N
N

N

HAL

open science

THERMODYNAMICAL EQUILIBRIUM OF
VORTICES IN THE ISOTROPIC BIDIMENSIONAL
KAC ROTATOR
Hicham El-Bouanani, Michel L. Rouleux

» To cite this version:

Hicham El-Bouanani, Michel L. Rouleux. THERMODYNAMICAL EQUILIBRIUM OF VORTICES
IN THE ISOTROPIC BIDIMENSIONAL KAC ROTATOR. 2007. hal-00162679v3

HAL Id: hal-00162679
https://hal.science/hal-00162679v3

Preprint submitted on 22 Aug 2007

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00162679v3
https://hal.archives-ouvertes.fr

hal-00162679, version 3 - 22 Aug 2007

THERMODYNAMICAL EQUILIBRIUM OF VORTICES
IN THE ISOTROPIC BIDIMENSIONAL KAC ROTATOR
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Abstract: We consider here the problem of extrema for the Kac functional with long range,
ferromagnetic interaction, and vorticity conditions at infinity which make it not weakly closed.
Using a gradient-flow dynamics, we investigate local minima, showing strong analogies with

the Ginzburg-Landau functional in infinite volume.
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0. INTRODUCTION.

We consider here the XY or “planar rotator” model and its corresponding continuous
version, with internal continuous symmetry group O (2) and long range, ferromagnetic inter-
action. Such interactions were introduced by Lebowitz and Penrose in Statistical Physics as
a generalization of the celebrated Kac, Uhlenbeck and Hemmer model, accounting for liquid
vapour phase transitions, and giving mathematical foundations to Van der Waals theory.

A theorem of Dobrushin & Shlosman [Si,p.78] asserts that at any inverse temperature
[, every infinite volume Gibbs state corresponding to a fairly general, translation invariant
hamiltonian H with internal continuous symmetry group O (2) on the 2-d lattice, is invariant
(up to conjugation of charge) under the group O%1(2). This is absence of breakdown of
continuous symmetry. Later Bricmont, Fontaine and Landau discovered that this Gibbs
state is unique. It presents many interesting, and yet not fully understood features, such as a
particular form of phase transition at low temperature, which is characterized by the change
of behavior in the correlation functions. For the XY system they were described by Kosterlitz
& Thouless in term of topological vortices.

Here we look instead at the free energy functional, which provides, through the mean
field approximation, a good approximation to the canonical Gibbs measure on the set of
magnetizations m, i.e. suitables averages of spins over mesoscopic regions. Moreover, vortices
can be enhanced by imposing some boundary condition on H at infinity.

One usually consider the vector spin hamiltonian on Z? as a limit of hamiltonians (the

thermodynamical limit) on finite lattices A — Z2, with boundary conditions on A¢. Then
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the free energy functional takes the form

F(m|me) /dr/drjr—r im(r) — m(r")|?

(0.1)
w5 [ [ st =ime) =)+ [ dr(fam(r) = fo(ms)
where fg(m) = —1|m|>+ %I(m) is the free energy for the mean field approximation, and I(m)
denotes entropy function. Actually formula (0.1) holds also (formally) in the continuous case,
see Appendix C. Systems of spins valued in {+1,—1}, i.e. the scalar case, with long range
interaction are well understood, due in particular to a series of papers by Cassandro, DeMasi,
Presutti and their collaborators, who studied in great detail interfaces and equilibrium shapes.

In an attempt to generalize this theory to the XY model [El-BoRo], the authors have
looked for local minima of the free energy functional, and observed in numerical simulations,
among other things, vortex configurations on finite lattices A, induced by the vorticity on
the boundary A¢, which are very similar to those arising in solutions of Ginzburg-Landau
equations, describing a superfluid or a supraconductor subject to a magnetic field. Related
examples include the 't Hooft-Polyakov monopole and the Skyrme model.

We will consider in this paper a continuous version of the rotator, that complies to the
methods of Functional Analysis. The minimization problem for the free energy functional
(0.1) and its continuous version in infinite volume has the O" (2) symmetry, which we break by
imposing on the magnetization m a vorticity condition at infinity of the form m(x) = mgeme,
n € N\ 0. Here mg €]0, 1] is the critical value for the mean field free energy, and we work at
a sub-critical temperature, i.e. 3 > 2.

The obvious conjecture about a minimizer is that there is a radially symmetric vortex of
degree n, expressed in polar coordinates as m(z) = u, (r)e!™?, for some nonnegative function
Uy (r) with u,(r) — mg as r — oo, and u,(0) = 0. For n = 1, this is called a hedgehog.

A similar conjecture holds in the case of Ginzburg-Landau equation in a disc, where it
is known that the hedgehog 1, uniquely defined, is stable, i.e. all the eigenvalues of the

self-adjoint second variation operator L,

1 d?
(0.2) (V] Ly, v) = §d—€25(¢1 + €v)|e=o

are positive. This was obtained independently by Lieb and Loss [LiLo], and Mironescu [M].

In infinite volume, the situation is more subtle, due to the translational symmetry of
the problem. In fact, Ovchinnikov and Sigal showed (still for Ginzburg-Landau equation)
that for any n, there is a unique radially symmetric vortex 1,, of degree n, that minimizes

Eren (1) among all functions of the form v (x) = u,(r)e™?. Here Ep is a renormalized energy
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functional. The self-adjoint second variation operator L., is decomposed as channel operators
in Fourier modes ; the n-th mode is a positive operator, and has not 0 for an eigenvalue, but
0 is an eigenvalue for the n + 1-th mode (due to the translational symmetry), and there are
also negative eigenvalues for some higher modes. Thus we cannot conclude in this case to
linear stability of the radially symmetric vortex.

Minimizers of the free energy of the scalar Kac model, and their stability were investi-
gated by DeMasi, Presutti et al. In the 1-d case, they proved existence of a solution, called
instanton, unique modulo translations, of the minimization problem subject to the condition
that the magnetizations m(x) tend to £mg as x tend to infinity. Their result was rederived
lateron by Alberti and Bellettini [AlBe], and extended to higher dimensions, for a class of
functions “varying only in a direction €”. In fact, both functionals (Kac and Ginzburg-
Landau) are not convex, and the free energy of Kac model is not even local, so that direct
methods [Da] don’t apply here.

Rearrangements methods were used in both [LiLo] for Ginzburg-Landau equation in
a disc, and [AlBe| for the scalar Kac model. Actually, only partial convexity is achieved
when restricting to the class of radially symmetric functions for Ginzburg-Landau, while
for the scalar Kac model, convexity is retrieved, by rearrangements, on a set of increasing
functions. But it is hard to figure out at least what rearrangements would mean in the
vector (or complex) spin model. We follow here an alternative route, elaborated in the papers
[AlBeCasPr|, [DeM], [DeMOrPrTr], and culminating in [Pr], which consists in looking instead
for extrema, verifying Fuler-Lagrange equation, as limiting orbits for a certain dynamics,
known in that context as the gradient flow dynamics Ty (see (1.11) ). Free energy is a
Lyapunov function for the gradient flow dynamics, and thus we can resort on methods used
in parabolic equations.

Our main results are related to existence of radially symmetric solutions m,, (z) for Euler-
Lagrange equations Fj(m) = 0 (see (1.8) ) associated to a suitable renormalized free energy

functional in infinite volume F,., defined in Proposition b.5. We have :

Theorem 0.1: Assume that J is on negative definite in the sense of [FrTo|, and the convolu-
tion operator expressed in the (e, )-sector enjoys asymptotic properties described in Definition
1.1. Let m(x) = (mg + v(r))e™?, with v € X9 (see (1.28) ) such that Fren(m) < oo. Then
any limit point m* of Tym, t — oo (in the sense of uniform convergence on the compact sets)
satisfies F1(m*) = 0 and Fren(m™*) < Fren(m).

Thus we can describe some local minima in the space of all configurations m. Next we
study the spectrum of the n-th Fourier mode of the second variation operator L, around

m™*. Here we assume a particular form for .J.

Theorem 0.2: Assume J is a Gaussian, and moreover that the critical point m* verifies
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m*(z) = (mg +v(r))e™?, with v* € X9. Then the n-th Fourier mode of the second variation

operator L, (due to breaking the gauge invariance) has purely continuous spectrum.

(The decay property on v* could certainly be removed, see Sect.3. ) So we recover the
result of [OvSi] for the Ginzburg-Landau functional relative to the n-th mode only. Contin-
uous,, but also negative spectrum of L,,~ near 0 suggests that only “linear instability” (not
exponential) may occur, in this mode, around the equilibrium. Nevertheless our conclusion
remains much weaker than for the Ginzburg-Landau functional [OvSi], since we have no infor-
mation about higher modes. Naive intuition suggests that 0 is an eigenvalue for the n + 1-th
Fourier mode, corresponding to the breaking of the translation group. So the “hedgehog
conjecture” described above in the case of Ginzburg-Landau equation, remains largely open
in case of the non local Kac functional (here the case n = 1 doesn’t seem to play any special

role).

1. The gradient-flow dynamics.

We look for a solution of the free energy variational problem, among all configurations
with given degree n > 1, obtained as a limiting orbit of the gradient-flow dynamics. The
minimization problem in infinite volume involves an approximation process in finite boxes A,
and renormalization of the free energy. Definitions of the thermodynamic functions are given
in Appendix C, and we refer to [El-BoRo] for details.

a) The infinite volume gradient flow dynamics.

We start to construct the gradient flow dynamics in R? subject to a vorticity condition
at infinity. It is convenient to express everything in Fourier modes, using the identification
L*(R?) ~ ®jeze; L2(RY;rdr), e;(0) = €% In Appendix B we discuss some properties of
the degree, and show that higher harmonics can be involved in the Fourier expansion of m,
provided they decay sufficiently fast as r — oo ; but because of non linearity, we choose a
single component j = n, the (e, ) sector.

For given n, Euler-Lagrange equation for Fre, given by (b.28) is the same as we would
obtain formally, i.e. without renormalizing the energy. It follows that it is of the form
Fi(m) = 0, where
(1.8) Fy(m) = —J #m+ ~T'(|m]) =

g m|
(recall the notation I (Im|) = I(m) whenever [ is rotation invariant. ) Eqn.(1.8) is equivalent
to Fo(m) = 0, where
Jxm

(1.9) Fo(m) = —m + f(ﬁlJ*mDm



Here f = (f’ )~1 = I/Iy, and I, denotes the modified Bessel function of order v. Solutions
of (1.8) or (1.9) tend to cluster near the manifold |m| = mg, which is the critical set for the
free energy of mean field. Here mg > 0 for 8 > 2 satisfies mg = f(6mpg).

Let also Fu(§) = [g2 e ™ u(x)dz and Hyu(p) = [ Ju(rp)u(r)rdr denote Fourier and
Hankel transformation, respectively. H, is defined on the core C§°(R™) of smooth, compactly
supported functions on the half line. For u € C§°(R*), we have H,u(p) = O(p") as p — 0,
and H,u(p) = O(p~>) as p — oo. It extends [Ti] to a unitary operator on L?(R;rdr), and
H = H,.

The convolution operator thus becomes Jx = (Hn]: J Hn)n

in6

ez We look for a radially
symmetric solution of (1.9), of the form m(x) = wu(r)e'’, with u(r) — mg as r — oo, and

u(0) = 0. So we get, formally, —A,u + %f’(u) =0, A, = H,FJH,, or
(1.10) —u+t f(BAL) =0

Unless # < 2, in which case u = 0 is the unique solution of (1.10), and m = 0 the unique
minimizer of Fren (see [El-BoRo,Proposition 3.5] for the case of a lattice, ) the map u —
f(BA,u) is not a contraction, so following [Pr], we are led to consider the associated gradient-
flow dynamics, and solve the “heat equation”

(1.11) % =—u+ f(BAu), u(0,r) = ug

Although A, is a bounded operator on L?(R*;rdr), we are faced with the problem that
u ¢ L?(R*;rdr) because of the condition u(r) — mg as r — oo. We need the property, that
A, acts naturally upon functions having asymptotics near infinity. It should also map the

constant function 1 to itself modulo L?. So we introduce the :

Definition 1.1: We say that A,, has the asymptotic property iff, given x a smooth cut-off
equal to 1 near infinity, for all k£ € %Z, A, (-)7Fx is a smooth function on the half-line, with
An((O)7F)(r) ~r=F (14 %L+ 2%+ -+), in the sense of asymptotic sums, as 7 — oo. Moreover,
if a; = 0 we say that A,, has the asymptotic property with vanishing subprincipal symbol.

We don’t know if Definition 1.1 could actually be derived from similar arguments in
Hankel’s theorem leading to the inversion of H,, (see [Wa,p.458]. ) Operator A, with the
asymptotic property reminds us of a Pseudo-Differential Operator, with r as the fiber variable,
and “hidden” phase coordinates that show up when writing the integral representation of
Bessel functions. It is non-local (not only because convolution is not local, but more seriously
because a change to polar coordinates always destroys locality, ) with a priori only weak
decoupling from 0 to oo, see Appendix A.

Since f is only defined on R™, operator A, must be also positivity preserving, i.e.

A,u > 0 almost everywhere (a.e.) if u > 0.



Ezxample 1: J is a gaussian normalized in L!, so that ]:j(p) = exp[—pp?], p > 0 ; we know
[Wa,p.395] that A, (r,r’) is given by Weber second exponential integral

112) [ explnlaalo) o = oo expl-( 4 1) ApIL (' f2p) 2 0

with equality only if r' = 0. So A, is clearly positivity preserving (more precisely, positivity
improving, i.e. A,u > 0 a.e. if u > 0, not identically 0, ) and stationary phase arguments,

together with the asymptotic expansion of modified Bessel function

(1.13) I(x) = %(1_(712_1/4)/(235”...), £ o

show that 7% A, ((-) *x)(r) ~ 1+ (k> —n?)/r2+-- -, so A, has the asymptotic property with

vanishing subprincipal symbol.

Ezample 2: FJ(p) = e PP(1 + pp), and A, (r,7’) can be computed taking derivatives with

respect to p, from the expression [Wa,p.389]

r2+r’2+p2)

/

Qn—l/Q(

2rr

(1.14) | S o) oo = ——

where @,,_1 /2 is a Legendre function of second kind, for which we have the integral represen-
tation @Q,,—1/2(coshn) = fnoo (2 cosh s — 2 coshn)~1/2e~"ds, see [Le,p.174]. It is easy to check
again that A, (r,7") > 0.

Note that these J’s are non negative definite in the sense of [FrTo|, i.e. both J and
FJ are > 0, this excludes antiferromagnetic potentials, or potentials with non definite sign.
Of course, FJ > 0 implies that A,, is a positive operator in the mean, i.e (A,v|v) > 0 for
all v € L2(R™,rdr), but this is not sufficient for our purposes. The additional condition
(F J )'(0) = 0 seems to ensure that A, has the asymptotic property with vanishing subprin-
cipal symbol. These features are suggested again by formal stationary phase expansions in
the integral representation of Bessel functions, but from a ill-behaved phase that becomes
rapidly oscillating for large r.

Our first result deals with existence and regularity of solutions of (1.10) in L? or in
Sobolev spaces. This will not play the most important role in the sequel, but this is a very
natural property. We introduce the closed convex set W = {ve L2RT,rdr) :v(r) + mg >
0 a.e.} and W([0,T]) = C°([0,T], W) with norm

(1.18) [o(t, 7); W(0, T)|| = sup,efo,r) [[v(t, )] 22

Note first that, since J > 0 and [ J =1, we have FJ(p) <1 and ||A,|| < 1, where | - ||

denotes the (C*-) norm of operators.



Theorem 1.2: Let as above A,, be positivity preserving, and enjoy the asymptotic property
of Definition 1.1 with vanishing subprincipal symbol. Then for all 7" > 0 and all vy9 € W,
there is a unique v € W([0,T]) such that u = v + mg verifies (1.11) with u|;=o = vo + mg.

Proof: Since A, is positivity preserving, A,u > 0 a.e. if u > 0 a.e. so (1.11) makes sense
for u = v +mg, v € W. Moreover, Apu = A,v + vy + mg, v1 = mg(A,1 — 1) € L*(RT)
because of the asymptotic property with vanishing subprincipal symbol, and of Proposition
a.l. Equation (1.11) with initial condition v(0,7) = vo(r) can be written in the integrated

form
(1.19) v(t,r) = e tug(r) + /O dty " [f(BAnv(tr, ) + Bui(r) + Bmg) — f(Bmg)]

Let again w(t,r) = v(t,7) — e ‘vg(r), this rewrites as w(t,r) = ®(¢,r,w), with
t
(1.20) ®(t,r,w) = / dt1e" 7 f(BAw(te, ) 4+ Bmg + Boi (r) + Be " Ay (1)) — f(Bmg)]
0

Given vy € W, denote by WUO([O,T]) the closed convex set of C°([0,T], L?) consisting of

all functions w(t,r) such that w(t,r) + e tvg(r) € C°([0,T],W). Because f > 0, ® maps

Wy, ([0,T7]) into itself. Moreover, since || f'||c = 1/2, the estimate
ﬁ t
(1.21) |D(t,r,wy) — B(t,r,wa)| < 5/ dt1e" A, (w) — wo)(ty,7)]
0

and the fact that ||A4,] <1 on W prove that if B2T(1 — e 2T) < 8, then ® is a contraction
on WUO([O, T]). Theorem 1.2 then follows from the group property. &.

Consider next the derivatives of u. Applying the radial field rd, to Jxm(x) = e A, u(r),

x = x1 + ize = re’? we find, in the distributional sense :

g O 0J o0J
in6 _
(1.22) e r—arAnu(r) =1 . «m(z) + x2 prs x m(x)

which shows, since u = |m/| :
(1.23) |0r Anu(t, T)[ < [V T3 ][ulloo

| - || being the L' norm. On the other hand, using (c.6) we compute

0 . o
A24) (A= B Bulnr) = [ a1 ) FT )

where as before B,,(r,r’) stands for the kernel of operator B,, with measure rdr. We have
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Lemma 1.3: With notations above, ||B,|| <1, |2 A,|| < C, for some C > 0.

Proof: The first inequality results from B} B,, = H,(F J )2H,, and the fact that H,, is unitary
on L2(R™,rdr). We use also (a.14) to write

S A= o (Ho 1 (0FF(0) Ho + Hoa (07T () )

Since the multiplication by pF J (p) is bounded on L? we get the second inequality. &

From this we can extend Theorem 1.2 to show regularity of the r-derivative u’ of u.
Namely, let W' be the closed convex set {v € W : v(r) + mg <1 ae., v' € L*(R7T,rdr)},
and Wl([O,T]) = C%1o0,T); Wl) with Sobolev norm as in (1.18). We have :

Proposition 1.4: Let v € CO(R*, W) be the solution of (1.11) constructed in Theorem 1.2,
with initial value v € WL, Then for all T > 0, v € W([0,T]).

Proof: With notations as in the proof of Theorem 1.2, we have

ow

—(t,r) = ﬁ/ dse® " [ (BAw(s,r) + Bmg + P (1) + Be™ > Apvo(r))
(1.25) or 0

0
X o (Apw(s,r) +vi(r) + e *Apvo(r))
We denote by ®'(t,r, w) the RHS of (1.25) and prove that @' is a contraction on W([0,T)) if
T > 0 is small enough. But this results also from Lemma 1.3, and the fact that w € W ([0, T]).

[ )

This Proposition extends easily by induction to all derivatives, so Sobolev embedding
theorem shows that r — v(t,r) inherits the regularity of its initial datum.

Existence and uniqueness result in L? however, falls far short of our needs to ensure
existence of a limiting orbit satisfying (a.10) as ¢ — oo, or to provide suitable asymptotics,
essentially because we lack of a uniform bound on ||v(¢,7); W([O, T1))|| as T — oo. We restrict
henceforth to continuous functions that tend to 0 sufficiently fast as » — oco. Such initial
conditions will be used in the Barrier Lemma below. It turns out that the evolution equation
doesn’t either provide a uniform bound on the L® norm of u(¢,r) but we can still obtain
indirectly such estimates. Asymptotic property of operators A, will be used as a hint to
model our functional spaces. So we consider the space X} of functions v € Co(R™), such
that sup,.cp o0 [rku(r)] < oo. It is easy to see that X is a separable Banach space, with

norm

(1.28) lvs XRII = sup,cpo 1) [0(r)| + 8uDrepy yoof [0 (r)]
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For k = 2, we have X) C L?. In Appendix A, we give continuity properties of A,, acting
on these spaces. Let also X Y be the closed convex subset of X} consisting of functions
v € Co(R™), such that v(r) + mg > 0, and define )zg([O,T]) = C’O([O,T],)?,g).

Theorem 1.5: With the assumptions above, and if in addition A,, has vanishing principal
symbol, then for all 7" > 0 small enough, and all vy € )?,8, k = 1,2, there is a unique
(NS )?,8([0, T]) such that u = v + mg verifies (1.11) with u|;—o = vo + mg.

Proof: Following the proof of Theorem 1.2, we need to check that & is a contraction on
X9 ([0,77)), the closed convex set of C°([0,T]; Co(R™)) consisting of functions w(t, ) such

k,vo

that w(t,r) + e tvg(r) € C°([0,T], X?). First we estimate |®(¢, 7, w(r))|, and write
B[ ti—t —t;
(1.29) |D(t,r,w)| < 5 dtie (|Anw(t1,r)| + |vi(r)| + e |Anvo(r)|)
0

By Proposition a.2, A,, is a bounded operator on X7, and since v; € X by assumption,
we have w € )A(:g ; by the same remark as in the proof of Theorem 1.2, we conclude that
O(t,r,w) € )?g’vo. Then (1.23) shows that ® is a contraction on )?271]0([0, T]), when T' > 0 is

small enough, and the proof goes as in Theorem 1.2. &

Again, by the group property, we find v € C°(R ™, X D). From Theorem 1.5 we can infer

existence of limit points of the orbits :

Corollary 1.6: With the same hypotheses as in Theorem 1.5, from any sequence t,, — 400,
we can extract a subsequence t,, such that v(t,,,r) — v* € C°(R") as j — oo for the
convergence on compact sets.

Proof: The family u(t,r) = mg + v(t,r) is clearly bounded by 1, since m(t,z) = e™u(t,r),
r = re
in the proof of Proposition 1.4, (1.23) shows that %(An(w(s,r) + v1(r) + e 5 Ayup(r)) is
bounded uniformly in (¢,7), so by integration of (1.25), d,w(t,r) is uniformly bounded, and

9 solves the evolution equation corresponding to (1.10). Consider next w(t,r) as

so |0,v(t, )| < C. It follows that the family v(¢,r) is also equicontinuous, and the conclusion

follows from Ascoli-Arzela theorem. &

Let us extend once more our previous considerations. We enrich the structure of our
Banach space X! by requiring some asymptotic behavior near co. Consider indeed the set
Y of functions u € XY, such that ru(r) has a limit as r — oo, and if £(u) = lim, . ru(r),
the function r(ru(r) —£(u)) is bounded. It is easy to see that Y} is a separable Banach space,

with norm

(1.30) [l Yl = suppeqo g [u(r)| +suprepy goof [ru(r)] + suppepy oo I (ru(r) — €(w))]

9



Similarly, consider the set Y3 of functions v € X9, such that rv(r) has a limit £o(v) as r — oo,
r2v(r) — rlo(v) has a limit ¢1(v) as 7 — oo, and the function r/2(r2v(r) — rly(v) — £1(v)) is
bounded. It is easy to see that Y3 is also a separable Banach space, with norm

(1.31)

[0 Y21 = suprefoa [007)] + 50D, et oo [P0()] + 8D, et e 7/ (P20(r) = rlo(v) — £2(0))]

By 17,?, k = 1,2 we denote also as before the closed convex subspace of Y consisting of
functions v such that v(r) + mg > 0, and ?ko([O, T]) = C°([0, 17, 17,?)

Proposition 1.7: With the assumptions of Theorem 1.5 then for all 7" > 0 small enough,
and all vy € ffko, k = 1,2, there is a unique v € ?ko([O,T]) such that u = v+mg verifies (1.11)

with u|i=g = vo + mg.

The proof goes along the same steps as this of Theorem 1.5, but this time we need also
Proposition a.3 to control the last term in (1.30) or (1.31) for [lv(t,-); YQ||. Note that we do
not expect asymptotics beyond this order, on account of our accuracy in estimating A,,.

Whatever the class X D or f/ko to which the initial datum does belong, we cannot ensure
that v* itself belongs to this set, nor even to Co(R™). Fortunately the main properties we
shall use don’t hinge upon v* itself (except for Theorem 0.2, where we are lead to make an
hypothesis about the short range of v*, ) but are rather inherited from those of the finite
time evolution v(¢,r), t > 0. For this reason we shall also call a limiting orbit of the flow a
X-ghost, stressing that it proceeds from an initial datum in X. Actually the phase picture
for the whole dynamics may look quite complicated, unless we could prove uniqueness of the
limiting orbits of (1.11), at least for a given wuyg.

Now we extend the gradient-flow dynamics to those positive functions, which are merely
continuous on RT and bounded by 1. Indeed we shall eventually take a )zg—ghost u* as a

new initial datum, but use u*(¢,r) only with r in a compact set. We have :

Proposition 1.8: Let A, as above be positivity preserving, but not necessarily with the
asymptotic property. Then for all T > 0 small enough, and all ug € C°(R™"), [Jug|lec < 1,
there is a unique u € C°(R™)([0,T]) such that u(t,r) verifies (1.11) with u|¢—o = uo.

The proof is omitted, for it goes as in Theorem 1.5, without the additional requirements
on asymptotics at infinity. Iterates of ®(¢,r, w) to the fixed point converge uniformly for r
on every compact of R*. Again, by the group property, we find u € CO(R*; C°(R™)).

Next we consider various comparison theorems. As in the scalar case [Pr], the comparison
theorem or maximum principle shows very useful in our situation. To fix the ideas, we state
it for the full dynamics. Recall that u™ = v + mg, vt € C’O(RJF,)?]?) is a supersolution
of the Cauchy problem (1.11) with initial datum ud € )Z,g if [|ut(t, )]0 <1, uf > up and
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verifies

du™

ar > —ut + f(BAuT)

We define analogously a subsolution u~. Because A, is positivity improving, for all t > 0,
u=(t,r) < u(t,r) < ut(t,r). The first consequence of the maximum principle is that u

doesn’t increase beyond mg if this holds for uy. More precisely, we can show the following :

Proposition 1.9: Let u(t,r) = v(t,7) + mg, v € CO(R*, X?) be the solution of (1.11) with
initial datum wg(r) satisfying |ug(r)| < p < 1 for some p > mg. Then |u(t,r)| < p and for
all t > 0.

The easiest way of proving this is to consider m(t,r) = e™’u(t, r), and the argument goes
as in as in [EI-BRo, Proposition 3.3]. This holds equally for the partial dynamics. Another

consequence of the maximum principle is monotonicity :

Proposition 1.10: Let A, be positivity preserving. If the initial datum wug(r) in (1.11) is
an increasing function of r, then the same holds of u(t, r) for all £ > 0. Assume moreover A,
be positivity improving. If ug(r) is strictly increasing, then the same holds of u(t,r) for all
t>0.

dug _
at — “Ua T

Proof: Let a > 0, and consider the new dynamics on r €]a,+oo[ given by
f(BAuG), ua(0,7) = ug, where u,(r) = ug(r — a) is the translate of ug. Since uq(r) < ug(r),
we see that u is a subsolution of % = —u+ f(8A,u), so u(t,r —a) < u(t,r) for all t > 0. &.

Note this implies the former result if we take A = mg in Proposition 1.9. Of course these
properties extend, by continuity, to the limit points u* (7).

When considering the spectral problem in Sect.3, we shall need to know that the limiting
orbits belong also to C'(R™). Taking the r-derivative of u in (1.11) involves the derivative
of A, u which we can compute using (1.24), but it is very hard to give estimates on B,, along
the lines of Appendix A, since B,, doesn’t enjoy the asymptotic property and so forth. Since
we will eventually take as an interaction the function J of Example 1, we restrict to this case,
which is much simpler because the closed form of Weber second exponential integral involves
just one (modified) Bessel function I,,, instead of the correlations J,, (rp)J, (1" p).

As in (1.18), we consider the space X} of functions v € C'(R") N X2, such that
SUP,¢ (1,4 00| |rF+10' (r)| < co. The weight r**! is chosen in such a way that we can take the
derivative of the asymptotics of v, and is consistent with the complete asymptotics (1.13). It

is easy to see that X} is a separable Banach space, with norm
k
(1.34) lvs Xgll = llvs XRI| + sup,epo ) [0 ()] + 5uPpeqr oo [ 0 (r)]

For k = 2, we have X! C H' (the usual Sobolev space. ) Let also as before X 1 be the closed
convex subset of X} consisting of functions v € Co(R™), such that v(r) +mg > 0, and define
)?,%([O,T]) = C’O([O,T],)}%). We have :
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Theorem 1.11: With the assumptions above, for all 7' > 0 small enough, and all vy € X é,
k = 1,2, there is a unique v € X}([0,7]) such that u = v + mg verifies (1.11) with u|—¢ =
vg + mg. Moreover, from any sequence t, — -+00, we can extract a subsequence ln; such

that v(t,,,r) — v* € CY(R™) as j — oo for the convergence on compact sets.

Sketch of the proof.: We argue as in Theorem 1.5, showing that for small t > 0, ®(¢,r,-) is a
contraction on X l%,vo‘ This follows from the fact that A,, (in the particular case where J is a
Gaussian) is a bounded operator on X}, as can be shown by using the asymptotics at infinity
of I,, as in Proposition a.2 : for large rr’ we replace using (1.13), exp[—(r?+r'2) /4x| L, (rr' /27)
by (rr’ )_1/ 2= (r=1")%/ 47 and rely on standard gaussian integral arguments.

The last part of the Theorem follows as in Corollary 1.6 from the equicontinuity of
the second derivatives of A,u(t,r), as we can check by iterating (1.22), and Ascoli-Arzela
theorem. &.

Note that, since we proceed by extraction of subsequences, the X ,i—ghost we obtain
from the sequence v(t,,,7) as a limiting orbit in the C l_topology may not coincide with the
corresponding X?P-ghost in the C%-topology obtained in Corollary 1.6, even with the same
initial datum. But the X}-ghosts also enjoy the monotony property as in Proposition 1.10.

b) The partial dynamics, and the Barrier Lemma.

In order to cope with divergent integrals we need also study the dynamics in some finite
boxes A = {|z| < A}, for which A — oo. Outside A, the magnetization m is frozen to a
configuration mp. which acts as a boundary condition for the evolution inside A. We follow

again closely the main steps of [Pr]. Define the free energy with boundary condition mp. as
(1.40) F(ma|mae) = Fa(my) /dm/cdaz J(x — ") |mp(x) — mpe(z")|?

where

(La1)  Falma) = 7 [ do [ d e =) ma(e) = ma ()P + [ defslmao)

[Contrary to Appendix C, we have removed from the second integral the term f(8mg),
which amounts to shift Fj(ma) from a constant term, so long A is kept fixed. | Since
[J =1, F(mp|lmae) < oo for all \. We take variations of F inside the sector (e,), i.e.
among all radially symmetric functions of the form m(z) = u(r)e™?. To simplify notations,
remove subscript n from A,, and define operators Ay and A§ by their kernel Ay(r,7’) =
x(r" < N)A(r,r") and AS(r, ") = x(r' > A)A(r,r’) respectively (here x denotes the (sharp)
charateristic function. ) We denote also by @ = uy @ u§ the function equal to uy on [0, A]
and u§ outside, and write Au = (A) ® AS)(ux B u$) = Axuy + ASu§. We shall use twidled
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u and v to refer to partial dynamics. It follows from (1.40) that Euler-Lagrange equation for

F(-Jmac) restricted to the sector (e,) is given by

(1.42) FAM@) = — At + %f’(u)\) 0
which is equivalent to

(1.43) FiM(@) = —uy + f(BAT) =0

So we define the partial dynamics by T ug = ux (¢, -) @ u§ where uy(t, -) solves

d
(1.44) SR — —un+ F(BANur + BASHS), ua(0,7) = uo(r), 0 <7 <A

with the same initial condition ug(r) as for the full dynamics (1.11). The integrated form of

(1.44) is again
t

(145) un(tr) = ¢ tuolr) + [ dset (B (s.) + BATuS (5,7). 07 <A
0

Existence and uniqueness for (1.45), expressed in terms of v = vy @ v§ for the decomposition
U= (mg+vy) ® (mg + v5) follows as before, and vy € C°(R™; WL(A) N C! (A)) [so long as
we are concerned in the first r-derivative. | Compactness of the orbits results also from the
uniform boundedness of vy (t,7) and 9,vx(t,r). Namely, given any sequence t,, — 0o, there
is uy € C1(A) such that limy_, o Tt‘zkﬁ = u* for a subsequence t,,, — oo.

Note that Propositions 1.9 and 1.10 also apply to partial dynamics (1.44). Decay prop-
erties of vy as A — oo will follow from the “Barrier Lemma” (in the terminology of [Pr], )
which is an essential tool in our analysis ; this compares the full dynamics T} as in (1.11)

with the partial dynamics T}*.

Theorem 1.12: Let u(t,r) and u(t, r) solve respectively the full and partial dynamics (1.11)
and (1.44), with same initial condition ug € X9. Then for all T > 0, u(t,r) — u(t,r) — 0 and
Oru(t,r) — Opu(t,r) — 0 uniformly for 0 <r < Xand 0 <t < T, as A — oo. [the r-derivative
of u(t,r) being understood almost everywhere, namely outside r = A.]

Proof: We proceed somewhat as in the proof of [El-BoRo,Proposition 3.5]. Recall that the
restriction of T to [0, \] is given by

t
(1.50) WWF5%®+/%WHmeWwﬁwmm,wﬂ
0

where u§ is independent of ¢ and takes for instance the initial value ug. [Since we are not

interested in uniqueness properties of the limiting orbits, we could assume u$§ = mg. | Denote
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by u(t,r) the solution of (1.11) on the full space and by u(t, ) = T ug = ux(t, ) ®us. So u

is piecewise continuous. We have

(1.51) (u—u)(t,r) = x(r < )\)/O dt1e= 1) gy (u, W) (ty, 1) + x(r > N)(u — u$) (L, 7)
with gx(u, ) = f(BAu) — f(BAxux + BASuS). Since 0 < f/ < 1/2, we get
(152) o B0 7)] < DA~ ) (0, r) = 2 Ar = ) (1, 7) + A5 u— ) (0, )

all r < A. Proposition 1.3 shows that if ug — mg € X’,S, then uw — mg € Xg([O,T]) for all
T > 0, and the RHS of (1.52) is well defined. Applying A = Ay & A to (1.51) we get in turn

t1
A(u —u)(ty,r) = AA/ dtae " gy (u, ) (ta, ) + AS (u — us) (t1,7)
0

Using (1.52) and the fact that Ay is positivity preserving, gives the estimate

t1
|A(u — @) |(t1,7) < g / dtae? " Ay A(u — ) |(t2, r) + |AS (u — up)|(t1,7)
0

Inserting into (1.51) we get

t t1
lu—al(t,r) < x(r < )\)(g)Q/O dtye~ 1) /o dtye™ 112 AN A(u — )| (ta, 1)

t
+x(r < A)g / dtre” TIAS (u = uf) | (t,7) + X(r > N — ux(t7)
0

Let T y(t) fo dty [, Sty fg’“_l dtiu(ty) denote the k-fold integral of u, this formula

can be carrled over by 1nduction as

k—1
lu—a|(t,r) < x(r < Ae~ Z )T (0 A7 AS (u — uf)|) (E, 7)
(1.54) j=1

+ (§)’“T<’“> (e AYTHA = D)) (t,7)] + x(r > Nu— S (¢, 7)

We first need an estimate on AS(u — u$)(¢,r) for r < A\. We proceed as in Lemma c.1, using

(c.6)

A= u§)(tr) = (n+ 1) [ a1, ) / " ApF T (0) I (rp) s ()
(1.55) o 2 - p 0
4 / dr' (u— ) (t,7") / AppF TV I(r) - Tuis ()
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We split [;° dpFJ(p)Jn(rp)Jns1(r'p) into 2 parts, integrating respectively on [0,1/A] and
[1/A, 00[. For the first one, we make use of the bounds |J,,(rp)| < C(rp)", Jot1(r'p) < C,
for the second part, of the bounds |J,,1(r'p)| < C(r'p)~2, J,(rp) < C, and of the rapid

~

decrease of FJ(p). Altogether, we get with a new constant C' > 0 :

o0 ~ 1 T\n 1
1.56 dpFJ(p) T (rp)dpeq (P’ p)| < C(=((=) V1) + —
(1.56) [ @ F T o)l < €5 V1) + =)
Next we integrate by parts [~ dppfj(p)Jn(rp)d%Jn+1 (r'p), the 2 first terms can be bounded
as before, for the third term [ dpprfj(p)J{l(rp)JnH(r'p) we split again according to
[0,1/A], [1/A, 00|, for the first integral we use rpJ,(rp)| < C((rp)™ Vv \/7p), which gives the
bound C’%(G)” V \/%), for the last 2 ones we use |J/ (rp)| < C, which gives the bound

Cr/\/r'. Thus

o ~ d 1,,r\n T r
1.57 /d]:J Jn(rp)— T ()| < C(=((=) VvV /=) +
(1.57) L] Ao F () In(ro) oI (o)l < C(5((5) p )
On the other hand, since the initial datum ug belongs to )?g, given T" > 0, by Theorem 1.5
there is Cr > 0 (also depending continuously on 7T') such that for all t < T', |u — u§|(t,r) <
Cr(1+7)72. Inserting this estimate into (1.55), using (1.56) and (1.57) we get by integration,

for a new constant Cr > 0

1
1.58 AS(u—u§)(t,r)| < Cr—, r<A\
(1.58) [ AR (u = u})(t,r)| < Cr 7
Next we notice that since e A, u(r) = J* (e u), and [J =1, we get |A\u|(r) < sup(o,\ |ul
for all » > 0. It follows then from (1.58) that

AT AS (u—u§)|(t,r) < Cr/VA, §=1,2,---

Now we have again |A(u — a)(t,r)| < 1 for all ¢,r >, and A5~ A(u — @)(t,7)| < 1 for all k.
Performing the successive integrations we find that the series in (1.54) is uniformly convergent

for t in compact sets, so we can write, for 0 < r < A,

oo

~ _ y . . - c c B 1
ju= () < et S (5)TO (O AL AT (1= ) (1) < Ot Vs

J=1

which proves the first estimate on u(t,r) — u(t, r).

We cannot repeat this argument for the r-derivative, since 0,- doesn’t commute with Ay
[while partial derivatives 0,, commute with convolution, | so we proceed indirectly. Take again
r-derivative of (1.25), and iterate (1.22) once more to get |02 A,u(t,7)| < ||V2J|1]|u|co- By
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integration in the s variable, we find that 02w(t,r), and consequently d2u(t,r) are uniformly
bounded for ¢ in compact sets. The same conclusion holds for the partial dynamics, showing
that |02 (u(t,r) —u(t,7))| < Const. uniformly for ¢ in compact sets. Now we use the following
well-known interpolation inequality : for any bounded intervals K; CC K, there is C > 0
such that for all f € C? we have

Sup g, ‘f/|2 < CSUPK2 ‘f‘(SUPKz |fl+ SUPf., ‘f”‘)

Applying this to f(r) = wu(t,r) — u(t,r) easily yields the required uniform estimate on
Oru(t,r) — Opu(t,r). The theorem is proved. &

2. Existence of a radially symmetric minimizer.

In this Section we study some continuity properties of the free energy in finite or infinite
volume ; continuity properties of the renormalized free energy are investigated in Appendix
B. Next, following [Pr], we identify the limit points u*(r) in the box A by using the excess
free energy functional F(mp|mac), then we identify the limit points w*(r) on the half-line,
by using the renormalized energy Fien(m) in the full space, and eventually prove Theorem
0.1.

a) Continuity properties for the free energy.

We start with general remarks on continuity properties for the free energy, which are
quite close to the case of configurations valued in [—1,1] as in [Pr], [AlBe],.... The only
difference is that we need to assume |m| # 1, since the entropy function I(m) is unbounded

as |m| — 1. Consider the functional

1
@) Fem)=g [ do [ dyde-ylmia) - m)P+ [ defaim()
R? R? R2
defined on the set E = L>°(R?; B5(0,1)) and valued in R+ U {4+o00}.
Proposition 2.1: F is lower semicontinuous on F with respect to convergence almost ev-

erywhere.

Proof: Let m € E, and m,, € E be a sequence converging a.e. to m. Define

1
gnlz) = 7 /R2 dyJ (z — y)|mu(z) — ma(y)|* + fa(|mn(@)])
and g(z) similarly, with m,(x) replaced by m(z). Expanding the square and using the
normalization of J in L' we get

1

gn(z) = 9(@) = 7 (Im(2)* = [mn(@)[*) + fa(Imn(2)]) = fo(Im(@)])

1 _ 1 . 1 2 2
-3 Re(my(z) — m(z))J « m(zx) + 3 Remy,(x)J * (M, —m)(x) + ZJ* (|mn| — |m| )(x)
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The first term tends to 0 a.e., so does fz(|my(x)|) — fg(Jm(x)|) since fz is continuous. Since
m € L>® and J € L', J * m(z) is uniformly continuous and bounded, so again (m,(z) —
m(x))J * m(x) tends to 0 a.e.. In the same way, by the dominated convergence theorem,
J * (m,, —m)(x), tends to 0 locally uniformly in x, and this argument equally applies to
J % (|mn|* — |m|?)(x), proving that the last 2 terms in the decomposition of g, (z) — g()

above tend to 0 a.e.. Then Fatou lemma shows that
(2.2) liminf,,_, o F(my) > F(m)

which proves the Proposition. &

Thus proving the existence of a minimizer for 7 amounts to extract from every mini-
mizing sequence a subsequence converging a.e.. The next result concerns weak lower semi-
continuity of the free energy in finite volume A as is defined in (1.40) and (1.41). To simplify

the notations, we set m = mp, and m® = ma.. Here m® = mp. € F is fixed.

Proposition 2.2: If m,, € E converges weakly to m in LP(A), 1 < p < oo, then
(2.3) liminf,, oo F(my,|m) > F(m|m°)

while, if |m,,(z)] < p < 1 and m,, — m a.e. in A, then F(m,|m®) — F(m|m®).
Proof: Following [Pr] we write F(m|m®) = F(m|m®) + R(m®) where

F(m|m®) ﬁ/dxl ——Re/dx/dij— ym(z)m(y)
(2.4) —Re/ x/ dyJ(x —y)m(x)me(y)

= /d:z;/cdny— )|me(y) 2

So R(m®) is just a constant. Because m,, € E converges weakly to m in LP(A), [, dyJ(z

y)m,(y) tends to JydyJ(z — y)m(y) as n — oo for any & € A. Moreover I;(m) =
tRe [, dx [, dy J(z — y)m(z)m(y) is weakly continuous on LP(A) ; namely, if m,, converges
weakly to m, then m,(z)my(y) converge to m(z)m(y) weakly* in L>°(A x A), and since
J(x —y) belongs to LY(A x A), then Z;(m,) — Z1(m). We get the same conclusion for the
term Zy(m) = [, dz [,. dyJ(z — y)my, (z)me(y), so that (2.3) follows from the convexity of
the entropy function I(m) = I(|m|)

If m, — m a.e. in A, then by the dominated convergence theorem, the last 2 terms in
F(my|m®) tend to the corresponding ones with m instead of m,,. The same conclusion holds
for the first term provided |m,(z)| <p <1in A. &
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Following [A1Be,Remark 4.8] we can use the first part of Proposition 2.2 to prove existence
of a minimizer for F(-|m°) subject to some weakly closed constraint, since F(-|m¢) itself is
not coercive. We can also extend Proposition 2.2 to infinite volume for F as in (2.1), to show
that F is weak® compact in L>(R)?, and F is weak™ lower semi-continuous on E. Thus we
can prove again existence of a minimizer for F subject to some weakly closed constraint ; but
it turns out that a topological constraint such as the degree of m at infinity is not weakly

closed, and thus we shall proceed another way.

b) Free energy dissipation for the partial dynamics.

This paragraph is a first step towards Theorem 0.1. The key property of the solution of
(1.11) or (1.44) is that its energy decreases with time. To start with, we consider the case of
finite volume. Given A we write again, emphasizing the dependence on 6 in the sector (e, ), the
solution of the partial dynamics T/ with initial value eug(r) as m(t, z) = T (e™Pug(r)),

0

U = 6in9(

using the notation m = mp ® mpe = et ux u‘j\) Sometimes we omit to write

e, We define the free energy dissipation rate of u(t,r) as

AMa _1 Arr— T+ T (uy)) (ux — u
28) M@ = 5 [ dr (P47 Tw) (0 - F(547)

It is easy to see that F(ma|mac) is a Lyapunov function for Eqn. (1.44), i.e. Z"(u) > 0 and

(2.9) F((TMm)amac) — F(malmac) = — /O dsT (@) (s, 7)

with Z%(u) = 0 iff u verifies (1.44). If the initial datum @ is bounded below from 1, so is uy
because of Proposition 1.10, and f’(uA) < oo everywhere. This shows that Z” () (t,r) < oo.
We have the following

Theorem 2.3: Let the initial datum m be such that F(ma|mac) < +o0o0. Then every limit
point @*(r) of T u satisfies Euler-Lagrange Eqn. (1.42)-(1.43) and

(2.10) ]:(emeuf\(rﬂm/\c) < F(ma|mae)

Proof: We follow an argument of [Pr,Sect.4.2.5], essentially due to [FiMc-L]. Since u* is a
limit point of T ug, there is a sequence ¢, — oo such that lim, e [T} ug — @*|lsc = 0. If
u* does not satisfy (1.42), then Z”(a*) > 0. We start from u* as a new initial datum for
the evolution T*. Because t +— T/ (u*) is continuous as a map R* — CY(A), and T# is
continuous (hence 1.s.c) on CY(A), for ¢t > 0 sufficiently small we have : Z* (T u*) > 0 and

hence the free energy dissipation in [0, 1] verifies

(2.11) DA@*) = /1 dtZM(TA*) > 0
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We shall show in a while that this implies
t
(2.12) limt_wO/ dsT (TP ug) = +oo
0
which contradicts hypothesis F(mp|mac) < oo by inequality < in (2.9) :
/ dsT™ (TMug) < F(ma|mae) — f((TtAemeuo))\|mAc) < F(malmae) < oo
0

So for r < X\ we have, —fAu* + f’(uf\) = 0, or equivalently ui — f(BAu*) = 0, and the
limiting orbit u* verifies Euler-Lagrange equation (1.42). Then (2.10) easily follows from the
uniform convergence on compact sets, as t — 0o, of (T} e%ug), towards e™?u3.

Now we need to show that (2.11) implies (2.12). Because of the continuous dependence
of the initial data, we have again lim,, . sup,<; |70 — T (T2 uo)||oe = 0. Since we work in
the finite volume A, and T} ug is bounded below from 1, this implies lim,, oo D* (T ug) =
DA(u*) > 0. So there is N € N such that D*(T}ug) > § > 0 for n > N. Without loss
of generality (since ¢, — 00) we can assume, after possibly extracting a subsequence, that

N=1,ty=1and t; —t;—; > 1forall j > 1, s0t; >2 and by the group property we have
th t1—1
/ dtTM (TPug) = / dtTM(TATMug) > DM (TRug) > 6
1 0
By induction we get when ¢t — oo :

/ dsT™ (Thug) > / / dsTM(Tug) > 6+ 64+ — o0
0

which proves (2.12). .

c) Free energy dissipation in infinite volume, and proof of Theorem 0.1.

We extend here the results of Paragraph b) to full dynamics. Let m € E be the initial
condition for the full dynamics, such that Fren(m) < co. More precisely, we choose m(z) =
e™ug(r), up = vo +mg € W, v € )Z'S, with notations of Theorems b.6 and 1.5. For A > 0,
denote by m = ma @ mae, and © = uy + u§ the corresponding radial parts. Here we shall let
A — oo, for fixed t. Using that (T*m)xc = mae, Theorem b.6 and Remark b.7 easily show
that we can rewrite (2.9) as
(2.15) Fren(THM)) = Fren(m) < — / dsT*(a)(s, )

0
By the Barrier Lemma, Theorem 1.12, we have || T m — Tym; L=(A)|| = Sup,.¢co,n |U(t, ) —
u(t,r)| — 0, and ||0, T m — 0, Tym; L= (A)|| = SUp,-co,x] |0ru(t, r) — Oru(t,r)| — 0, a8 A — oo
uniformly for ¢t € [0, T]. By [lower-semi| continuity of Fren, Theorem b.8

(2.16) Hminfy oo [Fren (T0) — Fren(m)] > Fren(Tym) — Fren(m)
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On the other hand, Fatou Lemma shows that

t t
lim inf 0 / dsT™ () > / dsT™(Tyuq)
0 0

where Z(u) is defined as in (2.8) by integrating over r € [0, co[ and takes its values in [0, +-00].

We rewrite this inequality as :

t t
limsup, _, —/ dsT™ () < —/ dsT™ (Tyuq)
0 0

so by (2.15)

(2.17) Fren(Tim) — Fren(m) < — /Ot dsT™ (Tyup)

Now let m*(x) = e%u*(r) be a limit point of Tym, u* € C°(R™*) as in Corollary 1.6, namely
suppose there is a sequence t,, — oo such that for any A > 0, lim,, o sup,<y |Tt,uo(r) —
uw*(r)] = 0. So this time we let t — oo, for fixed A. If u* does not satisfy (1.10), then there
is \* > 0 so that ZA" (u*) > 0.

We start from u* as a new initial datum for the evolution T;. Note that u* has a
priori no decay at infinity, but we can consider Tyu* on r € [0, \*] by Proposition 1.8, with
convergence on compact sets. Because t — T;(u*) is continuous as a map R — C°(A*), and
77" is continuous (hence Ls.c) on C°(A*), for ¢ > 0 sufficiently small we have : T (Tju*) > 0

and hence the free energy dissipation for (¢,7) € [0, 1] x [0, A\*] verifies
1 *
(2.19) D*(u*) = / dtT? (Tyu*) > 0
0
As in the proof of Proposition 2.3, we shall show that this implies
t

(2.20) limt_wo/ dsT™ (Tsup) = 400

0

On the other hand, inequality (2.17) yields fg dsT™N (Tyug) < fg dsT(Tsug) < Fren(m) —
Fren(Tym). So by the discussion at the end of Appendix B, there is C' > 0 such that
Fren(Tym) > —C for all t > 0 large enough, and we see that (2.20) contradicts the hypothesis
Fren(m) < 00.

Now we prove that (2.19) implies (2.20). Since T}, uo(r) — u* uniformly for (¢,r) €
[0,1] x [0, \*] as n — oo, and the flow T; depends continuously on the initial data, we see
that Ty (T3, uo) (r) — Tyu*(r) — 0 as n — oo, uniformly for (¢,7) € [0,1] x [0, \*], and by Fatou
Lemma,

1
lim, o D*(Ty, ) > / AT (Thu®) > 0
0
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So we may assume that D*(T;, ug) > 6 > 0 for all n large enough, and the proof goes exactly
as in Proposition 2.3. This shows (2.20) and brings the proof of Theorem 0.1 to an end. &

3. Linear stability.

To start with, we recall from [OvSil] some well known facts concerning symmetry
breaking of Eqn. (1.8) or (1.9). The symmetry group G for these equations is given by
G =R?x07"(2)xU(1) xT', where R? acts as translations m(z) — m(x —h), h € R?, O7(2)
as rotations m(x) — m(R™1z)), R € O*(2), U(1) as gauge transformation m(x) — Am(z),
AeU(1) = S', and I as “conjugation of charge” m(z) — m(z).

By the symmetry group G,, of a solution m, we mean the largest subgroup of G which
leaves m fixed. Then the part of G broken by m is the coset G/G,,. If H is a one-parameter
sub-group of G, we say that H is preserved (resp. broken) by m if h(m) = m for all h € H
(resp. h(m) # m for all h € H,h # 1d. )

The subgroup of translations is never preserved by m, unless m is a constant. The sym-
metry group of a radially symmetric solution, i.e. m(x) = e™?u(r) is the discrete subgroup
of Olj/n(Q) C O™ (2) of rotations by the angles 2kw/n,k € Z. Thus, m breaks the trans-
lation group, the rotation subgroup O*(2)/ O:/H(Q), and the charge group. The symmetry
group for an equation of the form F(m) = 0 allows to find elements in the kernel of its
linearization around some point m, i.e. solutions of (dF'(m),£) = 0. Namely, let m be a
solution of F'(m) = 0, breaking a one parameter subgroup g(s) € G (the symmetry group of
this equation). Let 7 be the generator of g(s). Then £ = 7m solves the linearized equation
(dF(m),&) = 0.

a) Linearisation of F,, around a radially symmetric solution.

Next we examine the Hessian of F.., and look for relations between the gradients of
Fy and Fj defined in (1.8), (1.9). We take advantage of the fact that F}, j = 0,1, are real

analytic functions, real for real m, to write F;(m) instead of F;(m,m), and we will denote

also Fj(m) = Fj(m, m) = F;(m, m) OF, (m) = 28 (m), etc ... Following [OvSi], we express

’ Om om
the Hessian of F,e, in these complex variables as
82 F 8*F oF, or
_ | omom  om2 _ [ om om
(31) Hessfren — 82f 82]: - < 8F1 8F1
om?2 Omom om om

We have Hess Fren(m) = V,, F1(m) (the gradient in the real sense) and similarly, we define
VFy(m). Introduce the notations z = B.J * m, ¢o(z) = f(|2])Z, ¢1(m) = f’(|m\)%, so that

¢o and ¢, are inverse from each other.

Lemma 3.1: With the notations above
(3.2) —BV . 00(2)Vin Fi(m) = =1d+08V.¢o(2)J % - = V,,, Fp(m)
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and in particular (ﬂvz¢0(z))_l =V Fi(m) + Jx.

Proof: Again, we write ¢1(m) for ¢1(m,m), ¢1(m) for ¢1(m, m), and similarly for ¢o. The
“upper-left” matrix element of V¢o(z)VFi(m) is given by

0 0 0 0 0
o1 = =000 L1 000 ) 4 000 201 )

On the other hand, differentiating the identity ¢g o ¢1 = Id we get

_ 9¢o, 09 0o, O¢1,__

= (600 61)(m) = 2(2) S (m) + 2 (2) G2 ()

(2) 5 —~(m) + ——

which leads to fa; =1-73 %(Z)J % -. All other matrix elements can be handled of this sort,
using Oz (P © ¢1)(m) = 0, and two similar identities, obtained after permuting z with z, m

with m. So we proved

_ _ Fo(x) @)Y
(3.3) BV o (2)VFi(m) =—1d+5 ( aa(io( ) 88(]520 ) ) J

and the Lemma easily follows. &

A direct computation also shows %(z) =3 (f U=D) 4 g (]z])). Using recursion formulas

between the derivatives of the modified Bessel functlons Iy and I, we find for f = I1/I :

1ty =1-12(t) = £, s0

(34 %)= L - e
Similarly
(36) %( ):212(1_f2(|2|)_2f(|f|5‘))

so that setting b(|z]) = 1 — f2(|z]) — 2f(|zz|‘ , we have

Lo 2b(e)
(3.7) Vetole) = 3 ( ) 1o f2<|z|>)
It follows that V,¢g(2) is hermitean, and

(3.8) det Véo(z) = a(|z)) = £z T‘TD

We notice that 1 — f2(|z]) > 0, and b(|z]) = f/(|z]) — £ < 0 with equality only at z = 0,
since f(0) =0 and f is strictly concave on [0, 400[. Now by Lemma 3.1

- B 1jf2(|2|) 2b(|2() .
(3.9) VEy(m) = Id+2< Zp(]2)) 1—f2(|zl))J
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Let now m be a radially symmetric solution of dF;e, = 0, as in Theorem 0. If m(z) =
emPu(r) solves (1.8), then f(|z|) = u(r), and we have b(|z|) = b(r) = 1 — u2(r) — 24"

I'ou(r)’
a(r) =a(|z|) = fo fLou(r) ffllfaz)(r) (here we have used the relation |m| = f(|z|) to denote,
somewhat incorrectly, a(|z|) by a(r), b(|z|) by b(r). ) Then Lemma 3.1 shows again
1
(3.10) Hess Fren(m) = Vy, Fi(m) = —ﬁB(r, 0)+ J * -
with

(3.11) B(r,0) = L ( L—u?(r)  —e*™%b(r) )

a(r) \ —e 2m9(r) 1 —u?(r)
ct. |Ovbil, tormula (7. or Ginzburg-Landau equation. s 1n |Ovdl] we have the
f. [OvSil, f la (7.7)] for Ginzb Land i As in [OvSi h h

Lemma 3.2: VF; is symmetric for the scalar product (£,17) = Re [7€. In other words,
Re [V F1(€) = Re [ V1(n)€, where VFy(€) is a shorthand for (VFy(x), (&,€)).

Now we make a Fourier analysis of VF;. Taking polar coordinates as above, write

&= Z Ek(r)eike, &, € C, and expand J * - in terms of A. To account for the phase factors
keZ
et?m9 in (3.11) we make a shift of indices and introduce the mapping

. (575) = (<£k7gk))kez = E: ((ék’EQn_k))kEZ

which is unitary if the target space is endowed with the inner product

(3.13) €)= +Re (5 ) (L))

k>n §2n—k MNon—k

We then define the real-linear operator @mFl on vector-valued functions E by %mFl =

7V Fim*. Asin [OvSi] we can easily show that operator @mFl is block-diagonal of the form

<§mF17é\> = (<§mFl(k)7 (_ gk >>)k>
£2n—k ="
where

1 2 b(r)
(3 14) @ F(k) _ Ap — Qﬁa(r)(l —u (7“)) 23a(r) _7
2pa(r) 2n—k ™ 23a(r) u(r))

So we have reduced the problem of linear stability around the radially symmetric solution
m(x) = e™’u(r) to the study of the spectrum of the family of operators (Ly)i>n. By the

discussion at the beginning of this Section, we already know some zero modes, corresponding
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to breaking of the rotation, gauge or translation symmetry. However, these functions are not

in L2.
b) Spectral properties of L,,.
Conjugating with R = % (_11 } ), we see that L, is unitary equivalent to
- A, — T 0

(3.15) L, = Pu

T (w)
0 A, — 5§

Let V(r) = Ig:j) > 0, W(r) = I//ﬁ(u) > 0. These are smooth functions on R*. Since
Apu — %f’(u) =0, U = (i) is a solution of L,U =0 (the zero mode is due to breaking the

gauge group) but of course u ¢ L2. First we look at the spectrum of A,,.

Lemma 3.3: If FJ > 0 and J > 0 (i.e. J is non negative definite in the sense of [FrTo), )
then |0, 1[{C 0.(A,) C 0(A4,) C [0, 1]. Moreover Ker A,, = 0.

Proof: Recall A, = Hn]-"an, so (A, — N7 = _%Hn( — %)_1[{”. So (A, — AL s

bounded in operator norm for A < 0, if FJ > 0. On the other hand, fj(p) < 1 since

J > 0 and [J = 1, so when A\ > 1, (1 — @)_1 is a Neuman series converging in
operator norm. It follows that o(A,) C [0,1]. Conversely, let A €]0,1[. Since J(0) = 1
and FJ(p) — 0 as p — oo, there is py > 0 such that F.J(py) = A, so take v € L2(R*;rdr)
such that H,v(p) = x(px —€ < p < px +¢€), where € > 0 is small enough. It is clear that
(A, —X\)"lv ¢ L? which shows that A, — X is not surjective.

At last, let 1) € L2(R"; rdr) such that A, = 0. Then FJ(p)Hnt)(p) = 0 ae. and this

implies in turn that H,¥(p) = 0 a.e. for we cannot have F.J(p) = 0 on a set of positive
measure since J is smooth and jZ 0. Soyp =0and Ker A, =0. &

Consider now A, — V(r), and A,, — W (r). We discuss first some properties of V' and
W. Convexity of the entropy function I on [0,1] and I (0) = 0 imply that I”(u) > 0, and
V'(u) = 1" (u) — # > 0. In the same way, it is easy to see that I”(u) > 0. Recall also that
f“(()) = 2, and mg satisfies the equation IA'(mlg) = (Bmg. Although this will not be needed,
we mention for completeness that IA”(mg) = (Il—g(ﬁmg) - m/%)_1

On the other hand we learned from Sect.2 that u increases from 0 to mg on R*. Alto-
gether, this shows that V increases from 2/8 to 1 on r € [0, +o0] for 8 > 2 (recall that there
is nothing to prove when < 2, ) and W increases from 2/ to f”(m/g).

So in the sense of self-adjoint operators, we have A, —1 < A,, — V(r) < A, — 2/, and
Lemma 3.3 easily shows that o(A,) C [-1,1 — 2/5]. For convenience we shift the whole

spectrum by 1 by changing V into V=V- 1, and consider now A, — V. For a suitable
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interaction J we shall prove that the spectrum of A,, — V is purely continuous by using a

positive commutator. This is actually a simple variant of Mourre estimates. More precisely,

we assume that J(r) = (27)2e " /47 or equivalently FJ(p) = e ™ (see Example 1 of
Sect.1. )
Lemma 3.4: With J as above we have [J * -, 20, + 0,x] = —47wAJ, or in the (e, )-sector,

(A, 70y + Opr] = 47an(er_”p2)Hn.
Proof: We compute for a test function ¢, [J-, 20,40, z]o(z) = =2 [ dzJ(x—y){z—y, V(y)).
When J(z) = (2m)2e~" /47 —2J(z — y)(z — y) = 4mJ'(z — y), so Green formula shows that

[J -, 20, + O] = —4wAJ. Taking Fourier transform and restricting to the (e, )-sector gives
the Lemma. &

Denote by D = r0, + 0,r the generator of dilations, and C,, = 47an(er_“pz)Hn. So
C,, is a bounded, positive operator in the L? sense (and also positivity improving as we can
show by differentiating (1.12) with respect to p at p = 7 ; also C,, cuts off both low and high
frequencies. These properties however, will not be used in the sequel .)

On the other hand, [~V D] = 2rV’(r), which is also a positive (and positivity improving)

operator, so we get :
(3.17) [A, —V,D] = C, +2rV'(r)
From this and the energy identity

(3.18) ([An — V, DIy|p) = (Cotplyp) + 2V ()1 |))

it follows that ¢ € D(D) = {v € L*(R*;rdr) : r¢'(r) € L?} cannot be an eigenfunction of
A, — 17, for otherwise it would be supported at » = 0 (and the range of its frequencies would
reduce to p = 0. ) But since D is not bounded on L? we shall first perform a regularization.
This is simpler than usual (with the laplacian instead of a convolution operator) because A,,

itself is bounded. Namely as in [Mo] we use the following :

Lemma 3.5: For real p # 0, let R, = (1 + D/p)~'. Then for |u| large enough, R, is
uniformly bounded on L*(R™;rdr), and s-lim,, o R, = Id.

Remark: Actually, as in [Mo] we could strengthen the conclusion of the Lemma by replacing
L2(R™*;rdr) by Hg, k = 0,£1,+2. Here Hy = L?, 'Hs denotes the domain of a second
order differential operator (laplacian) on the half-line A, = r=2((rd,)? + r0, — a), a > 0,
ie. Ho = {vb € L? : Ayp € L%}, H; is the closure of C5°(R™) for the Sobolev norm
[¥]l1,0 = (fy drr([v] + |0:0] + %\¢|2))1/2, and are H_1,H_o the dual spaces. Actually

some care is needed because of the singularity at » = 0. We shall not use this however, but it
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could be also useful, if we want to drop the assumption about the existence of an asymptotic

of u(r) as r — 0o, to work also on weighted spaces of the form (r)*L2(R™T;rdr).

Given Lemma 3.5, we can prove absence of eigenvalues for A,, — V as follows. Substitut-
ing D,, = DR, for D in the LHS of (3.18) we get : ((A4, — 17)D“1/1|¢) — (Du(A4, - 17)¢|¢) =
(D] (An—V)3) = 0 since (A, — V) is self-adjoint and D,y € D(A,—V) = L?. Now by the
definition of R,,, we have [A,, ~V, D,] =R, [A,—V, D|R,,. Using that s-lim,, . R, = Id and
[A,,, D] is bounded gives s-lim, .o R,[An, D|R,, = [A, D]. We are left with R,,[A,, V]Ru.
Taking r-derivative of (1.10) gives u'(r) = Bf' (BA,u(r))(A,u) (r), and by the explicit rep-
resentation (1.12) of A,

(3.19) ru' (r) = (2m) 2B f (BAu(r)) (r[An, rlu(r) — 2rnA,u(r))

The second term on the RHS is uniformly bounded for » € R™, since A,, is bounded on L*°.
We know by Theorem 1.11 that u € C*. According to hypothesis of Theorem 0.2, we shall
also assume that u has an asymptotics of the form u(r) = mg + & +--- as r — oo. Since
A,, has the asymptotic property with vanishing subprincipal symbol, r[A,, r] is bounded on
mg+XY, sor — r[A,,rJu(r) is bounded on RT. It follows from (3.19) that the multiplication
by rV’(r) is bounded on L2, and again by Lemma 3.5, s-limy, oo Ry [An, V]Ru = [4,,V]. So
we get ([A, — v, D, ) — ([An — v, DJy|4p) as pp — oo, and looking at the RHS of (3.18)
gives that ¢ = 0.

Absence of singular spectrum follows also from this regularization and Putnam-Kato
theorem (see [ReSi,Sect.XIIL.7]. )

By the discussion before Lemma 3.4, the same argument applies to A,, — W(r), so by

(3.15), L,, has purely continuous spectrum, which eventually achieves proving Theorem 0.2.

c) Remarks on the linear stability of higher modes.

Spectral analysis of operators Ly, k > n + 1 is much harder, and we shall content to
write the formula for L,,4+1. For the scalar 1-d Kac model, it is known (see [Pr,Sect.(6.3.1)]
that if L denotes the corresponding linear operator around an instanton m(x), i.e. a solution
to Euler-Lagrange equation standing for (1.8) or (1.9), then L is bounded, its spectrum lies
in R, and L has a 1-d kernel generated by m’(z). Moreover there is a spectral gap w > 0,
namely (¢|Ly) < —wl1||? for all ¢ such that (m’[¢)) = 0. This relies on the fundamental
energy identity

(1Lw) =~ [ dedyT(z = gy @' w)]

which of course doesn’t hold in our case. Instead we write, after conjugating with the reflection

() Py )
)

m'(z)  m/(y

matrix R as before, operator L, 1 in the form :

i Api1+ A1 = V(1) An—1—App
et An—l - An—l—l An+1 + An—l - W<T)
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The vector U(r) = (”Z,(Zg)/r) corresponds to the translation mode, and solves Ly, 1U(r) = 0.
With the Gaussian J, naive considerations on the matrix [an,D] suggest it could enjoy

positivity properties, but still allowing for a non trivial kernel.

Appendix
A) Continuity properties of A,,.

We analyze in this section the action of A4, on X? and Y.
Lemma a.l: Assume J € S(R?) (the Schwartz space of rapidly decreasing functions together

with all derivatives). Let x be a smooth cut-off equal to 0 on [0,1/2] and to 1 on [1, co[, then

if u is continuous on the half-line, we have

(a.3) sup, <1 [An(1 = x)u(r)] < Csup, < [u(r’)]
(04) Suprzl rk‘An(l - X)"LL(T)| < Csupr’§1 |U(T/)|, k= 07 17 2.
(a.5) Sup,.<1 | Anxu(r)] < CSUpwzl/Q |U(T/)|

Moreover, (a.4) holds true for k = 5/2 and for k = 3 when n > 2.

Proof: For (a.3), we simply use the fact that Bessel functions (together with all their deriva-
tives, ) are bounded on RT (for example Jo(z)| < 1, and |J,(z)| < 1/v/2, all n > 1), and

FJ(p) rapidly decreasing. Next we check (a.4). For k = 0, the same argument apply. When

k =1, from the resursion formula for Bessel functions,

(a.6) (n+1)Jns1 (@) = 2(Ju(z) = T 14 (2))

we get

rA,(1— yu(r) = (n+ 1) / " (1 - x)u(r) / T dpdan (rp) () F I (o) +
(a.7) 0 0

T / T (1 - x)u(r!) / T dprp Tty (1) T 0) F T (0)

By the uniform bound on Bessel functions we just recalled, the first term is estimated by the
RHS of (a.4). For the second term, we integrate by parts with respect to p in the second
integral, using that J € S(R?), which yields the same conclusion. So (a.4) is proved when
k = 1. Consider at last the case k = 2. Denote by by (r, ') and by(r, ') the two p-integrals in
(a.7). We compute

) = (4 )+2) [ Lol L9 F )+
(a.8)

Fnt1) / N dpJn<r'p>ff<p>dipJn+2<m>
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To estimate the first term, we split the integration over [0,1] and [1,00], on [0, 1] we use
that J,(r'p) < Const.(r'p)™ since ' is bounded on supp 1 — x. Performing the integration,
this brings a term O(r'"). The integral on [1, co[ can be directly evaluated. We estimate the
second term in by (r,7’), and also by (7, 7’) in the same way. So we proved (a.4) for k =0, 1,2
and for £ = 3 the same arguments apply when n > 2.

Let us consider the case k = 5/2. Call by1(r,7’) and bya(r,7’) the 2 terms in (a.8), and

compute

~

>~ d
@8 ) = )0+ [0 o) ) F T
0
Since, for all n
T () ~ V2(rx) "2 cos(x — /2 — w/4), & — 00

(rp)Y/2Jpya(rp) = O(1) uniformly for rp > 0. We split the integral in (a.8) as fol and [,
Using J,,(r'p) < Const.(r'p)™ for 7’ € suppx, p € [0,1], the fol—integral contributes for a
constant times r'" fol dpp"~3/2 = O(r'™), while the fooo—integral contributes for a constant.
Hence 71/2 Jo = dr'r' (1 = x)u(r’)byy (r,7') < C'sup,¢p17 [u(r’)]. The same arguments show
this is the case of the corresponding term with 71/2b15(r,7’), and also of those arising from
rba(r,7’). So (a.4) holds true when k = 5/2.

We proceed analogously for (a.5), and compute A, ((-)3v)(r), where v(r’) = x(r')r'=3u(r’),
so that [v(r')] < x ()73 sup,ssq /5 [u(r’)], and x(r')r’'~? is integrable.

We estimate first a1 (r,7’) =7/ [;° dppJon(rp)Jn(r' p)FJ(p) using (a.6), as ' pJn(r'p) =
(n+1)Jpt1(r'p) + pdip Jnt1(r’p) which gives accordingly aq(r,r") = ay1(r, ') + a12(r,7’). In
ay2(r, ') we integrate by parts as before, which gives bounded terms for » < 1. Multiply
again by '/, and write as(r,r") = r'ai(r,r") = ag1(r,r") + asa(r,r’), with agi(r,r’) = (n +
D(n+2) [5° %Jn(rp)(]n+2(r'p)}"j(p), and ag2(r,7’), a less singular term, containing also
derivatives of J,12(r'p), which we integrate by parts. We multiply a last time by r’/, use
again (a.6) and write as(r,r") = r’az(r, ") = as1(r,r’") + asa2(r,r’), with agi(r,7’") = (n +
D(n+2)(n+3) [~ %Jn(rp)JnJrg(r’p)fj(p), and age a less singular term, containing also
derivatives of J,, 13(7"p). We examine ag; by splitting the integration over [0, co[ into [0, 7'},
[7/=11], and [1,00]. On [0,7"71], we use the estimates J,(rp) < Const.(rp)", and also
Jnas(r'p) < Const.(r'p)"*3 when n = 1. So the first integral resulting from that splitting
is bounded. The integral over [1,00] is also clearly bounded. Consider at last the second
integral, and the most difficult case, i.e. n = 1. This time, we estimate simply J,,13(r'p)
by a constant, and write J,(rp) < Const.(rp) ; integrating with respect to p gives a term
O(rlogr’) = O(logr’), but we can still divide this by r'®, 0 < o < 1, since 'x(r’")r' =372 is

also integrable. All other terms can be handled similarly. So the Lemma is proved. &
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Now we give some continuity properties of A,, on the space X}.

Proposition a.2: Assume A, has the asymptotic property and is positivity preserving.

Then A,, is a bounded operator on Xp, k =1, 2.

Proof: First we show that r — A,u(r) is continuous. Let x be a smooth cutoff as above, we
write Ayu(r) = An(1 — x)u(r) + Apxu(r). As A, (r,r) is smooth and (1 — x)u of compact
support, the first term is a continuous function of r. For the second term, write as in the
proof of Lemma a.1 when k = 2,

(a.10) Apxu(r) = /OOO dr'r'%(r’zu(r’)) /OOO dpF T (p)Jn(rp)r pJu (' p)

and use(a.6) to show that the p-integral is a continuous function of (r, '), uniformly bounded
with respect to 7/ € [0,00[. Since u € X3, r"?u(r’) is also bounded on supp x, and r’%
integrable, we can conclude that A, u is continuous.

When k = 1, replace (a.10) by
oo x(r' oo N
At = [t XS [T anE T o 00000

and apply the procedure above. We shall have to estimate [~ %Jn(rp) Jny2(r'p)J (p), for r
in a compact set we split again the integration over [0, co[into [0, pg] and [pg, oc], using the
bound J,,(rp) < Const.(rp)™ for the first part, and absolute convergence for the second part.
Thus we can conclude to continuity as in the case k = 2.

Next we show that if u € X, then r*A,u is bounded near infinity. Write r* A, u(r) =
rF A, (1= x)u(r) + %A, xu(r), by (a.4) we estimate the first term by Const.|ju; X?||. For the
second term, we have for all r > 1,|u(r)| < ||u; X?||r=F, so using the fact that A, has the
asymptotic property and is positivity preserving, we get |A,u(r)] < [Ju; X2 A ()7F(r) <
Const. r~*||u; X?||. This brings the proof to an end. &

Along the same lines, we can prove continuity of A,, in the asymptotic space Y.

Proposition a.3: Assume A, has the asymptotic property and is positivity preserving.
Then A, is a bounded operator on Yko, k=1,2.

Moreover, if A,, has vanishing subprincipal symbol, then it preserves the closed subspace
Eo={ue€ X} : ly(u) =0}.
Proof: Consider first k = 1. We just need to show that rA,u(r) has a limit as » — oo (the

same as u, ) and that

(a.12) SUD 1, yoof [T (rAnu(r) — £(u))] < Cllus Y|
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For the first point, we observe that by definition, given ¢ > 0, —5 < wu(r’) — ) < ¢

,,,/ — T/

for r’ large enough. Multiply this inequality by x(r’) as before, use that A, is positively
preserving, and A, (X)(r) ~ 1, we find |A,xu(r) — @| < 22 for r large enough. On the
other hand, by (a.4) for k = 2, we have A, (1 — x)u(r) = O(r=2), r — 0o, so we can conclude
lim, oo rAnu(r) = £(u). It is also clear that if A,, has vanishing subprincipal symbol, then
it preserves the closed subspace Ey = {u € X} : £o(u) = 0}. Now we prove (a.12). The same
argument as before shows that if u € Y, then [Anxu(r) —€(u) Ap X (r)] < Cllu; Y| An 25 (1),
so by the asymptotic property, for 7 large enough, 72| A, xu(r) — g(:) | < O(JJu; Y2+ [£(u)]) <
C’||u; YP||. Also by (a.4), we have for r > 1, 7| A, (1—x)u(r)| < Csup,. < [u(r’)| < Cllu; Y.
This proves (a.12) and the continuity property for k = 1.
The case k = 2 goes similarly, taking advantage that (a.4) holds for £k =5/2. &

Our next result concerns the behavior of A,u(r) as r — 0.

Proposition a.4: If if u € X}, then 7™ A,,(r) is bounded near 0..

Proof: We use this time the relation

2n
(CL14) ?Jn(x) = Jn_1<x) -+ Jn+1(£€)
p
which gives, by induction 22P(2p)x=2P Jo,(x) = Z o Jo(prj) (), n = 2p, and 2°PT(2p +
j=-p

p+1
D271 Jyp i1 () = Z BiJap+4) (), n = 2p+ 1. where a; and (3; are rational numbers.

Jj=-p

Then we argue as in Proposition a.2, for a linear combination of terms of the form

|ty [ o s (o) 1 ) FT(p)
0 0

(we have assumed here n = 2p + 1 the case n = 2p is similar, )and split accoording to the
partition of unity x and 1 — x. The latter part is obviously bounded uniformly as » — 0.
For the y-integrals, we divide by r"® as in the proof of Proposition a.2. This easily gives the

Proposition. ¢

A more difficult problem would be to analyse the asymptotic behavior of A,u(r), as
r — 0. Formal analogy with radially symmetric solutions of the Ginzburg-Landau equations

would suggest that if u(r) ~ r™ as r — 0, then so does A, u(r).

B. Renormalized free energy in infinite volume.

In this section we renormalize (c.31) in infinite volume on the real plane, restricting m to

a class of functions having topological degree at infinity. As usual, the divergence is due to the
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self-energy corresponding to a neighborhood of the diagonal in [ dzdyJ(z —y)|m(z) —m(y)|?,
and to [ dzfg(m(z)). For the latter, we shall remove fz(mg) from fz(m(z)) provided m stays
sufficiently close to mg. Our renormalized energy needs also to be bounded from below.

We discuss first some properties of the degree of a complex valued function. See [FoGa]
for more advanced results. Let m : R?> — C be a differentiable function, considered as a
vector field on R?, and subject to the condition |m(z)| — mgs as |r| — oo uniformly in

Z = x/|z|. Then the integer

1 1 dm
b.1 d - - did
(b.1) capm= - /M_Rd(argm - /M_Rm

independent of R when R > 0 is large enough, is called the (topological) degree of m at
infinity, and denoted by deg., m. We do not attempt to characterize all functions satisfying
(b.1), but just state for completeness the following result (the condition on the vy could
certainly be weakened. ) We say that m have a one-sided Fourier series if there is n > 0 (the
case n < 0 follows by complex conjugation, ) such that m(z) = v, (r)e™? + Z v (1)et*?,
k>n+1
Proposition b.1: Let m have a one-sided Fourier series, v, (r) — mg and m(z)—v, (r)ei"? —
0 as r — oo uniformly in 6. Assume moreover the Fourier coefficients decay sufficiently fast to

ensure existence of a continuous limit of E vp(r)2¥ as |z| — 17, i.e. E k2 ok (1)) < oo,
k>n+1 k>n+1
uniformly as » — oo. Then deg, m = n.

Proof: By assumption, we can differentiate the series term by term on the circle of center
dm

0, and radius R. To compute 5= ‘f|$|:R 4m “we put z = €. Since m(z) — v, (r)e™? — 0 as
R

r — oo uniformly in 6, | Z okl )Zk_”| < 1l on |z| =1 for R large enough, and Rouché
k>n+1 vn(R)

theorem asserts that v, (R) + Z v (R)2"™™ has no zeroes inside the unit disc. So the only

pole inside the unit disc is z iz(? ;ild the corresponding residue is equal to n. &

Unless restricting to those m with deg,, m = 0, F(m|m®) doesn’t make sense in the limit
A — 00, so we need a renormalization to remove the logarithmic singularity. More precisely
we show how to renormalize F(m), with F(m) as in (2.1) and m of degree n. For simplicity
we restrict to the case where m has a single Fourier mode, i.e. m belongs to the sector (e, (6)).
The idea is to remove in (2.1) a thin conic neighborhood of the diagonal = y in R? from
the double integral.

To give some flavor of the general argument, we forget about the free energy density
of the mean field fz(|m/|), and start with the particular case where m(x) = mge™?, which

belongs to E defined in (2.1) but of course, is not continuous at 0. Denote by F°(m) =
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1 [ dadyJ(x — y)|m(z) — m(y)|* the interaction term. Let first ro > 0 and split

1
Fom) = —(/ dx/ dy
Y apre - Jiyl>ro
-I-/ dx/ dy—l—/ dx/ dy)J(z — y)|m(z) — m(y)?
lz[>ro ly[<ro |z <ro R?

We are going to reduce (b.9) modulo integrable terms. Because J decays rapidly at infinity,

(6.9)

it is easy to see that the last 2 terms are bounded. Consider then the first term, and for each
x in the domain of integration, let L, = {y € R? : |y| > ro, [ty + (1 — t)z| > 70, Vt € [0,1]}
denote the light cone issued from z, and S, = {|y| > ro} \ L, the corresponding shadow cone.

> 2, 42 fo dy|m(z) — m(y)|* is bounded. We
compute f|a:|>7"0 dx f|y‘>ro dyJ(z—1y)|m(x) —m(y)|? by choosing polar coordinates z = re®,

Using the rapid decrease of J, we see that f|w

x — 1y = pe'®, the volume element is |dz A dT A dy A dy| = 4pr|dr A dO A dp A dp|, and now we
1,i6’

perform the integration over Q = {p > 0,7 > 7o, ¢ € [0,27],0 € [0,27]}. Writing y = 7’e

we have the relation
(b.10) r’ sin(§’ — @) = rsin(6 — @)

Thus the first term in (b.9) rewrites as
(b.11)

1 ~
1 / dx/ dyJ(z — y)|m(x) —m(y)|> = Qm%/ dppdpJ (p)rdrdf (1 — cosn(d — 6"))
|z]|>ro |z|>70 Q

We make the following observations : for fixed ¢, let I', be the reflection on the line 0 = ¢.
Then for all » > p, the map (r,0) — (r',6"), is 2w-periodic in @ (it corresponds to shifting
the circle of center 0 and radius r by the vector p(cosp, —sing). ) For given r, the function
6 — 1’ is even under I',, and increases from r — p for § = ¢, to r + p for 6 = ¢ + m, while
6 — 6’ — 0 is odd under Iy, increases from 0 for § = ¢ to a maximum value (6’ — 0)max, with
cos((0' — Q) max) = (12 + p?)~/2, for § = p + 7/2, and decreases again to 0 for § = ¢ + .
Together with relation (b.10) this gives

(b.12) ' —rl/r<p/r, [(0" = O)max| = p/T

We compute (b.11) as follows. For C' > 0 large enough to be fixed later, we split the integral
over the sets {r > Cp}, and {r < Cp}. For the first part, (6/ — 0)max is a (non degenerate)
critical point, and we observe that for C' > 0 large enough :
27 o+m/2 P2 p\3
(b.13) 2/ df(1—cosn(f—0")) = 8/ di(1—cosn(0—0')) =mn*(=)" +O(=)
0 ) r

r
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where O(f)g is asymptotic, as p/r — 0, to cn(f)g, for some ¢, > 0, all n (¢, increases to
+oo with n. ) This shows that the corresponding integral contributes with a logarithmic

singularity

~ . d
(b.14) 7m2/ dppSJ(p)Tr, Qo ={r >rg,r > Cp}
Qo

which we substract from 2 [, d@dgordrpdpj(p)(l —cosn( — ¢)). [Actually we replace the
integration over r > r¢ in (b.13) and (b.14) by N > r > ry and let then N — c0.] Since the
f-integral is clearly independent of ¢, integrating over ¢ gives an additional factor of 2w. The
term (’)(5)3 in (b.13) then contributes to a finite, and positive integral. Consider next the
integral over r < Cp. Interchanging the drdp integrals (which is legitimate after the cutoff

r < N, ) we are lead to estimate

00 00 27 27
2/ rdr/ dppJ(p)/ dgp/ df(1 — cosn(§ —6"))
0 r/C 0 0

There we use simply that the dpdf integral is bounded and take advantage of the rapid
decrease of J to bound the p-integral by a negative power of r to make convergent the

resulting r-integral. Thus we proved

Lemma b.4: With the notations above, if m(z) = mge™?, let

1
ren(— dz | dyJ(z —y)|m(x) — m(y)|2)
(b.15) ! / / dr

i ot itttz [

931
Then 0 < ¢, <ren(% [dz [dyJ(z —y)|m(z) — m(y)|*) < +oc.

Now we turn to the more general case, which is sufficient for our purposes, where m(x)
belongs to the (ey)-sector, and |m(z)| — mg as © — oo. First we renormalize the mean field
free energy F'(m) = [ dxzfs(m(z)) for |m| — mg € L?*(R?) ; taking advantage of the fact

that fg attains its minimum at mg, we let simply

(b.16) 0< Fhylm) = [ da(falm(z)) = Folmp) < +oc

he first inequality because . Next we pass to the interaction term F°(m) as we did for
m(z) = mge™. So let ry > 0 and split the integral as in (b.9) ; as before we are left with
the integral over {|z| > ro,|y| > ro}. Assume also that m is continuously differentiable
there. Use Taylor formula to rewrite m(z) — m(y) = fol Vm(ty + (1 — t)z)dt - (z — y), let
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z =ty+(1—t)x = re?, x—y = pe’. Expanding the product, multiplying by J(z—y) = j(p),

computing the Jacobian, and integrating, we find

27
/ d:z;/ dyJ(z —y)|m(x) /dt/ dt/ 3dp/ dy
|z|>ro

+71~6£<>6,< ) sinti — 0)cos(p — ) + G (2) S G () sinf — ) cos(i )

16m 1om, , . . '
Lo () LT () sin(p ) sino — 0')]

(b.20)

where 2/ = t'y+ (1 —t )z = '’’’ . Because y € Ly, the segment [z, y] lies outside B (0, () so
r, 7" > 1o and all terms in the integral on the RHS of (b.20) are well defined. To start with, we
make as before a cut-off in the r-integral in the RHS, so that we can split it into different terms.
The domain of integration is denoted by Q= {0 <,/ < 1,r > rg,p> 0,00 € |0,2r]}.
The observations leading to (b.12) can be exactly repeated, changing x to z, y to 2/, and p

to |t — t'|p, now we get :
(b:21) | —r|/r < [t=t'|p/r, cos((0'~O)max) = r(r?+(t=t)2p?) 12, (0 ~O)max| = [t=1'Ip/r

Making use of the symmetry in 6,6’, (b.20) is the sum of 3 integrals, whose corresponding

integrands write :

A(t, ', p,r,0,0) = u'(r)u’(r") cos(p — 0) cos(p — 0") cosn (0 — ")
B(t,t',p,r,0,0) = Qn[@u'(r') sin(¢ — 6) cos(p — @)
(b.23) ,ou(r’) / . /
+ ' (r)—=sin(p — 0") cos(p — 0)] sinn(0 — 0")

r

/
D(t,t', p,r,,0) = nQW sin(¢ — 0) sin(p — 0") cosn(6 — 6')

(u/(r) denotes the r-derivative of u. ) We examine first D, which we renormalize by setting

u(r) =mga+v(r) ; using (b.10) we find :

(b.24) D =n? [(%)2 + m—f(v(r) + (1)) + 7 2v(r)o(r’)] sin® (¢ — 0) cosn(0 — ')

T T

Comparing the coefficients of m3 in (b.20) and (b.11), (b.13) shows that we must have, for
r>Cp:

1 1 2
(b.25) n2(§)2/ dt/ dt’/ dfsin?(¢ — 0) cosn(d — ") zwn2(§)2+(’)(£)3
0 0 0

r
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Since the f-integral is clearly independent of ¢, integrating over ¢ gives again an additional
factor of 2, so that [5 dtdt'dcpj(p)pgdprdrnQ(%)Q sin®(¢ — 0) cosn(f — 0) contributes to
(b.20) [after letting N — oo] with the logarithmic singularity

~ . d
2(7mmg)2/ dpp?’J(p)%, Qo ={r >rg,r > Cp}
Qo
which we eventually substract from (b.20), and the term (9(%)3 in (b.25) then contributes
with a finite, and positive integral.
Consider next the integral over ro < r < Cp. Interchanging the drdp integrals we are

lead to estimate

00 00 27 27
/ drr(%)Q / dpp>J(p) / dcp/ dfsin?(¢ — 0) cosn(d — ")
0 T 0 0

T /C

There again, we take advantage of the rapid decrease of J to bound the p-integral by a
negative power of r to make convergent the resulting r-integral. Now we examine all other

terms contributing to (b.20), namely A(t,t', p,r, ¢,0), B(t,t', p,r, ¢,0), and the part
D/ (¥, p,10,0) = 0? [ (0(r) + 0(r)) 4+~ 20(r)o(r")] sin®( = 0) cosn(6 — 0')

which is left from D. Consider first D’, and recall v € L?(R*;rdr). For the first term we use
Cauchy-Schwarz inequality to get

|/ rdrm—fv(r) sin?(¢ — 0) cosn(fd — 0")| < (/ rdr\v(r)\z)l/Q(/ rdr(m—f)z)l/2

ro r ro ro r

and similarly for the second term, if we think of the fact that r and r’ play symmetric roles.
Integrating against J (p)p> with respect to dtdt'dpdfdp gives finite quantities. The last term
in D’ contains the correlations r~2v(r)v(r’). Again we split the integration according to
{r > Cp} and {r < Cp}, and for the second part, use the rapid decrease of J. For the
first part, we use instead that the “translations” (¢,t', ¢, 0, p) — (r — v(r’)) are uniformly
continuous in L?([Cp, +oo[;7dr) when Cp < rq ; this gives
dtdt'dcpj(p)deprdrdHT_Qv(r)v(r')

Q,r>Cp
x sin?(¢ — 6) cosn( — 0")| < Const. ||v; L ([ro, +oo[; rdr)||?

Consider then A or B. These terms involve the derivatives r—1v/(r’), r'~1v/(r), and the cor-

relations v/ (r)v'(r), 7~ tu(r)v'(+"), ' "tu(r")v'(r), so they can be treated as above, provided
rov/(r) is in L?(rdr) for some & > 0. This holds true when u(r) ~ mg + O(1/r), r — oo and
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this relation can be differentiated, e.g. if m has the asymptotic properties of a symbol in 1/r.

Summing up, we proved the :

in6

Proposition b.5: If m(z) = u(r)e’™ is bounded, u = mg + v, with

veW = {L*([0,1);r tdr) N HYR*;rdr), ()% € L*([1, 400, rdr)}

for some 6 > 0, then :

S m) =3 [ [ vt pim@) - m) — 20mm)? [ o)

- /dw(fﬁ — fa(mg)) <

Moreover, Frep is (strongly) continuous on W endowed with its natural Hilbert space struc-

ture.

Remark b.6: The renormalization can be easily extended to the case where u has a disconti-
nuity on a sphere r = A, i.e. when it has derivatives a.e. This is used when considering the

partial dynamics.

When m is bounded, it is clear that F, . (m) and Fp, . (m

quantity of order (ro — r1)*. Next we show that if J > 0, then Frenr,(m) is bounded

from below in some region of the configuration space. First we consider the interaction

m) will just differ by a

term F°(m) = 1 [ dzdyJ(z — y)|m(x) — m(y)|?, and compute the formal Fourier transform
of h: R? — C, h(z,y) = /J(z—y)(m(z) — m(y)). We have Fh(&,n) = (FVJI(-n) —
FVI(€))Fm(€ +n), so by Parseval identity (still in the formal sense)

/ dadyJ(x — y)|lm(z) — m(y)|* = (2m)~* / dedn|Fm(€ —n)2(FVI(n) — FVI(€))*

so we have exchanged the rdles of m and J. Of course the integral is divergent because
m ¢ L?, but the singularity is due to |Fm(£ —n)|?, not to the boundary condition at infinity,
since deg,, Fv/J = 0. The finite part (P.f.) of [Fm(¢ —n)|? is [Fm(€ — n)|?|e=y = ([ mdz)?
and is finite when m(z) = e?u(r), u(r) = mg + v(r), v € L?, because of the periodicity in

6. So another renormalization of F%(m) is given by

1 _ 2
P ) = 320 Pt [ dedn|Fm(e — )P (FVI0) - V()
which is obviously positive. Moreover, Lemma b.4 and its proof show that both renormaliza-
tions should agree up to a finite term, depending only on rg, when m(x) = m/geme. Thus, we

should have Fp., . (m) = F),, z(m) modulo a constant term, depending on 7o, but not on
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m, when m satisfies all hypotheses of Proposition b.5. In particular, ffen’ro(m) is bounded

from below.

C). The free energy in Kac’s model with continuous symmetry.

In this Section, we recall and make more precise the procedure of renormalization in the
continuum, carried out in [AlBeCaPr]|, [Pr] for spins valued in {—1,+1}, and extended to the
XY model in [BuPi], when a vorticity condition holds at infinity and the interaction is not
necessarily compactly supported. Actually, the final form for the continuous renormalized
free energy functional should be regarded as a postulate.

Note that passing from the lattice to the continuum amounts to consider convergence of
Riemann sums as the mesh of the (scaled) lattice goes to 0, as an homogenization process,

i.e. the convergence of discrete measures.

a) Some definitions.

Consider the lattice Z?, consisting in a bounded, connected domain A (the interior
region), and its complement (the exterior region) A¢ (twiddled letters will always denote
discrete objects on Z?. ) Physical systems make sense in the thermodynamical limit A— VA
in the sense of Fisher. The simplest way of taking this limit is to double the side of the unit
hypercube repeatedly, so the side of A= KZ is of the form 227, /€ N.

To each site i € Z9 is attached a classical spin variable o(i) € S9. The configuration space
X (Z%) = (ST1)Z" is the set of all such classical states of spin ; it has the natural internal
symmetry group OT(q) (¢ = 2 for the planar rotator.) Given the partition Z¢ = AUA®, we
define by restriction the interior and exterior configuration spaces X (A) and X (A¢), and the
restricted configurations by o+ and o5..

It is convenient to rescale A, to a domain of fixed size L = 2, ¢ € N, A ¢ R?, with
scaling factor is Q_Z; for the moment we could think of A as the unit square (¢ = 0) but we
shall eventually let also A — oc.

Following [Pr], for k& € N, we denote by Q(®) the partition of R into small cubes
CH® = {r = (rq,---,rq) € R, 2%, < r; < 27F(x; + 1)}, of side 27%, and indexed by
r = (21, --,14) € Z% called (Q*)-)atoms. The atom C*)(r) is the unique atom of Q(¥)
that contains r. We say also that a function on R? is Q%) _measurable if it is constant on
each atom of Q(k), and a set A ¢ R? is Q%) _measurable if its indicator function is Q(¥)-
measurable. This allows in a natural way to identify a function o on the lattice with a
Q) _measurable function ¢*) on R?, assuming o®)(r) = o(x) with z = (21, --,24) and
r=(ry,---,7rq) as above.

Let now v of the form v = 275, k. € N, that will be the inverse of the interaction length

in Kac’s potential. Given a state o € X(Z%), we define o, as the Q(*)_measurable function
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o®2) Since we take a simultaneous limit A — 00, 7 — 0, rather than Lebowitz-Penrose limit
A — oo followed by v — 0, it may be convenient to label the configurations by =, instead of
A. We call also 0 a smooth-grained configuration.

Because of the internal continuous symmetry of X'(A), the probability distribution v
for the states of spin is defined as the normalized surface measure on S971, i.e. v(do;) =
w;'0(|os| — 1)doy, where wg is the volume of S771.

Given o, as above, and an integer n, < k., we associate the Q") _measurable function

(magnetization)

1

(c.1) m~ (1) = 1) g (r)=
Y v ‘C(n7)| C(nﬂ{)(r)

dr'o (1)

These averages of 0. over the “intermediate” boxes (or block spins) C(™)(r) of volume

794 define the coarse-grained configurations, and the map #(™) : Q — Bé(O,l), Q =

Ci(nvy)
(Sq_l)o ! , B(0,1) the closed unit ball of RY, is called the block-spin transformation. We

may think of it as a random variable.
N
More generally, let Ty : (Sq_l)N — By(0,1),0 = (01,--,0n) > 7N (0) = + Zai. It
i=1

is easy to see that 7y is a smooth, surjective map, and its restriction 7y : (Sq_l)N \A —
B,(0,1) a submersion, where A denotes the diagonal o7 = --- = on of (Sq_l)N, and B, (0,1)
the open unit ball of R?. Hence the probability measure vy = (7n)«(¥ ® --- ® v) has
a smooth density with respect to the (normalized) Lebesgue measure on By(0,1), namely
v () = f(sz—l)N Hi\; v(do(i))d(mn (o) —m), and we can check as in [BuPi,formula (5.1)]

that
dVN - I (I/ —iN(v,m) / i(v,) N
e (m) = (_27r) - dve ( s v(dx)e )

(here (-,-) is the standard scalar product in RY. )

Of course, Kolmogorov realization theorem would allow to define this way a probability
measure on (Bq(O, 1))A, but this will not be used at the present level.

Now, following [Pr] we choose n., so that 7% = 27", for some 0 < § < 1, a good choice
is = 1/2. From the point of view of the discrete scheme, a coarse configuration is defined
on a “coarse lattice” A* which we magnify by the factor 28v=" to the “smooth lattice” A
(see e.g. [El-BoRo]. ) Thermodynamical properties of the system are most significant on the
coarse lattice.

From the discussion above, for £ € N, let C®) = 2kC(®) N Z4 denote the atom C*)
rescaled to the lattice units ; thus, C®) is the rescaled block-spin. So the probability distri-
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bution v(™) of the empirical average 7(") has Radon-Nikodym density

dm

y(nw) S(ny
(02) d (m> — / H y(dgj\/(@))a(ﬂ(nw)gj\,(l) _ m), O = (Sq_l)C( )
ieC(ny)

We shall sometimes write o, (i) instead of 0 (i). Let also N = |C(n2)]| = H(6=Dd ) (ne) —
The continuous Kac Hamiltonian is defined as follows. Let J > 0 be the interaction

potential, for a given ¢ € X(KC), and for A = [JC®) = [JC™) as above, we define the

energy of a configuration o € X (/~\) by

(c:3)

H(o,|05) :——/dr/err—r a(r),oy(r /dr/ dr' J(r —1"){oy(r), o5 ("))

Again from the point of view of the discrete scheme, since o.,(yi) = o (i), for i € Z%, there is

a corresponding Hamiltonian on Z¢ defined by
~ 1 . . . o . .
(c4)  Hyloglog.) = —3 D L)o@, o) = Y T 0)e(@), 0(5))
ijEA (i,7)EAxAc

where

(c.5) Jy(i,7) = ’y_d/ dr/ dr' J(r —r')
) (i) ) ()

The two hamiltonians are simply related by :

(c.6) H,(05lox.) =7~ H(o,|0%)

so that H is an intensive hamiltonian. As observed in [AlBeCaPr], neglecting the variations

of J in the integral, we get

(c.7) Ty (i, ) = LT ()i = §])

which has the typical scaling properties of the original Kac potential, and the results of this
Section remain valid when the energy is given by (c.4) with (c.7) holding as an equality.

This observation allows to define Gibbs measure conditioned by o+_, on the space of spin

Ae?
configurations X (A) with mesh ~, at inverse temperature (3, as

©8) iy, ldoglor) = g esp A, (oxlog.)) [ v(dez(0)

B4 AR iex
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(c9) 25 x0%e) :/Q [1v(do;(5)) exp[-BH, (o5l07.)], Q0= (Sq‘l)x

ieA
is the partition function, making of p 5 7X(UK|U~C) a probability measure on the product
space. As before, we can take the direct image p By K(dax\a~c) through the block-spin trans-

formation. We shall discuss this in the following subsections.

b) Entropy estimates.

We want to relate = log C‘Zl'/rg (m) with the entropy functional I(m) of the mean field

approximation. Recall I(m) = supycra ((k,m) —logd(k)), ¢(k) = [q, eF )y (dv), and
I(m) = (k*,m) — log ¢(k*) where k* = k*(m) is the unique point in R? that achieves the
maximum. Clearly also, by spherical symmetry, I(m) = I(|m/|), and f(|m|) = sup,> (t[m| —
logc;?(t)) = t*Im| — logc;AS(t*), where t* = t*(|m|), t*(0) = 0,t*(p) ~ (2 —2p)~t as p — 1.

Furthermore the supremum is achieved when k* and m are colinear. For |m| < 1 we introduce

the probability measure u(dx;m) on S9=! defined by

(c.11) pldz;m) = exp((k”, z) —log o(k"))v(dz)
As in (c.2) we define

du(nw)
dm

(m) = /Q I #(doz(i);m)s(x o+ (i) — m)

icC )

and denote pun(dz;m) = p(") (dz;m). Tt is easy to see that C‘Zl”—nf;’(m) = e_NI(m)dé‘—Tg(m). Let

also ¢, be the complex function defined on R4
on() =) [ p(daim)e i)
Sa—1
Recall from [BuPi,formula(5.7)] the identity

(c12) 108 G ) + 1(m) = 55108 [(5)" [ dvpn(0)™)

dvn
dm

The observation is that + log %X (m) is a small correction to —I(m) (the entropy for the

mean field) as N becomes large. Indeed we have :
Lemma c.1: Let ¢ = 2 for simplicity. With the notations above, we have for all N > 1,

(c.13) I% log CZ/—m]\f(m) +1I(m)| < % 1og[00(%)q(zvq + N7 (1~ |m|)~Y?)]
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for some Cy > 0,¢ > 0.

Proof.: We need to show that the integral on the RHS of (c.12) grows at most linearly in
(1 —|m|)~'/2, with coefficients polynomial in N. Notice first that |¢,,(v)] < ©,(0) = 1 for

N

all v € R, so integrating ¢,,(v)" over the ball in R? of center 0 and radius N we get

(c.15) | dvp,, (v)N] < Const. N1

[v|<N
Now, we estimate the integral near oo, using complex stationary phase. We will be a little
sketchy, but it is easy to see that our leading terms give the correct behavior with the required

uniformities (see e.g. [Sj] for more details. ) Let v = r(cos,sinp), ¢ € [—m, ], we rewrite

©m(v) as

©16) (o) = (2r3(0) e [ aperr @ Gy < 1)

with ®(6,¢) = cos(f — ¢) + iAsinf, and A = t*/r. Here we consider r > N as the large
parameter. The critical points in 6 are given by the equation sin(6 — ¢) — iAcos = 0,
so 6 — ®(0, ) has no real critical point if ¢ # +m/2, and 2 real critical points § = +¢
otherwise. Actually, Im ®(+7/2, F7/2) < 0 so the contribution of the critical point with
sign opposite to this of ¢ will be exponentially small, and by symmetry it suffices to consider

(0,p) = (7/2,7/2). This is a non degenerate critical point, since %Zf (r/2,7/2) = =1 —iA.

Because of analyticity, there is a complex critical point 8. = 0.(¢) for nearby values of ¢,
and a simple calculation yields
iA

(c.17) (e 0) = 1+iA = 53775

(p—m/2)"+O(p —7/2)°

where O(p — 7/2)3 is uniform in A. The complex Morse lemma then shows that the local
analytic diffeomorphism 6 — 6 given by 6 = /1 (0 — 0,5 0)e™ ™10 —-6,), f1(0;7/2) = 141,
is such that ®(6, ) = ®(f.,p) — i02/2. Then complex stationary phase shows that the

contribution of a (fixed) neighborhood of 6. to the integral in (c.16) is given at leading order,

by (rff(g.(p))1/26”/48—”@(96#). Outside this neighborhood, non stationary phase arguments
—ir®(0

show that the integral is exponentially smaller than e %) as a function of r, and we

eventually get, for ¢ in a (real) neighborhood Vi of £7/2 :

4 . 2Qm 1/2 .
c.18 dge~r®0e) — (— /A= ®0c9) (1 4 Ry(o, A\, 1) /7
(c.18) /_ A (1+ Rip, A m)/7)

with |R1 (¢, A, 7)| < Const.. By analyticity, we can keep track of the critical point 6. for all
¢ € [—m, 7], so formula (c.18) still makes sense when ¢ ¢ Vi, but then Im®(0,, ) < t*,
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and ¢ ¢ Vi doesn’t contribute to the final result. Now we raise (c.16) to the power N and
integrate over r > N, using (c.18) this yields (with a factor 2, accounting for the contribution
peV. )

/| (e ~20mp(e) N ) />N7"d7“(rf1(0;90))_N/2

(c.19)
: / dpe” N (14 R, A1) /)Y
Vi

where ®1(p) = ®(0., p) — |m|sing. Then (c.17) shows that ®; has a non degenerate point

at ¢ = m/2, and as before, the complex Morse lemma gives a local analytic diffeomorphism
~ . ! . 1/2

o= o= fole—7/2)(p —m/2) with g—i(w/Q) = f2(0) = (14:\0\ +i|ml) / , such that ®1(p) —

Py (m/2) = 1%, ®1(m/2) = 1 —|m| +iX. So by complex stationary phase, with N7 as a large

parameter, we can evaluate the inner integral in (c.19) :
(c.20)

[ e N4 R A )Y =
Vi

e NTA=ImD N om INT £2(0) 1 (1 + Ry(m/2, A, ) /)N (1 + Ry (N, |m|,7)/N7)

with Ry(A, m|,r) < Const.. At last, we estimate the resulting r-integral in (c.19). This time
we compute simply an upper bound for the integrand. We have (1 + Ry(7/2,\,7)/r)N
Const. uniformly in N as r» > N, and the same holds for (1 + Ra(\, |m/|,r)/Nr), so inserting
(c.20) into (1.19), we get

*

i*_l/QN ™ r\J2 -
T T VR NTRO

(c.21) / dvp, (v)N < Const,. / rdr(
|[v|>71

We have
et* t* N N2—|—t*2 N/4
and since \/W; - 17 as t* — 400, it is easy to see that
et N
lim sup (————— (N2 + ¢*2)71/4)™ < Const.
msup( o )T s
uniformly in t* > 0. Furthermore |f5(0)|~' = (t*2 4+ r2)Y/4(¢*2(1 — |m|)? + r2|m|2)_1/4, and

since t* ~ 2711 — |m|)~" as |m| — 1, we have | f2(0)|~" < Const.(1 — |m|)~/2

r > N. So the integral on the RHS of (c¢.21) is bounded by a constant times

2 *2
(1-— |m|)_1/2/ mlr\/27r/N7“(N;t)N/4
r>N

742 + t*2

uniformly as
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and it is easy to show that there is ¢’ > 0 such that fr>N rdr\/27r/Nr(M)N/4 <

7’2—|—t*2
Const. N uniformly in ¢* > 0. This completes the proof of the Lemmc. &

Next we have the following :
Proposition c.2: With the notations above, there is C'; > 0 such that

(A)

dv —1/2
2 lo
(c:25) [og dm

+y7 U (m, A)| < C1(Ly %) logy " +1log [ (1= Im(x)])
mGX/a(”W)

Proof: Sum (c.13) over all the cubes C(™) contained in A, which have same cardinal N =
=14 and multiply by N the resulting equality. The first term on the LHS

(n'y)
(c.26) log H dV (m —/ HV da~ ' (”W)UK(Z') —m)
Q. ~

C ) €A

is the Radon-Nikodym density d;;i:) (m) of a probability distribution, namely the family of

empirical averages 7("7) in C(™) considered as i.i.d. random variables. Here we need interpret
m as a Q(")-measurable function on R%, and the RHS of (c.24) should actually read

11 I v(doz(i))s(x" oz (i) — m(x))

0 :EEA/C(”'Y) Zecg(cn—y)

where somewhat incorrectly, the notation K/ C(™) reminds us we have tiled A by translates
of C(), and C{™ is the atom of the partition of A labelled by z. We have |[A/C(™)| =
|IA/C(™)| = (Ly~%)?. This identification will be made freely in the sequel. Summing up
the second terms on the LHS of (c.13) over x will produce v~ 4I(m, A), where I(m,A) =
[, drI(m(r)) defines a functional on the space of Q("+)-measurable functions. While summing
up the RHS of (c.13) over z, (c.25) follows easily if we make use of the inequality log(a+b) <
log(1 4+ a) + logb valid for any a > 0,b> 1. &
c) Free energy estimates.

Following [Pr|, we replace now in the hamiltonian the spins o.(r) by the magnetization

m~(r) as in (c.1). We have :

Lemma c.3: With the notations above, for some Cy > 0 we have :
(¢.30)) [H(my|m5) — H(o,|05)] < CoL° |V |y

(here || - ||; denotes the L!-norm on R?)

43



Proof: By the definition of H(o,|05) and (c.1) we have, denoting C,(r) for C)(r)
1
H(m|m5) = H(orlof) = (5 [ dry [ dras [ [ ara)(o,(ra),n(2)
A A A e

< [ [ (U= = I )]
Cy(r1) Cy(r2)

where we have used m € C,(r) iff r € C(r1). We estimate J(r — ") — J(r; — r2) by Taylor
formula, noticing that |(r — 7/) — (r; — r2)| < Const.~°, so the dry integrals over A or A°
are bounded by a constant times 7°||V.J||1, then the resulting dr; integral over A gives an

additional L? factor, which proves the Lemma. &.

Introduce the free energy in A at inverse temperature (3, inclusive of the interaction on

A€, as the functional on the space of Q(™v)-measurable functions m(r)

F(m|m®) /dr/drjr—r Im(r) — m(r')|?

(c.31)
w5 [ [ st =imie) =) P+ [ dr(fm(r) = fa(ms)

where we recall fg(m) = —%|m|? + %I(m). Let € be any (fixed) unit vector in R?, and mg
the constant function on A equal to mge, which we extend to be equal to m¢ on A°. The

functionals (-, A) and H(-|m°) are related to F(-|m°) in a simple way :

(c32)  F(m|me) — F(iglme) = (H(m|m®) + %I(m, A)) — (H (figm®) + %I(mg, A))

Analogously to (c.8), (c.2) we introduce the canonical Gibbs measure conditioned by the

external configuration o3, = 0 :
(¢.33)
1 , .
18.~.a(doy; mlos) = W/Q exp|[—By H H,(04]0%)] Hu(dax(z))(i(ﬁvav(z) —m)
7’Y7 0

icA

where the partition function Zg , A(05) = Z, 3 7(0%.) was defined in (c.9). We have made
use of (c.5) to work on the rescaled lattice A, and set §(m 04 (i) —m) = 6(7T(”7)0X(i) —m).

By definition of the image of Gibbs measure through the block-spin transformation, we have
(c.34) / dmpig 4 a(doy;mlos) =1
lm|<1

where dm is the normalized Lebesgue measure on the product space [] B,(0,1). Next

we give a precise meaning to the approximation pg . A ~ exp[—Bvy~4F(m|m°)] stated in the

TENA*
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Introduction, by establishing the analogue of [AlBeCaPr,Lemma 3.2] in case of continuous

symmetry, improving also [BuPi, Lemma 3.1] :

Theorem c.4: With the notations above, there are constants C7,Cs > 0 such that for any
coarse-grained configuration m on A, we have :
—g(m) — (Ly ) (C287° |V |1 + C1y = log v 1)
(€35) < log pig,y,a(dow;mlos) + By~ F (m|m®)
< g(m) + inf_g; F(fglm®) + (Ly ") (CoBy° VI |l + C1y" 4 logy )

~1/2
where g(m) = log HmeX/5<"w> (1 — \m(x)\) )

Proof: First we look for a lower bound on Zg , A(0%). Using (c.30) we get :

exp[—B3y H(o4|0%)] > exp[—By~ H (my0,|0)] exp[—Ca By L4 ||V J|1]
(and similarly for the upper bound). Multiply these relations by §(my0(i) — m), integrate
with respect to []._~ I/(dax(i)) over Qp and use (c.25), we get

1EA

expl— Gy~ L(H (m|m®) + —I(m, A))] exp —1, (m)

5
(0.36) < | TL(doz(0)) expl=py " H(or|o5)l8(mor, (i) = m)
% ieh
< expl—y ™ (H(m|m) + 5 T(m, A))] exp v (m)
where
(¢.37) Wy (m) = (Ly 1) (CoBY° IV T [l + Cry' P ogy ™) + g(m)

Now we estimate the contribution of a neighborhood of mg to the partition function. So let
0 < x <1 be a smooth positive cutoff equal to 1 near m = mg, multiply (c.36) by x(m) and
integrate over m with respect to the product measure H:ceK S dm(z), then make use of
(c.9), (c.32) and (c.34), we get

. | PR
Zg.4.0(05) = expl— [ [lx] exp[—py " (H (iplm*) + 51 (Mg, M)

X /dmx(m) exp[—By~ 4 F (m|m®) — F(mg|m©)]

where [[1), |l = SUpP,,csupp y ¥ (M) < 00. Choose supp x so small that [m — mg| < A(1=0)d
on supp x. Using (c.31), the normalisation of J and Taylor expansion of fz around mg, we
get | F(m|m®) — F(mg|m)| < C3LIy1=94 on supp ¥, so :

(c.38)

25,0 (05) = exp[= ||ty |l + Ca(Ly™ 1) By =) exp[—py~(H (igm®) + %I(m[% M)l
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Inserting this in (¢.33) and (c.36) we find
(c.39)
108 155, (dry: o) < By~ (F(mlm) — (g m)) 1 (m) + [ [+ Ca Ly~ )3y 10

For the upper bound on Zg , A (), we use (c.34) and (c.36) to write
Z8,~,A /dm/ exp[—f3y~ ‘H H,(04|0%) H v d0~ ))0(myo (1) —m)
Qo
ZGA

< / dm exp|— By~ (H (m|m®) + %I(m, A))] exp b, (m)

By (¢.32) and inequality F(m|m®) > 0, we have

Zpa(05) < expl- B’Y_d(H(mﬂmC)“‘lI(mﬁaA)) — F(ingm))]

g
X /dmexpzpv(m)

se we are left to estimate [ dmexp),(m), the integral running over the product space, and
¥ (m) as in (¢.37). Since fol(l —p)~Y2pdp < oo we find

Zpy 2(0%) < expl—y~ (H(ig|m®) + %I(mﬁ, A) = F(iiglme))]

x exp[(Ly 1) (CoBy° |V |1 + Cryt =D log vt 4 Cyry (9]

Inserting this and the first inequality (c.36) in (c.33), we find, absorbing the Cj4-remainder

term into the Cj-remainder term, and using

log p15,4,4(doy; m|oS) > —g(m) — By~ “F (m|m®)

(c.43)
— (Ly 4 (2CB7° | VT ||y + 2C17 D log 4

Putting (c.43) together with (c.39) with new constants Cy, Co gives the Theorem. &

Of course,these estimates break down when |m(zx)| gets close to 1 for some x € A, which
reflects the fact that the entropy density I(m) is singular near |m| = 1. It is shown in
[BuPi,Theorem 2.2] that vx ({|m| > 1 — p}) decays exponentially fast as N — oo when p > 0

is small enough.
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