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POINCARE INEQUALITIES FOR NON EUCLIDEAN METRICS AND
TRANSPORTATION COST INEQUALITIES ON R¢

NATHAEL GOZLAN

UNIVERSITE PARIS-EST,
Laboratoire Analyse et Mathématiques Appliquées,
UMR CNRS 8050,
5 bd Descartes, 77454 Marne la Vallée Cedex 2, France

ABSTRACT. In this paper, we consider Poincaré inequalities for non euclidean metrics on
R?. These inequalities enable us to derive precise dimension free concentration inequalities
for product measures. This technique is appropriate for a large scope of concentration rate:
between exponential and gaussian and beyond. We give different equivalent functional forms
of these Poincaré type inequalities in terms of transportation-cost inequalities and infimum
convolution inequalities. Workable sufficient conditions are given and a comparison is made
with generalized Beckner-Latala-Oleszkiewicz inequalities.

1. INTRODUCTION

1.1. Poincaré inequality and concentration of measure. One says that a probability
measure on a metric space (X,d) satisfies a Poincaré inequality also called spectral gap
inequality with the constant C, if for all locally Lipschitz function f, one has

(1) Var, (1) < € [ (V1 d
where the length of the gradient is defined by

(2) IV fl(x):= limsupM.

y—z d(x’ y)
(when x is not an accumulation point of X, one defines |V f|(z) = 0).

It is well known since the works [[LJ], [[]},[l] and [§] that the inequality ([I]) implies dimension
free concentration inequalities for the product measures ™, n > 1. For example, in [f], M.
Ledoux and S.G. Bobkov proved the following theorem (see [§, Corollary 3.2])

Theorem 1 (Bobkov-Ledoux). If p satisfies (1), then for every bounded function f on X™

n
such that Z IVif|? < a® and max |Vif| <b, u™ a.e. (where |Vif| denotes the length of
=1 i=1,...,n
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2 NATHAEL GOZLAN

the gradient with respect to ith the coordinate) one has

(3)

¢ t

Another way to express the concentration of the product measure p™ is the following;:

Corollary 2 (Bobkov-Ledoux). Let u be a probability measure on X satisfying the Poincaré
inequality (1) on (X, d) with the constant C > 0. Define K(C') = a(ﬁ)/l& where as before

K=V 186‘/5, then for all subset A of X™ with p"™(A) > 1/2,
(4) Yh>0, " (Ah) > 1 — ¢ K(Oh

where the set A" is the enlargement of A defined by

n

Al = {y e ax": in£ a(d(zi,y;)) < h} ,
TEe
i=1

where a(u) = min(|ul, u?) for all u € R.

The inequality (f]) can be easily derived from Theorem [I] (see [§] or Section P.9 of the present
paper). Inequalities such as () were first obtained by M. Talagrand in different articles using
completely different techniques (see e.g. [P4]).

If ;1 satisfies ([[) on R? equipped with its standard euclidean norm | - |3, then (f|) can be
rewritten in a more pleasant way: for all subset A of (Rd)n with pu"(A4) > 1/2,

(5) Vh > 0, u" (A +VhBy + hBl) > 1 — ¢ hE(©O)

with the same constant K (C) as above. The archetypic example of a measure satisfying (fll)
is the exponential measure on RY v{, where duv;(x) = %e*m dz. For this probability, ([)
cannot be improved (a version of () with sharp constants has been established by Talagrand
in [R3 see also Maurey [, Corollary 1]). Thus ([) expresses that the probability measures
u" concentrate at least as fast as the exponential measure on (]Rd)n.

Some probability measures concentrate faster than the exponential measure. For example,
the standard gaussian measure 4™ on R™ verifies for all A C R™ with 4™ (A4) > 1/2,

(6) Vh>0, A™(A+hBy)>1—e /2

There is absolutely no hope to derive such a bound from the classical Poincaré inequality
() on R™ equipped with the euclidean norm. The inequality () requires other tools. For
example (fj) follows from the Logarithmic Sobolev inequality, introduced by L. Gross in [4],
which is strictly stronger than ([]) (see [[If, Chapter 5]).

1.2. Changing the metric improves the concentration. The aim of this paper is to
show that replacing in () and (f) the standard euclidean norm | . |2 by another metric makes
possible to reach a large scope of concentration properties including gaussian or even stronger
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behaviors. The metrics we are going to equip R? with are of the form:

d 1/2
Z |w (i) — W(yz‘)|2] )
i=1

where, in all the paper, we will assume that w : R — R verifies:

(7) Vo,y € R dy(z,y) =

e w is such that x — w(x)/x is non decreasing on (0, +00),
e w is non negative on R,
e w is such that w(—z) = —w(x), for all z € R.

Note that the first assumption is verified as soon as w is convex on R with w(0) = 0.

Definition 3. One says that a probability measure i on R? satisfies the inequality SG(w, C)
(resp. SG(C)) if p satisfies the Poincaré inequality () for the distance d,(., .) defined by
@) (resp. for the standard euclidean metric) with the constant C' > 0.

Let us give a first example:

Proposition 4. Let wy(z) = max(z,2?) on RT with wy(—z) = —wy(x) for all x € R.
Suppose that p satisfies the inequality SG(wy, C) on R? for some C > 0.

If p € [1,2], then for alln > 1 and all A C (Rd)n,

Vh>0, u" (A +2VhBy + 2h1/po) >1— e K(Ch/d,

If p> 2, then for alln > 1 and all A C (Rd)n,
Vh>0, u" (A " 2\/E32> S 1= KO/,
and Yh >0, u" (A + th/po) >1— e K(OP/d,
(where K (C) is defined in Corollary B)

This result will be easily deduced from Corollary P and from an elementary comparison
between the metric d,, (., .) and the norms | . |,. In particular, it will follow from our general
sufficient conditions that, for all p € [1,400), the probability measure dv,(z) = Zipeflrlp dx
verifies SG(w,, C) for some C. The interest of our approach is to give a somewhat unified
picture of the concentration of measure phenomenon.

1.3. Presentation of the results. Before going into further details in the presentation of
our results, let us introduce some notations and conventions.

1.3.1. Notations. The map w is defined on R but we will also denote by w the map defined
on R™ (for every m > 1) by (x1,...,2m) — (w(x1),...,w(z,)). The image of a probability
measure p on a space X under a measurable map T : X — ) will be denoted by T#u. We
recall that is is defined by

VACY, T'wB)=pu(T7'(4).
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1.3.2. Links with the classical Poincaré inequality. In Section B, we prove the concentration
results and we relate the exotic Poincaré inequalities SG(w, C) to (weighted) forms of the
classical Poincaré inequality:

Proposition 5. Let u be a probability measure on R and C' a positive number. The following
properties are equivalent.

(i) The probability measure p verifies SG(w, C).

(ii) The probability measure w*u verifies SG(C).
(iii) The probability measure u satisfies the following weighted Poincaré inequality:

d 1 9 2
0 v Ve =o [3 s (@) duw),
i—1 i )
for all f:R* — R such that f ow™"! is of class C'.

Observe that this proposition furnishes a huge collection of examples. Indeed, with a slight
abuse of notations, one has

(w™)*SG(C) € SG(w, ).

1.3.3. Sufficient conditions for SG(w,C'). In Section fJ we addressed the problem of finding
workable sufficient conditions for Poincaré inequalities SG(w,C). The strategy is dictated
by Proposition . Namely, a probability u satisfies SG(w, C), if and only if the measure whp
satisfies SG(C'). So all we have to do is to apply to the measure w?y one of the known criteria
for the classical Poincaré inequality.

In dimension one, one has a necessary and sufficient condition for SG(w, C):

Proposition 6. A probability measure p on R absolutely continuous with density h > 0
satisfies the inequality SG(w,C) for some C > 0 if and only if

(9)

m ./ 2 T,/ 2
D, = jggu(—oo,x]/x whiz)) du < +oco and D] = jlzlg,u[x,—i—oo)/m wh((Z; du < 400,

where m denotes the median of u. Moreover the optimal constant C in ([1) denoted by Copt
verifies

max (D, D) < Copt < 4max(D;, D)

This proposition follows at once from the celebrated Muckenhoupt criteria for the classical
Poincaré inequality (see [R1]]). The following result completes the picture giving a large class
of examples:

Proposition 7. Let u be an absolutely continuous probability measure on R with density
du(z) = e V@ dg.  Assume that the potential V is of class C* and that w verifies the
following regqularity condition:

If V' is such that

(10) lim jnf 22V (@)
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then the probability measure p verifies the Poincaré inequality SG(w,C) for some C > 0.

In dimension d, one gets:

Proposition 8. Let p1 be a probability measure on R absolutely continuous with respect to
the Lebesgues measure, with du(x) = e V@) de with V a function of class C?. Suppose that
w is of class C3 on R and such that w'(0) > 0 and

e

W(w) <M

f— )

Vr € R,

for some M > 0. If there is some constant u > 0 such that

5315 (50)(5) - 55 ()

|x| =400 U
then the probability measure p satisfies SG(w,C) for some C, where &(x) = w(ux), for all
z € R.

1
5 > dM,

w'(z;)

This condition will be easily derived from the condition lim inf|,_, o [VV|(2)* = AV (x) > 0
which is known to imply the classical Poincaré inequality.

1.3.4. Links with Transportation-Cost inequalities. In Section Hl, we show the equivalence
between the Poincaré inequalities for the metric d,, and certain transportation-cost inequal-
ities. Transportation-cost inequalities were first introduced by K. Marton and M. Talagrand
in [[[7, [[§) and [RF]. For recent advances in the understanding of these inequalities consult [f],
0], [, BY, B7]. In these inequalities one tries to bound an optimal transportation cost in
the sens of Kantorovich by the relative entropy functional. More precisely, if ¢ : X x X — R*
is a measurable map on some metric space X, the optimal transportation cost between v and
€ P(X) (the set of probability measures on X') is defined by

T = it [ elay)ar

where P(v, ) is the set of probability measures m on X x X such that 7(dz,)) = v(dz) and
(X, dy) = p(dy). One says that p satisfies the transportation cost inequality with the cost
function c(z,y) if

(11) Ve PWX),  T(v,p) <H|p),

where H(v | u) denotes the relative entropy of v with respect to p and is defined by H(v |
p) = [log (g—;) dv if v is absolutely continuous with respect to p and H(v | p) = +o0
otherwise.

Transportation cost inequalities are known to have good tensorization properties and to yield
concentration results independent of the dimension (all these facts are recalled in section [f).
For example, the celebrated To inequality which corresponds to cost functions of the form

(z,y) — alz —y|} gives gaussian concentration (see e.g [BF]). A celebrated result of Otto and
Villani shows that the Lograithmic Sobolev inequality implies Ty (see [3)).

Let us say that u € P(RY) satisfies the inequality T(w,a) if it satisfies the transportation
cost inequality ([J]) with the cost function (x,y) — « (ady,(z,y))
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One proves the following

Theorem 9. Let p be a probability measure on R® absolutely continuous with respect to
Lebesgues measure with a positive density. Then p satisfies the Poincaré inequality SG(w, C')
for some C > 0 if and only if it satisfies the transportation-cost inequality T(w,a) for some
a>0.

More precisely,

o if u satisfies SG(w, C) then it satisfies T (w, \/— ), with k = \V/18eV5.
e if ju satisfies the inequality T(w,a), then p satisfies the inequality SG(w, 5 =),

This theorem is an easy extension of a result by Bobkov, Gentil and Ledoux concerning the
classical Poincaré inequality (see [}, Corollary 5.1]). This extension is performed using a very
simple contraction principle for transportation cost inequalities. The author previously used
this technique in L] to characterize a large class of transportation cost inequalities on the
real line.

1.3.5. Comparison with Latala-Oleszkiewicz inequalities. In Section [, we compare the in-
equalities SG(w,C) to other functional inequalities including the ones introduced by R.
Latala and K. Oleszkiewicz in [[[§]. Let r € [1,2], one says that a probability measure p
on R? satisfies the inequality LO(r, C) if

[ f2du— (f frdp)™?
pE(l 2) ( )2(1 1/ )

It is well known that these inequalities interpolate between Poincaré and Log-Sobolev. For
r = 1, the inequality ([[) is Poincaré inequality SG(C') and for r = 2 it is equivalent to the
Logarithmic-Sobolev inequality (see [, Corollary 1]). The LO(r, C') inequalities on R were
completely characterized by Barthe and Roberto in [f].

(12) < [1viPdn.

Recall that a probability measure p on R? verifies the Logarithmic-Sobolev inequality with
constant C| if for all smooth f,

(13) But, (/%) < € [ IV

where Ent,, (f?): fo log f2du — fo dplog (f f2 d,u)

If p verifies LO(r, C') then a concentration inequality of the same order as the one given in
Proposition [] holds (see [[§, Theorem 1]). In fact, one has the following

Theorem 10. Let r € [1,2] ; if p verifies the Latala- Oleszkiewicz inequality }L@(r C) for
some C > 0 then it satisfies the Poincaré inequality SG(w,, ) for some constant C, where
wr(x) = 2" on RT.

Moreover, a counter example of Cattiaux and Guillin shows that the Logarithmic-Sobolev
inequality is strictly stronger than the inequality SG(ws, C) (see Remark [[7).
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2. WEIGHTED FORMS OF THE POINCARE INEQUALITY
2.1. Links with the classical Poincaré inequality.

Proof of Proposition [J. Let us denote |V f|, (resp. |Vf|2) the length of the gradient com-
puted with respect to the metric d, (., .) (see (f)). If f: R? — R is locally Lipschitz for the
euclidean metric, then according to Rademacher theorem, one has

/
lim su M— i<ﬁ>2 1 2—\Vf\ ()
pat r—yh =0 S

for i a.e. € R? and so the length of the gradient equals the norm of the vector Vf u a.e.

Locally lipschitz function for d,(., .) and |.|2 are related in the following way. A function
g :R? — R is locally Lipschitz for d,(., .) if and only if g o w™! is locally Lipschitz for |.|s.
[(i)=(ii)] Define i = wfu. Let f: R? — R be locally Lipschitz for |.|s, then f ow is locally
Lipschitz for d, (., .), and

Vara(f) = Var(ow) < [ IV owan® [19fBow = [ 19sBan

where (x) follows from the easy to check identity: |V(fow)|, = |V flaow.
[(ii)=-(i)] The proof is the same.
[(ii)=-(iii)] Take f:R? — R such that f ow™! is of class C''. Then

Var, (1) = Var(f ow™) < [ 9(f 0w ) 0w = /Z . (af@c)) du(x)

[(iii)=-(ii)] Apply the weighted Poincaré inequality to the function fow with f of class C1. [

2.2. Poincaré inequalities and concentration - the abstract case. In order to recall
how concentration estimates can be derived from the Poincaré inequality, let us briefly sketch
the proof of Theorem [l.

Sketch of proof of Theorem. [].

[First step] According to [§, Theorem 3.1] (which is the main result of [§]),  enjoys a modified
Logarithmic-Sobolev inequality: for all 0 < s < % and for all locally Lipschitz f: X — R

such that |V f| < s p a.e. one has

(14) Ent“(ef) < L(S)/|vf|26f dy,
2

where L(s) = % <§J:—\\/ng) o5V5C

[Second step] Tensorization. Thanks to the tensorization property of the entropy functional,

Entn /ZEnt f' )dp",
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for all f: X" — R.
Applying this inequality together with ([[4) yields

(15) Ent,n(ef) < L(s)/Zmﬂ?ef du,
=1

for all 0 < s < \% and f: X" — R such that maxj<;<p, |Vif| <s p™ a.e.

[Third step] Herbst argument. Thanks to the homogeneity one can suppose that f: X" — R
is such that maxj<j<, [V;f| <1 (b= 1) and Y1, |V;f|* < a®. Define Z(\) = [eM du™.
Then, applying ([5) to Af, one easily obtains the following differential inequality

Vo< A<s< % % (W) < L(s)a?,

and since w A—_0—> ffd,u", one gets
2 n
Vo< A<s< ok /eAf du™ < X L)X [ fdp

[Fourth step] Chebischev argument. This latter inequality on the Laplace transform yields
via Chebischev argument:

vE>0, " (f > /fdu" +t> < e,
where

4L(s)a?

hs(t) = At = L(s)a*)"} =
(t) = sup { (s)a”A"} st — L(s)a%s? if t > 2L(s)a2s

S if 0 <t <2L(s)a’s
A€[0,s]

Now it easy to see that, hs(t) > min (ﬁ, %t) . For s = 1/4/C one obtains after some
computations,

t? ¢ I
hs(t) > min (— —) with k£ = V18eV5.
K

O

Sketch of proof of Corollary 3. Take A C &X™, such that u™(A) > 1/2 and define F(z) =
infaea >oiq a(d(w;,a;)), where a(u) = min(jul,u?). Then for all r > 0, the function f =
min(F,r) verifies (see the details in [}]): max;<;<, |Vif| < 2and 7 | |Vif|? < 4r. Moreover
since u™(A) > 1/2, one has [ fdu™ = [ fIacdp™ < r(1 — p"(A)) < r/2. Consequently,
applying () to f yields:

pt(Fzr) = p(f zr) <p" (f > /fdu” +r/2> < e KO,

with K(C) = & min <L 1 ) = %a(ﬁ). This achieves the proof of (fl). O
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2.3. The SG(w,C) inequality and concentration.

Proposition 11. Suppose that u € P(R?) satisfies SG(w,C) for some C > 0. Then for all
n>1and all AC (Rd)n, one has

Yh>0, u" (Aﬁ) > 1 e KOn/d,

where K(C) = « <ﬁ) /16 and A" is defined by

AZ: (x17...7.%'n)€( ) :;relflzzaowc ij a”l7j‘><h

=1 j=1
(For all 1 <i<mn, z;,5,1 < j < d are the coordinates of the vector x; € Rd.)

Remark 12. The fact that the dimension d appears in the preceding result is not important.
The important thing is that the constants do not depend on the dimension n.

We need the following elementary lemmas:

Lemma 13. If f : RT — R is such that x — f(x)/x is non decreasing then f is super
additive, that is to say: f(x+vy) > f(z)+ f(y) for all x,y > 0.

Proof. Let 0 <z <y flx+y) = fly(L +z/y) > A +2/y)fly) = fly) +2f(y)/y >
fy) +zf(z)/z=fy) + f(z). O

|[z—y|
Lemma 14. For all z,y € R, |w(z) —w(y)| > w (%) .

Proof. According to the Lemma [, the function w is super additive on R*. Let x > y. If 2 >
y > 0, then using the super additivity of w, one gets w(r) = w((z —y) +y) > w(z—y) +w(y),
so w(x) —w(y) > w(x —y) > w((x —y)/2). If 0 > = > y, then, according to the preceding
case, w(zr) —w(y) = w(—y) —w(—z) > w((-y+2)/2) = w((x —y)/2). If z > 0 > y, then
w(z) —w(y) = w(z) + w(-y) = wmax(z, —y)) = w((z —y)/2). O

Lemma 15. The function a(u) = min(|u|,u?) is such that a(au) > a(a)a(u), for alla,u > 0.
Proof. If 0 < a < 1, then a(au)/a = u? if u < 1/a and a(au)/a = u/a if u > 1/a. Ifu <1,

one has a(au)/a = a(u). If u € [1,1/a], then u? > u and so a(au)/a > a(u). If u > 1/a,
then u/a > a and so a(au)/a > a(u). The case a > 1 can be handled in a similar way. [

Proof of Proposition [1]. First, d,(z,y) > % S w(zi) — w(yi)], for all z,y € R
Now,

Q

a<dw<m,y>>m(Zid\wm)—wyi >2§ja< eluten) — o)

2 S (e (552) s (252

where (i) comes from the super additivity of the functlon a, (ii) from Lemma [[4 and (ii7)
from Lemma [[§.
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Consequently,
- 1o\ i — yil
inf p_oldo(wi,ai)) = 5 inf ) jaow <%> :
i=1 i=1
Applying () yields immediately the desired result. O

Proof of Proposition [J. Suppose p € [1,2] ; in view of Theorem [L], it is enough to prove that

nd
ZOépr(uk) <h=u=(ui,..., upg) € VhBy +h'/PB,.
k=1
Let v = (v1,...,05q) and w = (w1, ..., wyq) be defined by vy = uy if up € [—1,1] and vy =0

if |ug| > 1 and w = v — v. Then,
nd
> aow(ug) = vl + wlf < h.
k=1

So, |v]a < VA and |wl, < hY/P. Since u = v + w, one concludes that u € vVhBy + h'/PB,,.

Now, if p > 2, then Vo > 0, a ow(x) > 2% and Vo > 0, a o w(x) > zP. This observation
together with Theorem [[1] easily implies the result. O

3. WORKABLE SUFFICIENT CONDITIONS FOR SG(w, ().

3.1. Dimension one.

Proof of Proposition [§. According to Muckenhoupt criterion, a probability measure dv =
hdzx having a positive continuous density with respect to Lebesgues measure, satisfies the
classical Poincaré inequality if and only if

mo1 T

D_:supl/—oo,x/ ——du < 400 and DT = sup vz, +oo / —— du < 400,
z<m ( ] e h(u) z>m [ ) m h(w)

and the optimal constant Cop verifies max(D~, D7) < Cppy < 4max(D~, DT). Now, accord-

ing to Proposition (f]) u satisfies SG(w, C) if and only if /i = wfyu satisfies SG(C). The density

of i is h = f,%“;:l. Plugging h in Muckenhoupt conditions gives immediately the announced

result. O

Proof of Proposition []. Let i = wiy and let v be the symmetric exponential probability
measure on R, that is the probability measure with density dv(z) = %e"””' dx. It is well
known that it verifies the following Poincaré inequality:

(16) vams4/ﬁ%mdwm,

for all smooth g (see for example [§, Lemma 2.1]). Let T : R — R be the map defined by
T(z) = Fﬂ_1 o F,(x), with F,(z) = v(—o0,z] and Fj(x) = fi(—o0,z]. It is well known that T
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is increasing and transports v on i which means that 7% = fi. Let us apply inequality (iKG))
to a function g = f o T. It yields immediately:

2
Var;(f) < 4/f’2 (1" oT_l)2 dip < 4 <supT'(ac)> /f'2 dji

z€R

As a conclusion, if the map T is L Lipschtitz then ji verifies Poincaré inequality SG(4L?).
The probability i has density dfi(x) = e~V @) dz, with V(z)=V(w Yz))+logw ow (x). It
is proved in [[L1] (see Proposition 34) that a sufficient condition for T' to be Lipschitz is that
lim inf, 400 sgn(z)V’(x) > 0. But V/(w(z)) = Zl(m) + :‘j”(m) and by assumption :‘jn(x) — 0

() () ()
when z goes to oco. Thus liminf, 4o sgn(z)V’(x) = liminf, 4 %, which achieves

the proof. O
sgn(z)V'(x)
W' (z)

6 using the same techniques as in e.g [[l, Theorem 6.4.3]. But this method has the disadvantage

of introducing useless technical assumptions such as limio, V" /(V'?) = 0.

Remark 16. The condition liminf,_ 4+ > 0 can also be derived from Proposition

Remark 17. According to Theorem [[d, the Logarithmic Sobolev inequality is stronger than
the Poincaré inequality SG(w2,C). In [{], P. Cattiauz and A. Guillin were able to construct
a potential V on R satisfying V(—z) = V(z) and liminf, o V'(x)/x > 0 but such that
the probability measure dp = e~V @) dx does not satisfy the Bobkov-Gize necessary and suf-
ficient condition for the Logarithmic Sobolev inequality (see [[i]). According to Proposition
[1, this shows that the Logarithmic Sobolev inequality is strictly stronger than the inequality

SG(WQ, C)
3.2. Dimension d.

Proof of Proposition [§. It is well known that a probability dv(z) = e="V®) dz on R? satisfies
the classical Poincaré inequality if W verifies the following condition:

(17) liminf |[VW|?(z) — AW (x) > 0

|z| =400

Suppose that p is an absolutely continuous probability measure on Rd with density du(z) =
e~ V(@) dx with V of class C2. Then ji = w'y has density dji(z) = e~V dz, with

d
Vr € RY, V(z) =V Yx)) + Zlogw’ ow L(zy).

According to Proposition [, to show that p satisfies the inequality SG(w, C) for some C' > 0
it is enough to show that f satisfies the inequality SG(C') and a sufficient condition for this
is that V fulfills condition ([[7).

Elementary computations yield

ov ol 1 d W ()
ami( (z)) = PRy ( )+w,2(xl)
92V (3: 92V ®) (z;)
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Let I(z) = |[VV[*(w(z)) — AV (w(x)) ; one has:

B 1 ov o°V W'(x;) OV W' () w (z;)
—;wa(mi) ( a) @) = Zoz @ +3;w,3(mi) o <m>+3; ) 2 A
Using the inequality uv > —u? — v?/4, one has

i o (). (o)

1=

d 9 d 2
@) 89 1oV
= 3; Wwt(z;) 4 ZZ1 w2 (x;) (336,) (z),

and so

d w(3) Z;
N Z w’3((xi))'

=1

d 2 2
1 1[0V o°V
I@) > —— |+ _Zr
)= 2 e [4 <8xi> @)~ 5z @)
Since, liminfj,_ o I(z) = liminf, | IVV[2(y) — AV(y) and 3%, t(,;((;“ < dM, one
concludes that V satisfies ([[7) as soon as
d 2 2
. 1 1 /0oV oV

> dM.
ja]—+o0 < w'(z;)

Applying this latter condition to the probability measure ,, = (uId)*u, (where Id is the iden-
tity function) which has density du,(x) = ﬁe‘v(x/u) dx gives the condition of Proposition
O

4. TRANSPORTATION-COST INEQUALITIES

4.1. Basic properties.

Proposition 18 (Tensorization). Suppose that i € P(X) satisfies the transportation cost in-
equality ([[1) with the cost function c(x,y), then u™ satisfies the transportation cost inequality
on X™ with the cost function ¢®™(z,y) = > | ¢(x;,y;). In other words,

Vv e P(X"), inf / (x5, 9;)dr < H(v
( . Z y | "),
where P(v, u™) is the set of probability measures on X™ x X" such that 7(dz, X™) = v(dz)
and 7(X", dy) = p"(dy).

This result goes back to the first works of K. Marton on the subject (see [[7, [§]). A proof
can be found in [[J].

Let us explain how to derive concentration inequalities from the inequality T(w,a).

Proposition 19. If u satisfies the transportation cost inequality T(w,a), then for alln > 1
and all A C R™,

1%
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where the enlargement is defined by

v (8 35w (2580 <

Remark 20. According to Theorem [d, if 1 satisfies the inequality SG(w, C) then it satisfies
T(w,a) with a = ﬁ With this value of a the concentration inequality given by Proposition

is almost the same as the one derived in Proposition [11.

We will need the following lemma:

Lemma 21. The function a(u) = min(|u|,u?) is such that a(z + y) < 2(a(z) + a(y)), for
all x,y > 0.

Proof. If x +y < 1, then a(z +y) = (z +y)? < 2(2? + y?) = 2(a(x) + a(y)).

Now, suppose that x +y > 1.

Ifx<landy<lI, thena(x+y)—m+y<(x+y) 2(2? + y?) = 2(a(x) + a(y)).
Ifz<landy>1,thens <y= 2-222 <y = aty < 2(x? y) (m—l—y) < 2(a(x)+a(y)).
Ifx21andy21 then a(x +y) =z +y =a(z) + a(y) < 2(«a )

Proof of Proposition [T9. If p satisfies T(w,a) on R? then according to Theorem ([[§), p"
satisfies the transportation cost inequality on (Rd)n with the cost function ¢ defined by

c:((x1y- yxn), (Y1, -, Yn)) € (Rd)n X (Rd>n — Zn:a(adw(xi,yi)).

i=1

Using the triangle inequality for the metric d,, (., .) and Lemma P1], one has

Vr,y,z € <Rd)n, c(z, z) < 2¢(x,y) + 2¢(y, 2).

Now, let 1 and vo be two probability measures on R™. Take 7 € P(v1,p™) and my €
P(u™, v9), then one can construct three random variables X,Y, Z such that £(X,Y) = m
and L(Y, Z) = 72 (see for instance the Gluing Lemma of [2d] p. 208). Then, one has

T.(vi,1) <E[e(X,2)] <2E[e¢(X,Y)] +2E [¢(Y, 2)]
= 2/c(x,y) dmy (z,y) + 2/C(y, z)dma(y, 2).

Optimizing on 7 and 7y gives
T.(v1,v2) < 27.(v1, ") + 27c(v2, ™)
Consequently, pu" satisfies the following symmetrized transportation cost inequality:
Vi, ve € PR™),  To(vi,vm) <2H(w1 | p") + 2H(ws | p").
Take dvy = Tadu™ and dvy = T du'™, then
inf_c(x,y) < Te(vr,ve) < 2H(n | ") +2H(vy [ 1")

r€A,yeB
= 2log(1/p"(A)) + 2log(1/p"(B))
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Letting c(A, B) = infye yep c(x,y), one gets

(™ (A)u(")(B) < emeAB)/2,
Defining B = {y : inf,ca c(x,y) > h} one gets pu™(B) < me*h/? To obtain the announced
inequality it is thus enough to compare A" and B. Take z = (x1,...,2,) € (Rd)n and
y=(Y1,-.-,Yn) € (Rd)n ; then for all ¢ € 1,...,n, one has

d d
(@) a (b)
@ (a’dw (l‘l” yz Z S Z xzy.] ylv] Z Z o < |w l‘lv] yzv.] |>
Vd “ e = Vid
O (a (Ti—pis\\ @ Va ° ym
= J_Zl (6% ﬁu) # Z (a/ > Z [0 X"

where (a ) follows from the comparison between the norms |.| and |.|; in R%, (b) from
Lemma [13, (c) from Lemma [14 and (d) from Lemma [[5.

Consequently, if infyea >0 Z;l:1 oow <%) > h/a(a/v/d), then y belongs to B. From
this follows that u™(A") > 1 — ﬁe*a(a/ Vdh/2 which achieves the proof. O

Remark 22. The idea of deriving concentration estimates from transportation cost inequal-
ities goes back to Marton seminal work [[7]. The above proof is essentially due to Talagrand
(see the proof of [R5, Corollary 1.3]).

4.2. Links with Poincaré inequality. The proof of Theorem [ relies on two ingredients.
The first one is the following result by Bobkov, Gentil and Ledoux:

Theorem 23 (Bobkov,Gentil, Ledoux). If a probability measure p on R? satisfies SG(C')
then it satisfies the transportation cost inequality for the cost function (x,y) — as(|x — yl2)

for all s < %, where

2
au(t) = ) il < 2L(s)s with L(s) = < [ 22VCs VCs | ovic
® slt| — L(s)s®> otherwise 2 \2-+Cs

. . _ L . . t
In particular, if one takes s = Nk then it is easy to check that a4(t) > « <—\/5H), where

o(u) = min(|ul,u?) and k = V/18eV5. Thus if 1 satisfies SG(C) it satisfies the transportation
cost inequality with the cost function (z,y) — « <|T}Ty’_|:> . In other words, with the definition
of the transportation cost inequality T (w, a), the preceding result can be restated as follows
Corollary 24. If i is a probability measure on R? satisfying the classical Poincaré inequality
SG(C) for some C > 0, then it satisfies the transportation-cost inequality T (Id, NP
(where Id : R — R : z +— z is the identity function.)

The converse is also true:

Proposition 25. If yu satisfies T (Id,a), for some a > 0, then p satisfies the inequality
SG(QGQ)
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The proof of Proposition P§ is classical and can be found in various places (see e.g the proofs
of [f, Corollary 5.1] or [[I9, Corollary 3]).

The second argument is a very simple contraction principle:

Proposition 26. Let p be a probability measure on a metric space X ; if u satisfies the
transportation cost inequality with the cost function ¢ : X x X — RT, and if T : X — Y
is a measurable bijection then, T*y satisfies the transportation cost inequality with the cost
function (x,y) — c(T~ (z), T~ (y)).

This contraction principle goes back to Maurey’s work on infimum convolution inequalities
(see [[[9]). A proof can also be found in [[(1]], where this simple property was intensively used
to derive necessary and sufficient conditions for transportation cost inequalities on the real
line.

Now let us apply the contraction principle together with Theorem PJ to prove that Poincaré
inequalities SG(w, C) and transportation-cost inequalities T(w, a) are qualitatively equivalent.

Proof of Theorem [§. If p satisfies SG(w, C), then according to Proposition [j, Wy satisfies
the classical Poincaré inequality SG(C), and according to Theorem B3, this implies that whp
satisfies T(Id,a), with a = ﬁ According to the contraction principle, u (which is the

image of wfu under the map w™1) satisfies the transportation cost inequality with the cost
function (z,y) — a(alw(x) — w(y)|2) = a (ad,(z,y)) by definition of the metric d, (., .) (see
@)-

Now suppose that p satisfies T(w, a) for some a > 0. According to the contraction principle,
why satisfies T(Id, a), and according to Proposition P§, this implies that w1 satisfies SG(#).
Using Proposition [J, one concludes that p satisfies SG(w, 527 ). This achieves the proof. [

» 242
Remark 27. If u satisfies the inequality T(w,a), it is easy to show that it verifies the trans-
portation cost inequality with the cost function

d
RY x RT — RT : (z,y) — a(a/\/a)Zaow <%> .
=1
In particular, the inequality SG(wg, C') implies Talagrand’s Ta inequality, that is to say the
transportation cost inequality with a cost function of the form (z,y) — alz — y|3 for some
a > 0. We do not know if the converse is true.

5. COMPARISON WITH OTHER FUNCTIONAL INEQUALITIES

In this section we will perform a comparison between the inequalities SG(w, C') and general-
ized Beckner-Latala-Oleszkiewicz inequalities introduced in [29] and [d].

Definition 28. Let T : [0,1] — R be a non decreasing function and u be a probability mea-
sure on RY. One says that p satisfies the generalized Beckner-Latala-Oleszkiewicz inequality
with the function T and the constant C > 0, if for all smooth f, one has

sup J f2dp = ([ | du)®”

18
( ) pe(1,2) T(2 - p)

<c [IViPdp.
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If 1 verifies ([1§) one will say for short that u satisfies the inequality BLO(T, C').

The LO(r, C) inequality corresponds to the function T'(u) = u2(1=1/7),

Dimension free concentration results can be deduced from the inequality BLO(T,C). The
following result follows easily from Proposition 29 and Corollary 30 of [H].

Theorem 29. Let T : [0,1] — R™ be a non decreasing function. Define T'(x) = T(1) for all
x> 1 and let wy : R — R be such that wr(—z) = —w(x) for all x € R and

(19) V>0, wrl(t)= /t VT(1/u) du.
0

If u satisfies the inequality BLO(T, C), then for all n > 1 and for all 1-Lipschitz function f:
YVt € R+\ |: /T(l),Q /T(l):| ’ Nn (f > /fd,u —|—T‘> < efaowT(t/(fi\/@))_

We are going to prove the following result:

Theorem 30. Let T : [0,1] — RT be a non-decreasing function such that v — T(z)/z is
non-increasing. If the measure p verifies the inequality BLO(T, C) for some constant C' then

it satisfies the inequality SG(wr, C).
Let us admit Theorem B and let us prove Theorem [[{.

Proof of Theorem [IQ. As noticed above, the inequality LO(r, C') is the same as BLO(T,C)
with T'(u) = u?0=1/7). According to Theorem B0, u verifies the inequality SG(wr,C) for
some C, where wr is given by ([[J). A simple computation gives wr(t) =t if t € [0,1] and
wr(t) =t"/r+1—1/r if t > 1. Thus, wj(t) = max(1,#"~1). On the other hand, w/.(t) =1,
if t € [0,1] and () = rt"~1. Thus, 2w.(t) < Wi(t) < Wi(t), for all t > 0. Using (§), one

concludes that p verifies SG(wr, C) for some C' if and only if 4 verifies SG(w;, C) for some
C. This achieves the proof. O

The proof of this theorem relies on the capacity-measure formulation of the generalized
Beckner-Latala-Oleszkiewicz inequalities due to Barthe, Cattiaux and Roberto [H].

Let us recall the definition of a capacity-measure inequality (a good reference for this type
of inequalities is the book of Maz’ja [2(]).

Definition 31. Let p be a probability measure on R®. Let A C Q be Borel sets. One defines

Cap,(4,Q) = inf{/]Vf]Qdu; I,<f< IQ}.

The capacity of a set A with u(A) < 1/2 is defined by
Cap,,(A) = inf {Cap,(A4,Q) : A C Q and p(2) < 1/2}

:inf{/\Vf\Qdu;f:Rda 0,1], fla=1 and p(f =0) > 1/2}
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One says that p satisfies a capacity-measure inequality if there is a function © : [0,1] — RT
and a constant D > 0 such that for all A with u(A) <1/2,

O(u(A)) < D Cap,(A).

The following theorem due to Barthe, Cattiaux and Roberto (see Theorem 18 and Lemma
19 of [Hi]) gives a capacity-measure transcription of the inequality BLO(T, C).

Theorem 32. Let T : [0,1] — R™ be a non-decreasing function such that x — T(zx)/z is non-
increasing. Let C' > 0 be the optimal constant such that u verifies the inequality BLO(T, C).
Then 1/6D < C < 20D, where D is the optimal constant such that for all A C R with
w(A) < 1/2, one has

O(u(A)) < D Cap,(4),
where © : RT — R is defined by:

(20) Ve e RY, O(x)==x

with the convention that T(x) = T(1) for x > 1.

Remark 33. In fact we will only use the fact that the inequality BLO(T,C) implies the
measure-capacity inequality ©(u(A)) < 6C Cap,,(A), for all A such that p(A) < 1/2. This is
the easiest part of Theorem [33.

To prove Theorem Bd, one needs the following basic properties:

Lemma 34. If T : [0,1] — R™" is a non-decreasing function such that x — T(z)/z is non-
increasing then the function © defined by (BQ) is non-decreasing and verifies O(x + y) <
O(x) + O(y) for all z,y € RT.

Proof. Let us write:

Oz) = —— . Mz) - in h(z) = m.

h(z) T(h(z))
The function h is non-decreasing, and since u +— ﬁ is non-decreasing, one concludes

that  — T?lig)) is non decreasing. On the other hand, it is easy to see that the function

T % = zlog(1+41/z) is non-decreasing. As a product of non-decreasing and non-negative
functions, the function © is itself non-decreasing.

Take x >y > 0 ; using the fact that the function z — O(x)/z is non-increasing, one gets
Oz +y) = O(x(l +y/z)) < (1 +y/2)0(z) = O(z) + yO(z)/z < O(x) + O(y).

This achieves the proof. O

Another ingredient of the proof is the following lemma which explains how behave capacity-
measure inequalities under push-forward:
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Lemma 35. Suppose that p satisfies the capacity-measure inequality
VA with u(A) <1/2,  ¥(u(A)) < D Cap,(A).
Then i = Wty verifies the inequality
VA with i(A) < 1/2, W(i(A)) < DCapj(A),

where

d 2
Ga; :mf{/z (@ ow @) (5L ) (@ dis R~ [0.1] fia =1 and (£ =0) > 1/2}.
=1

(2

Proof. Let A be such that i(4) < 1/2, and f be such that f =1 on A and a(f =0) > 1/2.
Define B = w™(A) and g = f ow. Then u(B) = ji(4) <1/2, g > 1 on B and {g =0} =
w™{f =0} and so u(g = 0) = fi(g = 0) > 1/2. Applying the capacity-measure inequality
verified by u to B and g yields

i(4) = u(B) < D [ (Vg au=D [ i (0w t(w)* (52 ) (@) dii.

Optimizing over such functions f gives the announced inequality for f. O

The next lemma explains how to compare the capacity Capy to the usual capacity Cap,,:

Lemma 36. Let Boo(r) = {z € R? : max<;<q|2;| <1}, for allr > 0. If A C Bso(r) and
u(A) <1/2, then

Cap;(A) <2 (' 0w ™ (r + 1)) Capy(A) + 8dfi(Buo (r)°).

Proof. Let

Caa) = int { [ 19 Ta < 1 < Ty o0y and (5 = 0) 2 172

1

Using the fact that the function w’ o w™! is increasing on R*, one clearly has:

Capy(A) < (W ow ™ (r + 1)) Capj (A).
Now let f: R? — [0,1] be such that fj4 =1 and ji(f = 0) > 1/2. One can easily construct
a cut-off function ¢ such that: Tp_) < ¢ < Ip_(41), and such that ‘g—g‘i(x)‘ < 2 for all
r € R?and all i. Let g = fo; one has T4 < g < Ip_ (r+1), (g =0) > a(f =0) > 1/2 and

Caply(A4) < / Vgl dji = / Yo+ Vel di
< 2/|Vf|2s02 dﬂ+2/f2|Vs0|2dﬂ
<2 [ 1V i+ 8B 1)),

Optimizing over f yields:
Capj;(A) < 2Cap;, +8dji(Boo(1)°).
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0

Proof of Theorem [3Q. Define i = wgw,u. One wants to prove that i verifies the classical
Poincaré inequality. According to Theorem B, the probability measure p satisfies the
capacity-measure inequality

(21) VA with p(A) <1/2, ©(u(A)) < 6C Cap,,(A).
According to Lemma BY, i satisfies the capacity-measure type inequality:

VA with i(A) < 1/2,  ©(i(4)) < 6CTap,(A),
where C—apﬁ is defined in the lemma.

Let Boo(r) = {x € R : maxy<;<q(|z;|) < r}, for all 7 > 0. Let A C R? with fi(A) < 1/2; one
has

(@)
©(i(4)) < O (1 (AN Boo(r))) + O (1 (Bso(r)€))

< 60Ty (41 Bas(r) + 0 (i (Buolr)°)).

(2) 12C (W owp! (r + 1))2 Cap; (A N Boo(r)) + 48dC1(Boo (1)) 4 O (1 (Boo(r)°)) -

(igv) 12C (whowy' (r + 1))2 Capj(A) + (48dCT(1) + 1) © (i (Boo(r)%)) ,

where (i) follows from the sub-additivity and the monotonicity of ©, (ii) from Lemma B3, (iii)
from Lemma B and (iv) from the fact that the function A — Cap;(A) is non decreasing and
from the immediate inequality < T'(1)©(x) which holds for all < 1. Using Theorem P9, it
is not difficult to see that one can find K > 1 and 1 > ug > 0 such that fi (Boo(r)¢) < Ke 40"
for all » > 0. Thus O (i (Buo(r)¢)) < O(Ke ™) < KO(e "") , where the last inequality
follows from the sub-additivity of ©. So, letting a; = 12C Cap;(A), ag = (48dCT(1) + 1)K
and t = [i(A) and using the definitions of © and wr, one has:
1 1 . 1
t—l Salil—FaQB 0 —1
T () 7 (o) T ( gty

Using the inequality 1+ ugr > up(1 + 7) together with the sub-additivity property of the

function T, one sees that —5— < 1 — - Thus the preceding inequality implies:
( 1+r ) uoT(W)

1 ay 1 1

Yo >0, t - < — - + ageﬂ’—l.
U
T (log(1+1/t)) 0T (m) T <10g(1+e”)>
Now, observe that (1 + ¢e¥)? > 3e?, so 3log(1 + €”) > log(3) + v > 1+ v, and so ﬁ <
1+wv

11 < 31 where the last step follows from the sub-additivity property of T

T(3log(1+ev)> T(log(l+e”)>
07
1 3 1
Vo >0, t———— < (ﬂ + aze—”> —
U
T <log(1+1/t)> 0 T (log(lJrev))
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Let n € N* ; taking v = —nlog(t) in the preceding inequality gives:

. 1 - <3a1 N t") 1

— < _ a,2 .
1 1

T(bgu4ﬁ) Ho T(bgruywﬂ>

Now, (1 + (1/t)") < (1 + 1/t)", thus L < L
(log(1+<1/t)”)> T(m)

t 3
- < <ﬂ +a2t") .

n UuQ

n

( - ) and

IN

T log(14+1/t)
consequently,

It is easy to check that if n is sufficiently large, there is m > 0 such that for all ¢ € [0,1/2],
one has % — aot™ > mt. Somt < %1, that is to say

36C

1(A) < —— Cap;(A).
A(A) < - Cap(4)
A Capacity-measure inequality of this form is well known to imply the Poincaré inequality
(see e.g [, Proposition 13 and Remark 20]). O
REFERENCES

[1] S. Aida, T. Masuda, and I. Shigekawa. Logarithmic sobolev inequalities and exponential integrability. J.
Funct. Anal., 126:83-101, 1994.

[2] S. Aida and D. Stroock. Moment estimates derived from poincaré and logarithmic sobolev inequalities.
Math. Res. Lett., 1:75-86, 1994.

[3] C. Ané, S. Blachére, D. Chafai, P. Fougeres, I. Gentil, F. Malrieu, C. Roberto, and G. Scheffer. Sur les
inégalités de Sobolev logarithmiques, volume 10 of Panoramas et Synthéses [Panoramas and Syntheses].
Société Mathématique de France, Paris, 2000.

[4] F. Barthe, P. Cattiaux, and C. Roberto. Interpolated inequalities between exponential and gaussian,
orlicz hypercontractivity and isoperimetry. Rev. Mat. Iberoamericana, 22(3):993-1067, 2006.

[5] F. Barthe and C. Roberto. Sobolev inequalities for probability measures on the real line. Studia Math.,
159(3):481-497, 2003.

[6] S.G. Bobkov, I. Gentil, and M. Ledoux. Hypercontractivity of Hamilton-Jacobi equations. J. Math. Pures
Appl. (9), 80(7):669-696, 2001.

[7] S.G. Bobkov and F. Gotze. Exponential integrability and transportation cost related to logarithmic
Sobolev inequalities. J. Funct. Anal., 163(1):1-28, 1999.

[8] S.G. Bobkov and M. Ledoux. Poincaré’s inequalities and Talagrand’s concentration phenomenon for the
exponential distribution. Probab. Theory Related Fields, 107(3):383-400, 1997.

[9] P. Cattiaux and A. Guillin. Talagrand’s like quadratic transportation cost inequalities. J. Math. Pures
Appl., 86(9):341-361, 2004.

[10] I. Gentil, A. Guillin, and L. Miclo. Modified logarithmic Sobolev inequalities and transportation inequal-
ities. Probab. Theory Related Fields, 133(3):409-436, 2005.

[11] N. Gozlan. Characterization of talagrand’s like transportation-cost inequality on the real line. To appear
in J. Funct. Anal., 2007.

[12] N. Gozlan and C. Léonard. A large deviation approach to some transportation cost inequalities. Probab.
Theory Related Fields, 139(1-2):235-283, 2007.

[13] M. Gromov and V.D. Milman. A topological application of the isoperimetric inequality. Amer. J. Math.,
105:843-854, 1983.

[14] L. Gross. Logarithmic sobolev inequalities. Amer. J. Math., 97:1061-1083, 1975.

[15] R. Latala and K. Oleszkiewicz. Between sobolev and poincaré. in geometric aspects of Functional Analysis.
Lect. Notes Math., 1745:147-168, 2000.

[16] M. Ledoux. The concentration of measure phenomenon, volume 89 of Mathematical Surveys and Mono-
graphs. American Mathematical Society, Providence, RI, 2001.



[17]
18]
[19]
[20]
[21]
22]

[23]

[24]
[25]
[26]
[27]
[28]

29]

POINCARE INEQUALITIES FOR NON EUCLIDEAN METRICS ... 21

K. Marton. A simple proof of the blowing-up lemma. IEEE Trans. Inform. Theory, 32(3):445-446, 1986.
K. Marton. Bounding d-distance by informational divergence: a method to prove measure concentration.
Ann. Probab., 24(2):857-866, 1996.

B. Maurey. Some deviation inequalities. Geom. Funct. Anal., 1(2):188-197, 1991.

V. G. Mazja. Sobolev spaces. Springer Series in Soviet Mathematics. Springer, Berlin, 1985.

B. Muckenhoupt. Hardy’s inequality with weights. Studia Math., 44:31-38, 1972.

F. Otto and C. Villani. Generalization of an inequality by Talagrand and links with the logarithmic
Sobolev inequality. J. Funct. Anal., 173(2):361-400, 2000.

M. Talagrand. A new isoperimetric inequality and the concentration of measure phenomenon. In J.
Lindenstrauss and V. D. Milman, editors, Geometric Aspects of Functional Analysis, number 1469 in
Lecture Notes in Math., pages 94-124, 1991. Springer-Verlag, Berlin.

M. Talagrand. Concentration of measure and isoperimetric inequalities in product spaces. Publications
Mathmatiques de I’I.H.E.S., 81:73-203, 1995.

M. Talagrand. Transportation cost for Gaussian and other product measures. Geom. Funct. Anal.,
6(3):587-600, 1996.

C. Villani. Topics in Optimal Transportation. Graduate Studies in Mathematics 58. American Mathe-
matical Society, Providence RI, 2003.

F. Y. Wang. Generalized transportation-cost inequalities and applications. to appear in Potential Anal-
ysis.

F-Y Wang. Probability distance inequalities on riemannian manifolds and path spaces. J. Funct. Anal.,
206(1):167-190, 2004.

F. Y. Wang. A generalization of poincaré and log-sobolev inequalities. Potential Analysis, 22:1-15, 2005.

UNIVERSITE PARIS-EST - LABORATOIRE D’ANALYSE ET DE MATHEMATIQUES APPLIQUEES (UMR CNRS
8050), 5 BD DESCARTES, 77454 MARNE LA VALLEE CEDEX 2, FRANCE

E-mail address: nathael.gozlan@univ-mlv.fr



