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Conditional large and moderate deviations for sums of discrete
random variables. Combinatoric applications.

Fabrice GAMBOA!, Thierry KLEIN? and Clémentine PRIEUR?

Running title. Conditional large and moderate deviations.

Abstract. We prove large and moderate deviation principles for the distribution of an empiri-
cal mean conditioned by the value of the sum of discrete i.i.d. random variables. Some applications
for combinatoric problems are discussed.

Key words: Large and moderate deviation principles; Conditional distribution;
Combinatoric problems.
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1 Introduction

In many random combinatorial problems, the distribution of the interesting statistic is the law of an
empirical mean built on an independent and identically distributed (i.i.d.) sample conditioned by
some exogenous integer random variable (r.v.). In general, this exogenous r.v. is also itself a sample
mean built on integer r.vs. Hence, a general frame for this kind of problezn) may be formalized
n

)

as follows. Let (g,) be a positive integer sequence. Further, let X = (X ;

Y = (Yj(n))neN*,jﬂ,---,nqn be two triangular arrays of random variables. Both arrays are such
that on their lines the r.vs are i.i.d.. Moreover, it is assumed that the elements of the array

ngn y-(n)
=1Y;

neN* j=1,...,nqn and

X are integer. The interesting distribution is then the law of (ng,)™'T}, := (ng,)" 'Y

conditioned on a specific value of S, := Z;ﬁﬁ X](-n). That is the conditional distribution
Ln = ﬁ((HQn)ilTn’Sn = npn)7

where (p,,) is some given positive integer sequence. When the distribution of (X ](n),}/j(n)) does
not depends on n, the Gibbs conditioning principle (@, A, ]) states that £, converges weakly
to the degenerated distribution concentrated on a point x depending on the conditioning value
(see Corollary R.). Around the Gibbs conditioning principle, general limit theorems yielding the
asymptotic behavior of the conditioned sum are given in [R1, [[3, [[7]. Asymptotic expansions
for the distribution of the conditioned sum are proved in [}, [§]. In this paper our aim is
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to prove a large deviation principle for £,. Roughly speaking, this means that we will give
an exponential equivalent for this conditional distribution. On a finer scale, we prove a large
deviation principle for £,, := E(\/% (T, — bn)|Sn = npy), where b, is a centering factor specified
in Theorem P.4 of Section and a, is a decreasing positive sequence of real numbers with
an, — 0, napq, — +00. We then say that L,, satisfies a moderate deviation principle [B, Section
3.7]. Our work follows the nice ones of Janson [[[3, [[4]. In these last papers, a central limit theorem
with moment convergence is proved. The starting point in the proof is a simple representation of
the conditional characteristic function as an inverse Fourier transform. This representation was
first given by Bartlett [[|, Equation (16)]. To establish large and moderate deviation principles
we will make use of Gartner-Ellis Theorem in which an asymptotic evaluation of the Laplace
transform is needed. For this purpose, we first transcribe the Bartlett formula to get a simple
integral representation for the conditional Laplace transform (see Lemma B.I). The main result
of [[3] is quite general as it only requires assumptions on the three first moments of (X,Y). Here
we need further assumptions. However, contrarily to [[§, Section 2], we do not restrict to the
central case (conditioning on S, = E(S,)) nor on the “pseudo” central case (conditioning on
Sp = E(S,) + O ( nanX_(n)), with 0% = Var(X)). In [[g], the authors study general saddle
point approximations for multidimensional discrete empirical means and obtain an approximation
formula for conditional probabilities. We focus here on the exponential part of this formula, stating
a full large deviation principle (see Theorem P.J). Using some classical tools of convex analysis
we give an explicit natural and elegant form for the rate function. Furthermore, we complement
our study by stating a moderate deviation principle for the conditional law (see Theorem PR.4). As
usual, the rate function is quadratic and the scaling factor is the asymptotic variance, which can
be interpreted here as a residual variance in some linear regression model, generalizing the factor
found in [[§]. The paper is organized as follows. In the next section, to be self contained, we first
recall some classical results on large deviation principles. Then we state our main results: a large
deviation principle and a moderate deviation principle for conditioned sums. Section [ is devoted
to the proofs. In Section f] we apply our main results to some combinatorial examples. We also
discuss possible extensions to more general models.

2 Main results

2.1 Large and moderate deviations
2.1.1 Some generalities

Let us first recall what is a large deviation principle (L.D.P.) (see for example [{, [2]). In the
whole paper, (a,) is a decreasing positive sequence of real numbers with lim,,_, a, = 0.

Definition 2.1. We say that a sequence (R,) of probability measures on a measurable Hausdorff
space (U,B(U)) satisfies a LDP with rate function I and speed (ay,) if:

i) I is lower semi continuous (Isc), with values in RT U {+o00}.

1) For any measurable set A of U:

—I(int A) < liminf a, log R,,(A) < limsup ay, log R,(A) < —I(clo A),

n—~o0



where I1(A) = infeca I(€) and int A (resp. clo A) is the interior (resp. the closure) of A.

We say that the rate function I is good if its level set {x € U : I(x) < a} is compact for any
a > 0. More generally, a sequence of U-valued random variables is said to satisfy a LDP if their
distributions satisfy a LDP.

To be self-contained, we also recall some definitions and results which will be used in the
sequel. (we refer to [f, [J] for more on large deviations).

Laplace and Fenchel-Legendre transforms To begin with, let Z be a non negative integer
random variable and define the span of Z by mz := sup{m € N, 3b € N, Supp(Z) C mN+b}. Let
pz denote the characteristic function of Z. When Z is square integrable, 0% denotes its variance.
For 7 lying in dom ¢z := {7 € R : E[exp(7Z)] < +o0}, we define ¢z(7) := logE[exp(7Z)] as the
cumulant generating function of Z. Obviously, dom ¢z contains at least R~ and vz is analytic
in the interior of dom 7. We denote by R the interior of the range of ¢,. It is well known
that Rz is a subset of the interior of the convex hull of the support of Z. These two subsets of
R coincide whenever 1z is essentially smooth (see definition below). Further, let ¢}, denote the
Fenchel-Legendre transform of ¢z [f], Definition 2.2.2 p. 26]. For any 7* € Ry, there exists a
unique 7+ € dom 9z such that ¥/, (7,+) = 7* and we may define Z*™ as a r.v. on N having the
following distribution

P(Z57" = k) = explkrrs — Uz(r+)]P(Z = k), (k€ N). (1)

It is well known that E (Z *’T*) = 7*. For more details on the relationships between ¢z, 7, Z 7"
we refer to the book [

Let now (Z, W) be a random vector of R?. We naturally extend some of the previous notations
to (Z,W). For example, 17w is the cumulant generating function built on (Z, W) defined on
dom 7w C R? and ¥ w denotes the Fenchel-Legendre transform of (Z,W).

Convex functions Let f be a proper convex function on R¥. That is f is convex and valued
in RU{+o0}. We say that f is essentially smooth whenever it is differentiable on the non empty
interior of domf and it is steep. That is, for any vector ¢ lying on the boundary of dom f

lim V(@) = +oo,

r—c,x€int domf

where V f(z) denotes the gradient of f at point x.

Gartner-Ellis Corollary.

Corollary 2.2. [Girtner-Ellis, [d, Theorem 2.3.6 ¢) p.44]] Let (Z,) be a sequence of random
variables valued in R, (a,), a decreasing positive sequence of real numbers with lim, . a, = 0.
Define Ap(0) = InEe?r. Assume that

1. for all 0 € R, ap Ay (0/a,) — A(F) €] — 0o, +00],
2. 0 lies in the interior of dom(A(0)) and A(0) is essentially smooth and lower semi continuous.

Then (Z,) satisfies a LDP with good rate function A* and speed a,.



2.2 Main results
2.2.1 The model

For n € N*| let (X("),Y(")) be a random vector with X(™ e N. We assume that Mxm = 1 and
that (X, Y ™) converges in law to (X,Y) where X is a non essentially constant non negative
integer valued r.v. having also span 1. Note that it implies that ¢ x is strictly convex and that
X () is not essentially constant and that y(n) s strictly convex for n large enough. Further let

<(XZ.(n), Yi(n))> be an ii.d. sample having the same distribution as (X ™)y ().

1<i<n
n

Let, for n € N* and ¢, € N*, S,, = XYL) 4+ —i—Xr(lZ) and T, = Yl(") + - —i—Y,gq,Z. In the whole

n

paper p, will be a sequence of positive integers such that P(S,, = np,) > 0.

2.2.2 Large deviations

Theorem 2.3. Let p,q, pn,qn € N* such that p,/q, € Rym) — p/q € Rx. Assume that
1. the function ¢¥xy is essentially smooth, and let T be the unique real such that V' (1) = p/q,
2. domipy = domipyn) =R,

3. there exists r > 0 such that I := [t —r,7 +r] C (dom ¢¥x) N (Np>1dom Y xm)) and

Yu e R,VS c IT7 ilel]g E |:e(it+S)X(n)+uY(") N e(it+S)X+UY:| ‘ —0. (2)

Then the distribution of (T,,/nqy) conditioned by the event {S, = npy,} satisfies a LDP with good
rate function ¥ y(p/q,-) — ¥x(p/q) and speed (ngn,) L.

2.2.3 Moderate deviations

Let £ lying in the interior of domx and consider the random vector (X'g, 375) whose distribution
is given, for any k£ € N and real Borel set A, by

P(Xe =k, Ve € A) = exp[—vx (§) + kEJP(X = k,Y € A). (3)

We define in the same way the random vector (X' én), Yén)). Obviously, X'g has the same distribu-
tion as X*¢" with & = Y’ (€). Further, let ag be the variance of the residual & for the linear

regression of Yg on Xg:
. >, > COV(X&, ng) - -~
o (7 205 - 0 (3 n(xg) o

Then we get the following result.

Theorem 2.4. Let p,q,pn,qn € N* such that p/q (resp. pn/qn) lies in Rx (resp. Rxwm)) and
Pn/dn — p/q. Assume that



1. there exists rg > 0 such that
By ::] - 70, TQ[C (domlby) N (mn21 domwy(n)) ,
and let T (resp. 7,) be the unique real such that ¥’y (1) = p/q (resp. V() (Tn) = Pn/qn ),

2. there exists r > 0 such that I := [T —r,7 + 1] C (dom ¢¥x) N (Np>1dom Y m)) and

Vsel,, i’“]};’ E [e(it+s)x<n> _ e(z‘t-i-s)X” ~0, (5)
S

sup  sup E<esx<n>+v<y<n>4fz<ﬂs>>>) < o0, (6)
n  (s,w)€lrxBo

3. (ap) satisfies nayqy — +00.
Then the distribution of <1 /7‘:—(;; (Tn — nan(YT(:)))) conditioned by the event {S,, = np,} satisfies

a LDP with good rate function J(-) = % and speed a, .

Remark 2.5. As (ng,)™' = o(a,), we say that the distribution of <, /%(Tn — nan(YT(:))»
conditioned by the event {S, = np,} satisfies a moderate deviation principle (MDP).

Corollary 2.6. Under the assumptions of one of the last theorems, L, converges in distribution
toward’s the degenerate distribution concentrated on E(Yp/q).

3 Proofs

For p,, € N, such that P(S,, = np,) # 0, let

fn(u) = L log E [exp(uT,) |Sn, = npn| € RU{+o0}.

ngn
In order to apply Gértner-Ellis Corollary, we have to prove that f,(u) converges when n — oc.
The next two subsections yield a simple representation of f,,(u) using the Fourier Transform.
3.1 A simple representation using Fourier Transform

Recall that we set pz(t) :=E (e“z ). An obvious but useful lemma follows.

Lemma 3.1 (Bartlett’s Formula, see Equation (16) in [B]). Let Z be a non negative integer
r.v. and W be an integrable r.v. Then, for any non negative integer k lying in the support of Z,
" E[W exp(itZ)] exp(—ikt)dt
f_ﬂ wz(t) exp(—ikt)dt




3.2 Laplace lemmas

We begin this section with a variation on a Lemma first due to Laplace, see [I(J] . To be self
contained we give also the sketch of its proof.

Lemma 3.2. Let p,, qn,p,q € N*. Let Z be a non constant square integrable non negative integer
r.v. with span my = 1. Let (Z(")) be a sequence of non negative i.i.d. integer random variables

also having span 1. Let an), ceey Z,Sn) be an i.i.d. sample distributed as Z™. Assume that

1 |lezm — ¢zl -

2. the means of Z and Z™) are rational, equal respectively to p/q and py/qn with pp/qn R
n—-+0oo
p/4,

2 2
3. Oym)y ——— 0%,

n—-—+00
4. E(|Z(") —pn/qn|3) s uniformly bounded.
Then, when n tends to infinity

nqn

1
P AR = ——(1 1)).
DA = | = e (o) ™)

Proof: The inversion of the Fourier Transform yields

—T

ngn, T ™
(n) . —inpnt. Tgn dt _iPny ngn dt
Pl AT = [ememoge = [ [ emo] " 5 ®

On one hand, using a Taylor expansion of order 2 for e_ig_ztcpz(n) (t) = ‘Pz(n)f%(t)a we get

o, (n) 3 it*Z()
@Z(n),%n(t) =1- 500~ EE(Z(Z — pn/aqn)’e ),
where ¢* lies in [0, t] and o2 states for 02, . Now as E|(Z"™ —p,, /¢,)|? is bounded and as 02 — o2
n Z(n) n Z

we can find a positive number (independent of n) 6 < 7 such that for |¢| < § and for n large enough

242
_ibn oot
e o' (f)‘ = ‘@z(mfg_n(t)‘ <1- €T' (9)

On the other hand, as m,m = mz = 1 one has both § := sups<;«, |¢z(t)] < 1 and &, :=
SUPs<i<x |z (t)| < 1. Further, as ||¢,m — ¢zllec — 0, we get &, — & Let € > 0 be such that
&+ e<1. Forn large enough &, < € 4+ ¢. Now to conclude, one splits the integral in (§) in two
integrals I, I integrating on || < § and on |t| > 6. |I5| is bounded by (£ +¢€)"*"/(27), hence
is exponentially small. To deal with Iy, one performs the variable change u = |/ng,0zt, and use
both () and inequality log(1 — 6) < —6,(0 € [0,1]) to conclude by using both central limit and
Lebesgue Theorems. [ |



Remark 3.3. Note that if myz # 1, the theorem above is in general not valid. Take for example
myz = 2 then in the interval [0,27], ¢, m (t) = ¢z(t) = 1 if and only if ¢ = 0 or ¢ = 7. Obviously,

1 T —inpnt, NQqn o 1 3m/2 —inpnt, NQqn
o 77re P m (D)dl = o e e P ym ()dL.
Hence
% 2" = np, | = / o el (Bt (10)
- J 2T 7ﬂ./2 AL

Set fn(t) :=e mp"tgogq(z)( )dt. Now, we split the integral in the right hand side of equation ([L0)
in five parts

—6

1 3m/2 1 —0
o |, it =g | s dt+— / Fuld) dt+ Falt)dt
1 m+6 3m/2
b [ Rt o [ b
T Jr—5 +6

:Il+IQ+Ig+I4+I5.

Using the same arguments as above we can prove that I;, I3 and [I5 are exponentially small.

6
We also get that - f fn(t) m(l +0(1)). Let us deal now with Iy = & 7r+ 0 p ()t
There exist non negatlve integer valued random variables Y;, such that Z(" = 2Yn—|—b, set u=t—m
1 npn+bn ° —inppu, g
Iy = —(=1)"Pnronan [ 7 Pnly A (Qu) du.
2w -5 n
Hence I # m(l + o(1)).

We now give an extension of the previous lemma involving not only the probability for the
sum to be equal to the mean of Z(™ but to any good rational number.

Lemma 3.4. Let Z be a nmon negative and non degenerated integer r.v. with span my = 1. Let

(Z](n))j be a sequence of i.i.d. mnon megative integer random variables having also span 1. Let
PnsnsD,q € N* such that p,/qn € Rymy — p/q € Rz. Let T (resp. 1) be the unique real such
that Y, (1) = p/q (resp. V.., (Tn) = Pn/qn). We make the following assumptions.

Z Z(n)

1. There exists r > 0 such that I := [T —r,7 + 1] C (Np>1dom ¢ ,my) N (dom 1z).

2.

Vs eI, limsup|E {(e(it“)z(n) - e(iHs)Z)] ‘ =0. (11)
" teR

Then, when n goes to infinity

nqn 1

SN2 =np, | = "o (””/q")—%mq — (1+0(1)), (12)
. V n *p/aq

where o2 is the variance of Z*?/ defined in @.

Z*p/4



Proof: Using the multinomial formula, we may write

p (52 g _ap, | < emittncso g (3220 )
j=1 j=1

where 7, is the unique real such that wlz(m) = pn/qn. Hence

ngn ngn
P Z Z](n) =np, | = e*nanz(n) (pn/(In)]P; Z Zj(n)y*vpn/Qn = npy,
Jj=1 Jj=1

)

where Zf")’*’p"/q”, . ,Z,(L")’*’p/q are i.i.d. r.vs. having the distribution defined by
Bz e/ = k) = exp (ko = 00 (r))P(2{™ = k).

Further, the expectation of this last r.v. is p,/g,. Let us now check the assumptions of Lemma

e Assumption ] of Lemma B3 is satisfied by construction of Z():*pn/an,

e Let us prove that E ‘Z(")’*vp"/q” — pn/qn|3 is bounded. Using Holder inequality we get that
o
k=0

_ Yy o/ (‘ () Pn
qn

3 k_&

3
k=Y 4 (n) (T")P(an) _ k‘)
dn

3
eTn (Z(n) pn/Qn)>

< ¢5m () <E ((Z(") — Pnyagm (2 )ZL))) (E (eT"(Z( )*’STL))) "
dn

E ‘Z(n)v*vpn/Qn — pn/an

Using classical arguments on convex functions [l9], we get that 7, s T Hence, by
n—roo

Assumptions 1. and 2. of Lemma .4 we get that E ‘Z(")’*vp/q — p/q{3 is bounded.

e Similar arguments yield that

0 (n)epnsan — Pgeprall — 0 (13)
Zl

2 2
and that 0%: — Oz

Hence all the assumptions of Lemma B.J are satisfied and we may conclude using Lemma 3.2. ®

3.3 Some changes of probability

One of the main tool to prove large deviation results is the use of changes of probability. In this
section, we review the different changes of probability used in this paper.



(a)

Let p/q € Rz. We define 7 € dom 17 by 1, (1) = p/q. We then introduce Z*P/7 as a
random variable valued on N:

P(Z*P/1 = k) = explkT — vz (T)|P(Z = k), (k € N). (14)

We have E(Z *p/ 7) = g. This change of probability is quite classical in large deviation theory.

In order to prove Lemma B.4, we also define Z (n)%.pn/an replacing Z by Z (n) p/q bY Dn/an
and 7 by 7,. Then E(Z(")’*vp"/q”) = Pn/qn, as needed to apply Lemma B.3.

For u in domy, define )/i\'u by
P (X, = k) = exp [ty (u)] E [exp () T x—py] - (15)

Similarly, replacing (X,Y") by (X("),Y(")), we define )?5") The r.v. )/(\u and )?5") appear
naturally when applying the inversion of Fourier transform in the proof of Theorem P.3.

For the moderate deviations, the asymptotic is different (see Theorem P.4). Therefore the
r.v. Y™ have to be centered. The centering factor and the rate function are closely related
to the following change of probability. Let £ lying in the interior of domw x and consider the
random vector (Xg, Yg) whose distribution is given, for any k& € N and real Borel set A, by

P(Xe =k, Y € A) = exp[-9x(§) + k{P(X =k, Y € A). (16)

We define in the same way the random vector (Xg(n),Yg(n)). Obviously, Xg has the same
distribution as X*¢" with ¢* = P’ (€). Further, let ozg be the variance of the residual & for
the linear regression of Yg on Xg:

ceo= (T~ B(¥)) - 2 (- B(x0). a7

Note that J(y) = z—z is the rate function in Theorem P.4. Moreover, the centering factor is
E(YT(: )). Hence, the change of probability used in the proof of Theorem P.J (see change of
probability ([§) above) has to be modified, according to this centering factor. This leads to

the change of probability ([[§) below.

Let 7 (resp. 7,) be such that ¢\ (1) = p/q (vesp. ¥, (Tn) = pn/qn). Define the random

—
——

variable Xl(tn) distributed on N by:

P ;;(_n/)_k — e Vymun)g \}gz(inq)]l 18
u = =€ € nAn { XM=k} | » ( )

where Y (™ =y () _ IE(YT(:)), Up = U/\/NAn G-



3.4 Proof of Theorem 2.3
Let, for t € R and u € R,
Py ym (t,u) =E (exp[itX(") + uY(”)]) .
On one hand, using Lemma B.J], we may write, for u € R and n large enough,

1 ST e i (b u)dt

=—1 . . 19
fn(u) nn 0og flr e—znpnt(bgl(qgl),y(n) (t,O)dt ( )
Using twice equation (§) we may rewrite ([Ld) as
1 S )
fn(u) = e logP | > X" =npy | —1ogP (Sp = npn) | + tywm (u), (20)
n =1

where )?qgnl) e 7)?1(;2 are independent copies of )?qsn) defined in Subsection B.3 by equation ([[3).
In order to apply Lemma B.4 to x®

wi o let us prove that

. s(n . &
vS c I’T hyrlni]élg E |:(e('lt+8)Xu ) o e(lt‘f’S)Xu):H — 0 (21)

We have, for all s € I,

‘E [(e(z‘t+s))?£") B e(itJrs))?u)} ‘ < Cetr®@

(n) i) X (1) ;
E |:euY e(erlt)X _ euYe(erzt)X} ‘ )

The right hand side of this last inequality tends to 0 by assumption 3. of Theorem R.3. It remains
to prove that p,/q, (resp. p/q) belongs to RXT(L") (resp. RXU)' Using the fact that ¢xy is
essentially smooth and Assumption 3. of Theorem P.3 it is easy to see that Ry = Rx (resp.
R4 = Rx(n at least for n large enough).
Applying Lemma B.4 we obtain, for u € R

flu) i= lim ——logE exp(uT3) S = npa] = —[0% (p/a) — by (u) — vk (p/a)]

n—oo nqn

The convex dual function f* of f is given by

I @) = supluy — f(w)] = sup (uy + [0 (p/a) — by ()] ) = ¥ (p/a)

u€R u€R

= sup [uy + §§ —xy(&, U)} —¥x(p/q)

(u.§)edomyx y
— Wy (gy) % (/a). (22)

As 1x )y is essentially smooth, using Theorem 26.3 in 9], we deduce that ¢§(,y is essentially
strictly convex. Hence, using once more Theorem 26.3 in [I9], we may deduce that f is essentially
smooth. Therefore we can apply Gértner-Ellis Corollary .3 (see Theorem 2.3.6. (c) in [{]) and
conclude. ]

10



3.5 Proof of Theorem 2.4
Let T, =T, — nan(YT(:)) and

gn(u) = ay log <E(6T"“/V”a"q"\5n = npn)>

Proceeding as in the proof of Theorem P.J, we have

T —inpat gnd e
Jope (I)X(r;)y(n)_]E(YT(f))(t’u/ nndn)

gn(u) = ay log R ——
J7 einp CI)XW),Y(”)—IE(YT(S))(L 0)

ngn ——

= an(logP( ZXZ(:]) = npy) — logP(S, = npn)> + annqnwy(nL]E(YT(:))(u/w/nanqn),

j=1
where XSLJ) are i.i.d. r.v. on N with distribution defined in Subsection B.J by Equation ([[§).

In order to use Lemma .4 we first have to prove that

—

) . =
Vs €I, limsup |E elit+s) X e(ltJrS)Xu]

—0. (23)
n teR

We have

E e(zt+s))€§"/> _ e(¢t+s))/<i <C efwy_m&o)(o) ‘E { (s HiX™ e(erit)X]

)

which tends to zero by assumption (). As in the proof of Theorem P.J it is easy to prove that

R= = RX and R— = RX(”)'
Xu X(n)

Using Lemma @ we obtain, for u € R

gn(u) B —gnNan [w*/?(pn/qn) - ¢Y(n)_E(YT(S))(u/V Nangn) = Yy (pn/Qn)] :

x{M
Define
Pn
Hy(h) = zlel]g [gq_n - ¢X(n),y(n),E(YT(S))(fa h)} .

As

* DPn

w?(l?n/%) = sup (q—ﬂf - ¢)A(£") (33)> .

X" ® n

and
7/})?13”) (r) = ¢X("),Y(")7E(YT(§))($’ u/\/ nanQn) - wy(n),E(Y;:))(u/v nanQn) )

we get

gn(u) e —GnNan (Hn(u/v Nanqn) — Hn(o)) . (24)

11



We claim that if lim,, h,, = 0, then

H,(h,) — Hy(0) a?

li = ——2 4+ 0(1). 25
m o) (25)
Assuming that (25) is true, and as ozzn — a2, we get that
2
lim gy, (u) = 2T
n 2
We easily conclude, since
2
e : oy
9" (y) = sup {uy + hrflngn(u)} = 202

It remains to prove that (RJ) is true. Recall that

Pn
Hy(h) = zlel]g [gq_n - ¢X(n),y(n),E(YT(S))(fa h)} .
In the sequel ¢/, (resp. w'y) will denote the partial derivative of wX(n),Y("ﬁE(YT(:)) (&, h) with respect
to the first (resp. second) variable. On one hand, by assumption ([), we can define on I x By
the function Fj, by:

Fn(§7 h) = 1/’2;(57 h) - pn/Qn .

We then deduce from the implicit function Theorem that there exists a neighborhood of (7,,0)
on which:

Hy(h) = @(h)% — Uty oy (En(R) ).

with Y
1y — _alG )
" zo(En(h), h)
We can then calculate the derivatives of H,, (in the sequel we omit the argument (&,(h), h) in the
derivatives). We have (with obvious notations)

Hy,(h) = =1y,
(v4,)”
I z, "
Hn(h) = //y B ¢y7y’
//’ 3 1" 2 "
3 z,y 3 z,y 3 T,y (3 3
HO0) = (52) 0l =3 (52) v, + 35200, — il

Replacing the partial derivative of v by its expression, we get

H!(0) =0 and H/(0) = —a?

Tn *

On the other hand, using a Taylor expansion, we get

2 3
Ho(ha) — Ho(0) = hHL(0) + 2 HYO) + B (), 20 € [0,1]. (26)
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Hence (Rg) becomes

h2a? h3
Hy(hn) = Hy(0) = == + E”H,(f)(zn), Zn € [0, hy). (27)

Now the expression of H,(L?’) is a rational fraction of some partial derivatives of

n n o (1)
E <e§X W +h(Y " —E(Yr, ))) . The denominator of this rational fraction is bounded away from 0 as

it converges to a variance and numerator is bounded by (f). Hence H,(f')
is proved. [ |

is bounded and the claim

4 Examples

In this section we give two examples of applications and one counter example. These examples
are borrowed from [[[j].

4.0.1 Occupancy problem

In the classical occupancy problem (see [[[] and the references therein for more details), m balls are
distributed at random into N urns. The resulting numbers of balls Z1, - - - , Zn have a multinomial
distribution, and it is well-known that this equals the distribution of (X 1,0, X N) conditioned on

Zi]\il X; =m, where X1, -+, Xy are i.i.d. with X; ~ P(A), for an arbitrary A > 0. The classical
occupancy problem studies the number W of empty urns; this is thus Zfil 1x,—0y conditioned
on Zfil X, =m.

Now suppose that m = np, — oo and N = ng, — oo with Z—: — g. Take Xi(n) ~ P(An). Note
that we do not assume that \, = p,/q, and A = p/q which is the case in Janson’s work. It is
easy to see that Assumption 3. of Theorem P.J is fulfilled and that ¢xy is essentially smooth.
Moreover, for (z,y) € R? and (p,q) € (R*)?, we have

Yx(x) = =X+ X,

x _ b _Pp
Vx(p/q) —p/qlog(q)\) + A ot

TJZ)X,Y(CU,?J) = —\+log (e)‘eXp(x) -1+ ey),

Hence we can apply Theorem P.3. Here the function ¥ y does not have any explicit form. We give
in Appendix the graph of the rate function for some particular values of p/q and A. Assumptions
of Theorem P-4 are obviously fulfilled. We have

E(Yq_(n)) _ ef)\n exp(Tn)’
P(X; = k) = ¢ PO (e 0)F kL.
Hence X, is Poisson with parameter Ae”. An easy calculation gives

cov (XT, YT) = —AeTe reP(n)
Var(YT) — e—Aexp(T)(l _ e—Aexp(T))‘

13



Hence a? = e~ &P(7) (1—6_/\eXp(T)+)\eTe_)‘eXp(T)>. Now, as T = log (L), we get J(.) = %

in the particular case where A\ = p/q. Note that functional L.D.P. is given in [f.

Remark 4.1. Theorem P.3J allows us to deal with other statistics than > ;| 1 {x,=0}- For example,
statistics of the form Y ;" | f(Xj, Z;) where Z1,. .., Z, are i.i.d. and independent from X1, ..., X,,.
Let us describe the particular case of bootstrap see [[il. Let Zi,...,Z, be iid. real valued
random variables, independent of X1,...,X,. We choose at random with replacement a sample
Zf,...,Z%. Then Y " | f(ZF) is distributed as Y. | X; f(Z;) conditioned on )" ; X; = m, where
X; ~P(A), i=1,...,n for any A > 0. Hence we get the same kind of conditioning as for the
occupancy problem.

4.0.2 Branching processes

Consider a Galton-Watson process, beginning with one individual, where the number of children
of an individual is given by a random variable X having finite moments. Assume further that
E(X) = 1. We number the individuals as they appear. Let X; be the number of children of the
i—th individual. It is well known (see example 3.4 in [LF] and the references therein) that the
total progeny is n > 1 if and only if

k
Sk::ZXZ'2/<:f0r0§/<:<nbut5n:n—1. (28)

i=1
This type of conditioning is different from the one studied in the present paper, but Janson proves
[15, Example 3.4] that if we ignore the order of X1, ..., X,, conditioning on (§) is equivalent to
conditioning on S, = n — 1. Hence we can study variables of the kind ¥; = f(X;). Considering
the case where Y; = L(x,—3}, the ;' | Y is the number of families with three children. Now

choosing X; ~ P(\), we compute the rate function as in Example [.0.1].

4.0.3 Hashing

The model

Hashing with linear probing can be regarded as throwing n balls sequentially into m urns at
random; the urns are arranged in a circle and a ball that lands in an occupied urn is moved to
the next empty urn, always moving in a fixed direction. The length of the move is called the
displacement of the ball, and we are interested in the sum of all displacements which is a random
variable noted d,, . We assume n < m.

After throwing all balls, there are N = m — n empty urns. These divide the occupied urns into
blocks of consecutive urns. For convenience, we consider the empty urn following a block as
belonging to this block. Janson [[4] proved that the length of the blocks (counting the empty
urn) and the sum of displacements inside each block are distributed as (X1,Y7),...,(Xn,Yn)
(N = m — n) conditioned on Zfil X; = m, where (X;,Y;) are i.i.d. copies of a pair (X,Y) of
random variables. X has the Borel distribution

P(X =1) = -\, 1eN, ze0,e7'], (29)

where T(A\) = > 2, lll;!l)\l is the well-known tree function and A is an arbitrary number with
0 < A < e !. The conditional distribution of Y given X = [ is the same as the distribution of

14



dyi—1-

Using Janson’s results [}, [[4, [[(§], unfortunately we can prove that the joint Laplace transform of
(X1,Y7) is defined only on (—o0,a) x (—o0,0) for some positive a. Hence our results can not be
applied. Nevertheless, in a forthcoming work, we will study conditioned L.D.P for self-normalized
sums in the spirit of [R(]. In that case the Laplace will be defined.

4.0.4 Bose-Einstein statistics

This example is borrowed from [[J]. Consider N urns. Put n indistinguishable balls in the urns
in such a way that each distinguishable outcome has the same probability i.e.,

1/<n—|—]n\7—1>,

see for example [f]. Let Z, be the number of balls in the kth urn. It is well known that (Z1, ..., ZxN)
is distributed as (Xl,--- ,XN) conditioned on Zf\;l X; = n, where Xq,---, Xy are i.i.d. with
a geometric distribution. As for Example [.0.1, we can get a L.D.P for variables of the form

4.0.5 Possible extensions

Among possible extensions, let us mention the case where the variables Y; are independent but do
not have the same distribution. This case occurs in [Id, Examples 2 and 3], where the quantity of
interest is the law of Zfil hi(X;) conditioned on the event Zfil X; = n. Another way to extend
our work is to deal with the case where the variables X; are independent but not i.i.d.. This case
occurs when counting from a random permutation the number of cycles of a fixed size see for
example [fl, Chapter 1]

In the present paper we assume that p,,q,.,p and ¢ are positive. The other cases will be
considered in a forthcoming work.
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5 Appendix

Here we give the shape of the large deviation rate function in the example of the Occupancy
problem when A =1 and p/¢g=1, p/g=0.4 or p/qg =3

Rate function for A =1, p/qg =1 Rate function for A =1, p/q =3

5 20
45 18
4+ 16
35 14+
3 12r-
251 101
2 8
15+ 6
N 4r-
0.5 2
0 Il Il 1 Il Il Il Il 0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0
Rate function for A =1, p/q = 0.4
25 T T T T T T
oL 4
151 B
1 4
05 1
0 \_A¥ 1 I I I I
0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
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