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SELF-SIMILAR RANDOM FIELDS AND RESCALED
RANDOM BALLS MODELS

HERMINE BIERME, ANNE ESTRADE, AND INGEMAR KAJ

ABSTRACT. We study generalized random fields which arise as rescaling limits of spa-
tial configurations of uniformly scattered random balls as the mean radius of the balls
tends to 0 or infinity. Assuming that the radius distribution has a power law behavior,
we prove that the centered and renormalized random balls field admits a limit with
strong spatial dependence. In particular, our approach provides a unified framework
to obtain all self-similar, stationary and isotropic Gaussian fields. In addition to inves-
tigating stationarity and self-similarity properties, we give L?-representations of the
asymptotic generalized random fields viewed as continuous random linear functionals.

INTRODUCTION

In this work we construct essentially all Gaussian, stationary and isotropic, self-similar
random fields on R? in a unified manner as scaling limits of a Poisson germ-grain type
model. This is a random balls model that arises by aggregation of spherical grains
attached to uniformly scattered germs given by a Poisson point process in d-dimensional
space. The grains have random radius, independent and identically distributed, with a
distribution which is assumed to have a power law behavior either in zero or at infinity.
The resulting configuration of mass, obtained by counting the number of balls that cover
any given point in space, suitably centered and normalized exhibits limit distributions
under scaling. For the case of the random balls radius distribution being heavy-tailed at
infinity, the corresponding scaling operation amounts to zooming out over larger areas
of space while re-normalizing the mass. In the opposite case, when the radius of balls is
given by an intensity with prescribed power-law behavior close to zero, the scaling which
is applied entails zooming in successively smaller regions of space. Infinitesimally small
microballs will emerge and eventually shape the resulting limit fields.

The rescaled limit configurations are conveniently described in a random fields setting
which allows us to construct in this manner stationary Gaussian self-similar random
fields of index H, for arbitrary non-integer H > —d/2. We obtain also non-Gaussian
random fields with interesting properties, in particular a model of the type ”fractional
Poisson motion”. Our results unify and extend in some directions the previous works
on similar topics in Kaj et al. [14] and Biermé and Estrade [4]. For example, in terms
of the self-similarity index H, [14] covers the interval —d/2 < H < 0 and [4] the interval
0 < H < 1/2. On the other hand, the prelimit model in the present work restricts to
spherical grains only whereas [4] and [14] consider non-isotropic variations of germ-grain

2000 Mathematics Subject Classification. Primary: 60G60, 60G78; Secondary: 60G20, 60D05, 60G55,
60G10, 60F05.

Keywords: self-similarity, generalized random field, Poisson point process, fractional field, fractional
Brownian motion.

Date: July 11, 2007.



2 HERMINE BIERME, ANNE ESTRADE, AND INGEMAR KAJ

models. Preliminary and less general versions of some of the results presented here have
appeared in Biermé et al. [5].

Dobrushin [8] characterized the stationary self-similar Gaussian generalized random
fields in their spectral form. It is the subclass of isotropic such random fields that we are
able to obtain in this work, since the random balls models we work with are rotationally
symmetric. In order to obtain the whole range of self-similarity behavior it is necessary
to work not only with stationary random fields but with the wider class of generalized
random fields with stationary increments or stationary nth increments. In this sense our
approach also links to the line of work initiated by Matheron [16].

This paper is organized as follows. After having introduced the framework model
and the setting of the investigation we discuss in section 2 some principles for scaling
limit analysis and state two main results, which cover a Gaussian limit regime and
an intermediate limit regime. Section 3 is devoted to stationarity and self-similarity
properties of generalized random fields, and representation of continuous random linear
functionals. We conclude with some further topics on aggregate similarity and discuss a
few explicit examples.

1. SETTING

We present first a unified framework which includes and extends both the situations
of [14] and [4]. Let B(z,r) denote the ball in R? with center at x and radius r and
consider a family of grains X; + B(0, R;) in R? generated by a Poisson point process
(X, R;); in R? x R*. Equivalently, we let N(dz,dr) be a Poisson random measure on
R? x RT and associate with each random point (x,7) € R% x Rt the random ball B(z, ).
We assume that the intensity measure of N is given by dxF(dr) where F is a o-finite
non-negative measure on RT.

Throughout it is assumed that the ball radius intensity F'(dr) is such that

(1) /R+ r?F(dr) < +oo.

Note that if F'is a probability measure, this assumption implies that the expected balls
volume is finite.

For measurable sets A C R? x Rt we let the map A +— N(A) count the number of
balls subject to A with values viewed as real-valued random variables on a probability
space (2,.A,P). We recall the basic facts that N(A) is Poisson distributed with mean
[y daF(dr) (if the integral diverges then N (A) is countably infinite with probability one)
and if Ay,..., A, are disjoint then N(A;),...,N(A,) are independent. We also recall
that for measurable functions k : RIXRT — R, the stochastic integral [ k(z,r) N(dz,dr)
of k with respect to N exists P-a.s. if and only if

@) /RdxR+ min([k(z,7)], 1) dz F(dr) < oo.

1.1. Power-law assumption. For 8 # d we introduce the following asymptotic power
law assumption for the behavior of F' near 0 or at infinity:

H(3): F(dr) = f(r)dr with f(r) ~ Cer P71 as r— 0977,
where Cjg > 0 and by convention 0% = 0 if & > 0 and 0% = +o0 if o < 0.
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Let us remark that according to (1), under assumption H(3) it is natural to consider
the asymptotic behavior of F' near 0 for § < d and at infinity for 8 > d.

1.2. Random field. We consider random fields defined on a space of measures, in the
same spirit as the random functionals of [14] or the generalized random fields of [3]. Let
M denote the space of signed measures ;2 on R? with finite total variation |u|(R%), with
|pt| the total variation measure of p. For any p € M, u(B(z,r)) is a measurable function
on R? x R* for which

3) / (B(z, )| dzF(dr) < [B(0,1)] [ul(RY) / rAF(dr) < +00
RIXRT R+

in view of (1). In particular, (2) applies for this choice of k. We may hence introduce a
generalized random field X defined on M by

(4) X (p) = /Rdle+ w(B(xz,r)) N(dz,dr), Yu e M.

The condition (3) is even sufficient and necessary for X (u) to have finite expected value,
and in this case
EX (1) = / W(B(,7)) deF(dr) = cq j(RY / B (dr),
RIxR+ R+
where cq = |B(0, 1) is the volume of the unit ball in RY. Let us also note that the random

field X is linear on each vectorial subspace of M in the sense that for all 1, ..., u, € M
and ai,...,a, € R, almost surely,

X (a1p + .o+ appin) = a1 X (1) + -+ an X (pn)-

Our first proposition adds to this a simple topological structure.
Proposition 1.1. The random field X is a continuous random linear functional on M.

Proof. 1t is natural to consider the weak topology on M where the weak convergence
Un — W is equivalent to

[ 1o = [ ),

for all f € Cy(R?) the space of continuous and bounded functions on R?¢. A sequence of
signed measures (fin),,cy converges weakly to p € M if and only if the sequence of its
total variations (|pn|),cn converges weakly to |u| in M. This is a consequence of the
Radon Nikodym decomposition theorem (see [18] for instance). Then, in particular, if
pin — 0 we have |, |(R%) — 0.

Now, for any yu € M the random variable X (p) is in L?(£2,A,P) and so X can be
considered as a linear functional X : M — L2?(Q, A, P). Indeed, for any u € M

Var (X(u)) = /R (B doF ()

= [ uldnutay) [ B 0BG )
R4 xR R+

< ey (/Om rdF(dr)> 1| (RY)? < oo.
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Similarly, as noticed above |E (X (u))| < ¢q <f0+°° rdF(dr)> || (RY). Then X is contin-

uous since p, — 0 in M implies that E (X (pn)?) — 0.
U

The random linear functional X — E(X) is also continuous from M to L2(Q, A, P).
Moreover , by identifying the space M to Co(R%)’, the topological dual space of contin-
uous functions that tend to 0 at infinity (see [18] p.161 for instance), which is a normed
space, we can consider the subordinated norm of X —[E(X). For u = §p, the Dirac mass

at the origine of RY, we get Var (X (d0)) = g <f0+°° rdF(dr)> and may conclude that

(5) IX - B0 = \/ (cd /0 +°° rdF(dm).

2. SCALING LIMIT

2.1. Scaled random fields. Let us introduce now the notion of “scaling”, by which
we indicate an action: a change of scale acts on the size of the grains. The following
procedure is performed in [14] where grains of volume v are changed by shrinking into
grains of volume pv with a small parameter p (“small scaling” behavior). The same is
performed in [4] in the context of a homogenization, but the scaling acts in the opposite
way: the radii r of grains are changed into r/e (which is a “large scaling” behavior).
Note also that both scalings are performed for a-stable measures in [7] in the special
case of d = 1.

Before stating our main results we introduce the field obtained by applying the rescal-
ing of measures p — p?, where p?(B) = u(pB) for p > 0 and measurable subsets B of
R<. Let us denote by F,(dr) the image measure of F(dr) by the change of scale r — pr
and remark that

X = [ plBlen) Ndp ™ dp '), e M.
X

where the intensity measure of N(dp~tz,dp~'r) is p~ddx F,(dr). It is natural from this
viewpoint to have p representing an observation window and interpret limits p — 0 as
zoom-out and limits p — oo as zoom-in of the random configurations of balls in space.
We will see that during zoom-out the appearance of occasional balls of very large radius
will provide enough overlap between balls to create strong positive dependence (the case
B > d), while zooming in among microballs will generate asymptotically a variety of
spatially dependent random fields (the case 3 < d).

Let us multiply the intensity measure by A > 0 and consider the associated random
field on M given by

/ u(B(x,r)) Ny ,p(dz,dr) ,
RIxR+

where N) ,(dz,dr) is the Poisson random measure with intensity measure AdzF,(dr)
and pu € M. Results are expected concerning the asymptotic behavior of this scaled
random balls model under hypothesis H((3) when p — 0 or p — 4+00. We choose p as
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the basic model parameter, consider A = A\(p) as a function of p, and define on M the
random field

(© X = [ n(Blan) Ny, (da.dr)

Then, we are looking for a normalization term n(p) such that the centered field converges

in distribution,
X,() = B(X,() fas
" (o)

and we are interested in the nature of the limit field W. The convergence (7) holds

for all i in a convenient subspace of M. A scaling analysis of power law tails reveals
that under H(3) we expect

Var(X,(p)) ~ Ap) p° Var(X (), p* =0,

w()

which suggests the asymptotic relation n(p)? ~ A(p) p°. However, in view of (5), the
norm of (X, —E(X,))/n(p) as a linear functional from M to L?(2, A, P) is given by

X —F(X o0 d
(8) Hip (Xp) ‘ = (cd/ TdF(dT)> )\(,0),02 .

n(p) 0 n(p)
In particular, (8) is not bounded for n(p)? = A(p)p® as p — 0°~¢ and the Banach
Steinhaus Theorem states that there exists a dense subset of M on which the rescaled
process (X, (1) —E(X,(1)))/+/ A(p)p® can not converge. Therefore we study in the sequel

the convergence (7) on convenient subspaces of M.

2.2. Main results. For 3 # d let us define the space of measures

Mﬁ:{,uej\/lzﬂas. t.a<f<dord< < «aand /
Rd xR
where |u| is the total variation measure of p. Let us remark that the integral assumption
is a finite Riesz energy assumption for > d and that M”? = {0} when 3 > 2d.
Let us emphasize that, in both cases (8 > d or § < d), if u € M satisfies

/ |z — 2|49 p|(d2) || (d2") < 400 for some a (o < 3 < dor d < 3 < a) then the
R X R4

same holds for any v between 8 and «a. In particular, for any p € M5,

Lo = 2Pl @) < oo,
X

We also need to impose some vanishing moments assumptions on the measures through
the following subspaces. For any n € N~ {0}, we denote by M,, the subspace of finite
signed measures pu € M, which satisfy

(9) /}Rd 2 u(dz) = /}Rd 2 u(dz) =0

2 — 2|l (d2) |ul(d2) < +oo},
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for all j = (j1,...,7q4) € N with 0 < j; +...4 jq < n (see [16] where similar spaces
of measures are introduced). Let us point out that a simple but tedious computation
shows that

M, = {,u eM: |z — 2| u(d2)u(dz") = 0 for all integers 0 < k < n} .

Re xR
By convention, we set My = M. For any real number o we denote by [a]| € Z the
unique integer such that [a] — 1 < a < [«] and we consider the subspaces

= MP for 8> d
o MﬁﬂMnB f0r6<dwithnﬂ:[#1

Theorem 2.1. Let § < 2d such that d — 3 ¢ 2N. Let F' be a non-negative measure on

R satisfying H(B). For all positive functions X such that X(p)p® —. +00, the limit
p—0F~

(10)

Xp(n) —E(Xp(n)  sdd
Ap)p®  p0

Wa(p)

holds for all p € Mvg, in the sense of finite dimensional distributions of the random
functionals. Here Wy is the centered Gaussian random linear functional on Mg with
(1) Con(Wi(u). Wa(w) = E(WaWslw)) = s [ o= [P p(@z)od),

X

for a constant cg depending on 3.

Proof. We first introduce two lemmas. The first one describes the covariance function
and is based on some technical estimates for the intersection volume of two balls. The
second one, inspired by Lemma 1 of [14], stands for Lebesgue’s Theorem with assump-
tions that are well adapted to the present setting.

Lemma 2.2. Let 3 < 2d with d — 3 ¢ 2N. Let C3 > 0. There exists a real constant cg
such that for all p € Mg,
0<Cpg w(B(z,r))2r P drde = Clg/ |z — 2|9 P u(d2)u(d2) < +o0.
RI xR+ R X R4
Remark 2.3. The above identity ensures that equation (11) defines a covariance func-

tion, called generalized covariance function in [16].

Proof. Let us introduce the function v defined on R by
(12) v(u) = |B(0,1) N B(ue, 1)|
for any unit vector e € R%, where | - | stands for the Lebesgue measure. The function
is clearly even, supported by [—2, 2], bounded by (0) = ¢4, the volume of the unit ball
in R%, and smooth on (—2,2).

Consider 3 < d such that ng = [#] > 1. Define g as the remainder of the Taylor
expansion of v around 0 at order 2ng — 1, i.e. Vu € R,

21’7,[3—1

(k) (2k)
0 =1 - Y P - 3 T
k=0 0<k<ng
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Note that the second equality is due to the fact that ~ is even. We notice that

Vu € (=2,2) , [ya(w)| < Clul*™ and V|u| > 2, hys(u)| < Clul72,

for some constant C' > 0. Therefore, for any 3 < d with d — 3 ¢ 2N, one can find C' > 0
such that the function s satisfies

(13) VYu € R, |ys(u)| < Clul.

for any a € [d — 2ng, f].
In the case 3 > d, we will denote by g the single function v such that (13) holds also
for any a > 0.

1st Step. For p € Mg, let us prove that [pq p: u(B(z,7)?r P~ ldrdz < +o0o. We
introduce the function ¢ defined by

(14) o(r) = /Rd ,u(B(x,r))Zd:z ,r>0.

Using successively Fubini’s Theorem, homogeneity and (12) we get
o) = [ BN BE N ) =rt [z = 2 nuaus).
Rd xR Rd xR
Therefore ¢(r) < cq |u|(R%)? r¢. Moreover, since u € M 85
(15) o) =1t [l = #1/ru(dz)u(d),
RdxR4

and we can choose o > 3 (if 8 > d)or o € [d — 2ng, 3) (if B < d) such that f]Rded |z —
29| | (d2)|p|(d2") < 400 and (13) holds. Then

p(r) < CT“/ |z = 247l (d2) |l (d2").

R4 xR4
Finally, one can find C' > 0 such that
(16) o(r) < C’min(rd,ro‘),
and

—+00
/ p(r)r " tdr = / p(B(z,r))?r P drde < +oc.
0 RIxR+

2nd Step. We prove the equality stated in the Lemma, which can be formulated as

—+oc0
Cg/ gp(r)r*ﬁfldr = Cﬁ/ |z — z/\d*ﬁu(dz)u(dz/),
0 R4 x R4

using the previous notations. For that purpose we want to replace ¢ by (15) in the left
hand side integral. Using the estimates (13) on |yg|, one can show that the integral
defined by

Ig(u) == /}R+ 'yg(u/r)rdfﬁfldr ,

is well defined for all v € R. Since 7 is even, so is 773. Hence I is an even function of u.
Furthermore, I3 is homogeneous of order d — 3 so that

Vu € R, Ig(u) = I5(1)]u?7 .
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This proves that

+o0
/ o)1y = Is(1) / 2 — 24P u(dz)p(d),
0 R4 x R4

and concludes for the proof with cg = Cglg(1). O

Now let us state a second lemma which is the main tool to establish our scaling limit
results.

Lemma 2.4. Let F be a non-negative measure on Rt satisfying H(B3) for 3 # d.
(i) Assume that g is a continuous function on R such that for some 0 < p < 3 < g,
there exists C' > 0 such that

lg(r)| < C'min(r?,rP).
Then

[ee]

/ g(r)Ey(dr) ~ Cgpﬁ/ g(ryr=P=tdr as p — 0774,
R+ 0

(ii) Let g, be a family of continuous functions on RT. Assume that

lig}jlﬁd pﬁgp(r) =0, and pﬁ\gp(r)] < C'min(r?, r?),
p—
for some 0 <p< B <qand C >0. Then

pll(%l_d - gp(r)E,(dr) = 0.

Proof. (i) Let us assume for instance that 3 < d (the proof of the case 3 > d is similar
and can be found in [14]). Let € > 0. Since F satisfies H(3) there exists 6 > 0 such that

(17) r<d= ‘f(r) - C’g?”*ﬁ*l‘ <er Pl
Let us remark that the assumptions on g ensure that

+o0
/ g(r)r P ldr < +o0.
0

On the one hand, since foépg(r)Fp(dr) = 05p g(r)f (%) d—;, we get by (17)

op op
/ g(r)Ep(dr) — Cﬂﬂﬁ/ g(r)r=7=tdr
0 0
On the other hand, for dp > 1, since |g(r)| < CrP,

6

p op

e}
Sspﬁ/ g(r)yr=P=tdr.
0

< GO+ Bc—fpapﬁpp
CO),

where C1(9) = 6+°° rPF(dr) < 6P—4 f0+oo r?F(dr) < co. Since p < 3, we obtain (i).

(ii) We follow the same lines as for (i) and can assume similarly that 5 < d. Since F’
satisfies H(() there exists § > 0 such that

(18) r<d=|f(r)| < (Co+1)r P71

IN
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The assumptions on g ensure that for all p > 0,

—+o00
/ p’g|gp(r)|r_’6_1dr < +o0.
0

Since f05p gp(r)Ey(dr) = 05" gp(r)f (%) %, we get by (18)

op 0 )
/0 gp(r)E,(dr)| < (Co+ 1) /0 o2 1g,(r)| 7~ 1dr.
Thus, by Lebesgue’s Theorem
dp
(19) lim gp(r)E,(dr) = 0.
p—+o0

Moreover, for ép > 1, since C1(d) = ;OO rPF(dr) < +oo and |g,(r)| < Cp~FrP,

e} o¢]
/ gp(r)Ey(dr)| < C’p_ﬂ/ rPF,(dr)
op op
(20) < CCi(8)p .
We conclude the proof using (19) and (20), since p < 3. O

We start now with the proof of Theorem 2.1. Let us denote

where
(21) T(v) =e” — 1 —iv.
The characteristic function of the normalized field (X ,(.) —E(X,(.))) /n(p) is then given

N E <exp (iXp(“) - E(Xp(“))>) ~ exp ( /R ) )\(p)gop(r)Fp(dT)> .

n(p)
By assumption, n(p) tends to +oo as p — 0777 so that ¥ (“(B(gc’r))) behaves like

n(p)
1 (u(B(w))

2
) . Therefore, we write

2 n(p)
@ [ M IE) =5 [ M) Faan) + [ An)E )
R+ R+ R+
where the function ¢ is introduced in (14) and
(33) B = Aglr) + M )nle) ()

- [ (v (M) 5 (M) ) o
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Since p € M 3, the function ¢ satisfies (16) and thus the assumptions of Lemma 2.4(i).
Thus, the first term of the right hand side of (22) converges to Cg [+ (r)r=?~!dr, and
using Lemma 2.2 we obtain

i, [ e B ) = ey [ = (el
p—08~d Jr+ R xRd

For the second term, let us verify that A, given by (23) satisfies the assumptions
of Lemma 2.4(ii). First let us remark that the function A, is continuous on R* since

€ M. Because ‘\If(v) - (—%)‘ < % and

| n B ds <t [ u(Ban)ld < Calulin®
we also check that

3
M) n()2,()] < S )1

Finally, since |¥(v)| < @, there exists a with (a — 3)(8 — d) > 0 such that by (16)
A0 (02 A1) < er®.
Therefore, [p. A,(r)F,(dr) tends to 0 according to Lemma 2.4(ii), so we get

lim E <exp <¢Xf’(“) — (I%XP(“))» = exp <—%cﬁ /R b z’|dﬁ,u(dz)u(dz’)> .

Hence (X, (1) —E(X,(1)))/n(p) converges in distribution to the centered Gaussian ran-
dom variable W (u) whose variance is equal to

B(OVP) =cs [, 1o Puldouts)

By linearity, the covariance of W satisfies (11). O

With similar arguments we can state an intermediate scaling result.

Theorem 2.5. Let 5 < 2d such that d — 3 ¢ 2N. Let F' be a non-negative measure on
R* satisfying H(B). For all positive functions X such that \(p)p® —., a® B, for some
0f—

p—
a > 0, we have in the sense of finite-dimensional distributions of random functionals the
scaling limat

X, (1) — E(Xp(1) 2 T5(1a),

for all p € ./\75. Here Jg is the centered random linear functional on Mg defined as
Ja(p) = / p(B(z, 7)) Na(dz, dr),
Rd xR+

where ]% is a compensated Poisson random measure with intensity Cg dw r~P=1dr, and

Lo is defined by pa(A) = p (a1 A4).
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Proof. Let us recall (see [15] for instance) that for measurable functions k : R xR — R,
the stochastic integral [ k(z,r) N(dz,dr) of k with respect to a compensated Poisson
measure N of intensity n exists P-a.s. if and only if

(24) /RdeJr min(]k(x,r)|,k:(x,r)2)n(dx,dr) < 00

Let ¢ be the function introduced in (14) and let us recall that by Lemma 2.2 for all

ne Mvﬂ,
/ / 2B 1drda :/ o(r)rd=P1dr < +o0.
R+

Hence, in view of (24) with n(dz, dr) Cg dz r=P~1dr and k(z,r) = pu(B(z,r)), the
random field Jg is Well defined on M, 3, with characteristic function

(25) E (exp (iJ5(n))) = exp (/R

where U is given by (21). Let us recall that the characteristic function for the centered
Poisson random balls model is

E (exp (i (X, (1) — E(X, (1)) = exp ( /

and let us define for r > 0,

U (u(B(z,1))) Cg dx rﬁldr> ,

+xRd

A(0)¥ (u(B(x, 7)) da Fp<dr>> ,

+x R4

P(r) = /Rd U (u(B(z,r))) dz.

For p € ./\75, using |¥(v)| < |v[?/2 and (16), there exists C' > 0 such that
|@(r)| < C min(r?,r*),
for some a with (o — 3)(8 — d) > 0. Therefore, from Lemma 2.4 (i),

/ N)FEF(dr) ~ Cyat? /Oogz(r)r_ﬂ_ldr.
R+ 0

pﬂoﬁ—d
Then

tim B (exp (i (X,(n) ~ E(X,(1)))) = exp (cﬂ atf /R B ! dr) .

Finally, it is sufficient to remark that
a®r / o(r) r Bt dr = a / Sla™tr) r= 871 dr,
R+ R+

d~( 1 _ d -1 —
a'Bla~r) =at [ W (u(Ba ) de = [ ¥ (ulBar)do

to obtain

with

/thg JE (exp (0 (X, (1) — E(Xp(1))))) = E (exp (iJ5(1a))) -

From Lemma 2.2 and (11), we get the following remark.
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Remark 2.6. The covariance function of Jg is given for all p,v € Mg by

Cov(Jp(u), Jp(v)) = /]Rdle"" w(B(z,r)) v (B(z,7)) Cs da r—#~1dr

— o [ le= (e,
R4 x R4

and so Jg and Wy have the same covariance function on Mg.

We should also obtain what is called the small-grain scaling in [14]. In this particu-
lar case, the limit is an independently scattered a-stable random measure on R? with
Lebesgue measure and unit skewness.

3. PROPERTIES OF SELF-SIMILAR RANDOM GENERALIZED FIELDS

This section is devoted to the main properties of the fields we obtain as scaling limits.
Due to the stationarity of the initial field on the one hand and to the performed scaling
on the other hand, the limits inherit a stationarity property as well as a self-similarity
property that we discuss here.

3.1. Translation invariant self-similar generalized random fields. Following the
same ideas as in [8] or [16] we define a notion of stationarity which characterizes the
translation invariance of a random linear functional over a subset of signed measures.
We say as usual that a subspace & C M is closed for translations if, for any u € S and
any s € R%, we have 7,1 € S, where 7y is defined by 7su(A) = (A — s), for any Borel
set A. In particular the subspaces M,,, defined by (9), are closed for translations for
any n € N.

Definition 3.1. Let n € N. Let X be a random field defined on a subspace S C M,
closed for translations. The field X is translation invariant if
(26) VueS, Vs e RE X (o) ™ X ().
More precisely, one says that X 1is stationary when n =0 and has stationary nth incre-

ments when n > 0.

Let us remark that if X has stationary nth increments on a subspace § C M,,, then
its restriction on S N My, 41 C My4+1 has stationary (n + 1)th increments.

By the translation invariance of the Lebesgue measure, for any p > 0 the random field
X, defined by (6) is stationary on M. The fields W3 and Jg obtained as limit fields on

Mg in Theorem 2.1 and Theorem 2.5 are not defined on the full space M. But M g is

closed for translations. Therefore, when considering the limiting random fields on Mg,
one has the following property.

Proposition 3.2. Let § # d with d — 3 ¢ 2N. Then Wy as well as Jg are translation

invariant on Mg.

In other words, from (10), W3 and Jg defined on Mvg are both stationary if § > d
and they have stationary ngth increments if 8 < d, where ng = [#W > 0.
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We turn now to the self-similarity property. We note p, the dilated measure defined
by pa(A) = p(a=tA) for any Borel set A. We say that a subspace S C M is closed for
dilations if, for any p € S and any a > 0, we have u, € S.

We introduce the following definition, which coincides with the usual definition of
self-similar punctual random fields.

Definition 3.3. Let H € R. A random field X, defined on a subspace S of M which is
closed for dilations, is said to be self-similar with index H if

Vue S, Va>0, X (ug) fidaHX(u).

Once noticed that Mg is closed for dilations, and by observing the consequence of
dilation on the covariance of Wp, the following property is straightforward.

ol ~ . . . . _ d-p
Proposition 3.4. The field Wy, defined on Mg, is self-similar with index H = =5~
that runs over (—%,+00) \ N.

Remark 3.5. In contrast to the Gaussian field Wy, the intermediate scaling limit field
Jg s not self-similar.

Hence the Gaussian field Wy is both translation invariant and self-similar. Dobrushin
[8] gives a complete description of Gaussian translation invariant self-similar generalized
random fields on R%. For this purpose he considers continuous random linear func-
tionals of S(RY), where S(RY)’ is the topological dual of the Schwartz space S(R?) of
all infinitely differentiable rapidly decreasing functions on RY (see [9] for instance). As
usual S(R?) is equipped with the topology that corresponds to the following notion of
convergence: ¢, — ¢ if and only if for all N € N and j € N¢

SeuRg(l +12DV DY (o = ¢) (2)] = 0,

where DIp(z) = %@(z) denotes the partial derivative of order j. Then, a linear
functional X : S(RY) — L2(9, A, P) is continuous if and only if ¢, — 0 in S(R?) implies
that

E (X(¢n)?) — 0.

Let us remark that, to each function ¢ € S(R?) C L'(R?) one can uniquely associate a
signed measure ¢ € M defined by ¢(dz) = ¢(z)dz. For the sake of notational simplicity
we identify any function ¢ € L!'(R?) with its image @ in M so that L'(R%) c M.
Therefore any random linear functional on M, when restricted to S(R%), can be viewed
as a linear functional on S(RY).

Proposition 3.6. Let p > 0. The random field X, induces a continuous random linear
functional on S(R?).

Proof. From (8), the random field X, is a continuous random linear functional on M.
Then, to prove the continuity of X, on & (R?) it is sufficient, using Lebesgue’s theorem,

to notice that the previous identification implies that if p, = @, — 0 in S(RY) then
tn — 0 in M. O
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We are now interested in the continuity properties of Wy and Jg. Let us remark that
S(RY N Mg = S(RY) when d < 3 < 2d, while S(R%) N Mg = S(RY N M, for 5 < d.

Proposition 3.7. Let § < 2d with d — 3 ¢ 2N. The random fields Wg and Jg induce
continuous random linear functionals on S, (R?) = S(RY)NM,, for any integer n > #

Proof. Note that by (11) and Remark 2.6, for any p € Mﬁ,

@ EWa) =B () < el [ J= ()02

A straightforward use of Lebesgue’s theorem concludes for the proof. O

Then, restricted to S,,(R?) the Gaussian field W is a translation invariant self-similar
generalized fields. We address to [6] for other examples of self-similar generalized field.
In [8] Dobrushin focuses on the spectral representation of such Gaussian fields. Since
the law of a centered Gaussian field is characterized by its covariance function, let us
introduce a second order self-similarity property. For H € R we say that X, a random
linear functional on S, (R?) is a second order self-similar field of order H if, for all a > 0,

0,1 € Sp(RY),
(28)  Cov (X (¢a); X (1ha)) = a*Cov (X (p), X (1)) , where pq(x) = a” %p(a"'z).

We denote by 1i(§) = [pa € **pu(dz) the Fourier transform of any y1 € M. Then Theorem
3.2 of [8] can be reformulated as follows.

Theorem 3.8. Let n > 0 and X be a continuous random linear functional on S, (RY).
Then X is a second order self-similar field of order H € R if and only if for all v, €
Sp(RY),

(29)

+oo —
Cov(X(). X(w) = [ [T a0 Nardo o)+ 30 Ajpa(olartD)

lj|=1k[=n

where o is a finite positive measure on the unit sphere S41, a;(¢) = [pa p(z)2dx =
il DIG(0), for j € N with |j| = n, and A = (Ajvk)\j|:\k|:n is a symmetric positive
definite real matrixz. Moreover, if H <mn then A=0; if H=n theno =0; and if H >n
then A =0 and o = 0.

Note that Wy and Jg share the same covariance function by Remark 2.6 so that they
are both second order self-similar fields of order %. Therefore, by Proposition 3.7 and

Theorem 3.8 they have to be considered on S, (R?) for n > #. Moreover, due to the
isotropy of balls and the rotation invariance of Lebesgue’s measure it is straightforward
to conclude that W3 and Jg are isotropic random fields. Therefore the measure o
obtained from Theorem 3.8 must be invariant under rotation and, up to a constant, it
is the Lebesgue’s measure on the sphere. We obtain the following result, which is of
Plancherel’s type and gives the covariance function of W3 and Jg in spectral form.
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Proposition 3.9. Fiz § < 2d with f—d ¢ 2N and let ng = [#] There exists kg > 0
such that, for any ¢,v € Sy, (RY),

Cov(Wp(p), Wi(¥)) = Cov(Js(¢), J5(¢))
= ¢y /Rdxw |2 — Z|*Pp(2)p(2) dedd = k;ﬂ/ PE)(E) €7 de.

We make the further comment that generalized random fields defined on S,,(R%) for
some n > 0 correspond roughly speaking to some derivatives of different orders of ran-
dom fields defined on S(R%). More precisely, since the Schwartz class is closed under
differentiation, if X is a continuous random linear functional on S(R?) one can define
for any j € N¢ the partial derivative of X of order j as the continuous random linear
functional defined by

Vo € S(RY), D/X(p) = (-1 X (D).
Moreover, Lemma 1.2.1 p.23 of [3] states the following equality.
Proposition 3.10. For any n € N, S,(R?) = Span {D7p, ¢ € S(RY), |j| = n}.

Therefore, the knowledge of a generalized random field X on S, (R?) is equivalent to
the knowledge of all its partial derivatives D’ X of order j with |j| = n. Furthermore, X
has stationary nth increments if and only if its partial derivatives D7 X of order j with
|7| = n are stationary. A natural question is then to find some continuous random linear
functional B on S(RY) such that for any j € N¢ with |j| = ng,

Ve € S(RY), D/B(p) = (~1)VIWs(D7g).

We will use the representation of W3 as defined by Matheron [16] to provide an answer
to this question (see also the links between “generalized random fields” and “punctual
random fields” in [3]).

3.2. Representation of continuous random linear functionals. Let X be a con-
tinuous random linear functional on a subset S of M. We say that a continuous function
X :R? — L2(Q, A,P) is a representation of X if, for any u € S

L2(QAP) ~

X(n) X (#)p(dt).

R4
When such a representation holds an easy way to obtain X (t) for any t € R? is to

consider X (&;) with d; the Dirac mass at point ¢, as soon as §; € S. Unfortunately

6: ¢ MP but a natural way to overcome this difficulty is to consider an approximation
of 5t-

Following the same ideas as [16], let us choose 6 € S(R?) a positive even function such
that its Fourier transform @ satisfies 9 fRd z)dz =1 and for any j € N9,

DI9(0) = (=)l [ 270(z)dz =0, with j # 0 and |j| < ng,
]Rd
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if ng = [%] > 1. Let us observe that [, 2"D'0(2)dz = i‘k|Dkl/?@(O) for any k,1 € N%,
with DI6(¢) = (i€)!6(¢). Thus, for any [ € N with [I] < ng,

/ 2#D(2)(dz) = of for |k| < ng, with f =0if k #1and 6f = 1if k =1.
Rd

Let n € N with n # 0 and set 0,,(2) = n%(nz). Then for all ¢ € R?, the measures
defined by

1)l
P=Tibn— Y i z') t'D'o,,
l<ng

belongs to Mvg, where by convention the sum is empty when ng < 0.

Let us recall that for any function f € Cp(R%) we have f 6, (t) — f(t) with f*0,(t) =
Jra f(2)0n(t — 2)dz = [pa f(2)T70n(2)dz, since 6 is even. Therefore 76, — ¢; and if X
is a representation of X we should obtain X (¢) as lirJrrl X (740,,) when this limit makes

n—-1+00
sense. Since OF € M gforallte R?, we can consider the sequence of random functions
defined by (W3 (©")),~, and (J5(0")), ., where Wy (OF) : t — Wy (OF) for all n > 1
and similarly for Jg (O"). -
Theorem 3.11. Let § < d with d — 3 ¢ 2N. The finite_dimensional distributions of
(W5 (07)),~, converge in L*(Q, A,P) to a representation Wg of Wy on Sy, (RY) with a
covariance function given by

ng—1 . k ng—1 . k
) t- 4 .
F/g(t, S) kﬁ /]Rd efzt{ o § : (l klg) e—is€ _ E % |€|ﬁ72dd€

k=0 k=0
—1)
(30) = co|lt—s""= > i l') (lel\tri—ﬁ +tlDl|syd—ﬂ)
|l|<n[3 )

Similarly, the finite dimensional distributions of (Jg (©™)), ., converge in L*(Q, A,P) to

a representation jg of Jg on Sn, (RY) with the same covariance function as fW\/g

Proof. Let n € N\ {0} and ¢ € R%. By choice of § we have ©f, € S, ,(R?). Moreover,
for ¢ € RY,

o~ ~ . ~ . sl . k
@?(5) _ 917,(5) efzt{ B Z %tl(—if)l =0 (é) efzt{ _ Z (%k'&) ’

. n
[l|l<ng k=0

ek
since ) %tl(—iﬁ)l = (Zt,ﬁ) for any k € N, by a generalization of the binomial theorem.
=
Let n,m € N~ {0} and t,s € R%. From Proposition 3.9, there exists kg > 0 such that
the covariance

Lnm(t,s) = Cov (Wp (©F), W5 (05")) = Cov (J5 (0F), J5 (O7"))
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can be written L
Lantos) = s | SHEBF( I .

Then Lebesgue’s theorem implies that the limit in T’y ,,(t,s) —  T's(t, ), is given

n,m—-+oo
by
ng—1 . k ng—
—it- (it - &) (is - § _
Fg(@s)zca/w =D Z €720,
k=0 ’ k= !

Therefore, the finite dimensional distributions of (W3 (©7)), -, converge in L*(Q, A, P)
to a centered random field fWg The finite dimensional distributions of (Jp(©1)),51
converge similarly to a limit :]; Both limit fields have covariance function given by F_ﬁ.

Let us prove that Wj is a representation of W on Sy, (R%). The covariance function
'z of W3 is continuous with respect to each variable and so Wg R? — LZ(Q,A,IP’) is

continuous. Then, the random linear functional X : € S(R?) — [pq Wg p(dt) is well
defined since

Var(X / Cov Wg Wg( )) p(dt)u(ds) < +oo,
R JRE

using the fact that Var(Wﬁ)(t) < C|t|*=P. Finally, for any p € S,,(R?) we have
Var(X () = Var(Wa(u)) by Proposition 3.9, since [ t'pu(dt) = 0 for [I| < ng, which
proves that Wj is a representation of Wy on Sy, (RY). The same arguments hold to

prove that :]; is a representation of Jg on Sy, (R9).
To conclude it remains to prove (30). By Proposition 3.9, for all n,m € N\ {0},

Tam(ts)=cs [ o= 21P00(2)00 ()dxds.
R4 x R4

For any 2’ € R, the function f./(z) = |z — 2/ \d*ﬁ admits continuous derivatives of order

I on R? for any |I| < d — 3. Therefore, for any 2’ € R?,

tl
2= 2|70 (2)dz = furbu(t)— > 7D'fx0,(0)
Rd l'
\l\<n5
_ (—plt _
el D D
|l|<ng

By Lebesgue’s theorem, as n — +00 we get

—1)l
lim Tyt s)_cﬁ/ t— 20— Y !tquz’\d*ﬁ em(z)dz .
]Rd

n—rto0 Il
|l|<n[3

As previously we obtain

[ =21 Pernds — -t Y (-1 1 Do,
Rd !

m—-+00
lll<ng
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while
/ D4Pem(x)ds — Dl|s|i8,
Rd m——400
Therefore I'3(t,s) = lim Iy, (¢, s) is also equal to (30). O

n,m—-+oo

Since Wpg is Gaussian, /VT/; is also Gaussian as a limit in L2(Q, A,P) of a Gaussian
functional. The spectral representation of Wj is given by

ng—l, . k
(31) W) 4 Vo [ [es— >0 CEEL ) g,
k=0 )

where W is the complex Brownian measure. This field is called elliptic Gaussian self-
similar random field in [2].

For 0 < # < 1, the random field fWB corresponds to the well known fractional

Brownian field with Hurst parameter equal to # and (31) is known as the harmonizable
representation of the fractional Brownian field (see [12] for a review).
Let us also remark that when d = 1, the covariance function I' g given by (30) is equal

to
ng—1

s | |t —sl4P - Z (_1)z<d;ﬁ> ((;)lwd—ﬁJr <§>l‘s|d—ﬁ> ’

=0

where (d;ﬁ) =(d—-p0)-...-(d—pB—(1—-1))/l!. Therefore 2(_01"372@% fWB is a ngth-order

fractional Brownian motion as defined in [17], with C'dilﬁ =T'(14+d—-p)|sin((d—B)7/2)|.

One can define the ngth increments of fW\/g with lag h € R?, which corresponds to the
discrete differentiation of order ng, by

ng
NI (4 ng\, {\ng—pirr.
Al Wﬁ(t)_§<p>( 1P Wt + ph)

Then

ng

gt . n .

AL Ws(t) = JJm W > <pﬂ>(—1) PP Ty pnbn
p=0

and the stationarity of Wy implies that ﬁ/\g has stationary ngth increments in the wide
sense: for all t,s,h,h’ € RY the covariances Cov (AZB%(S),AZ?%(S —i—t)) do not

depend on s (see [19] or [11] for instance).

Proposition 3.12. Let § < d with d — 3 ¢ 2N and ng = [#] Then the Gaussian
random field /V—V\; has stationary ngth increments. Moreover, this field admits continuous
partial derivatives of order | € N¢ in mean square for any || < ng, such that leW\/g
has stationary (ng — |l|) increments, is self-similar of order # — ||, and satisfies

Dl%(O) = 0 almost surely.
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Proof. Recall that I'g denotes the covariance function of fW\/g Since ng = [#1 >0, it
is straightforward to see that I'g admits symmetric partial derivatives of order [ € N¢

for any |l] < ng with 2 latl 5 (s,t) given by

ng—|[l|-1 ng—|l|—1

ok
Cﬁ/}Rd e e - Z (Ztklg) emt — Z (Skf) ¢2g)P2ae.

k=0 ’ k=0

By Theorem 2.2.2 of [1], this means that fWB admits a continuous partial derivative of
order [ in mean square, D' Wy, which is a Gaussian random field with covariance given

by Cov(Dl/VT/;(t),Dl%(s)) = %(s,t}. A straightforward change of variable yields
for all a > 0

Cov(D'Wjs(at), D'Ws(as)) = a® 72 Cov(D'Wjs(t), D'Wp(s)).
Since Dlﬁ/\g is Gaussian this implies that Dlﬁ/\g is self-similar of order # — 1] ie
{Dl%(at),t c Rd} 4 5P {le/{?g(t),t c Rd} for all @ > 0.
Moreover, for all t, s, h, h’ € RY,
Cov (AZV”'DFWE(s), A" DI (s + t))

_ Cg/ e—it~§(€—ih-§ - 1)71[3 |l|( ih'-& )n5—|l|§21|£|ﬁ—2dd£’
Rd

and Dlﬁ/\g has stationary (ng—|!|)th increments. We conclude since Var (DZWE(OD =0
implies that Dl%(O) = 0 almost surely. O

Remark 3.13. One can prove that /V—V\; is the only Gaussian random field with stationary

dﬁ

ngth increments, which is self-similar of order and isotropic.

Remark 3.14. The representation j; of Jg obtained in Theorem 3.11 is not Gaussian

but shares the same covariance function as Wg. Therefore it satisfies the same second

order properties: stationary ngth increments, self-similarity of order % and isotropy.

Remark 3.15. In the case 3 > d one can not find any representation of neither Wpg
nor Jg on S(RY). This is due to the fact that a random field can not be second order
self-similar of order H < 0 and continuous in mean square around 0.

4. FURTHER TOPICS

4.1. Aggregate similarity. We have seen that the Gaussian limit field Wy is self-
similar whereas the intermediate regime scaling limit Jg is not. A similarity property
which applies in great generality to long-range dependent processes is discussed in [13].
The following is a version for spatial random fields.
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Definition 4.1. A random field X with EX = 0, defined on a subspace S of M which
is closed for dilations, is said to be aggregate-similar if there exists a sequence of positive
real numbers (Gm)m>1, such that

m
Vi S, ¥m =1, X (1) 2 ST X (),
i=1
where (X%);>1 are i.i.d copies of X.

Thus, a random field is aggregate-similar if the path u,, — X(pa,,) as we trace
m

along the sequence of dilations given by a,, passes all aggregates ZX tof X, in the
i=1
distributional sense. We may write, equivalently,

YueS, Vm>1, X (u) Jad ZXi(“a;B)v
i=1

which immediately shows that an aggregate-similar random field is also infinitely divis-
ible.

Any self-similar, zero mean Gaussian random field is aggregate-similar. Indeed, if X g
is Gaussian with EXgy = 0 and self-similar with index H then letting a,, = ml/2H we
have

m
dd dd ;
Xn(pa,) = m"2 Xy () =03 Xpy (), m>1.
=1

In particular, Wp is aggregate similar on Mvg with respect to the sequence a,, =
m!'/(@=8)  For f < d we have a;' — 0 and hence j,,, represents a zoom-in of Wa,

as m — oo. This is in contrast to the case d < 3 < 2d. In this case a,,' — oo, and

m
consequently the succession of aggregates Z Wé(,u) of Wg(u) appears as the sequence
i=1
of measures (4, performs a zoom-out, in the limit m — oco.
Turning next to the non-Gaussian field J3, by (25)

log E (exp (iJ3(pta))) = a”~% log E (exp (iJ3(1))) -

Thus, Jg is aggregate-similar with respect to a,,, given by afln_ﬁ = m. This property

provides an interpretation of the dilation parameter a in Theorem 2.5. If we assume in
the theorem that A(p)p® — a7 P as pP~% = 0, for arbitrary m > 1, then

m
Xp(1) = E(X (1) ™ To(ttan) 230 T,

i=1
The guiding asymptotic quantity Ap” may be interpreted as the expected number of
very large (8 > d) or very small (8 < d) balls which cover a point asymptotically. Thus,
the more of such extreme grains are allowed asymptotically, the larger number of i.i.d.
copies of the basic field Jg appears in the limit.

We may continue this line of reasoning by providing a limit result for Jg(u,,,) as

m — 0.
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Proposition 4.2. As a® P — oo, for all u in Mg
1 fdd
gz Jsla) = Waln)

Proof. Consider the subsequence a,, = m'/(@=8) It follows immediately from aggregate-
similarity and the central limit theorem that

1 fdd

1 & fdd
—5v75 J8(Hanm — > _Js(u) = Wpa(p), m — oo,
a%,g)/g ﬂ( ) mzz; Ié; B

since Jg(u) and Wa(p) have the same variance. A standard argument completes the
proof of convergence in distribution along an arbitrary sequence. ([

4.2. Fractional Brownian field and fractional Poisson field. We consider the spe-
cial case d — 2 < 8 < d. For this range of parameters we have ng = 1 and

Mﬁ:M’gﬂMl, Mlz{MGM:/ ,u(dz)zO}.
Rd

It follows that that all point-wise increment measures 6, — dg, € R%, belong to € M@,
and are hence admissible for evaluating the limit fields W3 and Jz. We introduce H =

B ¢ (0,1) and

By(x) = Ws(6: — d), Pu(x) = J5(6x — &), =€ R
Let us mention that using representations /VT/; and :]; obtained in Theorem 3.11 one
can prove that By (z) T /VT/;(:E) — /VT/;(O) = /VT/;(:E) since %(0) = 0 almost surely and
similarly Pp(x) [ 35(3:)

Then By () has a zero mean Gaussian distribution for any = € R%, and it is straight-
forward to check from (11) that, for any x,z’ € R?,

Cov(Bi(x), B (2') = (—cp) (| + |a' [P — |z — 2"

Thus, By is fractional Brownian field on R? with Hurst parameter H.
To analyze the properties of Py we observe using (25),

(32)  logE (exp (i Pu(z))) = /RWRd U (6,(B(y,r)) — 60(B(y,r))) Cg dy v dr.
Here,
L o —yl<r<lyl

6z(B(y,7)) —do(B(y,r)) =1 -1, [yl<r<|z—y| ,
0 otherwise

and hence we may recast (32) into

logE (exp (10Pu(a))) = W) [ Lyicray Co dy ™ ldr
R+ xRd

W (— 1 dy r=971d
+W ( 9))/]R+X]Rd {lyl<r<lz—y} Cp dy r

= (—cp) 2" (T(0) + ¥(-0)).
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This is the logarithmic characteristic functional of the difference of two independent
random variables both having a Poisson distribution with intensity (—cs) |z|9~”. Hence,
Py (z), x € RY defines a mean zero integer-valued symmetrized Poisson distributed
random field, such that for any z,z’ € R,

Cov(Pp(2), Pr () = (=cg) (|2 + |o'P — |z — 2[*H) .

By analogy with fractional Brownian field this makes it natural to view Py as a fractional
Poisson field.

The fractional Poisson field Py shares with By a well known interesting invariance
property under restriction to lower-dimensional hyperplanes. For example, any cut along
a line through a planar fractional field in R? generates a one-dimensional fractional
process of the same kind. To see this, let H}, be a k-dimensional hyperplane in R?. We
consider R? = Hk@H,i- and write Z, for the restriction to Hy, of x = Z3,+(z—2;) € R%. To
emphasize the dimensional dependence we write here By ¢(x) and Py 4(z) respectively,
if the fractional fields are defined on R<.

Proposition 4.3. Given 3 € (d—2,d), let 3’ = —d+k € (k—2,k). Then the measure
0z, — 6o belongs to Mg/, and we have

and

forH =k—-03 =d—-3=H.

Proof. 1t is enough to consider hyperplanes of the form x = (z1,...,2,0,...,0). Then,
clearly, |Z|%" = |Zx|*~#, which carries over to showing that the covariances of the pair
of relevant random fields coincide.

]
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