peccati and Taqqu R3], see (1) above. In the present paper,
we show the following result:



Theorem 1.5 For a fized ¢ > 1, suppose that F}, is a sequence of random variables of the
form F,, = §9(uy,), for some mndom variables u,, with values in H®1 and measurable with
respect to X. Suppose moreover that the sequence F,, is bounded in L', and that:

(i) (un, (DF,)®"®@ ... @(DI'F,)® 1@ fi®. .. @fr>ﬁ®q converges to zero in L', for all
integers v, ky, ..., kg1 = 0 such that ky + 2ky + ... + (¢ — V)ky—1 + 17 = ¢, and all
functions fi,..., f, € 9;

(i) (un, DIF, )go, converges in L' to a nonnegative random variable S*.

2
Then, F,, converges stably to a random variable with characteristic function E (e*%SQ) .

Remark 1.6 When ¢ = 1, condition (i) of the theorem is that (u,, h)g converges to zero in
L', for each h € $. When ¢ = 2, condition (i) means that (u,,h ® g)ge2, (U,, AQDF,)ge2
and (u,, DF,, ® DF,) =2 converge to zero in L', for each h,g € $. And so on.

In the statement of Theorem [[.J, we use the notion of stable convergence for random
variables, so let us recall its definition (see for instance, the original paper [B5], or the book
[B] for an exhaustive discussion of stable convergence). Let .# C .Z be two o-fields. A
sequence of .#-measurable random variables (F,) converges .%-stably to a .Z-measurable
random variable F' if, for any continuous bounded function f : R — R and any bounded
#-measurable random variable Z, we have, as n — oo,

E(f(F.)Z) — E(f(F)Z). (1.6)

Here, it is implicitly used that .7 is the o-field generated by X, and that the limit is
measurable with respect to a certain o-field .# containing .

We develop some particular applications of Theorem in the following directions:

(a) Consider first a sequence of multiple stochastic integrals of the form F, = I,(gn),
where ¢, € H®. In this case we can apply Theorem in different ways. We can
assume, for instance, that ¢ = j, and w, = I,_;(g,), for any j = 1,...,¢q. Some
examples of non Gaussian criteria in the cases ¢ = 1, ¢ = 2 are given. If we take
J = ¢, we recover the implication (iii)—(i) in Theorem [[]].

(b) We give a new proof of the following stable convergence result, proved by Nourdin,
Nualart and Tudor in [[[f]. Let B be a fractional Brownian motion with Hurst index
H € (1,3), and f: R — R be a real function verifying hypothesis (H) (see below).
Then

i
L

?‘M

2
= (Bk n) (nQH B k+1)/n — Bk n) = ]-)
f / (Bik+1)/n = Biyn)
converges stably towards oy fol f(Bs)dWy, where W is a standard Brownian motion

independent of B and oy is an (explicit) constant depending only on H.

>



The paper is organized as follows. In Section | we present some preliminary results
about Malliavin calculus and fractional Brownian motion. Section [ contains the proof of
Theorem [, while Section [] focuses on examples (a) and (b) above.

2 Preliminaries

We follow Nualart [[§]. Let $ be a real separable Hilbert space. As in formula ([[.]), we
denote by X an isonormal Gaussian process over §). Recall that, by definition, X is a
collection of centered and jointly Gaussian random variables indexed by the elements of $),
defined on some probability space (€2,.%, P) and such that, for every h,g € 9,

E[X ()X (g)] = (h, )5 (2.7)

We will systematically assume that .% is generated by X. It is well-known that any random
variable F' belonging to L*(Q,.#, P) admits the following chaotic expansion:

NE

F=) 1(f), (2.8)

Il
o

q

where In(fo) := E[F], the series converges in L? and the kernels f, € 991, ¢ > 1,
are uniquely determined by F'. As already pointed out, in the particular case where
$ =LA, o, ), where (A, /) is a measurable space and p is a o-finite and non-atomic
measure, one has that %7 = L2(A7, &/®1, ;%) is the space of symmetric and square in-
tegrable functions on A?. Moreover, for every f € 9%, [,(f) coincides with the multiple
Wiener-Ito integral (of order ¢q) of f with respect to X. For every ¢ > 0, we write .J, to
indicate the orthogonal projection operator on the gth Wiener chaos associated with X.
In particular, if F' € L2(Q,.#, P) is as in (2.3), then J,F' = I,(f,) for every ¢ > 0.

Let {ex, k > 1} be a complete orthonormal system in §). Given f € H? and g € H1,
for every = 0, ..., pAgq, the rth contraction of f and g is the element of §®P*+9=2") defined
as

[e.9]

f Qr g = Z <f7 €iy ®...Q eir)ﬁ@’r ® <g7€i1 ®...Q eir)ﬁ@’r' (29)

i1yeir=1

Note that, in the particular case where $ = L?(A, o, 1) (with x4 non-atomic), one has that

f®.qg= A Flt, oo tpry Sty ooy S) Gt pmrits o« oy Epgeary Sty - - o5 Sp)dpu(S1) - - - dp(s,).

Moreover, f ®¢ g = f ® g equals the tensor product of f and g while, for p = ¢, f ®, 9 =
(f,9)s2a. Note that, in general (and except for trivial cases), the contraction f ®, g is
not a symmetric element of §OP+4-27)  Ag indicated in the Introduction, the canonical
symmetrization of f ®, ¢ is written f®,g¢.



Let . be the set of all smooth cylindrical random variables of the form

where n > 1, g : R® — R is a smooth function with compact support and ¢; € $. The
Malliavin derivative of F' with respect to X is the element of L?(2, ) defined as

DF = 399 (X(6)), ..., X(60) 6.

In particular, DX (h) = h for every h € §. By iteration, one can define the gth derivative
D?F (which is an element of L*(Q, %)) for every q > 2.

As usual, for ¢ > 1, D%? denotes the closure of . with respect to the norm || - [|,.2,
defined by the relation

q
IFI2, = E[F?] + ) E[|D'F|3e].

i=1

The Malliavin derivative D verifies the following chain rule: if ¢ : R — R is in %} and if
{F;}i—1...n is a vector of elements of D2, then ¢(F, ..., F,) € DY? and

.....

"9
Do(R,....F) =Y a:f(Fl,...,Fn)Dﬂ.
i=1 v

We denote by o the adjoint of the operator D, also called the divergence operator. A
random element u € L?(Q, ) belongs to the domain of §, noted Domd, if and only if it
verifies

|[E(DF,u)g| < c,||F|liz for any F € .7,

where ¢, is a constant depending uniquely on u. If v € Domd, then the random variable
d(u) is defined by the duality relationship (called “integration by parts formula”):

E(F§(u)) = E(DF,u)s, (2.10)

which holds for every F € D'2. We will moreover need the following property: for every
F € D" and every u € Domd such that Fu and Fé(u) + (DF,u)g are square integrable,
one has that Fu € Domd and

§(Fu) = Fo(u) — (DF, u)s. (2.11)

For every g > 1, let H, be the ¢th Wiener chaos of X, that is, the closed linear subspace
of L*(Q,.#, P) generated by the random variables {H, (X (h)),h € 9, |h|g = 1}, where
H, is the gth Hermite polynomial. The mapping I,(h®?) = ¢!H, (X (h)) provides a linear
isometry between the symmetric tensor product $H“? and H,.

7



The duality formula (B.10) extends to the iterated divergence operator and we have
E (F§"(u)) = E ((DF, h) g.) (2.12)

for any element v in the domain of 6? and any random variable F' € D%2. Notice that
§9(h) = I,(h) for any h € H*.

The operator L is defined through the projection operators {J;}>0 as L = Y-~ —qJy,
and is called the infinitesimal generator of the Ornstein-Uhlenbeck semigroup. It verifies
the following crucial property: a random variable F' is an element of DomL (= D*?) if and
only if F € DoméD (i.e. F € D"? and DF € Domd), and in this case:

0DF = —LF.

Note that a random variable F as in (2§) is in D'? if, and only if,

o0
ZCJ”JCqH?a@q < 00,
q=1

and, in this case, E[|[DF||%] = > g1 Ul fallfea- T H = L2(A, o/, p) (with p non-atomic),
then the derivative of a random variable F' as in (B.§) can be identified with the element

of L*(A x Q) given by

D,F = Zq 1(fu(ha), a€A (2.13)

3 Proof of Theorem

We need to show that for any hq, ..., h, € 9, the sequence &, := (F,,, X(h1),..., X (hn))
converges in distribution to a vector (Fuo, X (h1),..., X (h,,)), where F,, satisfies

B X (hy), ..., X (hn)) = ¢35 (3.14)

for any A € R. Since the sequence F), is bounded in L', the sequence &, is tight. As-
sume that (Fo, X (h1),..., X (hy)) denotes the limit in law of a certain subsequence of &,,
denoted again by &,.

Let Y = ¢(X(h),..., X (hy)), with ¢ € €°(R™), and consider ¢,(\) = E (e*"Y)
for A € R. The convergence in law of &,, and the fact that F), is bounded in L' imply that

lim ¢, (\) = lim iE (F,e?™"Y) = iB(Fee™™=Y). (3.15)

n—00 n—oo



On the other hand, by the duality relationship (B.19) between the iterated derivative and
divergence operators we obtain

G\ = AB(Fe™Y) =i (09(u) e Y) =B ({un, DI (e2Y)) 0, )
. - q a ( _iAFR\ o 1yg—a
- Z;(Q)E«umD (™) &D Y>ﬁ®q)
(g a! Kyt b
- Z; (a) Zkll...ka!<l>\)k+ "

XE (¥ (uy, (DE)™& ... &(D"F,)*@D1°Y) )

where the second sum in the last equality runs over all sequences of integers (kq,...,k,)
such that ky + 2ky + ... + ak, = a by the Faa di Bruno’s formula. By condition (i), this
yields that

¢I <)\> = —A\E (eMFn <un7 Dan>5§®q Y) + Rna

with R, converging to zero as n — oo. Using condition (ii) and (B.13), we obtain that
iB(Fe™™=Y) = —\E (e?>5%Y).

Since S? is defined through condition (ii), it is in particular measurable with respect to
B. Thus, the following linear differential equation verified by the conditional characteristic
function of F,, holds:

%E(e”FﬂX(hl), oy X (b)) = =AS?T B> X (hy), ..., X (hy)).

By solving it, we obtain (B.14), which yields the desired conclusion. |
The next corollary provides stronger but easier conditions for the convergence in law.

Corollary 3.1 For a fized g > 1, suppose that F,, is a sequence of random variables of the
form F,, = §9(uy,), for some random variables u, with values in H®1 and measurable with
respect to X. Suppose moreover that the sequence F,, is bounded in D?P, for all p > 2, and
that:

(i) (un, h)gea converges to zero in L', for all h € $H%9; and u, @ DF,, converges to zero
in L2(;9%6070), for all € =1,...,q = 1;

(i) (tn, DIF, ) goq converges in L' to a nonnegative random variable S*.

2
Then, F,, converges stably to a random variable with characteristic function (e’%SQ) .



Proof It suffices to show that condition (i’) implies condition (i) in Theorem [[.J. When
ko, # 0 we have

(tn, (DF,)*"®...®(D"F,)***@h) -
’(DFn)®k1 ... (DGFN)(@(I%?I) ® hHﬁ@(q—a) :

S ||un ®a DaFn||5§®(q—a)

The second factor is bounded in L?, and the first factor converges to zero in L?, for all
a=1,...,q— 1. In the case a = 0 we have that (u,, h)ge« converges to zero in L', for all
h € $®1, by condition (i’). This completes the proof. |

4 Examples and applications

In this section, we will consider several examples of application of Theorem [[.3.

4.1 Multiple stochastic integrals

Fix an integer ¢ > 2, and consider the sequence of multiple stochastic integrals F,, = I,(g,)
with ¢, € 9% We have DF,, = ¢l, 1(gn), and F,, = —%LFn = %5(DFH). Applying
Theorem with ¢ =1 and u,, = %DFH = 1,-1(g,) yields:

Proposition 4.1 For a fized q > 2, suppose that F, is a sequence of random variables of

the form F,, = I,(gn), with g, € H®1. Suppose moreover that the sequence g, is bounded in
H9, and that:

(a) {Gn @q_1 Gn, h®%) ge2 converges to zero for all h € §;

(b) LIIDE,|§ converges in L' to a nonnegative random variable S.

2
Then, F,, converges stably to a random variable with characteristic function E (6_%52) .

Proof It suffices to apply Theorem [[.§ to u, = I,_1(g,). We have

E((un,1)g) = E((4-1(9a). 1)) = E (Ii-1(90 ®1 h)*) = (¢ = 1)! 190 ®1 Al 5000
= (¢— D! (g0 ®1h) Qg1 (gn @1 h)
= (q - 1)' <gn ®q—1 In, h®2>ﬁ®2 - 07

which implies condition (i) in Theorem [[.], see Remark [[.4. Condition (ii) in Theorem [.§
- _1 2
follows from (b) and the equality (u,, DFy,) s = L[| DF,|[3. n
If S? is deterministic, equal to 1, then condition (b) coincides with condition (iv) in
Theorem [[1]]. In this case, Theorem [[J] combined with Lemma 6 in [[J] tells us that if the
variances converge to one, then, condition (a) is automatically satisfied.
On the other hand, we can also apply Theorem [.§ with u,, = g,. In this way, applying
Corollary B.1], we obtain that the following conditions imply that F,, converges to a normal
random variable N (0, 1) independent of X:

10



(@) gn is bounded in H®7 and it converges weakly to zero,
(B) 11gn ®¢ gnll s22a-0) converges to zero for all £ =1,...,q — 1;

(7) @'l1gnll5e, converges to 1.

In fact, notice that whenever F,, is bounded in all the Sobolev spaces D??, condition (ii)
in Corollary B.1] follows from (y) and the equality D? (1,(g,)) = ¢'gn, and, finally, condition
(i) in Corollary B.] follows from (ii) and
q” 2
WE [Hgn 2 Iq—f(gn)Hg@(q%)]

q!

B WE Uuq*é(g" e gn)”?’)@(l]—@]

12

FE [Hgn X DéFnHi@(q—e)]

q: 2
(q—0) 19n ®¢ gnllgea-o -

In this way we recover the implication “(iii) implies (i)” in Theorem [L1].

4.2 Weighted quadratic variation of the fractional Brownian mo-
tion

Let B = (By)ieo,1) be a fractional Brownian motion with Hurst parameter H € (0, 3)

defined on a probability space (€2, A, P). We mean that B is a centered Gaussian process

with the covariance function F(B;B;) = Rpy(s,t), where

1
Ry(s,t) = 5 (7 4 27— |t — s

We denote by & the set of step functions on [0, T]. Then § is the Hilbert space defined as
the closure of & with respect to the scalar product

(Lpoa L) = Ru(t, s).

It coincides with Iéfﬁ(L2[0, T)), where

m/o (z —y)"2 f(y)dy.

2

We refer the reader to [[q] for additional details.
Consider the sequence

1 — 2H 2
— E — > 1.
G, = \/ﬁ 2 ?(Bk/n) (n (ABk/n) 1) , n=>1

Notice that n*” (ABj,)? —1 = nQle(ﬁg/i), where Og/n = Ljg/m,(kt1)/m)- We will make use
of the following technical lemma.

11



Lemma 4.2 Let s <t and r belong to [0,1]. Then
|E(B(B: — By))| < (t —s)*".

Proof We have

1 1
E<Br(Bt _ Bs)) — 5 (T2H +t2H o |t o T|2H) o 5 (7’2H 4 82H o ‘8 o T|2H)
1 1
_ §(t2H o SQH) + 5 (|$ o T‘|2H o |t —T|2H) ]
We have [b*# — | < |b— a|* for any a,b € [0,1], because H < 3. The desired result
follows. |

In the sequel, we will also make use of the following hypothesis on f: R — R:
(H) f belongs to C® and | f®(z)| < ke for some constants k > 0 and 0 < ¢ < &
Notice that (H) implies

sup E(|fV(B,)") < o0

t€[0,1]

forall 1 <p<6,and i =1,...,6. The following result holds.

Theorem 4.3 Let f: R — R satisfy (H). Suppose that H € (1,1). We have

—1
Z (Bim) (*H (ABgn)? = 1) 22 6 / f(B (4.16)
k:
as n tends to infinity, where W is a Brownian motion independent of B, and
1 o0
- | = 2H —1|2H _ 2H)?
on= |5 2 (p+12 +|p—1PH = 2lp)°. (4.17)
p=—00

Proof We can write

n—1
Gp=n2"23%" F(Bem)La(057), n=1.
k=0

The proof will be done in several steps. We denote by C' a generic constant that may vary
from one formula to another one.

Step 1. We are going to decompose G,, as the sum of a sequence of the form §2(u,,)
plus other terms which converge to zero in L? as n tends to zero. To do this we write,

12



using (B.11)) repeatedly,
f(Brm)2(957) = f(Brn)d(ABy/mOy/n)
= 0(f(Brn)ABk/nOkn) + f'(Brn) ABkn (Ekns On)
O(f(Br/n)d(Ok/n)Oksm) + [/ (Bryn) ABiojn (Enjms O )
= O (f(Bim)0gs) + 0(f' (Biejn)in) (Erjms Ohjm) s,
+f(Bia) ABiejn (Etjns Orpn)
= O*(f(Brm)0; ) + 2f (Bra) ABin (Erjns Ok )
F"(Bisn) (€xms )

where ey, = Lo r/n]- As a consequence,
Gn - 52(un) - An - Bn7

where

n—1
_1
k=0

n—1

Z f/(Bk/n)ABk/n <€k/n7 8k/n>f) 5

k=0

NI

A, = 2n?i-

and
n—1
1 2
By = =023 " f"(Biym) (Emy Okpm) -
k=0

Notice that

n—1

[AZ} - 4n4H ! Z E Bk/n)f/(Bl/n)ABk/nABl/n] <€k/n7 8k/n>f) <El/n7 8l/n>5:)a
k,l1=0

which converges to zero as n tends to infinity. Indeed, using the notation

ey = (Er/ms al/n>f) :

and

Brot = (Okjn, 8l/n>56 :

13



we can write

E[A7] = 4n* Z E [f'(Bim) f'(Bin)] Brackxau
k1=0

n—1

4 qpiH-1 Z E [f"(Bk/n)fH(Bl/n)} Qg 1O O OV
k,1=0

n—1

+4ntt Z E [f”(Bk/n)f”(Bl/n)} O‘i,l 0‘12,1
k,l=0

n—1

AL Z E [fI”(Bk/n)f/(Bl/nﬂ O‘i,k@l,lak,l
k,l=0

it 12 E [/ (Biym) " (Bym)] 0210 00k
k,1=0

Hence, by Lemma [L.3 and hypothesis (H):

[A2 Z|ﬁkl|+cn1 4H

k,I=0

which converges to zero as n tends to infinity, because we have

n—1 —1—-2H n—1
n
wY Bl = g D LRI k= = 1P 2k — 1]
k,1=0 k,1=0

< CnN " p+ 1P 4 p -1 = 20p

p=—00

and this series is convergent.
On the other hand, still by Lemma [I.q and hypothesis (H):

E[B] < Cn'™1,

which also converges to zero as n tends to infinity.

Step 2. Tt suffices to show that the sequence F, = §*(u,) satisfies the conditions of
Theorem [[.J with ¢ = 2. Let us show first that F}, is bounded in L?. This follows from the
fact that u, is bounded in D?2. In fact, we have

n—1
_1
Dun = nZH 2 E f/(Bk/n)Ek/n(X)a](?fna
k=0

n—1
D*u, = nZH_%Zf"(Bk/n z—:k/n 8@1,

14



and

E (HDUTLH%@S) = 4H ! Z E Bk/n Bl/n)) <€k/n75l/n> <ak/naal/n>2
k,l=0
n—1
< Cn4H71 Z <8k/n7ak/n>2
k=0

< O (Ip+H1PH 4 p— 1P —2pp]H)” < .

p=—00

In the same way, we can show that sup, F ]\D2unH2®4 < 00.

Step 3. Let us show condition (i) (see also Remark [I.4). Notice that it suffices to show
this condition for elements f; belonging to a total subset of §). Taking f1 = 1y, and fo =
10, we have

E (|(tn, i ® Pgeal) < 025 S E (| (Bign)]) |G 1) (Ojms f2))
k=0

< Cnz 2" by Lemma 155

which converges to zero as n tends to infinity. On the other hand,

E ‘(Un, H® DFn>y)®2‘ < n2f=2 nz_lE (’f(Bk/n) <ak/n7DFn>gD ’<a/f/n’ f1>5§’
k=0

N\

et s [B (0B (4.13)

and

n—1
E ([{tn,, DF, ® DF,) gea|) <053 B ((1 + £2(Bim)) <ak/n,DFn>;) . (419)
k=0

because |z] < 1+ 22 Set Hy/, = 14 f*(Bg/y). We claim that
9 (Hk/n (DF,, 0k/n>2> < Cn*, (4.20)

and this would imply that (£1§) and (.19) tend to zero as n tends to infinity. Using
Dé(u) = u+ §(Du) repeatedly, we have

15



We need to show that
E (Hk/n [5(<un, O/ ﬁ)r) < Cn
E <Hk/n (82D (u, a’“/">ﬁ)r> < Cn
We will only prove ([.21)), the proof of (£.23) being similar. Set

pin = B (Higo [5((un, 0n))]")
Vkn = <un, 6k/n>ﬁ.
Applying (B.11]) yields
fkn = 2{Vkn ® DHipny DVin) oo+ (Vin @ Vi, D*Hypn)
+Hin (Vi Vi) g + HinTT (Dy,m o (Dl/km)T) .

LEE

This implies

n—1

[ = 20! Z E ((DHyjn, Oy ) f(Brsn) [ (Bijn) BraBrncun)
hoi=0

n_l
+nN B (f(Bh/n)f(Bl/n)ﬁk,lﬁk,h (On/n ® O, DQH’“/”>55®2>
hl=0

n—1

S B (Bl f By (Bin)) Gea e
h,1=0

n—1

-1 Z E (Hk/nf,(Bh/n)f/(Bl/n)) B Bre,n 0,1t 1.
h,1=0

which converges to zero as n tends to infinity.

(4.21)

(4.22)

Step 5. Let us show condition (ii). Using Dd(u) = u + 0(Du) repeatedly, we have

D?F, = 2u,, + 45(Duy,) + 6*(D?u,).

Hence,

n—1
<Un, DZFn>fJ®2 = 2n4H_1 Z f(Bk/n) f(Bl/n) <ak/na al/n>;
k,l=0

+4 (11, 6( D)) oo + (1t 02 (D1t) )

The first term converges to a nonnegative square integrable random variable:
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20N f(Bugn) f(Bim) (Ohjms D)y,

k=0
n—1
1
= 0 By (B (= 14 1P [ = 1= 1P — 2k — 1P
k,l=0

A(n—1-p)

o0 (n 1
2
= Z > FBim) f(Biapym) (Ip+ 17+ [p— 17 = 20p*)",

pf—oo Jj=0vV—p

which converges to

l - 2H _ q112H 22 ' B.)2d
2(Z<|p+1| +lp— 11 —2pp ))/Of( )7ds

p=—00

The remaining terms converges to zero. We will discuss only the first one:

<un75(Dun>>y)®2 = 4H ! Z 5 Bk/n Bl/n al/n) <alc/n78l/n>5;J <alc/n75l/n>5;J
k,l=0

n—1
= "N F(Bim) f'(Biyn) ABysBriou
=0

n—1
=N (Big) f(Bun) B 00

k,1=0
n—1

—n ST (Byga) £ (Byn)Busracn,
k,1=0

and this tends to zero as n tends to infinity.

Acknowledgment: We are grateful to Giovanni Peccati for helpful comments about ref-

erences P2, PJ.
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