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®Institute for Computational Engineering and Sciences
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Abstract

This paper is devoted to the construction of continuous trace lifting operators compatible with
the de Rham complex on the reference hexahedral element (the unit cube). We consider three
trace operators: The standard one from H!, the tangential trace from H (curl) and the normal
trace from H (div). For each of them we construct a continuous right inverse by separation of
variables. More importantly, we consider the same trace operators acting from the polynomial
spaces forming the exact sequence corresponding to Nédélec’s hexahedron of the first type of
degree p. The core of the paper is the construction of polynomial trace liftings with operator
norms bounded independently of the polynomial degree p. This construction relies on a spec-
tral decomposition of the trace data using discrete Dirichlet and Neumann eigenvectors on the
unit interval, in combination with a result on interpolation between Sobolev norms in spaces
of polynomials.
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AMS subject classification: 65N30, 35L.15

1 Introduction

Many Finite Element discretizations of Maxwell equations in three space dimensions rely on the
reproduction at the discrete level of the exact sequence

7'(9) Y H(curl, 0) X H(div, 0) % 12(0) (1.1)

General constructions of finite elements related to (LI} are analyzed in [[I7)], and a survey on
recent discoveries of deeper connections between finite element analysis and exact sequences can
be found in [2]].



In this paper, we address a central issue in connection with the discretization of (LI on an
hexahedral mesh by means of the polynomial spaces corresponding to Nédélec’s hexahedron of
the first type [20]. The discrete spaces corresponding to (LI} are built from reference spaces
defined on the master hexahedron 2 = [ x [ x I with I = (—1, 1), forming the exact sequence,

W) 2 @) v, 0) L v (0) (12)
Here p is any positive integer, W,(2) = PP(I) @ PP(I) @ PP(I), Y,(22) = W,_1(22) and Q,,(£2),
V ,(€2) are suitably defined, see next section. Combined with suitable inter-element compatibility,
the exact polynomial sequence (L2) mainly serves for p and hp versions of finite elements. In order
to ensure or control the inter-element compatibility, the trace operators and their right inverses play
an important role.

The present work is concerned with the construction of trace liftings at the continuous and
polynomial levels, satisfying uniform bounds independently of the degree p. At the continuous
level, the trace operators naturally associated with H'(Q2), H(curl, Q) and H(div, Q) are the
standard trace 7y, the tangential trace 7, and the normal trace -, respectively. The associated trace
spaces are Hz (9), H ~3 (curl, 9Q) and H~2(9S2). It is easy to characterize these trace spaces on
a cube, see Section Pl For trace spaces defined on general polyhedra, we refer to the work of Buffa
and Ciarlet [[7]], and on general Lipschitz domains to the paper of Buffa, Costabel and Sheen []].

At the polynomial level, the question is to find extension operators defined on polynomial
subspaces of these three trace spaces, which take their values in W,(Q2), Q,(€2) and V,(€2), re-
spectively. The construction of such operators becomes a non-trivial task if we request the corre-
sponding norms to be bounded independently of the polynomial degree p. A more demanding task
would be to construct extension operators on the continuous spaces that are polynomial preserving,
see the work of Schoeberl, Gopalakrishnan and Demkowicz [22]].

Existence of polynomial extension operators with p-independent bounds for the norms is a
crucial step in proving convergence for the p and hp Finite Element Methods. First H!-extension
operators were constructed by Babuska and Suri in two space dimensions in [4], for both triangular
and square elements. Their work was further expanded in [3] and applied to the construction of
preconditioners for the p-method. The 2D constructions remain an active area of research, see the
recent results of Ainsworth and Demkowicz [[1l], and Heuer and Leydecker [[15]. Construction of
H (curl) extension operator in 2D follows immediately from the corresponding H' operator. The
operator was utilized in deriving p-estimates for the H (curl)-conforming problems by Demkow-
icz and Babuska in [[11]].

Contrary to 2D constructions, very little has been done in three space dimensions. The only
published result, due to Munoz-Sola [19], deals with the construction of H ‘-operator for a tetra-
hedron. The incoming contribution of Schoeberl, Gopalakrishan and Demkowicz [22] presents an
alternative construction for the tetrahedron and all spaces forming the exact sequence.

Our construction of H'-, H(curl)- and H (div)-conforming, polynomial extension operators
for a cube mimics closely the corresponding definitions on the continuous level obtained by us-

ing the method of separation of variables, and has been stimulated by the work of Pavarino and
Widlund [21]].



By inspecting our constructions, it turns out all that the lifting operators can be characterized by
orthogonality properties or variational principles. One could have used these variational principles
to define the liftings. This simple procedure would, however, not have allowed us to obtain the
desired norm bounds independent of the polynomial degree p which we obtain from the explicit
constructions.

Organization of the paper

In Section [2l we give details of the function spaces which we use, at the continuous as well as at
the polynomial level. We define the trace operators. We also recall the Poincaré map. Section 3
deals with questions of continuous and polynomial extension in two dimensions. This serves as a
preparatory step for the 3D case. In Section @l we address the lifting of traces in the continuous
spaces in three dimensions. In Sections Bl and [l we construct polynomial trace liftings into H*(€2)
and H (div, §2), with the help of explicit formulae based on the separation of variables and expan-
sions in bases of discrete 1D Laplace eigenvectors. The Poincaré map then allows to derive from
the previous two liftings the construction of a lifting for H (curl, €2) in Section[Zl We emphasize
that the direct construction of such a lifting without the help of the Poincaré map would have been
a very difficult task. We conclude our paper in Section

2 Sobolev and polynomial spaces

2.1 Sobolev spaces

We use Hormander’s definitions for all considered Sobolev spaces, see e.g. [[18]. The closure of
test functions C§°(Q2) in H*(R") is denoted by H*((2), and for s > —1 can be identified with
distributions from H*(£2), see [18]. For Lipschitz domains, H*(2) and H~*({2) are dual to each
other, for any s € R.

Moreover each scale (H*(2)) g and (H*(Q)) g is an interpolation scale.

For any s > 0, the constant functions belong to /°(2) and to H~%(). Thus it makes sense to
denote by H?, (€2) and H_ 2 (€2) the functions and distributions with zero average.

avg avg
We will also use the tensor product form of these spaces, in particular on the square [ x [ =
(—1,1)% The space L*(I, H*(I)) denotes the space of all L*-integrable functions on I with values
in the space H*(I). As function space on I x [, this space is isomorphic, via an exchange of
independent variables, to the space H*(I, L*(I)) of L?*(I)-valued H* functions on I. We will
sometimes indicate by indices the coordinates involved, so that we can write L? (Iy, H S(Im)) =

H*(I,,L*(1,)). Analogous definitions are used with H* replacing H. For any s > 0, there holds

H¥(Ix1I) = L*(I,H*(I))NnH*(I,L*(I)) 2.1)
H*(IxI) = L*(I,H*(I))+H*(I,L*(I)) (2.2)

and analogously for H*s spaces.



2.2 Trace operators

We denote by y, the standard trace operator
0 HY Q) — H2(09),  Ur—u="Ulsm (23)
Here (2 is a Lipschitz 2D or 3D domain.
In 2D, the space H (curl, Q) is defined as {E € L*(Q)? : curl E € L*(Q)}, and, in 3D, as
H(curl,Q) = {E € L*(Q)*: curl E € L*(Q)%}

The tangential trace ; is well defined on H (curl, 2) in 2D and H (curl, 2) in 3D. In 2D, 7, acts
continuously from H (curl, €2) into H~2(9), and in 3D:

1

" H(curl, Q) — H™2(curl, 09), Er— e = (E—(E-n)n)|s (2.4)

where n denotes the outward normal unit vector on boundary 2. The trace space H 2 (curl, 09)

is the space of tangential fields e € H _%(89) such that their surface curls curl e belong to
H=2(09).

The space H (div,(2) is the space of vector fields H with components in L?(2) such that
div H € L*(Q). The normal trace 7, is well defined on H (div, 2). In 2D and 3D:

Yo H(div,Q) — H™2(0Q),  H v+ h=(H-n)|sg (2.5)

All three trace operators 7y, V¢ and -, are surjective [[7]], and therefore there exist continuous
liftings between the spaces in (2.3)), @.4) and @.3), respectively.

2.3 Tensor product polynomial spaces

Let I = (—1, 1) be the reference interval. For any integer p € N we denote by IP?(I) the space of
polynomials of degree < p on I. For p > 2, let Pf(/) be the subspace of v € PP(I) which are zero
at +1.

Let p, q, r € N. We introduce the tensor product spaces
PPD(1?) =PP(I) @ PY(I) and PP*7(1%) =PP(I) @ PY(I) @ P"(I)

Let ) be the reference square (—1, 1)? in 2D or the reference cube (—1,1)? in 3D. The spaces
associated with H'(2) are

W,(I?) = P®P)(1%) and W, (I°) = P@PP)(I?) (2.6)
The spaces associated with H (curl, Q2) and H (curl, ) are

Qp(f2) — P(p—l,p)<[2) % p(p,p—l)(ﬂ)

qu?,) = [p(p—l,p,p)(]?a) 5¢ P(p,p—l,p)(]s) % P(p,p,p_l)ug,) 2.7)
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In 3D, the spaces associated with H (div, §2) are
Vp(I3) — [p)(p,p—l,p—l)(]?v) « Ip)(p—l,p,p—l)(]?v) « Ip)(p—l,p—l,p)(]?)) (2.8)

Finally the spaces associated with L?(Q) are Y,(Q2) = W,_1(Q).

Using these spaces, we have for all p > 1 the following exact sequences

curl

Wy(Q) > Q,(Q) = v, (@) in 2D 2.9)
W,(2) ¥ @,(2) v, (@) Ty, 0)  in3D 2.10)

2.4 Polynomial traces

Letp € N. In 2D, we denote by ey, . . ., e, the edges of the square () = 12, see Fig.[ll We introduce
the following two trace spaces:
W, (09) = {u € H2(0Q) : ule, € PP(e;), i =1,...,4}

1 2.11)
0,00 = {ec H309) : ¢, e PP l(ey), i=1,...,4)

Note that in W, (052), the edge traces u; := ule, share common values at the corners, whereas in
Q,(092), the edge traces ¢; := e, are independent of each other.

In 3D, we denote by fi,...,fs the faces of the cube 2 = I3, see Fig.2l We introduce the
following three trace spaces:

W,(09) = {u € H(09) : ul, € PPP)(f), i=1,...,6}
Q,(00) = {e € H 3 (curl, 8Q) : e|s, € Q,(f), i=1,...,6} (2.12)
V,(00) = {h € H2(09Q) : hls, e P*~2»=D(f) i=1,... 6}

Note that

o In W,(012), the face traces u; := ul, share common values along the edges of the cube,

e In Q,(09), the face traces e; := elr, share common values for their tangential traces along
the edges of the cube,

e In V,(092), the face traces h; := hl, are independent of each other.

We end this subsection by the introduction of the polynomial subspaces with zero trace,

Wyo(Q) = {U € Wy(Q) : 70U = 0} = W,(Q) N Hy(Q)

2.13
Q,0() = {E € Q,(Q) : wE =0} 13



2.5 Poincaré map

Recall the relevant Poincaré map in three space dimensions,
1
K : H(div,Q) — H(curl,?), (KH)(xz)=—x X / tH (tx) dt (2.14)
0

For a general definition of the Poincaré map in terms of differential forms in any space dimension,
we refer e.g. to [[16] or [2]]. Direct, elementary computations (see [[14]) show that:

e the map is a right-inverse of the curl operator,

divH=0 =—curlKH=H (2.15)

e the map is continuous from H (div, 2) into H (curl, ),

e the map preserves polynomials, i.e. it maps V,(2) into Q, ().

Among other results, the map has been used in [[L1} [I2] to prove that the constant in the discrete
Friedrichs’ inequality is independent of polynomial degree p.

3 Polynomial Extension Operators in 2D

In this section we work with the reference square ) = I2.

Construction of the polynomial extension operators follows closely the corresponding con-
struction of extension operators on the continuous level by using separation of variables, and we
review the continuous case first.

3.1 Continuous extensions using separation of variables

We construct extensions on the continuous level for H'(2) and H (curl, 2).

3.1.1 H' extension operator

Consider v € H %(09). The most natural, finite-energy lift of « is obtained by considering the
extension U € H'(Q) with minimum H'-seminorm. This means that U is the solution of the
Dirichlet problem for the homogeneous Laplace equation with boundary data .

We can alternatively construct U through four successive steps involving each time one edge
. .. 1 .
only. We begin by considering restriction u3 € H?2(e3) of boundary data u to the third edge. The



lift Us of us is constructed by solving the mixed boundary-value problem for the Laplacian,

( U € HY(Q)
—AU =0 in )
U = us on edge e3 (3.1
U=20 on edge e;
. U =0 on edges e, &4

Here 0, is the outer normal derivative. Problem [@B.1]) is well-posed. Its solution can be represented
using the expansion of u3 in the basis of 1D Neumann eigenvectors: Let (V,,, i1,,), n = 0,1,...
denote the Neumann eigenpairs for the 1D Laplacian

— U =V, W (—1)=0, ¥ (1)=0 (3.2)

Eigenvectors are orthogonal in both L? and H'-products, and we assume that ¥,, has a unit L?2-
norm. We write the expansion of u3 as

us = Zun\lfn(x) with  u, = / u(z)W,(x) dx. (3.3)
n=0

€3

Then we find that U = Uj is given by

Us(z,y) = Y un W (2)3(y) (3.4)
n=0

where the corresponding functions 3 = (3# are found by solving the two-point Dirichlet boundary-
value problem,

We can check that for us € Hz (e3), the solution lives in H(€2).

Lift Us of boundary data u3 vanishes on the first edge but it does not vanish on the vertical
edges. Notice that the use of Neumann boundary conditions on vertical edges is essential. Solution
of a problem with homogeneous Dirichlet conditions replacing the Neumann conditions involves,
in general, discontinuous Dirichlet data and, therefore, may not live in H! (Q).

We proceed now in a fully analogous way with the first edge and construct lift U; of restriction
u1 = ule, of the boundary data to the first edge.

Next, we subtract from function u traces of lifts Us and U,
v =1u— Uilsq — Us|an (3.6)

Function v € H? (0%2) depends continuously upon the original data « and vanishes on the first and
on the third edges. Consequently, its restrictions vs, v4 to the second and the fourth edge live in
~1 . 1 . .

H=(I) with the norm bounded by the H z-norm of the original data w.



The fact that the boundary data vanishes at end points in a weak sense allows now for consider-
ing problems with pure Dirichlet boundary conditions. Lift U = U, of v, is determined by solving
the boundary-value problem,

U € HY(Q)
—AU =0 in Q
(3.7)
U = vy on edge e,
U=20 on edges e, e3, €4
Its solution U, can be represented in terms of 1D Dirichlet eigenpairs (®,,, A,), n = 1,2, ...
-0 =\, P,, D,(-1)=d,(1)=0 (3.8)
and of the corresponding solutions 3 = 3 of the two-point boundary value problem,
—3"+XN5=0 p(-1)=0,p6(1)=1 (3.9)
U, is given by the formula,
Ua(o.) = Y 0aB2()2a(0), n = [ ady (3.10)
n=1 €2

Lift U, is determined in a fully analogous way. The final H'-extension is computed by sum-
ming up the four lifts from the individual edges,

U=> U, (3.11)

J=1

Finally, we record the formulas for the Neumann and Dirichlet eigenpairs,

Uy =

1
7= Mo =0, ‘Pn=cos<ﬂ(:ﬂ+1)),un:nw ,n=12 ..
V2 2 (3.12)

@n:sin(%(ijl)), )\n:T, n=12...

Notice that (except for the first Neumann eigenpair) the Neumann and Dirichlet eigenvalues are
equal and we have a simple relation,

D, = —pn 2, U, =\ 2D (3.13)

Function 3} is simply linear and the remaining functions 3%, 3} are expressed in terms of expo-
nentials.

Remark 3.1  The global and elementwise constructions of U result in the same trace lifting,
which is the only harmonic H'(§2) function satisfying the trace condition oU = u. This defines
the lift operator £y. [



3.1.2 H/{curl) extension operator

In 2D, the construction of the H (curl)-extension operator can be reduced to the use of the H'-
extension operator. Given a distribution ey € H 2 (012), we compute first its average,

eo = (e, 1)/8 (3.14)
Next, we utilize the isomorphism,
O+ Heng(09) — Hon (02) (3.15)
and introduce the trace potential u € H, a%vg (052) such that,
Oru = ey — €g (3.16)

Here 0, is the derivative along the tangential unit vector field t such that (n,t) is direct. The
H (curl)-extension is now constructed as follows,

E =VU+ E, (3.17)

where U is the H'-extension of the trace potential u, and Ey € Q,() is e.g. the extension of the
constant trace e( expressed in terms of the lowest order Nédélec shape functions. As a consequence
of the construction above we obtain the estimates

1E|| zewre) < C(|U) a1 @) + |1 Boll Heur,e)

(3.18)
< C(llull 3 50 + lleoll

Cllexl]

HZ(69) H™3(09) ) H3(60)

Our alternative edge-wise construction relies on the fact that the average value need not be
. . . 1
evaluated over the whole boundary. This reveals nicely the difference between spaces H 2 (/) and

H~3 2 (). We can consider the restriction of e, to the third edge. Utilizing the isomorphism,
0 : Hey(I) — H2(I) (3.19)

1
we introduce the corresponding potential us € Hgyg(e3) such that dyus = eye,. The corresponding
lift from the edge is defined by taking the gradient of the lift of the potential,

E; =VUs (3.20)

Notice that we cannot take the average of functionals from 2 (I). In the same way, we construct
lift E2;. Upon subtracting traces of the lifts from the first and third edges,

ft = et — n(E1 + Es) (3.21)

we learn that the corresponding restrictions live in smaller spaces Hz 2([), for which the computa-
tion of the average value is now possible. This can be seen by recalling that space H- (I ) is dual

9



of space H 2 (I) which includes the unit function. Construction of the lift from the second edge is
now done similarly to the global construction. Utilizing the isomorphism,

0 H2(I) — Haup(I) (3.22)
we represent the boundary data as,

Jtles = Orva + fop (3.23)

where f; o denotes the average value. We construct then the lift by taking,
E2 - VU2 + E270 (324)

where Ej, € Q,(€) is obtained with the lowest order Nédélec shape function corresponding to
the second edge. In the same way, we lift fi|., and define the final lift by summing up the four
edge contributions,

E=) E, (3.25)

Remark 3.2  Here again, the “global” and “local” constructions result in the same extension
operator £; which, moreover, is divergence free: Whatever the construction, we find an extension
in the form E = VU + E, where U € H'(() is harmonic and E, € Q,(f). Since all elements
of Q,(?) are divergence free, we find div E = 0. Let us prove that such an extension of the zero
tangential trace e; = 0 is zero: Since

/curldedy:/ e dt =0
Q o0

we find that the average of curl E, on € is zero. Since curl E is a constant, it is zero. Using
the exact sequence (1)) we obtain Uy € H'(Q2) such that Ey = VU, and we find that E =
V(U + Uy). Since div E = 0, we find that A(U + Uy) = 0. Since, moreover, vV (U + Up) = 0,
we finally deduce that U + U, is constant, hence E is zero. [

Conclusions in 2D continuous case. The lift operators £, and L, satisfy the following exact
sequence and commuting diagram properties,

Q) Y H(ewl0) 20

%HEO thct %vgﬂcavg (3.26)

o) L men) ™ w

Here, 7, is the averaging operator, and L, is its lifting by a constant function.

The operator L is uniquely determined by the condition that A o L, = 0, and L, by the conditions
that div o £, is zero and that curl o £; takes its values in R. [J
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3.2 Special families of 1D polynomials

We shall mimic now the continuous construction on the discrete level. We begin by defining a
number of polynomial families defined on the master interval I = (—1, 1), with p > 1 denoting a
polynomial degree.

Function gﬁ(()p ) will denote the minimum L2-norm extension of 0 and 1 values at the interval
endpoints in the space of polynomials of order less or equal p.

Lemma 3.3 Ler ¢gp) € PP(I) satisfy ¢gp)(—1) = 0 and ¢gp’(1) = 1, with minimum norm in
L3(I). There holds

16 sy = =5 (3.27)
Proof: See [21, Lemma 1]. ]
Next we introduce the discrete Dirichlet eigenpairs,
o, € P5(I)
/ Ol = AP / v, Yo e P(I) (3.28)
! ! 1=2,...,p
and the discrete Neumann eigenpairs,
U, € PP(I)
/\Il/v = ,ul /\If v, YvePP(I) (3.29)
! 1=0,...,p

Obviously both eigenvalues and the corresponding eigenvectors depend upon the polynomial de-
gree p, \; = )\(p , P, = <I>Z S = ,ul ,\I! = \I! . We shall assume that all discrete eigenvectors
have been normahzed to have a unit L?-norm,

|Pillc2cy = 1, | Will2y =1 (3.30)

Notice that the first Neumann eigenvalue ,u(()p ) = 0, independently of p. For each of the discrete
Dirichlet and Neumann eigenvalues, we introduce the following solution of the associated discrete

1D boundary-value problem, comp. Section B.11

ﬁf\ € ]P)p(])a ﬁf\(_l) = Ovﬁz)\(l) =1 ﬁzﬂ S PP<I)7 BM(_ ) =0 6M< ) =
/I(ﬁ?)’v’ﬂf-p’/[ﬂ?vzo Yo € PI(I) /(ﬁ“ o+ P /ﬁ%—o o € P2(I)
1=2,...,p 1=0,.

(3.3 1)
Notice that function 3}, corresponding to the zero Neumann eigenvalue, is linear for all values of
p.

11



Lemma 3.4  There holds the inverse inequality

(p+1)

\flng < 5= fl220y, YfePP() (3.32)

Proof: See [5]. Ol

Lemma 3.5 There exists constant C' > 0, independent of p, such that,

N

B2+ NP8 ey S COAE, i=2,..p

1 (3.33)
Iﬁﬂmu)w/’ 18 2oy < C ()2, i=1,....p

Proof: For a completeness, we shall reproduce the reasoning from [21]] and prove the second
inequality. The proof of the first inequality is fully analogous. Let 7 > 1.

e It follows from the definition (Z.37)) that,

18 10y + 1PN 2ty < lolinen + i lo N7

(3.34)
Vo e PP(I) : 0(—1)=0,0(1) =1
e Next, we have,
p? = / | |2 set v = VU in the definition of ¥;
(3.35)
1
< p—; Lemma 3.4
e Since: > 1, the discrete eigenvalue ,ugp ) is larger than p; which is in turn, larger than %2 > %
Thus we deduce from (3.33)) that there exists an integer ¢, 1 < ¢ < p such that,
4 1 4
7 < MZ(P) < (g+1)° (3.36)
2 2
Select now o = (q with q5 defined in Lemma 3.3l We have,
65 2y + P62y < (@ + D 632y Lemmald -
< 12¢7 Lemma33
e Substituting into (3.34),
|ﬁu|H1(I + M ||5M||L2(1 < 12q < 12\/_( )§ (3.38)

Notice however that the inequality (38.33), does not hold for index i = 0, as the first Neumann
eigenvalue is equal zero.  [J

12



3.3 Construction of the polynomial H' extension operator

We shall consider the master square €2 shown in Fig. [l pI4l Let u belong to the trace space

W,(09), of @ID.

Step 1: Lifting from a horizontal edge. We shall consider first the third edge e;. Let us = u
be the restriction of u to e;. Then u(x) € PP(e;), and we expand it into the discrete Neumann
eigenvalues,

P
u(x) = Zuj\lfj(x), u; = /Q_L\Ifj (3.39)
=0 !

and define its polynomial extension as,
p
Ulz,y) = u¥;(x) B (y) (3.40)
=0

A straightforward evaluation of the H*-norm follows.

[ roue - S, ( Jww, [oros [, [ <ﬂf>’<ﬂy>’)

i=0 j=0
p
= > 1wl (P18 + 18 By definition of W,
=0
J » 1
< JuolP+CY Ju (i) Lemma B3
7j=1

p
/ U = S P8t
Q =
P
> Juyl?
=0

IN

(3.41)
Consequently,

p
101y < € lusl? (1+ (1)3) (3.42)
j=0

Clearly, the right-hand side of (B42) is the fractional 3- norm for the polynomial space P?(I)
obtained by the standard interpolation argument applied to the L?- and the H'-norms and the
space of polynomials. The following theorem of Bernardi, Dauge, and Maday provides the key
argument for our result.

Proposition 3.6  There exists a constant C' > 0, independent of polynomial degree p, such that,

lull? 4

P
2 (P)\ 2 2
HZ(I) = jz:; [l (1 + (uy )2> < Cllull” , (3.43)

HZ(I)

13
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Figure 1: Master square element. Enumeration of edges. The first and third edges are parametrized
with x, and the second and fourth edges are parametrized with y.

for every polynomial u € PP(I), where u; = fl u \Ifﬁ-p).
Proof: See [6, Ch II, Thm 4.2]. O

Consequently, the H' norm of the lift U = Us given by (3Z0) is bounded by the Hz (e3)-norm
of trace u = w3 which, in turn, is bounded by the global norm of the trace u on the whole boundary.
Notice that, by construction, the lift Us has a zero trace on the lower edge e;. Repeating thus exactly
the same construction for the first edge, we obtain a lift U; of the trace u;. The polynomial trace

v=u— (U + Us) (3.44)

vanishes along the horizontal edges and, consequently, has zero vertex values.

Step 2: Lifting from a vertical edge. We consider now the function v glven by @G.44). Its restric-
tions v, and v, to either of the two vertical edges are now bounded in the H3- -norm,

”QiHﬁ%(ei) < CHuHH%(m), i=2,4 (3.45)
Consider the second edge and expand function v, now in terms of the discrete Dirichlet eigenvec-
tors,
p
y) = Zvj@j(y), vj = /U(I)j (3.46)
=2 !

The extension U = U, to the square element is now defined as follows,

p
Uly) =D vi3(x)2;() (3.47)
j=2
By exactly the same arguments as in the previous paragraph, we show that,
p
1
101 < €D usl? (14 OP)) (3.48)
=2
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The discrete norm on the right-hand side of (3.48)) turns out to be equivalent to the continuous
~1
H2z-norm.

Proposition 3.7  There exists a constant C' > 0, independent of polynomial degree p, such that,

P
o2, <3 P (1+ (AP)2) < ool (3.49)
H2 (D) — H3(I)
‘7:

for every polynomial v € P{(I), where u; = fI u <I>§-p).
Proof: See [6, Ch II, Thm 4.6]. [

Notice that the lift does not alter the trace on the remaining edges. Let U, denote the analogous
lift from vertical edge e,. We have proved,

THEOREM 3.8 The operator,
4
£ W,(0Q) 3 u +— U := ZUj e W,(2) (3.50)
j=1

defines a polynomial lift of traces. Its norm from Hz2 (0S2) into H'()) is independent of degree p.

Remark 3.9  We can see that for any u € W,(0€2), the lift Egp )u coincides with the solution
U € W,(Q) of the discrete Dirichlet problem

vwU =u  and / VU-VV =0 YV eW,nQ) (3.51)
Q

Thus, despite its non-symmetric construction, E(()p )is canonical. [

3.4 Construction of the polynomial H (curl) extension operator

Let p > 1 be an integer and let e; be an element of @,(052), ¢f @IID2. Using the construction
in the continuous case first, we obtain an extension in H (curl, (2) in the form E = VU + E|

with harmonic U € H'(2) and E, € Q,(f2). We define our polynomial extension £"'e, by the

formula
LP e = V(LI ) + By, with u=U € W,(9Q) (3.52)

Indeed we check that
WL ey = %V(ﬁ((Jp)U) + 1 Eo
= 3(LP w90 + 1B
= 0w+ nEo = e

15



Let us prove furthermore that definition (3.32) is independent of the way that F is split into VU +
E,, with harmonic U € H*(Q2) and E; € Q,(f2): Let us consider two such representations of E

E=VU+ E,=VU + E},, withharmonic U,U’" € H*(Q) and E,, E| € Q,(Q).

Therefore V(U — U’') = E| — E,. Using the exact sequence (2.9), we find that Ej, — E; =
VU, with a (harmonic) Uy € W1(£2). We deduce that, after the possible addition of a constant,
U — U’ = U,. Hence

VLU = U') = VL 70U,

Since U is a harmonic element of W;(Q2) C W,(€2), it satisfies
ﬁé YoUo = V.

Finally
VLY (U = U') = VU, = E}, — E,,

which proves the independence of EEP )et of the representation of E.

THEOREM 3.10  The operator,
LY Q00 3 ey ¥ E =V (LPu) + Ey € Q,(Q) (3.53)

defines a polynomial lift of tangential traces. Its norm from H=2(9<Y) into H (curl, Q) is bounded
independently of degree p.

Proof: The definition of EEP ) and the fact that it lifts tangential traces are clear from the consid-

erations above. The uniform boundedness with respect to p is a consequence of estimates (B.18)

for the extension in the continuous case, and of the uniform boundedness of the scalar extensions
P) (TheoremBR). [

Conclusions in 2D polynomial case. With p > 1 any integer, the lift operators £’ and £’
satisfy the following exact sequence and commuting diagram properties, reproducing those of the
continuous case:

Q) ¥ @, M v,
'VOl T £ %l T LY Yavg l Tﬁavg (3.54)
w00 -L Qo0 1 r

Here, 7, is the averaging operator, and L, is its lifting by a constant function.

The operator E(()p ) is uniquely determined by the extra condition of orthogonality (B.31]), and EEP )
by
/ E-VV=0 VWeW,() and curlEeR (3.55)
Q

for E = L e, with ¢, any element of Qp(0Q). O
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4 3D Extension Operators on the Continuous Level

As in 2D, we will discuss first the construction of the extension operators on the continuous level.

4.1 H' extension operator

The procedure is fully analogous to its 2D counterpart. Let {2 denote the master hexahedron shown
in FigDl We begin with the top face f,. Let us € H 2 (fy) denote the restriction of the boundary
data u € H2(0) to face fo. The corresponding lift Us is constructed by solving the following
mixed boundary-value problem for the Laplacian.

( U € HYQ)
—AU = 0 in 2
U = uy on face fy 4.1)
U =0 on face f;
owtU = 0 on faces f3, fy, f5, fg

\

Separation of variables leads to two Neumann eigenvalue problems in terms of = and y coordinates,
and a two-point Dirichlet boundary-value problem in terms of coordinate z,

— 0"+ (o + )3 =0, B(-1)=0, (1) =1 (4.2)

Functions 3 = (* n,m = 0,1,... depend upon pairs of Neumann eigenvalues ji,, ft,,. The

nm’

solution U = U, reads as follows,

Us(z,y, 2) = Z Z Unn Vo (2)Wo (y) BEE (2), U = / us(z, )V, (2)V,, (y) dedy  (4.3)

n=0 m=0 fo

In the same way we lift from the bottom face f;. We subtract then the traces of lifts Uy, U, from
the original boundary data,
v=u— (U + Us)l|an (4.4)

Next, we construct the lifts from the pair of vertical faces f3, f5. The key point is that, after the
subtraction of the first two lifts, function v vanishes over the horizontal faces. Its restriction vs to
face 5 lives in space Hz(1,, L*(1,)) N L*(I,, Hz(1.)) with the norm controlled by the /2 norm
of the original data. Consequently, we can impose homogeneous Dirichlet boundary conditions on
faces fi, fo. Lift U = Us is defined as the solution of the problem,

( U € HYO)
—AU = 0 in
U = wvs on face f5 4.5)
U =0 on faces fq, fy, f3
L WU =0 on faces fy, fg

17



Separation of variables leads now to Neumann eigenvalue problem in the x-coordinate and Dirich-
let eigenvalue problem in the z-direction. We need to define a new family of solutions 3 = 3"\ to
the two-point boundary-value problem,

=B+ (b + An)B =0, B(-1)=0, B(1) =1 (4.6)

The solution U = Us reads as follows,

(x,y,2 ZZunm n ﬁ{jﬁl( 1D, (2), unm:/v5(x,y)\lfn(x)<1>m(z) dxdz (4.7)

n=0 m=1 fs

In the same way we construct lift Us. Upon subtracting lifts Us, Us, the modified boundary data
vanishes over faces f1, fo, f3, f5,

w:u—(U1+U2+U3+U5)|aQ (48)

Consequently, the traces w, and ws of function w on the remaining vertical faces fy, fg lives in
space H:z (I?). We determine lift U = U, by solving a Dirichlet problem for the Laplacian,

U € HYOQ)

AU = 0 in 2
U = wa on face fy “@.9)
U =0 on faces f1, fo, f3, f5, fg

The solution depends continuously on ||w4||ﬁ b6 which, in turn, is bounded by the H 2 (9)-norm
of the original data. Lift U, is expressed in terms of Dirichlet eigenfunctions,

(x,y, z ZZunm VP, (y) Do (2), unm:/m(y,z)@n(y)fbm(z) dydz (4.10)

n=1 j=1 fa

and solutions 3 = 32 to the two-point boundary-value problem,

— 8"+ (A8 =0, B(=1)=0, (1) =1 (@11

In the same way we construct the lift from face fg. The final extension is constructed by summing
up the six individual face lifts,

6
U=> U, (4.12)

Jj=1

Remark 4.1  As in 2D this local construction coincides with the global extension operator £
defined as the Dirichlet harmonic extension. [



4.2 H(div) extension operator

We shall continue now from the other end of the exact sequence. Given a function h € H —2 (092),
we will construct an extension H € H (div, §2) such that v, H = h. As in the previous cases, we
will work with one face at a time. We first consider restriction hy = hls, € H 2 (f,) and solve and
auxiliary mixed problem for the Laplace operator,

( U € HYQ)
—AU = 0 in 2
oWwU = hs on face fy (4.13)
owU = 0 on face f;
U =0 on faces f3, fy, f5, fg

\

Notice that, due to the presence of Dirichlet boundary conditions, Neumann data h, need not satisfy
any compatibility conditions. The lift from face f; is now set to the gradient of function U = Us,

H,=VU, 4.14)

As Us is harmonic, lift H 5 is divergence-free, and its L? norm, equal to the H 1_seminorm of U, is
1 . . .
bounded by the H ~2-norm of data h,. Moreover U; can be computed using separation of variables,

(x,y, 2 Z Z P @ ( WDV (2),  hm = / ho(z,y) P, ()P, (y) dedy  (4.15)

n=1 m=1 f2

where v = 7\ are solutions to two-point boundary-value problems with Neumann boundary
conditions,

"+ M+ Ay =0, (-1)=0,+(1)=1 (4.16)
Extension H; from face f; is constructed in the same way.

Next, we subtract from the original data h, the normal traces of the first two face extensions,
g=h—"7(H,+ H,) (4.17)

and proceed in the same way as for the H'-extensions. Extension H'5 is constructed by taking the
gradient of solution U to the problem,

( U € HYOQ)
—AU = 0 in 2
U = gs on face f5 (4.18)
owtU = 0 on face i, fy, f3
U =0 on faces f4, fg

\

Here g5 is in space H~2(1,, L*(1,)) + L2(I,, H"2(1,)), with the corresponding norm controlled
by the A 2 (092)-norm of the original data h. Solution U = Us is obtained using the separation of
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variables,

(2,9, 2 Zzgnm ()70 () Wi (2), gnmzfgs(w,y)%(w)‘l’m(@ drdz (4.19)

n=0 m=1 f5

where v = M are solutions to two-point boundary-value problems with Neumann boundary
conditions,
"+ Mt pm)y=0, Y(-1)=0,+(1)=1 (4.20)

In the same way we construct lift H 3. We subtract then from the original data 2 normal traces of
the four face extensions,

f=h—wm(H +Hy+ H3+ H;) (4.21)

Functional f vanishes over faces fj,fy, f3,f5. Consequently, its restriction f, to face f; lives in

space H 2 (I?) with the corresponding norm bounded by the H 3 (0£2)-norm of the original data
h. For functionals in H 2 (I?), we can compute their average values. Let f, o be the average of fas

fa0 = (f1,1)/4 (4.22)

We solve now a pure Neumann problem for U = Uy,

U € HY Q)
-AU = 0 in €2
(4.23)
OwbU = f4— fao onfacef;
&,U =0 on faces fl, f2, fg, f5, fﬁ
and construct the corresponding face extension as,
H4 — VU4 + H470 (424)

where H ;o € V1(Q) is obtained with the lowest order Raviart-Thomas shape function for face f;.
Function U = U, is computed using separation of variables,

(0.2 = 33 Fole () Un(2), for = [ F1la) = F10) W () (2) dads

fa
(4.25)
where v = ~/£4 are solutions to two-point boundary-value problems with Neumann boundary
conditions,

n=0 m=0

— "4 (i + )y =0, ' (-1)=0,7'(1)=1 (4.26)

In the same way we construct lift Hg. The final extension, obtained by summing up the six face
lifts,

H = H

M-

; (4.27)

J=1

is bounded in H (div, Q)-norm by the H 2 (82)-norm of data h.
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We finish this section by recording relations between functions /3 and 7,

= (o) B = (%322)/ b — (ypas’
(4.28)

A 1 S VR

1
_ AN _ T A

Remark 4.2  This local construction results in fact in a global extension operator £,, which,
moreover, is curl free and with constant divergence: Whatever the construction, we find an exten-
sion in the form H = VU + H, where U € H'() is harmonic and H, € V(). Since all
elements of V'1(2) are curl free, we find curl H = 0. Let us prove that such an extension of the
zero normal trace h = 0 is zero: Since

/didexdy:/ hdS =0
Q o0

we find that the average of div H on 2 is zero. Since div H is a constant, it is zero, hence
div H = 0. Using the identity curl H, = 0 with the exact sequence (I.I)) we obtain Uy € H'(Q)
such that Hy = VU, and we find that H = V(U + Up). Since div H = 0, we find that
A(U + Uy) = 0. Since, moreover, 7,V (U + Uy) = 0, we finally deduce that U + U is constant,
hence H is zero. [

4.3 H(curl) extension operator

. _1 .
Given a boundary data e, € H 2(curl,0f)), we set to construct an extension E = Lie; €
H (curl, ) such that E = e, and,

1Bl mreurt.0) < Cllexl] (4.29)

H™ 3 (curl,092)

with constant C' independent of functional e;.

We will construct the operator so that we have a commuting diagram property like in 2D. For
this we use the Poincaré map K, see §2.51 We take the surface curl of the boundary data,

h = curlyge; (4.30)

and consider the corresponding H (div)-extension H = L,h € H (div,2). Since the average of
h on 052 is zero, the divergence of H = L,h is zero.

We then use the Poincaré map K, to pull function H back into space H (curl, ),
Ey=KH (4.31)

It follows from the continuity of map K that E is bounded in the H (curl, Q)-norm by the

H (div, Q2)-norm of H and, in turn, by the H ~ (curl 0Q)-norm of data e;. Since div H = 0, by
the fundamental property (Z13) of the Poincaré map we find curl Eq = H and, hence

curl wEog = yweurl Eg =~v,H = h (4.32)
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After subtracting from e, the tangential trace of E,

f.=e—nEo (4.33)

the resulting functional f, has zero surface curl and it can be identified as the surface gradient of a

potential u € Hévg(ﬁQ),
ft = VaQu (434)

The potential u can now be extended to U € H'(f2) using the H'-extension operator £y, and the
final H (curl)-extension is defined by summing up the two contributions,

E=VU+ KH (4.35)

Remark 4.3  The use of the Poincaré map K introduces a “non-canonical” element into this
construction. We can get a canonical construction by replacing Ey = K H in @31]) by E defined
by

E,=KH + VU, with Uy € H}(2) such that || Eol|;2q is minimal. (4.36)

The H (curl, Q) norm of Ej is not larger than the one of E, and the lift E constructed in this way
satisfies the orthogonality conditions

/ curlE-curl F =0 VF € Hy(curl,Q) and / E-VV =0 VYV eHQ) 437
Q Q
It is easy to see that these two orthogonality relations determine E uniquely. [

Conclusions in 3D continuous case. The lift operators Ly, L, and L,, satisfy the following exact
sequence and commuting diagram properties,

H©Q Y H(cwlQ) (f‘%l H(div,0) % 120
voﬂﬁo %Hﬁt %HL,, %vgﬂgavg (4.38)

00 Yo Hdeul o) W g-io ™ w

The operator L, is uniquely determined by the condition that A o £ is zero, and L,, by the condi-
tions that curl o £, is zero and that div o £,, takes its values in R. [

5 H'! Polynomial Extension Operator in 3D

5.1 Additional 1D polynomials

On top of the polynomials discussed in Section we need now a discrete counterparts of func-
tions 3\, B and 31~ . For each pair of discrete Neumann eigenvalues ,u(p ) and ,ug-p ), we introduce

nm? 7
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the corresponding polynomial ﬂfj“ that solves the following 1D variational problem, compare with

’ s s i
P _ _
e P B (=1) =0, g (1) =1

O (p) o P
/I(@-j)wr(u +uj)//6 v=0, YvelP? (5.1)

i ]7 - 07 <o P
In an analogous way, for each couple of Dirichlet elgenvalues we introduce the corresponding
functions ” ,t,J = 2,...,p, and then functions i ,i =0,...,p, J = 2,...,p, corresponding

to pairs (", )\( M.

Lemma 5.1 There exists constant C' > 0, independent of p, such that,

1B 3y + O+ X182,y < C
1B 2y + (P + @182 )20y < C
C

A A
B 2y + (1 + A8 2oy <
(5.2)

Proof: Proof is fully analogous to the proof of 333). [

5.2 Step 1: Lifting from a horizontal face

Let u € W,(052) be a polynomial trace, cf (Z12)). We first consider the horizontal face z = 1 of
the master cube 2 = I3, see Fig. Bl p. 24l Let us(x,y) be the restriction of u on this face. We
expand it into the 1D Neumann eigenvectors,

=3 uyUi(a)¥5(y) (5.3)

i=0 j=0

and define the extension U = U, as follows.

Us(z,y, 2 ZZUW Z’;”(z) (5.4)

=0 7=0

23



N

z
Z
3

Figure 2: Master cube element. Enumeration of faces. Face numbers are located in the middle of
each face. The faces are parametrized with the corresponding master element coordinates in the
lexicographic order, i.e. faces fi,fy are parametrized with x, y, faces f3, f5 are parametrized with
x, z, and faces fy, f are parametrized with y, 2.

A straightforward evaluation of the H'-norm gives, (we write y;, y; for uf.p ), ,ug-p )

p p
LIvUE = 30 sl (G4 1) B Wy + 13 )

i=0 j=0
= \U00\2|56Lo“|§{1(1) + Z ‘“ijP ((/M + Mj)\ﬁfj““%%n) + |B£Lju|§{1(l))
(2,5)#(0,0) X
< 2ugel* +C Z i |* (i + 115)? (5.5)
(i,4)#(0,0) '
p p
AL D) DG 70 A
Q2 i=0 §=0
p p
< Ol
i=0 j=0

In the last line we have used the fact that all discrete eigenvalues ;, 72 > 0 are greater than the exact
eigenvalues and, therefore, are uniformly bounded away from zero which, by (5.2) implies that the
corresponding L*-norms || 3/||7. () are uniformly bounded. In summary, we have obtained the
estimate,

p p
10y < €D Juigl® (1 + (i + 115)?) (5.6)

i=0 j=0

Lemma 5.2 The discrete norm on the right-hand side of (3.0) is equivalent to the standard
1
Hz-norm on the face.
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Proof: The standard L?- and H'-norms are equal to the corresponding discrete norms. Thus,
. . . 1 .
by the standard interpolation argument, the continuous f/ z-norm must be bounded by the discrete
1 . o,
H2-norm. On the other side, by Proposition B.6, we have,

p p )
2 2 2
22l (140?) <Cl, 5.7)
1=0 j=

and, by the same argument,

hS]
iS]

g (1445 ) < CllP, sy (58)

2(1,,H2 (I,
par o (1y,H (1))

Summing up the last two inequalities we get,

p p
2 1 2 2 2
Do sl (L G4 11)2) < ClulZ, g Il ) & Ml e 529)

i=0 j=0

U

In conclusion, the H'-norm of extension U = U, is bounded by the H 3-norm of the data u. In
exactly the same way, we construct an extension U; from the lower face = = —1. Notice that both
extension are zero on the opposite face and, therefore, do not alter the original values there.

5.3 Lifting from the vertical faces

We proceed now along the lines of the construction on the continuous level discussed in Sec-
tion 11 Let U; and U, denote the extensions from the lower and the upper horizontal faces,
respectively. We consider the trace,

v=o(z,2) = (u—U —Us)(x,1,2) (5.10)

Function v — U; — U, vanishes over the horizontal faces and, therefore, the trace v is bounded in
1 ~1

the norm of H2(1I,, L*(1,)) N L*(1,, H2(I,)) space. We expand function v now in the products of

Neumann and Dirichlet eigenvectors,

p p
2) =) oy li(n)®,(z) (5.11)
i=0 j=2

and define extension U = Uj as,

i)
3

Us(x,y, 2) = iU (2) B (y) @5 (2) (5.12)

i=0 j=2

Following the same steps as in the previous section, we demonstrate that the H L_norm of extension
Us is bounded by the Hz (I, L*(I.)) N L*(I,, Hz(I.))-norm of trace v and, consequently, by the

25



Hz-norm of the trace on the whole boundary. Then, in the same way, we construct lift Us from
facey = —1.

Having constructed the lifts U3 and U; from the third and the fifth face, we subtract them from
u — Uy — U, and consider the trace of the remaining function on face z = 1,

w(y,z): (U_Ul_U2_U3_U5)(17yvz) (513)

As function u — U; — Uy — U3 — Us vanishes over faces 1, 2, 3 and 5, the trace v is bounded in the
=1 .. . . .
H2-norm. We expand it into the Dirichlet eigenvectors,

p

w(z, z) = Z Zwijq)i(y)fbj(z) , (5.14)

i=2 j=2

and define the extension as,
Us(,y, 2) = wii B3 (@) @4 (y) @5(2) (5.15)

Again, following the same steps as in the previous section, we demonstrate that the H Lnorm of
extension U, is bounded by the [/ 2 (I*)-norm of trace v and, consequently, by the H 2-norm of the
trace on the whole boundary. Then, in the same way, we construct the lift U from face x = —1.
Thy final extension is defined as the sum of the contributions from the six faces, and we have
proved,

THEOREM 5.3  On the cube Q) = I3, the operator,

6
LY W, (00) 5u — U= U; € W,(Q) (5.16)

i=1

defines a polynomial lift of traces. Its norm from Hz (0K into H*(Q) is bounded independently of
degree p.

6 H(div) Polynomial Extension Operator in 3D

Before we proceed along the lines outlined in Section 2] we make one important modification.
Motivated with relations #.28) between functions v and 3 on the continuous level, we shall re-
place all functions ~ (that have not been defined on the discrete level at all) with derivatives of
the corresponding functions § and, similarly, express 1D Neumann eigenvectors with the deriva-
tives of Dirichlet eigenvectors, and 1D Dirichlet eigenvectors with the derivatives of Neumann
eigenvectors.
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6.1 Step 1: Lifting from a horizontal face

Let h be a polynomial trace in the trace space V,,(052), see (Z.12). We begin with the restriction ho
of function A to the second face. This restriction belongs to PP~ @ PP~!, We expand it in terms of
derivatives of the 1D Neumann eigenvectors,

(«,9) Z Ep: hnmlp/ (@) Y (y) ©.1)

n=1 m=1 ,U

3
Swl

_1
Notice that functions i, 2 W/, are L*-orthonormal. The vector-valued extension H = H is now
defined as follows,

H, = (—ZZ o 13 W) — W0 () —— (3 (2),

Hn +

1 '
Vo (y) m( ) (2), (6.2)

2

p p 1 1

S i L0 0) L0 ) 32 )
n=1 m=1 ,ur% ,u72n

Notice a direct correspondence of Formula (&2)) with the gradient of function @I3) with the
replacements outlined in the beginning of this section.

A direct calculation reveals that polynomial H s is divergence-free. The H (div)-norm of func-
tion H, reduces then to its L?-norm which we now calculate. Utilizing the L?-orthogonality of
eigenvectors V,, and their derivatives, we obtain,

/
1H 2|72 ) = ZZ\han( H( ) 122y + | %Him)) (6.3)

n=1 m=1

Making use of Lemma[5.Jl we obtain the bound,

p p
_1
1H 23200 < CD Y Nl (ttn + ) 72 (6.4)

n=1m=1

It remains to show now that the weighted sum on the right- hand side is equivalent to the H~ 2-norm
of data hy. We begin with a simple result concerning the H~ 2-norm in one space dimension.

Lemma 6.1 Let w € PP~ ! be expanded in terms of the derivatives of discrete Neumann eigen-
vectors,

p ‘II/
w=3 w22 (6.5)
n=1 n

The following discrete norm is equivalent to the H~ 2-norm of w with equivalence constants inde-
pendent of degree p,

lwl? ~Z\wn\2 "’ (6.6)
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Proof: The proof follows from the isomorphism,
0 : Hey(I) — H2(I) (6.7)
and Proposition .6 [

We can prove now a similar result for two space dimensions.

Lemma 6.2 Let polynomial h € PP~ Q@ PP~ be expanded in terms of the derivatives of discrete

. . . . . _1
Neumann eigenvectors as in Formula (6.1). The discrete norm (6.4) is equivalent to the H ™ 2-norm
of h with equivalence constants independent of degree p.

Proof: We begin be recalling the standard tensorization result for space H -2 (I%),
H™3(I%) = L*(I,, H3(1,)) + L*(I,, H *(I,)) (6.8)

where
P HH1) = ) = [ Il

with an analogous definition for the second space. The norm in the sum of two normed spaces is
defined as follows,

N dr < oo} (6.9)

V=X+Y, [vllx+v inry{v(llwllir yllv) (6.10)
or, with an equivalent norm defined as,
lol5sy = inf (el + [yl (6.11)

Lemma implies that,

p p 1

2 ~ 2 —3

||h||L2(Iz,H’%(Iy)) ~ DD P
n=1 m=1 (612)

p P 1
2 - 2 —3
||h||L2(1y,H*%(Iz)) ~ DD Mol

n=1 m=1

Finally, definition (&I1]) and elementary algebraic arguments lead to,

) _ ‘ p p ) _% p p ) _%
IR, it (S0 funPrt + 303 [P

Unm+Unm=hnm

n=1 m=1 n=1 m=1
p p 1 1
~ 30D il mingpen’ g} (6.13)
n=1m=1
p p .
~ Z | P (s =+ ) ™2
n=1 m=1

Here sign A ~ B indicates existence of constants C', C'y independent of function / and polynomial
degree p, such that A < (1B and B < ChA. O
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We have demonstrated therefore the continuity of the lift operator,
|H ey < Cllball -y (6.14)

In the same way we construct then the lift from bottom face f;.

6.2 Step 2: Lifting from faces f3, 5

We mimic the construction on the continuous level. First normal traces of lifts H,, H, are sub-
tracted from the original data,
gZ:h—’yn(H1+H2) (615)

Restriction g5 of polynomial g to face f5 is expanded in terms of derivatives of the 1D Neumann
and Dirichlet eigenvectors,

p p
gs(2) = Yo T2 - 3 g ‘I”, ) Tul2)
n=1

,un n=1 m=2 )\

(6.16)

3
Sl

_1
Notice that the functions A\p,,2 @/, m = 2,...,p, complemented with constant 1/ /2, are L2-
orthonormal. The vector-valued extension H = H 5 is now defined as follows,

n;l n 1 m=2 )\r2n
1 /
> gm U (x) Biy) —= + ZZgnm ) B (y >_1(I)m(z>7
n=1 IuTQL n=1 m=2 n fl
P P
=2 Gum %%(w) A (82 (y )Amm(z)>
n=1m=2 wa Hn =+

(6.17)
A direct computation reveals that H 5 is divergence-free. We proceed with the evaluation of the
L?-norm,

P

ooy = gl (—W) oy + 18212 )

n 1
£33 gl (—n(ﬁm)/n%m n ||ﬁ¢:;||%2u>) 6.18)
n=1 m=2
(ng fin +ZZ|gnm| (ttn + Am) ™ 2)
n=1 m=2

where, in the last inequality, we have used LemmaB.3 and Lemma 5.1l We continue now with a
1
result concerning the H ~z-norm in one space dimension.
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Lemma 6.3 Let w € PP~! be expanded in terms of the derivatives of discrete Dirichlet eigen-
vectors and a constant function,

(6.19)

w—w1—+z Wm

The following discrete norm is equivalent to the H ~2-norm of w with equivalence constants inde-
pendent of degree p,

/
n
1
2
m

Ld _1
w2 1 = w4+ ) [ wn* A (6.20)
H™2(I) —

Proof: The proof follows from the stable decomposition,

H3(1)=Co Hup(I), w=uwo+ (w—wp), wo = (w,1)/2 6.21)

D=

isomorphism,

9 : H(I) — Hu2(I) (6.22)
and Proposition Bl [

We have now a discrete version of the norm in space H 2 (I,, L2(1.)) + L(I,, H"2(L,)).

Lemma 6.4 Let h € PP~ @ PP~ be a polynomial expanded in terms of derivatives of dis-
crete Neumann and Dirichlet eigenvectors as in Formula (@) The following discrete norm is
equivalent to the norm in space H™2 (I, L*(I,)) + L*(I,, H~2(1.)) with equivalence constants
independent of polynomial degree p.

IR])? = Z|gn1\ fin +ZZIgnm\ (fin + Am) 2 (6.23)

n=1m=1

Proof: Lemmal6.3 implies that,

IRl?, ~Z|gn1|2+ZZ|gnm| A (6.24)
L2(I,H™ 2 (

n=1 m=2

and from Lemma [6.]] follows that,

IIhIIi ~ Z gt Phin* + Z Z (G (6.25)

n=1 m=2

As discrete eigenvalues i, are always greater than their exact counterparts, and only a finite num-
ber of Neumann eigenvalues is less than one, we have,

IR Z|gn1|2mm{1 un2}+ZZ|gm|2mm{un2,A )
n=1 m=2 (626)

NZ|gn1| :un +ZZ‘gnm‘ Nn+)‘ )_%

n=1 m=2

30



which ends the proof. [

Thus, we have shown that the H (div, (2)-norm ~of extension H'; is bounded by the norm of
face data g5 in the space H~2(I,, L*(I.)) 4+ L*(I,, H~2(L,)), and in turn, by the 2 (9)-norm
of the original boundary data h. The lift from face f5 is constructed in the same way.

6.3 Step 3: Lifting from faces f,, 5

We again mimic the construction of the continuous level. Normal traces of lifts H,, H,, H3, H
are subtracted from the original data,

f=h—y(H,+H;+ H;3+ H;) (6.27)

Restriction f, of polynomial f to face f; is expanded in terms of derivatives of the 1D Dirichlet
eigenvectors and constant functions,

11 ¢, 2 y L ©.(2) , \oxep 2n(y) 20(2)
i4<y72)_f11\/§\/§+nz:;fnl )\ Zflm :n nz:;mzz:zfnm \ %
B (6.28)
As f, is now controlled in H -2 (I?)-norm, the average value f1; of f4 depends continuously upon
the norm, and the corresponding constant function is extended into the element using the lowest-
order Raviart-Thomas shape function Hgt4. We proceed by defining extension H = H, of
function (6.28)) with the constant f;; removed,

1

— A / L )\ __,
H, = anlﬁ q> f+zf1mﬁ qu)()
+Zanm 2 A—@'()%@:ﬂ(z),
1
H, = _anl ))\<I>()
V2 1 (6.29)
- nm )‘(I) 1<I);nz,
Zme e () @) ) ()

Ho= - Z fin 1 (ﬁ;)’m % A (2)

AN/ -, 3
S () @ ) N (2)

n=2 m=2 n

31



A direct computation shows again that divH = 0. We proceed with the evaluation of the L?-norm,
& 1
IH|72) = Z | fur]? ()\_H (B8 2y + ||ﬁff||L2(1))
np:2 :
DG CoICAT IR EAmry

(6.30)
303 fonl? (5 028 T + 15280 )
n=2 m=2
<O<Z|fn1u +Z|f1m|A +ZZ|fnm| A+ Am)” %>
n=2 m=2

where, in the last inequality, we have used Lemma 3.3 and LemmaB.Il We have,

Lemma 6.5 Let h € PP~ @ PP~! be a polynomial expanded in terms of derivatives of discrete
Dirichlet eigenvectors

n=2 m = =

The following discrete norm is equivalent to the norm in space H-3 (I%) with equivalence constants
independent of polynomial degree p.

IRl|* = Z|fn1| A‘§+Z\flm\ A 2+ZZ|fnm\ (An + Am) 72 (6.32)

n=2 m=2

Proof: The proof is based on the tensorization result,

H™ (I, x I.) = L*(I,, H *(L)) + L*(I.,H™

N|=

(1)) (6.33)
Lemma 63l implies that,

1A o, 3y ™ Z [ fo|* + Z FunlPAn + Z Z Fun A (6.34)

n=2 m=2
and,
2 2
|| ||L2 I, H7§(I fn1| )‘ +Z|flm| +Z;z:2|fnm| )\ 2 (635)
We have,

A2 Z|fn1|2mm{1 An 2}+Z|flm|2mm{1 A 2}+ZZ|fnm|2mm{An2,A 7

n=2 m=2

~Z|fn1| Mo 2+Z\f1m\ A 2+ZZ|fnm\ (A + M) 2

n=2 m=2

(6.36)
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which ends the proof. [

In the same way we define the lift from face fs. Our final H (div,())-extension is defined by
summing up all face contributions,

H=H,+Hy;+H3+ fy1nHgra+Hy+ Hs + fo11Hrre + Hg (6.37)

where f, 11 and fg1; are the average values of function (6.27) over faces f4, fg, and Hgr 4, Hrr6 €
V1(Q) are the corresponding lowest order Raviart-Thomas shape functions. We conclude with,

THEOREM 6.6 Operator (6.37)

L)V (09Q) > h— H € V,(Q) (6.38)
defines a polynomial lift of normal traces. Its norm from H™2(99Q) into H(div, ) is bounded
independently of polynomial degree p.

Remark 6.7  We can check that the lifting H is orthogonal to the curls of all fields with zero
tangential trace E € Q, ((f2). Moreover the divergence of H is constant. Conversely, if H ¢
V ,(92) has these properties and a zero normal trace, it is zero. The proof uses similar arguments
as previously: We deduce first that div H = 0. Therefore, there exists E € Q,(€2) such that
curl E = H. Since 7,H = 0, we deduce that curl ,E = 0. Therefore there exists a surface
potential uw € W, (0f2) such that Vu = 1 E. Setting U = E(()p Ju, we obtain that VU = WwE.
Finally
H =curl(E - VU) with E-VU € Q,,(?)

The orthogonality condition against the curls of Q,, ((€2) gives H = 0. [

7 H/(curl) Polynomial Extension Operator in 3D

Having constructed the polynomial extension operators for the H'(2) and H (div, §2) spaces, we
proceed along exactly the same lines as for the continuous case discussed in Section B3l We
consider the exact polynomial sequence @.I0). Given a polynomial trace e; € Q,,(€2), we compute
its surface curl,

h = curlyq e (7.1)

and use the H (div)-extension operator £ to construct a H (div, Q)-extension H of polynomial
h. We then use the Poincaré map to “take out the curl” out of the data e; and conclude that the
resulting function must be a surface gradient of a potential u € W,,(0€2) (with a zero average),

et — %KH - Vagu (7.2)
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The H (curl, Q)-extension is now obtained by summing up the gradient of H'({2)-extension of
potential u with K H,
E=VU+KH (7.3)

Replicating the procedure from the continuous level is possible because the Poincaré map is poly-
nomial preserving. We conclude our construction with,

THEOREM 7.1 Operator (Z3)
LY Q,09) 5 e— EcQ, (7.4)

defines a polynomial lift of the tangential trace. Its norm from H ™% (curl, 0Q) into H (curl, Q), is
bounded independently of polynomial degree p.

Remark 7.2 As in the continuous case, see Remark 3] we can get a canonical construction
by replacing the Poincaré map K by a p-depending operator K defined as follows:

KH = KH + VU, with Uy € W, () suchthat |[KH]|| 2, is minimal. (1.5)

The operator norm of K is not larger than the one of K, and the lift E constructed in this way
satisfies the orthogonality conditions

/ curlE-curlF =0 VF ¢ Q,0(Q) and / E-VV =0 YV eW,Q) (76
Q Q

It is easy to see that these two orthogonality relations determine E uniquely. [J

Conclusions in 3D polynomial case. With p > 1 any integer, the lift operators £, £ and

Eﬁp ) satisfy the following exact sequence and commuting diagram properties, reproducing those of
the continuous case:

w2 Q) %1 v, 9y
%lTﬁéﬂ %qup) vanﬁgp) %vngﬁavg (7.7)

\v4 curl
—

W,(00) ~% Q,(09) v,(00) ™ R

The operator Eép Viue Uls uniquely determined by the extra condition of orthogonality,

/ VU -VV =0 YV eEW,Q) (7.8)
Q

and £ : h— H by

/ H -curlE=0 VEcQ,,(2) and divH cR (7.9)
0

The “canonical” version £” of the lift e, — E as defined in Remark [Z2is uniquely determined
by the orthogonality relations (Z6). [
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8 Conclusions

In the paper, we have constructed polynomial extension operators for a master hexahedron and the
polynomial spaces forming the exact sequence corresponding to Nédélec’s hexahedron of the first
type. The polynomial extension operators mimic closely the corresponding constructions on the
continuous level based on separation of variables. In the presentation, we have restricted ourselves
to the “isotropic” spaces (same polynomial order in each direction), but the whole procedure gen-
eralizes easily to the case of anisotropic spaces as well. Given a scalar space P(»4"), we arrange
the element system of coordinates in such a way that p < ¢ < r, and the construction presented in
this paper goes through without any changes.

The existence of polynomial extension operators completes the theory of Projection-Based
. . 1 1
Interpolation, see [[12},[10] for the hexahedral element. The obtained discrete H 2 (1%) and H 2 (I?)-
norms may be used in the automatic hp-adaptivity algorithm presented in [9} [13]].

Finally, we finish with a didactic comment on teaching the separation of variables. When pre-
senting the solution of the Dirichlet problem for the Laplace equation on a square or cube, virtually
all textbooks recommend splitting the data into edge or face contributions, and the solution of the
corresponding single edge or face problems with pure Dirichlet conditions using the separation
of variables. The superposition principle is then used to obtain the final solution. With a regular
boundary data that guarantees the existence of a finite energy solution, the procedure breaks the
solution into the corresponding edge or face solutions that, in general, have infinite energy. This
can be avoided by using the mixed boundary conditions employed in this paper which guarantee
that all solutions corresponding to a non-homogeneous single edge or face data, remain of finite
energy. Same comments apply to the Neumann problem.
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