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On the Graf’s addition theorem for
Hahn Exton g-Bessel function

Lazhar Dhaouadi *

Abstract

It is the purpose of this note to give a new interpretation of the
Graf’s addition formula for Hahn Exton g-Bessel function using the
properties of the ¢g-Bessel Fourier transform. In the rest of this note
we establish a connection between this result and the positivity of the
q-Bessel translation operator.

1 Preliminaries

Throughout this paper we consider 0 < ¢ < 1 and we adopt the standard
conventional notations of [2]. We put

+ n
Rq_{qv TLEZ},

and for complex a

n—1

(@;9)0=1, (a;q)n = H(l —aq"), n=1..00.

Jackson’s g-integral (see [3]) in the interval [0, oo[ is defined by

o0

/0 T rwda=(0-9 Y @)

n=—oo
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Let L4, be the space of even functions f defined on R} such that
1/p

Hfl!q,p,vz[/o @ de| < .

The ¢-Bessel function of third kind and of order v is defined by (see [6])

Jv(xaﬁ_Z) =— 7 1¢1(07qv+17q7qx2)7 8%(v) > _17

and its normalized form is given by

(45 @)oo

jU(ZL', q) - (qv+1- q> ZL‘iUJv(‘,L,’ q) = 1¢1 (07 qurlv q, q[L‘2)

n(n+1)

. C 1\ q 2 x2n
_nzzo( VG

I

It’s an entire analytic function in z. The g-Bessel Fourier transform F,,
introduced in [1,4] as follow

Foof(x) = cqo / F(t)do(at, ¢)t* d,t,
0

where
1 <q2v+2’ qz)oo

B 1 —q <q27q2)00
The g—Bessel translation operator is defined as follows:

Cqp

Tqv,:vf@) = Cq,v/o fq,v(f) (t)jv<xta q2)jv<yta q2)t2v+1dqt, Vr,y € R;, Vfe Lq,l,v-

Recall that T is said positive if T,/ f > 0 for f > 0. In the following we
put
Qv ={q €0,1], T;, ispositive for all z € RS}

Tack ¢ € @, then the g—convolution product of both functions f,g € L1,
is defined by

fxq9(x) = ¢4 /0 T2 f()g(y)y*dgy.

The followings results was proved in [1].
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Proposition 1

(=4% 0% oo (=" ¢%)oo if n>0
<q2v+2;q2)oo qn2+(2v+1)n if n<0

17.(¢", ¢%)| <

Theorem 1 The operator F,, satisfying
1. For all functions f € L41.4,
f;vf(x) = f(z), VreR].
2. If f € Lyrv,and Fyof € Ly1, then

1o fllaw2 = [1fllgw.2
3. For all functions f,g € Ly1.0 ,

Foulf*q9)(x) = Foof(x) X Fyog(x), Ve R;r.

2 The Graf’s addition formula

The Graf’s addition formula for Hahn-Exton ¢-Bessel function is (see [5] )

Jo (RGP0 0V T, (q%, q)

= Je(Rg PR ) Ty (RgPETRE [ g) T, (g1 g).
keZ

This formula is valid for z € Z and R, z,y,v € C satisfying
|R2gTR@HRW) < 1 R(z) > -1, R#0.

This formula has originally been derived for v, x,y € Z, R > 0 by Koelink
using the interpretation of the Hahn-Exton ¢-Bessel function as matrix el-
ements of irreducible unitary representation of the quantum group of plane
motions. Now replace ¢ by ¢> and R by ¢ we obtain

o (" ) oo (¢, ¢°)

= S @ ) L@ ) L ),
keZ



and let
m=y+z+uv+r,

then
r+y+k+r=m+k+z—2z—v,

y+k+v+r=m+k—z,

which give

(@™, %) Jeo(@7, @)

= Il ) k(@ ) e 6.
keZ

This formula is valid for z € Z and r,z,y, v € C satisfying
14 2R(r) + R(z) + R(y) = 1+R(r)+R(m) —R(z) —R(v) >0, R(z)> —1.
In the above sum we replace z — k by k we get

Jo(q™, QQ)JJJ—U(an q2)
= Z JZ*k<qm+x7vik7 q2>Jv+2*k<qmik7 q2)‘]33<qk7 q2)7

keZ

This sum exist
VzeZ, Vm,v,xeC, R(x)>-1.

In fact there exist an infinity complex number r € C for which
1+ R(r) + R(m) — R(z) — R(v) > 0.

Now using the definition of the normalized ¢-Bessel function

(q2$+2’ q2>oo

e 0" (¢, ¢%) = (1 — q)cgeq™ 5. (d", %),

Jo(d", %) =
we obtain

quJFZ(:’?*”) (1 — q)2cq,ycq,mfvjv(qma q2)jll¢*v<qz7 q2)

= (1= q)cge Y Tild”™ " ) i@ 7)da(d", 7).
keZ



Let

and replace
k—k+nm-—m+n,z—z+n.

This implies

qu+Z(x_v) (]‘ - Q)2Cq,ch,x—vjv(qm)‘7 q2)]$—v(qz)‘> q2)

= (1 - Q)Cq,ar Z qut]z—k(qmiwrmika qQ)Jv—l—z—k(qmika q2)jx(qk)‘7 q2)
kEZ

_ (1 . Q)Cq,m Z q2k(x+1)q7k(m+2)JZ7k<quv+mfk’ q2)Jv+Zik(quk7 q2)jx<qk}\7 q2).
kEZ

Now, put
1

(1 - Q>2cq,ch,x7v

q—k(m—l—Z)—mv—z(m—U) Jz_k(qm—v-l—m—k’ q2)Jv

Ev,a:(qma qZ> qk) = +z—k(q

Using the Proposition 1, we see that the following function
A= Gu(@™N ) (N, ¢2), Vm,z €Z,

belongs to the space L£,1,, and by the inversion formula in Theorem 1, the
following result hold true

Proposition 2 For z,m € 7Z and x,v € C satisfying R(z) > —1 we have

Go( @™\, @) Joo (N GP) = Cqa / E,.(q™, ¢ t)j.(\t, @)t T d,t,
0
and

Ev,m(qma qz’ qk) = Cqx / jv (qm)\a q2)jx7v<qz)‘7 q2>jm<qk)\u q2>)\21+1dq)‘-
0

3 Application

In g-Fourier analysis the positivity of the ¢-Bessel translation operator is
crucial. In general case, the fact that f € £, , does not imply T}, f € L1 .
So that it is natural to look for when this property holds for T} ,.

In [1] the following result was proved

bt

m—Fk

.q%).



Proposition 3 Let f € L1, then

Tqv,xf(y):/o f(2)Dy(z,y,2)2*""d,z,
where
Dy(x,y,2) :Cg,U/ Jo(zt, q2)jv(yt,q2)jv(zt, q2)t2”+1dqt,
0

A direct consequence of the above result is the fact that T, is positive
if and only if D, (z,y, 2) > 0 for all z,y,z € R}. Another consequence is the
fact that if the operator T}, is positive and f € L1, then T}, . f € L1,

| Tl < [ Tnmya
= / ‘f(z)‘ |:/ Dv<x’y’ z)y2v+ldqy Z2U+1dqz
0 0

Let

¢t Jo(at, ¢)jo(2t, ¢°),
then

Dy(z,y,2) = cquFqud(y)-

This implies with the inversion formula in Theorem 1

| D2y = F2,00) = 6(0) = 1.
0
Finally we prove that

JE€Lyrw=>T,.f €Ly

In [1] it also proved that

2(r—m)(k—m)—m

m r _ 49 2(r—m)+1. 2(r—-m)+1 . 2(k—m)+1
D_yy5(q™, 4" ¢") = (g  0)oo1¢1(0, ¢ 434 )
/ (1—a)(@ )
1
= . r—m k—m’ )
gt (@)
which implies (see [1])
Q—1/2 = [0, qo,
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where ¢ is the first zero of the following function:

q—161(0,9,¢,9).

Now using the Proposition 2 for x = v = 0 we obtain

Eoolq™, ¢%, ") ch,o/ 3o(q™ A, @) Go(a7 X, ¢*)Go(q" A, *)Ad A
0

1 m oz
= —DO(q » 4 7qk)7
Cq,0

and then

Do(qm7 q, C]k) = Cq,oEo,o(C]m> q°, qk)

= gt Vel

In the end we obtain

QO :]07 1['

Proposition 4 For z,m € Z and v € C satisfying R(v) > —1 we have

o —2U
m z 7q () v z
Euo(q™, ¢, q") 1—qz gD, (g™, 4", ¢").
=0
Proof. From the following formula
0 —2v 2
—v q y 47 )i (o4 7
J:va()‘u q2) =A Z ((272)(] @+ )Jm<)‘q 7q2)7
— (¢*,9%)
we obtain
> —2v q (242
- q,T—v .JB*U ) - q,T : Z v .
(1= q)cguvie—v(X ¢%) = (1= g)c Z 205, (M' ¢%)
1=0

Tack x = v and replace \ by ¢*\ we obtain

o0

721)
. 2 7q i z v itz
Jo(@*N, ¢°) = (1 — q)cgu E @205 (A", ¢%),
=0



which gives from Proposition 2
Ev,v(Qm’ qZ’ qk) — Cq,v/ jv(qm)\7 q2>j0<qZ)\’ q2)]v<qk)\7 q2))\2v+1dq)\
0
0 721) q
1 —q Z ) l(2+2v)

i=0

' {CZ’” / (@™ X )30(dN )0 (65N, )N\

0

0 721) q s ‘ .

= 1_q Z l(Jrv)Dv(qm’qurz’q )
i=0

This finish the proof. =

Remark 1 Ifv € N then for allt > v+ 1 we have

(q_2v7q2)i = 07
which 1mplies
m z - (q_2U7q2>i ) v m 4z
Evo(q™, ¢, q") = (1 —q) ) 29D, (", 47, ¢Y).
i=0 T
Remark 2 For m,n,k € Z and R(v) > —1 we have
m z 1 —R(v —muv m— m—
Eyo(d™ ¢*,d") = [T MR g (g™ ) e k(@™ 6)
q7v
- (q72vvq2)i i v m itz
=(1-q)) 520Dy (q", ¢, ).
In particular
1
Eo(1,1,1) = m——1Jo(1,¢*)Ju(1,¢°).
A1) = s L)1)

Therefore if R(v) > —1 and v # 0 then there exist q €]0, 1] such that
JO(lv QQ)JU(L q2) < 07

this implies

Q. ¢]0,1].
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On the other hand if ¢ — 0T then for all m,z,k € Z

0< Eyo(d" ¢, d") ~ Du(q™,q", q"),

therefore
Qv # O.
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