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LOWER BOUNDS FOR SUP + INF AND SUP * INF AND AN EXTENSION OF
CHEN-LIN RESULT IN DIMENSION 3.

SAMY SKANDER BAHOURA

ABSTRACT. We give two results about Harnack type inequalities. Fiost compact smooth
Riemannian surface without boundary, we have an estimatieeofypesup + inf. The second
result concerns the solutions of prescribed scalar cuaguation on the unit ball &" with
Dirichlet condition.

Next, we give an inequality of the tydeup ;- u)?*~1 x infq u < cfor positive solutions of
Au = Vu® onQ C R3, whereK is a compact set @2 andV is s— holderians €] — 1/2, 1].
For the cases = 1/2, we prove that ifming v > m > 0 and the holderian constant of V/
is small enough (in certain meaning), we have the uniforrmdedness of the supremum of the
solutions of the previous equation on any compact sét.of

1. INTRODUCTION AND RESULTS.

We denoteA = —V7(V,), the geometric Laplacian.

On compact smooth Riemann surface without boundadyg) we consider the following
equation :

Au+k=Ve", (E1)
with, k e R, and0 <V <b(V #£0).

We supposéd/ smooth. The previous equation is of type prescribed scaiarature. We
search to know if it's possible to have a priori estimate eftypesup + inf.

Note that in dimension 2, oR?, we have different results abatitp + inf inequalities for the
following equation:

Au = Ve, (E9)
see [B-L-S], [B-M], [C-L 2], [L 2] and [S].

In [S], Shafrir proved an inequality of the typeap « + C inf « < C’ with minimal conditions
on the prescribed scalar curvature. In [B-L-S], BrezisShafrir have proved aup v + inf u
inequality with lipschitzian assumption on prescribedvatire. Finaly, [C-L 2] have proved the
same result with holderian assumptionidtin the equatior{ E>).

Here, we are interested by the minoration of this sum. We sppase that olume(M) = 1.
We obtain,

Theorem1. For all k,b > 0, thereexistsa constant ¢ = ¢(k, b, M, g) such that, for all solution
of (El):
k—4r
47

supu + infu > c.
M M

We can remark that fok = 8, we have the same result than in [B 1]. Here there is no
restriction onk.

Now we work in dimensiom > 3, we setB = B;(0) the unit ball ofR™. We try to study
some properties of the solutions of the following equation:

Au=VuN 1" u>0in B, u=00n 0B  (FE3)
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. 2 "
with0 < V(z) <b < +00,0 <e<2/(n—2)andN = —n2 the critical Sobolev exponant.
n—

Equation(Es) is the prescribed scalar curvature equation, it was stuallet! We know, after
using Pohozaev identity that, there is no solution for thisaion if we assume= 0 andV = 1,
see [P].

Theorem 2. For all compact K of B, there exists one positive constant ¢ = ¢(n, b, K') such
that for all solution of (Es) :

(supu)” x infu > c.
B K

Recall that estimates like in the last theorem exist, seeample [B 1] et [B 2].

Now we work on{2 C R? and we consider the following equation:

Au=Vu®, u>0, (E4)
with,

1
0<a<V(z)<band |V(z)—V(y)| < Alx —y|*, s€ [5, 1], z,y € Q. (©)
Without loss of genarality, we suppoSe= B the unit ball ofR3.

The equation(E,) is the scalar curvature equation in three dimensions. ltstadied a lot,

. . 1

see for example [B 3], [C-L 1], [L 1]. In [C-L 1], Chen and Lin & proved that ifs > 3
then each sequence;,);, which are solutions ofE,) ( with fixed V') are in L{?. if we suppose

loc

ming ur > m > 0. Whens = 1 they prove that theup x inf inequality holds. To prove those
results, they use the moving-plane method.

In [L 1], Li proved (in particular) that the produstip x inf is bounded if we replace by the
three spher&;. He used the notion of isolated and isolated simple blowaiptp.

We can see in [B 3] another proof of the boundednessipt/? x inf, also with the moving-
plane method.

Note that, if we suppos@ a Riemannian manifold of dimension 3 (not necessarily cai)pa
Li and Zhang (see [L-Z]) have proved that thep x inf holds when the prescribed scalar curva-
ture is a constant.

Note that, in our work, we have no assumption on energy. ThesFemany results, if we
suppose the energy bounded.

Here, we use the moving-plane method to hayex inf inequalities. This method was devel-
oped by Gidas-Ni-Nirenberg, used by Chen-Lin and Li-Zhaseg, [G-N-N], [C-L 1] and [L-Z].
In our work we follow and use the technique of Li and Zhang,[t€£].

1 "
Theorem 3. If s 6]5, 1], then, for all positive numbersa, b, A and all compact K of B, there
exists a positive constant ¢ = ¢(a, b, A, s, K') such that:

)23—1

(supu x infu < c,
K B

where v is solution of (E4) with V' satisfying (C).

For s = 1 and a,b,m > 0, thereexists § = §(a, b, m) > 0 such that for « solution of (Ey)
with A €]0, 6] for V' in (C) and u > m, we have:

supu < ¢ = ¢(a,b,m, K),
K

where K CC Bs.



Note that in [B 3], for the dimension 4, we have a result lik¢hia second part of the theorem

3.
About usual Harnack inequalities, we can find in [G-T] lotdfudse estimates. For harmonic
functions Au = — "7 | 9;;u = 0 on open set oR™), we have an estimate of the type:
el < gn,
infg,u —

on small ballBy of radiusR (see chapter 1 in [G-T]).

We have other results if we consider a general elliptic ape(@ = 9;(a™/ 9;)+>_7_, b0;+c
on open set oR™), we obtain:

Supp, %
for a non negative function such thatLu = 0 ( By is a ball of radiusk . See for example
theorem 8.20 in [G-T].

< C[nv R,c, (bj)j’ (aij>i-,j]

For subharmonic and superharmonic functions there is antype of Harnack inequalities
linking their normLP to their infimum or supremum. (See chapter 8 in [G-T]).
Here we follow the same idea and we try to comparestheand thenf in a certain meaning.

2. PROOFS OF THE THEOREMS.

Proof of Theorem 1.

Consider the equation :

Au; + k = Ve,
Casel: supy u; < ¢ < +o0.

We setz; the point where; is maximumu,(x;) = sup,, u;, then:
0 < Aui(z;) = Vi(a;)e" @) — k < bei (@) — K,

thus,

log (%) <w(z;) <.

We denot&> the Green function of laplacian,

Ay,distributionG(xv ) =1- 5:6 and G(IL’, y) Z 07/ G(x,y) = C
M

we can write,

k
o (E) < o) = /M widVy = | Gy Vi)™ = Kav, < / ui + C(be’ — k).

We deduce:

—oo<02§/ u; < cp < 400, Vi
M

Now, we write,

minwu; = u;(y;) = / U, +/ G(yi,y)[Vi(y)e“i(y) —k]dVy > co — kC > —o0.
M M M

Thus,



[|wi|| L= < ¢ < 400, Vi.
Case 2. sup,, u; — +00.

According to T. Aubin (see [A]), we have,

1
G(:Ea y) = _% lOg d(ZE, y) + g(l’, y)a

where ,g is a regular part of7, it is a continuous function o/ x M.

Let us noter; the point where; is maximumu; (x;) = maxys u;. We can suppose thaf —
xo and in the conformal isothermal coordinates arouidie setv; () = u; (x; + e "(@)/2) —
u1(£E1>, then,

Avi + hl = ‘71'67”, hz -0

v;(0) = 0,v;(z) < 0,0 < V() < b. We can use theorem 3 of [B-M] and we deduce after
passing to the subsequence that:

vi(z) > C > —oo, for |z| <.
Thus,

wi(y) > wiz;) + C, if d(y, z;) < re” % @)/2,
Now, we work onM — B(z;, re~%i(@)/2),

1 .
G(zi,y) < 4—u1(:r1) + C1, on 8B(zi,7’6_“i(”)/2)
T
Alu; — kG(z;,.)] >0, on M — B(z;, re”“(@)/2)
4 —

wily) = kG ) —
By maximum principle, we obtain:

k
ui(z;) + kC1 —C >0, on 8B(xi,refui(xi)/2).

4 — k

u; > kG(x4,.) + ui(x;) —kC1 + C, on M — B(aci,re*“i(z"’)m),

We use the factf,, G(z;,y) = constant, and by integration of the last inequality we have,

7
supu; > ¢ > —00,
™ M

Examplewith V; — 0 : we can takey; = logk + logi andV; = 1/i.

inf u; +
M

Remark: If we supposel; > a > 0 uniformly, then, whenk < 47 we can not have
sup,, u; — +o00. To see this, it is sufficient to integrate the equation.

Proof of Theorem 2:

We are going to prove that each sequence has a subsequenbasuie searched inequality.

Next, we use the fact that, if we have possibility to extrasuisequence we do it and we
denote(u;); the subsequence.

We have,

Au; = Viufvflfei, u; > 0 on B, (E)
with 0 < V;(z) < b (V; Z0).
Let us note the Green function of the laplacian on unit ball with Dirieh€ondition. G is of

the form:
4



le.y) 1 1

T = — .
T = 2wale =y n(n — Dwn([2Ply + 1 - 22.5) 272

Denotex; the point wherey; is maximum. We write:

wilar) = /B G, ) Vi) s ()] ¥~y < Blus () V1 /B G, y)dy.

Consider the function(z) = |z|? — 1, we have:

1 — |ai?
G(zi,y)dy = ——— < d(z;,0B)/n.
B 2n
We deduce:
0< % < [ug ()Y =D~ d(x;, 0B).

Casel maxpu; <c

Then,d(z;,0B) > ¢ > 0. By elliptic estimatesy; — u, withu > 0. Then,infx u; > ¢ >0
with K cC B.

To see this, we can writgF) as:
Au; = f;

with, f; uniformly in L? for p > n. We can use the elliptic estimates to hayeuniformly in
W2P(B) and by the Sobolev embedding, we hayeuniformly in C1-¢ (B), for somed €]0, 1[.

Now, we can see that:

/ Vu; Vo = </ ‘/Z-usleigp) >0, for all ¢ € C5°(B), ¢ > 0 (distribution).
B B

We can passe to the limit; — u > 0 (subsequence) ande C'(B). Then, we have:

/ Vu.Vp >0, p € C5°(B), ¢ > 0 (distribution).
B

We can use the strong maximum principle for weak solutioes, for example, Gilbarg-
Trudinger, theorem 8.19 (applied tau < 0):

If, there is a point in B such thatu(t) = 0 then,u = 0. But we can see that;(z;) > ¢ >0
with ¢ do not depends ohandz; 4~ 9B (subsequence).

Finaly,u > 0 on B.

Remark 1. Why do we do this ? in fact, we have neither € C?(B) noru; — u in C?
norm because we don’t have more regularitylgrand finally we don’'t haveAw > 0 in the
strong sense. We have wealkly: > 0 with a good regularity om. Here, it is sufficient to have:
C' regularity onu and an uniform boundedness ferin C-? (0 < 6 < 1), to obtain a good
convergence fou;. After we can use a strong maximum principle for weak sohgio

Remark 2. If we take a sequence of functiol'swhich converge uniformly t@ ( for exam-
ple), the previous case 1 is not possible.

Case 2. maxg u; — +00

Nz, — 20 €08 :

To simplify our computations, we assumgb > 1/2. Then, B(z;,r;) € B, with r; =

. We consider the following functions :
2fui(z T2 ’

il + @/ [uq (x| (22

5

vi(z) =

)



Those functions;, exist onQ2; = B(0, 5t;), t; = 1/10[u;(2;)]?/ ("=2)~</2, We have :

Av; = f/iviN_l_ei, 0 < vi(z) < vi(0) =1, 0 < Vi(x) <b.
with, V;(z) = Vi[z; + 2/ [ug(x;)]2/ (=2 =</2),

We use Harnack inequality for;, ( see Theoreme 8.20 of [G-T]), we obtain:

max v; < C inf wv;.

B(O,ti) B(O,ti)
whereC = [Cy(n)]**? (see [G-T] and; < 1).

In 0, we obtain:u;(z) > C(n,b)u;(x;) for |z| < s; = 1/10[u;(x;)]* (=2~ Let us note
that,C(n, b) = C = [Co(n)]'**.

If we considerB — B(x;, s;), then,
G(xi,y) < c(n)ui(z:)]* "D, for d(z;,y) = i,

AG(zi,.) =0, G(zs,.)jo8 = 0,
) 10n—2
with, ¢(n) = m

Thus,
Uz(y) C(n)[ui($i)]3*(n72)ei
C(n,b)G(zi,.)
C(n)[ui(zi)]gf(n*Q)ei Z 0.

>0, for d(y,x;) = s;, or, on IB.

A U; —
By maximum principle, we have:

oy Cb)Glaiy) o B Ble s
m(y) c(n)[ui(xi)]3*(”*2)€i 2 0, B B( (2] z).

In other terms,

C(n,b)

e() G(xi, y)[ui(z;)] >T =24 on B — B(a;, s;).

ui(y) >

Now, we know that,

G(zi,y) = ¢ (n)(1 = |y)" 7% > (1 — |2 )" >
1

wherec'(n) = 2(n — 2)22(n=2)y,,

We denote¢’ (n,b) = % Using the fact] — |z;| = d(xz;, 0B) > ¢ (n, b)[u;(x;)] = (*=2te,
we obtain,

C(n,b)c' (n)c'(n,b)
c(n)

On B(0, k) with k < 1, by maximum principle we havénf g 1) u; = infap(o,x) i

u;i(y) > (1- |y|)”_2[ui(xi)]_7+2(”_2)”, on B — B(xy, s;).

Then,

wiy) = C(n,b)(1 = k)" P lug(a,)] 707D on B(0, k) — B(xi, 1),
but,z; — z¢ € 9B, and fori large we can conclude th&t(z;, s;) N B(0, k) = @ and thus,
inf u; ()] > ,b k).
Bl(Iol,k)u X [ui(zi)]" > C(n, b, k)
We can remark that:



C(n,bk) = )(1 — k)"

c(n)
With, C(n,b) = Co(n)**, e(n) = —2— r(n) = L ande/(n, b) =
A 0 ’ n(n — 2)w,’ 2(n — 2)22(n=2),, ’
n
E.
Then,
14b9,,2(0 _ 2(n—2) 1+b 2(n—2)

bn(n — 2)wy, b

||).I}7‘—>$(]EB:

Our computations are the same as in the previous case ¢, dheisome modifications.

We taket; = 1 ands; = [u;(z;)]?/("~2)=</2 We have:

Glzi,y) < Cn)[ug(z;))?~=2e/2,
After,

ui(y) = C'(n,b)G(ws, y)[us(w;)] T 2e/2)
we use the facty; — x9 € B, G(x;,y) > C"(n,b,20)(1 — k)" 72,

then,

. f i (s 17(7’7,72)67;/2 > b k > 0
Bl(Iol.’k)’lL X [’LL (IE )] = C(”v ’ 7':60)

Proof of the Theorem 3

Step 1: blow-up technique

We are going to prove the following assertion:

2s—1
1
3 ¢, R > 0 such that, R | sup u] xi%fugcif §<s§1,

B(0,R)

and,

1
3 ¢, R >0 such that, R sup u<c if s=—.
B(0,R) 2

We argue by contradiction (and after passing to a subsefjandeve suppose that fé, — 0
we have:

2s5—1
Ry | sup uk] X i%fuk — +o00, for s€]1/2,1].

B(0,Ry)

Ry sup wup — 4oo, for s =1/2.
B(0,Ry)

Let z; be the point such thaty (x) = SUP (o, ) Uk and consider the following function:

sk(x) = V(B — [ — 2| )uk(@).
Let aj, be the point such thatsy (ax) = SUPB(a,,Ry) Sk WE SetM), = ug(ag) andl, =
Ry — |ar — zx|. We have:

Ik
M ug(z) < V2, for |z —ag| < EkM’?

We have:
7



l _ _ l
ng — +00, vg(y) = My tug(ax, + M 2y) for |y| < §M;§7

Avy, = Vo, v(0) = 1, 0 < vy, < V2.

We know, after passing to a subsequence, that:

v — U, with AU = V(0)U®, U >0, on R
It easy to see that we can suppdé€)) = 1. The result of Caffarelli-Gidas-Spruck (see
[C-G-S]) assures thdf has an explicit form and is radially symmetric about somepoi

Step 2: The moving plane method

Now, we use the Kelvin transform and we set for- 0 :

A A2y
A A s A
v (y) = —vk(y”) with y* = —5.
k) |yl &) |yl
We denote: ), by:

Yx = B (0, RpMZ*) — B(0, \).
We have the following boundary condition:

lim min v — 400.
Jimmin (o))

We have:
Avp = V2 (up)®.
We set:
W) = Vg — ’U;)C‘.
Then,

2
Awy + ifélvkuu = F),
n—2
with Ey = (Vk — ‘/Y];\)(Q)]:\)‘ra
Clearly, we have the following lemma.
Lemma 1

We have:

[Ex| < A x COW)ME PNy~ < C(A)A] X AM 2 A [y 5,
Let

hn = —Cl(s, A1) Ap M7 l1 - (1)4_81 .

|yl
Lemma2:

3 A > 0 such that wy +hy >01in Xy V0 < A < AL

The proof of the lemma 2 is like the proof of the step 1 of thertem® in [L-Z], we omit it
here.

We set:

2\ = sup{A < Ay, such that w, + h, > 0in ¥, for all 0 < p < A}
We have:



If s €]1/2,1] then |hyx|RxMP® < C(s, A1) sup,, Ay, and thus,

Wye + hye >0V |y| = Rlegs

1 .
If s= 5,minM ug > m > 0andA; — 0, we obtain,

min Vg > 2\ >0,
lin, | [oe@)lyl] = 24

2 1 M
thus, for|y| = =2 " andk large we have:
m
—\k M 42X — C(A\,5)A
Wy + oy > ZAR W) £20 = OO0 9 A m —(1+ €)A1 — €Aq + 2X1] > 0,

(2)\1Mk)/m - 2>\1Mk[

wheree > 0 is very small andy (y*) — U(0) = 1.

21 M,

1 . — .
For the case = 5 we work in¥, = B (0, ) — B(0, ). Itis easy to see that,

2 My,
m

<< RpM?. We define\* as in the case/2 < s < 1.

If we use the Hopf maximum principle, we prove thdt = A, like in [L-Z]. We have the
same contradiction as in [L-Z].
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