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1 Introduction

In B, @, B, [[0], a Hopf algebra of rooted trees Hr was introduced. It was shown that
the antipode of this algebra was the key of a problem of renormalization ([L1]). Hpg is
related to the Hopf algebra Heys introduced in [{]. Moreover, the dual algebra of Hpg
is the enveloping algebra of the Lie algebra of rooted trees £!. An important problem
was to give an explicit construction of the primitive elements of Hg. In [[], a bigradation
allowed to compute the dimensions of the graded parts of the space of primitive elements.

The aim of this paper is an algebraic study of Hr. We first use the duality theorem
of [ to prove a result about the subcomodules of a finite dimensional comodule over the
Hopf algebra of rooted trees. Then we use this result to construct comodules from finite
families of primitive elements. Furthermore, we classify these comodules by restricting the
possible families of primitive elements, and taking the quotient by the action of certain
groups. We also show how the study of the whole algebra as a left-comodule leads to the
bigrading of [J]. We then prove that £! is a free Lie algebra.

In the next section, we prove a formula about primitive elements of the Hopf algebra
of ladders, which was already given in [B], and construct a projection operator on the
space of primitive elements. This operator produces the operator S; of [§. Moreover, it
allows to obtain a basis of the primitive elements by an inductive process, which answers
one of the questions of [J.

The following sections give results about the endomorphisms of Hg. First, we classify
the Hopf algebra endomorphisms using the bilinear map related to the growth of trees.
Then we study the coalgebra endomorphisms, using the graded Hopf algebra gr(Hg)
associated to the filtration by deg, of [B]. We finally prove that Hr ~ ¢gr(Hg), and
deduce a decomposition of the group of the Hopf algebra automorphisms of Hg as a
semi-direct product.

2 Preliminaries

We will use notations of [B, f]]. Call a rooted tree t a connected and simply-connected
finite set of oriented edges and vertices such that there is one distinguished vertex with
no incoming edge; this vertex is called the root of t. The weight of ¢ is the number of its
vertices. The fertility of a vertex v of a tree ¢ is the number of edges outgoing from v. A
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ladder is a rooted tree such that every vertex has fertility less than or equal to 1. There
is a unique ladder of weight i; we denote it by [;.

We define the algebra Hpy as the algebra of polynomials over Q in rooted trees. The

monomials of Hg will be called forests. It is often useful to think of the unit 1 of Hy as
an empty forest.

AR RNV I QRN IENY

Figure 1: the rooted trees of weight less than or equal to 4. The first, second, third and
fifth trees are ladders.

We are going to give a structure of Hopf algebra to Hg. Before this, we define an
elementary cut of a rooted tree t as a cut at a single chosen edge. An admissible cut C of
a rooted tree t is an assignment of elementary cuts such that any path from any vertex of
the tree has at most one elementary cut. A cut maps a tree t into a forest ¢;...t,. One
of the t; contains the root of ¢: it will be denoted by RY(t). The product of the others
will be denoted by PY(t). Then A is the morphism of algebras from Hp into Hr ® Hg
such that

for any rooted tree t, A(t) =1®@t+t® 1+ Z PC(t) ® RE(t).

¢ admissible cut

admissible cuts: >Y Y >i>< \4{.
A(\I/' ):\I/' ® 1+ .®{ + .®{ +..0] + V' ®. +1®Y

Figure 2: an example of coproduct.

The counit is given by £(1) =1, ¢(t) = 0 for any rooted tree t.
Then Hpg is a Hopf algebra, with antipode given by :

Sty= > (=) PYRO(1)
all cuts of ¢

where n¢ is the number of elementary cuts in C'.
Moreover, Hp is graded as Hopf algebra by degree(t) = weight(t).

For example, for all n € N*

n—1

j=1



w1 0T YO YF
S(\I/):-Y+.{+.{+\/._..I S T

Figure 3: the antipode.

So the subalgebra of Hy generated by the ladders is a Hopf subalgebra; we will denote
it by Hladder-

We will use the Lie algebra of rooted trees £!. It is the linear span of the elements Z;
indexed by rooted trees. For ¢y, ts, t rooted trees, one defines n(tq,ts;t) as the number of
elementary cuts of ¢ such that PY(t) = t; and RY(t) = t5. Then the Lie bracket on £! is
given by:

(20, Z1,) = nlti o) Z, = Y nlta b t) 2

t t

L is graded as Lie algebra by degree(Z;) = weight(t). The enveloping algebra U(L') is
graded as Hopf algebra with the corresponding gradation (see [{]). It is shown in [§, [J]
that U (L") and the Grossman-Larson Hopf algebra on rooted trees are isomorphic (see

. @)

3 Duality between Hy -comodules and I/(£!)-modules
We shall use the following result of [[:

Theorem 3.1 There is a bilinear form on U(L') x Hg defined in the following way: for
every rooted tree t, for every forest F,

<1,F> = ¢(F),
<ZyF> = 0if F#t,
— 1ifF =t
and < Z1Z9, P> = < Z1® Zy, A(P) > for any Zy, Zy € U(LY), P € Hg.

An easy induction on weight (P(t;)) proves the following property:

Lemma 3.2 Ifl € U(L') and P(t;) € Hgr are homogeneous of different degrees,
then <1, P(t;) >= 0.

Let Z,, be the ideal of Hg generated by the homogeneous elements of weight greater
than or equal to n and 7, the ideal of U(L') generated by the homogeneous elements
of weight greater than or equal to n. Let Hg™ = {f € H}/3n € N, f(Z,) = (0)} and
ULHY ={f eU(LY)/In eN, f(T,) = (0)}. One defines an algebra structure on Hg*?
by dualising the coproduct on Hg and a coalgebra structure on U(£1)* by dualising the
product of U(L'). Then we have the following result:




Corollary 3.3

f Hr — UL JulLt) — HY
Let@.{P<ti) — (., P(t)) andletllf.{ ] — (),

Then @ is a coalgebra isomorphism and ¥V is an algebra isomorphism.
One can now dualise Hp-comodules and U(L£!)-modules. First, we have:

Proposition 3.4 Let C be a Hr-comodule and A¢ its structure map: C'— Hr ® C.
Then C* is a U(LY)-module with:

VI€ULY) Vf € C Ve e C, Lf(x) = (I,zD)f(x?)
(z)

where Ac(z) = Z e @ 2@,
(z)

Proof: classical; see [[4].

Proposition 3.5 Let M be a U(LY)-module. Let M* = {f € M*/3n € N, f(J. M) =
(0)}. Then M*9 is a Hr-comodule with Ay : M* —— Hr @ M*9 defined by:

Vf e M Ve U(LY), Yo € M, with Ay(f) =Y fO @ fP:
(f)

Ay (f)-t@m) = (1, fD) f@(m) = f(l.m).
(f)

Proof:
ULHY @ M* +— UL @ M)*
Let « : ULYHYROM +— Q
fog  — { lom  — f(Dg(m)

« is injective. If y is the structure map of M and u* its transpose (u : U(LY) @ M —— M),
we have to show that Imu* C Ima. With the definition of M*9, one easily has:
Ima={feULYY®M)*/IneN, f(J, @ M) =(0), f(A® J.M) = (0)}.

Let fe M9 l@omeULYR M. pw(f)l@m) = f(l.m). As f € M*9, clearly p*(f) is

in Ima.

Proposition 3.6 Let My, My two U(L')-modules, with My C My; there exists an injec-
tion of comodules:
(Ma/M:)™ — My°.

Proof: let p : My —— My/M; the canonical surjection; then it is easy to see that its
transpose is an injective morphism of comodules from (M,/M;)* to M.

Proposition 3.7 Let C a finite-dimensional Hg-comodule. Then C* is a U(L)-module,
and (C*)* is the whole of (C*)*. Moreover C and (C*)" are isomorphic Hp-comodules.



Proof: let 1 e U(LY), f € C*,x € C. Then (I.f)(x) = 3, (L, 2WM), f(2®).

Let k, = max(,) (weight(a:(l))) + 1. If [ is homogeneous of weight greater than k,, then
(I.f)(xz) = 0 (lemma B.3). As C is finite-dimensional, there exists k € N,k > k, Va € C,
hence J;.C* = (0), and hence (C*)* = (C*)*. Tt is then easy to show that the canonical
isomorphism between C and (C*)* is a comodule isomorphism.

We are now ready to prove the:

Theorem 3.8 Let C be a finite-dimensional Hr-comodule and n its dimension; then C
has a complete flag of comodules, that is to say:
Vie{1...n},3CY a subcomodule of C of dimension i, with CY c...c C™ =(C.

Proof: it is enough to exhibit a subcomodule of dimension n — 1. By proposition B.4,
C* is a U(L')-module, and there exists k € N, J;,.C* = (0). Hence as a L'-module,
[.C* = (0) for every [ in £, homogeneous of weight greater than n. So C* is in fact a
module over the quotient of £! by the Lie ideal generated by these [, and it is clear that
this quotient is a finite-dimensional nilpotent Lie algebra. Moreover, every | € L! is a
nilpotent endomorphism of C*. By Engel’s theorem, C* has a submodule C’ of dimension
1. J.(C*/C") = (0) because J;.C* = (0), so (C*/C")* = (C*/C")*, and the dimension
of this comodule is n — 1. By proposition B.7, C is isomorphic to (C*)* which has a
subcomodule of dimension n — 1 by proposition B.4.

Remark: one can use the fact that £! acts by zero on C’ (which is given by Engel’s
c(i+1)
c@)

theorem), to show that the quotients are trivial comodules, that is to say A(T) =

— = ci+1)

4 Natural growth

Let M, N be two forests of Hr. We define:

VTN — Wt(f\f) > forests obtained by appending M to every node of N if N # 1
B M if N=1.

We extend .T. to a bilinear map from Hr x Hpg into Hp.

I TN :ék/+\J+\{/_ : ..T{=§\{/+\I/'+\(;

Figure 4: the bilinear map T.

In the following we use the notation A(z) = A(z) — 1@z — z ® 1 for every x € Hp.

We have Prim(Hg) = Ker(A).



Lemma 4.1 Let x € Hi and y be a primitive element of Hr. Then we have:
ATy =zQy+ Z 2 @ (P Ty)
()
where A(x) = > ) W @@,
Proof: see [B], section 5.4.

Definition 4.2 Let ¢« € N* and py, ..., p; be primitive elements of Hg. By induction on
i we define p; T ... Tp; by (T ... Tp2)Tpi. And we define:

Prim(Hg)®" +—— Hg
F; -
Lemma 4.3 Let pq,...,p; be primitive elements of Hg.

j=i—1

7=1

Proof: by induction, using f.1].

One remarks easily that A is still coassociative. We define A® = [ dy, —moe, Al = A,
and by induction A* = (A1 ® Id) o A.

Lemma 4.4 Let i € N*; then A1 o F; = [d[Prim(HR)}@”:' ifk >i—1, AFo F; = 0.

Moreover, F; is injective, and the sum (1) + > >~ Im(F;) is direct.

Proof: one shows the first point by induction, using fl.3. The second point is an immediate

corollary. For the last point, let 2o € Q, z; € Im(F;) Vi € {1...n}, with ol + 21 + ...+
= 0. Then £(0) = xy = 0. Moreover, A" Mz + ...+ z,) = A" (z,) = 0. As

x, = F,(y,) for a certain y,, we have y, = 0, so x,, = 0. One concludes by an induction

on n.

5 Construction and parametrization of finite-dimensional
Hr-comodules

Definition 5.1 Let (i,5) € (N*)*,i < j. We denote I, ; := {i...j}. A decomposition of
I; ; is a partition of /; ; in connected parts. We denote a decomposition in the following
way:

Liv oo Ly g, With @ =0 < gy <o <0 < < g = J;
we have 4,41 = ji +1. We denote by D; ; the set of all decompositions of I; ;. There are
277" decompositions of I; ;.

Proposition 5.2 Let n > 1, (p; j)i<i<j<n any family of nH primitive elements of Hg.

Let C' be a vector space of dzmenszon n + 1, with basis (eo, ...y en). We define:

Ac<€0) = 1®€0;
j=i—1

AC(&') = Z Z kaJkT . Tpil,jl &® 6]' -+ 1 X €;.

J=0 Iilyjl"'lik,jkepj+1,i

Then (C,Ac¢) is a (left) Hr-comodule. We denote this comodule by C(

plj
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Proof: the axiom of counity is trivial.
Coassociativity: we have to show that ((A ® Id) o Ac)(e;) = ({d @ A¢) o Ag)(e;) Vi. It
is trivial for ¢ = 0. For ¢ > 1, we have:

(Id® Ac) o Ac)(es) = Zi D oo Toaa | © | D0 g T Togay | ©e

J=0 Djt1,i Dig1,5
frnd Z Z A pz”j"T sz” //) ® el (by )

=0 Dyy1,

= ((A®Id)oAc)(e).

The following theorem gives a parametrization of the finite dimensional H z-comodules
by certain finite families of primitive elements:

Theorem 5.3 Let (C, A¢) be a finite-dimensional comodule. If the dimension of C' is 1,
then C' is trivial, that is to say Ac(x) = 1®@x Vo € C. If the dimension of Cisn, n > 2,
then there is a finite family (p; ;)1<i<j<n Of “ "H) primitive elements of Hg such that C'

is 1somorphic to Cyy, .

We shall use the following lemma:
Lemma 5.4 [fx € Hp is such that A(z) =z ® x, then x =0 or 1.

Proof: suppose x # 0. As A is homogeneous of degree 0, x is of weight 0. It is then trivial
that x = 1.

Proof of the theorem: let C® C ... c C™ be a complete flag of subcomodules,
which exists by B.§, and let (eg,...,e,) be an adapted basis to this flag. Then we
have a family (Q;;)i1<j<i<n Of elements of Hp such that A(e;) = ;zg Qi ®e;. (If

n = 0, then (Q”)1<]<Z<n is empty). The axiom of counity implies that ¢(Q;;) = 1, and

A(Qiy) = Z ;Qiy ® Qp; by the axiom of coassociativity. So by the lemma, @Q;; = 1V,
which proves the theorem for n = 0. Moreover, @Q;;_1 is primitive. If n =1, C' = C,, )
with p1; = Q10. We end with an induction on n: by induction hypothesis on C’
spanned by (eg,...,e,—1), we have p;;, 1 < i < j < n—1. With p,,, = Qpun_1, We
have Q. pn-1 = ZDM Dirji | -+ | Dirji- Suppose we have built py,,, ..., pit1,n, such that
Qni = ZDHM Digjr | -+ | Dirjr- Then

l=n—1
A(Qni1) = Z Z Piggp | -+ TPirg1 | ® Zpi;,jfrT---TPi'l,j;
=t DH—ln DiJ
= Z A(pl” ]//T szu //)
zn {Iz n}

As Ker(A) = Prim(Hg), we take p;, = Qni1 — Z (Pirgn T - Tpar ).
Di,n_{li,n}

5.6 Remarks:

1. The family (p; ;) depends on the choice of the basis (ep, .. ., e,), hence is not unique.



2. By the following, we shall identify (p;;)1<i<j<n With

0 pii -+ DPin

=P e M, 1(Prim(Hg))
0 -+ . Pun
0 -+ - 0

where M,, 11 (Prim(Hg)) is the space of square matrices of order n + 1 with entries
in Prim(Hgz). With the notation of the proof of p.3, we will write

Qo0 0o --- 0
Q= ' . . . ' € M,+1(Hg)
anl,o e " 0
Quo - Qun

where M,,11(HRg) is the space of square matrices of order n + 1 with entries in Hp.
Recall that F; was defined in L2 Let m; be the projection on Prim(Hg) = Im(F})
in (1) ® @:=°Im(F;). Then Q;; € (1) ® &= Im(F;), and m(Qij) = pj41., OF in a
matricial form: P = 7, (QT) (here m; acts on each entry of the matrix).

6 Classification of the finite-dimensional H z-comodules

Definition 6.1 Let (pi;);<;c;<, @

the associated matrix as in the remark 5.6. We say that (p;;) is reduced if there are
o, - - ., Cr € N* such that:

be a family of primitive elements of Hr and P

0] Pia |- | Pk
P =
0f - | - | Prs
ol --—- -1 0
where the diagonal zero blocs are in M (Hg), ..., M, (Hg) and the columns in each

bloc P;;, 1 < i < k, are linearly independent; (cy, ..., cx) is called the type of (p; ;).

Example:

Let P = € Ms(Prim(Hg)).

O OO OO
o OO ol

O OO O

O Ol O R
O Ol 0|

Suppose that a and b are linearly independent in the vector space Hg, and < 2 ) and

( Ji are linearly independent in the vector space H%. Then (p; ;) is a reduced family
of type (1,2,2).

Definition 6.2 Let C' be a Hgr-comodule. One defines Cy = {x € C/Ac(x) = 1@ x}
and, by induction, C;y; the unique subcomodule of C' such that

8



Z) Cz C CfiJrl;

-y Cipr C
9% = (2),

If C' is finite-dimensional, then by B.3, C' is isomorphic to a C,, ,y and so Cj is a

P C; Ci
non-zero subcomodule of C'. Moreover, if i > 0, we have =5+ = (%)0, s0 —5
K3 K3 K3

and we get in this way a flag of comodules: there is k € N, such that Cy & ... & Cp = C.

1S non-zero

Proposition 6.3 Let (p;;)i<i<j<n be a reduced family of primitive elements of type (co, . . ., cx)
and (eo, ..., en) the basis of C, .,y as decribed in [5.3. Then for alll € {0.. .k},
(€0y- - s €eot..tei—1) 1S a basis of (C(piyj))l.

Proof: as P = m (QT), we can write:

Id 0 e 0
Ol | . o
Q= |—> —
Oro |~ | Qe | Id
where the diagonal blocs are in M, (Hg), ..., M., (Hg). Because of coassociativity, the
elements in the blocs Q;;_; are primitive, so Q;; ;1 = PZTZ and the rows of the blocs

Q,.i—1 are linearly independent. We easily deduce that (e, ..., e,_1) is a basis of Cj;. We

conclude by induction on n, with the remark that C% is isomorphic to C, Pr with:
0] Pop |- | Pag
o . . :
Of - | | Prx
ol - - 0
so (p; ;) is a reduced family of type (c1,...,cp).
Proposition 6.4 Let C' be a comodule of finite dimension with a basis (e, ..., e,) such

that (eo, - . ., €dim(c;)—1) 5 a basis of C; for 0 <i < k. Let (p;;) be the family of primitive
elements built as in the proof of [0.3. Then (p;;) is a reduced family of type (co, ..., cx),
with ¢y = dim(Cy), ¢; = dim(C;) — dim(C;—1) for 1 <i <k.

Proof: as -2i- is trivial, we have:

Ci1
Id 0 ‘e 0
L . 0
0-— Q.Lo . .
Qio |~ | Qi1 | 1d

where the diagonal blocs are in M., (Hg), ..., M., (Hg), and the blocs Q,;_; are formed
of primitive elements. Suppose the rows of the bloc Q,; 1 are not linearly independent.
Then we can build an element x € C;; — C;, with Ag(x) =1 ® 2 [Hr ® C;_41], hence T
is a trivial element of %, which contradicts the definition of C;. We conclude using the

equality P = m (Q7).



Corollary 6.5 For any finite-dimensional comodule C, there ezists a reduced family (p; ;)
such that C' 1s isomorphic to C, ).

If (pi;) and (p;;) are reduced families with Cyy, ;) and Cy ) 1somorphic, then (p;;) and
(pi;) have the same type.

In the following, we call "type of a comodule C” the type of any reduced family (p; ;)

such that C' is isomorphic to Cj, ;). Given (co, ..., ), we call
Joo | o1 | " 4o,k
G(co ..... ck) — : - - - : , i € GLCZ(@) C GLCO+---+Ck (@)
O |- | Gk—1k
0 [ [ grx
G(co,....cr) 18 a parabolic subgroup of GL¢+.. 40, (Q), and it acts on the set of reduced

families of type (co,...,cx) by ¢.P = gPg~ ', where g € G(,....c,), and P is the matrix of
a reduced family (p; ;).

Theorem 6.6 Let (p; ;) and (p; ;) be two reduced families of primitive elements of Hg,
and (co, - .., cx) be the type of (pij). Then Cp, ;) = Cy y if and only if (pi;), (pi;) have
the same type and there exists g € Gc,,...c,), such that P' = g.P.

Proof: we put C' = C(p, ,C" = C(p;j).
<. we have PI == gP, SO Q = (gT)_lQ'gT. Let (gT)_l = (ai7j)0§,~7j§n, gT = (bi,j)OSi,an
and let (fo, ... f,) be the basis of C' defined by f; = Zj b; je;. An easy direct computation
shows that Ac(f;) = ZJ.’k(bi,ij,kak,l) @fii=>, Q;J ® f;. So C~ (",

=: then there exists A € GL,.1(Q), with inverse B such that if f; = Zj b; je;, then
Ac(fi) = 22, Qi ® fi. Then the same computation shows that @}, = Zj,k bi Q) kK.
or equivalently: Q" = A"'QA. Hence, P = ATPIAT™' . As (p ;) is reduced, C; =
(f07 ey fco—f—...—l—ci—l) - (60, ey eco—l—...—i—ci—l) SO AT € G(co ..... ck)*

We have now entirely proved the following theorem:

Theorem 6.7 Let P,. ) be the set of the reduced families of primitive elements of Hg
of type (o, - - -, cx), and Ocy,... o) the orbit space under the action of the parabolic subgroup
Gleopner) 0f GLcyt..40,(Q). Then there is a bijection from O, ..c,) into the set of Hpg-
comodules of type (cq, . .., cx). Moreover there is a bijection from the disjoint union of the

O(co..cr) '8 1nto the set of finite-dimensional comodules.

Ezample: let C' be a comodule of dimension 2. Then its type can be (2) or (1,1). We

have:
0 0 0 p
pa={[3 3] ([ 8o}
0 p 0 p . . .
Let 00 and 00 € P(1,1)- They are in the same orbit under the action of Gy )

if and only if X € QF, p" = Ap. Hence, O 1) is in bijection with the projective space
associated to Prim(Hg), and Oy is reduced to a single point, which corresponds to the
trivial comodule of dimension 2.

We now give a characterization of comodules of type (n + 1) and type (1,...,1).
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Proposition 6.8 Let C' be a comodule of dimension n + 1.
1. Cis of type (n+ 1) < C is trivial.
2. Cisoftype (1,...,1) <= Vie{l...n+1}, C has a unique subcomodule
of dimension 1.
In particular, if C is of type (1,...,1), C admits a unique complete flag of subcomodules.

Proof: 1. is obvious.
2. «<: let C® be the unique subcomodule of dimension i + 1 of C. Let x € Cy,  # 0.
Then (z) is a subcomodule of dimension 1 of C, so (z) = C'© and we get Cy = C©,
Suppose that C;_; = CY. Let x € C; — C;_y, then C;_; @ (x) is a subcomodule of
dimension i 4+ 1 of C, so it is equal to C'® and we get C; = C'¥). Hence, the type of C' is
(1,...,1).

=: let C’" be a subcomodule of dimension 1 of C'. Then C’ is trivial, so C" C C.
As dim(Cy) = 1, C" = Cy. Suppose that C' has a unique subcomodule of dimension i.
Then it is C;_;. Let C” be a subcomodule of dimension 7 + 1. It has a subcomodule of
dimension 7, so C;_; C C"”. Moreover, % is trivial, so C” C C;. As they have the same
dimension, C” = C;.

To conclude this section, we indicate how finite-dimensional comodules can help in
renormalization. Recall the Toy model of [[]]. For a rooted tree ¢ with n vertices, enumer-
ated such that the root has number one, we associate the integral

- 1

>~ 1
x(c) = / Y, Sdyy, ... y; “dyy, Ve > 0,
' 0 y1+0i1_£yi+yj(i) !

where j(i) is the number of the vertex to which the i-th vertex is connected via its
incomming edge.
Let {ti,...,tm = t} = {RY(t)/C cut of t}. We take the comodule C with basis

(x4, ... x4, ), and structure map defined by

AC<xt¢> =1®x, + Z Pc<ti> ® TR (t;)-
admissible cuts C of ¢;

With [M] = x,,(0) for M a non-empty forest, and [1] = 1, we consider the integral:
Ti(c) = ([J®@ Id) o (S @ Id) o (Ac)) (1)
Then the renormalized function is:
i) = My (@(e) - )

We don’t have to worry anymore about non commutativity within the forests.

Example:
( ) — / 1 —
xy, (¢ dyn,
l1 0 n c yl Y1
( ) — / 1 1 ~€d —&
xXr C = )
l2 0 YLtcyatun Yo AY2 Y dyl
( ) — / 1 1 1 — —e —&
T \C = d d d .
l3 0 YL+C Yoty Yzt Yo Y3 aYs Yo QY2 Y aY1
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We take the comodule C with basis (x;,, z;,, x;,). We then get:
Ac(ﬂ?lg) =1 X Lig + ll X Xy, + lg X Zy -

So x_b,(c) = Tig (C) - [xll (C)]ZL‘12 (C) - [ZL‘12 (C)]xll (C) + [xl1 (C)xll (C)]xll (C)>

Lig (C) - [xl1 (C)]ZL‘12 (C) - [le (C)]xll (C) + [xl1 (C)xh (C)]xh (C)
—[1‘13 (C)] + [[$l1 (C)]ZL‘12 (C)] + [[$l2 (C)]xll (C)] - [[$l1 (C)xh (C)]xh (C)]

e—0

and 2 (c) = lim (

7 ‘'Hp as a comodule. Bigrading Hp

Here, we consider the (left-)comodule C' = (Hg,A). Of course it is not finite-
dimensional, but it is the union of finite-dimensional comodules (for example, the co-
modules linearly spanned by the forests of weight less than n,n € N).

Proposition 7.1 Cy = (1); ifi > 1 then C; = (1) @ Ga;:;[m(Fj).

Proof: Cy: let z € C;A(x) = 1®x. Then z = (Id ® €)(A(z)) = e(x)1: x is constant.
i > 1: induction on i. Let x € Cjj1, A(z) = 1@z +2@1+3; azg-l) ®x§2). By hypothesis,
the x§2)’s are in C; = (1) @ @ijllm(F]) Suppose that z{? .. .:E;Q) are in Im(F;), the

others in C;_;. By coassociativity of A, azgl) . .xl(l) are primitive.

=1
Then A <:c — Fi <Z azg-l) ® Fl-l(xg.z)))) =1®x[Hr® Ci4],

Jj=1

j=l
so x—Fi 4 (Z SL’E»I) ® Fil(azgg))) € C;. Hence, C;11 = C;+Im(F;y1). The result is then
j=1
trivial.

Proposition 7.2 C = (1) ® @?j{olm(Fj).

Proof: let 'H,, be the subspace of Hr generated by the homogeneous elements of weight
n. Then @ H; is a subcomodule of C. By [6.3, we have (®_H;)r C Ck. For a k large
enough, we have: & yH; = (B H:)r C Ck. So as Hr = @2 H;, we have the result.

It is now easy to see that C; = Ker(A?) @ (1). We recognize then the second grading
of [B], that is to say C; = {x € Hg/deg,(x) < i}, which defines deg,. Following [], we
put Hy . = HnNCk, by g = dim(H,, i), and 1, = dim(H,,). One has hgo =1 and h, o =0
if n # 0. Note that h, 1 = dim(H, N Prim(Hg)).

Proposition 7.3

by + ...+ by)!
bet On = —pprana B nlxh X e QX X,
6 b+2b;b =) by!...b,! 1 n € QX4 ]
1 2T TNOR=N
k!

b14+2ba+...4+nbp=n
bi+bo+...+bp=k

Then hypy = Oy (r1,...,1)¥n €N, and hy . = @ni(hi1,. .., hn1) V0, k € N*

12



Proof:

b+ ...+ b,)!
We also need ®,, = E (b ...+ bn) Xr o X eQIXy. . X,
bil...by! "
b1+2ba+...4nbp=n

As the F; are homogeneous, we have H,, = @], Bv,+. +b=n Fi(®;-‘:17-{bj,1). As the F;
are injective, we find: r, = ®,(h11,...,hy1). Let’s work in the algebra of formal power
series Q[[X1, ..., X,,...]]. In this algebra,we have:

(br+...4+b)! s b (by 4+ ...+ b)) b
2 bl bl 1A = 2| 2 bl bl

(b1,..,6n)#(0,...,0) k#0 \bi+...+kby=k
= ) O(Xy,. .., Xp)
k0
! by by
S
140 \b1+..+bp=l
1
_ Z(Z X.) _ i X
120\ i#£0 I_Z#OXi

We then get:

2 Xi
— 0 D; — = .
§ (I)k<_q)177_q)k> ZZ#O = SR = - E Xz

- o > X
20 T+ 2i0® 1+ S x, 0

Hence, by putting X; in weight ¢ and by comparing the homogeneous parts of each
member, we find ®p(—Py,...,—P;) = —Xj, or equivalently Or(Py,...,Px) = Xi. So
@k ((I)l(hl,l), ey (I)k(hl,la ey hk71)) = @k(Tl, N ,Tk) = hk71.

If & > 1, then Hor = ®ertobepenFre(Heyas - Hepn). As F is injective, we find the
announced result.

We denote H(X,Y)=>_, , Pk X"YE Hi(x) = hp i X™ R(X) =3, rpX™
The second formula of [[73 implies that H;(X) = H;(X)7,Vj € N. The first formula implies
that 1 — H(X) = ﬁ. We have then H(X,Y) = >  H;(X)Y? = > [Hi(X)Y] =

- Hll( v = 7 +(1€(§))R( %> Which is a reformulation of the main theorem of [f] (with a small

difference because of the different definitions of R(X)). We give the first values of r, and
hy.1 in the appendix (see also [[3]).

8 The Lie algebra L'

Proposition 8.1 1. U(LY) is a free algebra;
2. Vi1, lo € U(LY), weight(lly) = weight(ly) + weight(ly).

proof: let (p;)i>1 be a basis of Prim(Hg) such that the p;’s are homogeneous for the
weight. By proposition 7.3 and lemma .4, (pi;, T ... Tpi, )k>0.4,...5,>1 is & basis of Hg. We
define f;, ., € Hi by :

.....

1 it (yeeosgt) = (s yin)
; (D T Tpy) = o i i i
Tt (P Pir) { 0 if (1. 51) # (i1, -+, i)

13



As the (p;, T ... Tp;,)’s are homogeneous for the weight, (fj, . j,)k>041,..i,>1 1S a basis of

Hy -
(f]l ~~~~~ Jlf]1 ----- ]n7p21—|— Tplk) = (f]l ~~~~~ ]l®f]1 ----- (pllT Tplk))
k
= (f]1 ..... jl®f]1 ..... gh an—r szs ®pls+l—|— szk)
s=0
_ {1 if (1,5 g dhs s dh) = (i1, - ig),
O 3 (Gayeevs i ey dh) 2 (s in).

So fiaSiteis = Fiviigij,, hence H} and the free algebra generated by the f;’s,

..........

i > 1, are isomorphic algebras. Moreover, the f;’s are homogeneous elements of H},
so we have weight(ff") = weight(f) + weight(f') Vf, f' € Hy. As Hy and U(L') are

isomorphic graded algebras, the proposition is proved.

Let A be the augmentation ideal of U(L!), that is to say A = ker(e).
Lemma 8.2 in the duality betweenU(L') and Hg, the orthogonal of A*®(1) is Prim(Hg).

Proof:

(A2 @ (1)) C Prim(Hg): let x € (A2 ® (1))*, and I, 1y € U(L). One has to show that
(L @1, Alz)) = (L @,z ® 1+ 1® x), that is to say (l1ls, x) = e(ly)(l2, z) + (I, x)e(l2).
AsU(L') = (1) ® ker(e), one has four cases to considerate:

) = (: then lllg € A2, SO (lllg,l‘) =0= €(l1)(l2, IL‘) + (ll, IL‘)EE(ZQ),
2. (ly) =0 and [y = 1: obvious;

)
1. e(lh) = £(l

3. I3 =1 and €(ly) = 0: obvious;
4. [y =1y =1: one has to show that (1,z) = 2(1,); as (1,z) = 0 it is true.

Prim(Hg) C (A2 @ (1))*: equivalently we show A% @ (1) C (Prim(Hg))*. Let p €
Prim(Hg), then (1,p) = (p) = 0, so 1 € (Prim(Hg))*. Let [ € A% One can suppose
that { = lllg, (ll) = €(l ) = 0. Let pE P’I"’Lm(HR)

(lilg,p) = (L @, p@1+1®@p) =e(li)(l2,p) + (I1,p)e(l2) = 0.

We denote by U(L!), the space of the homogeneous elements of U(L!) of weight
n. We have dim(U(L"),) = dim(H,) = r,. Moreover, A = &,>1U(L'),. We denote
A2 = A2NULY),. We have A* = @&,51.4%2. Now, observe that £' + A% = U(L')
(it is obvious when one takes a Poincaré-Birkhoff-Witt basis of U(L')). So for every
n > 1, we can choose a subspace G,, of £!, such that U(L'), = G,, & A2. By lemma B.2,
dim(G,,) = dim(Prim(Hg) N H,) = hn1. We denote G = @,>1G,,.

Lemma 8.3 G generates the algebra U(L).

Proof: we denote by < G > the subalgebra of U(L') generated by G. Let | € U(LY),
homogeneous of weight n; we proceed by induction on n. If n = 0, then [ is constant:
it is then obvious. Suppose that every element of weight less than n is in < G >. As
ULY, = G, ® A2, one can suppose that I = l1ly, with 1,1, € A. By lemma B,
weight(l) = weight(ly) + weight(ly), so weight(ly) < n, and weight(ly) < n. Then

14



li,lp <G>, and l €< G >.

We denote by F(G) the free associative algebra generated by the space G. The
gradation of G induces a gradation of the algebra F(G). By the last lemma, we have a
surjective algebra morphism:

[ F(G) — UL
T'{QEG — g.

Moreover, T is homogeneous of degree 0. We now calculate the dimension f,, of the
homogeneous part of weight n of F(G) :

fn: Z hal,l---hak,l

a1+...4+ap=n
a;>1Vi

b1—|——|—bn b b,
- Z Whﬁl“'th =17,

b1+2ba+...4+nbp=n

(For the second equality, b; is the number of the a;’s equal to ¢; the third equality was
shown in the proof of proposition [7.3).

As the homogeneous parts of U(L') and F(G) have the same finite dimension, and as T
is surjective and homogeneous of degree 0, it is in fact an isomorphism.

We now put a Hopf algebra structure on F(G) by putting A(g) = g®1+1®g Vg € G.
As G C L', the elements of G are primitive in both U(L£') and F(G), so T is a Hopf
algebra isomorphism. Hence, it induces a Lie isomorphism between Prim(F(G)) and
Prim(U(LY)) = L. But Prim(F(G)) is isomorphic to the free Lie algebra generated by
G (see for example [[]}), so we have the following result:

Theorem 8.4 L' is a free Lie algebra.

9 Primitive elements

9.1 Primitive elements of the Hopf Algebra H;,qier

First, we construct a family of primitive elements of Hj,q4e-- For that, we introduce
the Hopf algebra Q[ X7, ..., X,,...] with coproduct defined by A(X;) = X; ® 1+ 1® X;.
In this algebra let

oy XX

al...ap!
a1+2a2...+nan=n 1 n

Lemma 9.1 A(V,,) = ;zg U, @U,_;.

Proof: one easily shows that:

n ki=a;
A(X . X)) = Z Z (Zl) (Zn)X{cl Xk @ x @k X an—hn,
1 n

=0 k;=0
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n  ki=a;
AT,) = > Y s - < )...(Z:)Xfl...)(ﬁ”@))(flkl...Xf;"’“”

a1+2az...+nap=n =0 k;=0
_ Z (bllqu) . (bnl;;cn)

(bl + Cl) (b + Cn)

bl b c1 c
XU X @ XX
bi+...4+nbp+ci+...+ncn=n

n 1 e
-y 3 3 m}({’l...){jﬁ@& X

Jj=0 bi+...+jb;=j cit..+(n—jlen—j=n—j
n

= > Wev,
J=0

We define a sequence (P;);>1 of elements in Huader by:
Pi=1y, P,=1,—U,(P,,..., Py1,0) Vn >2.
As V¥, = X, + ¥, (Xy,...,X,.1,0), we have [,, = V,,(Py,..., P,_1, P,).
Proposition: 9.2 P, is primitive for all i > 1.

Proof: induction on . It is trivial for ¢ = 1. Suppose it is true for each 7 <¢ — 1. Then

j=i—1
Al) = D el
j=1
Jj=i—1
_ Z\p (P,...,P)®@W,;,_;(P,...,P_;)

- A <\I/Z<P1, .. .7PZ‘,1,O>)

by D], and the fact that Py,..., P,_; are primitive. So A(li — U (Py,...,P41,0)) =
A(P;) =0, hence P; is primitive.

We work again in Q[[X1,...,X,,...]]. In this algebra, we have:

X X0 X XD
2. bll'..bn! - Z( 2. bi!...bj)

(b1,+.0,bn)#(0,...,0) o k#0 \bi+2bo+...+kby=k
= D WXy, Xp)
k#0

1 I
- il 2, )

140 \bi+ba+...+b=l
l
AP
I1#0 i#0
= (exp—1) (ZX)
1#£0
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So In <1 + D o V(X1 - ,Xk)) =1In <1 + (exp —1) (Z#O XZ>> = (Z#O Xi) . By

putting X; in weight 7, and comparing the homogeneous parts, we find:

L 4a— 1)l |
D) R Gl St TR T o

! |
a1+...+ia; =1 ai:...Q;.
As VU, (Py, ..., P) =1l;, we deduce:

Proposition 9.3

a4+ ... +a;— 1) :
P, = Z (—1)“1+"'+‘“+1( ! ' " ) I
! i aj:...Q;:
a1+...+ia;=1
In Hp, consider the projection 7, on the space spanned by rooted trees, which vanishes
on the space spanned by non connected forests. We have:

Lemma 9.4 let p € Hr be a primitive element such that m.(p) = 0. Then p = 0.

Proof: suppose p # 0, and let writep =) agtyt ... teF, where the t;’s are rooted

=(o1,...,0k)
trees, with g—g # 0. One can suppose that weight(t;) > weight(t;) Yi. Let ¢7* ... t* such
that ay # 0 and a, # 0.

Let F' a forest such that in the basis (F1 ® F2)m and 7 forests of Hr @ Hp, the coethi-
cient of t{* ... 1" @ ¢ in A(F) is # 0. Then F = t{*...t3*, and then this coefficient
is o, or there exists t' a rooted tree with weight(t') > weight(t), such that 55 # 0.
So the coefficient of ¢7* .. .th‘l ® t in A(p) is agas # 0. As p is primitive, t, = 1 or
.. .t:f‘l = 1. If t, = 1, then p is constant: this is a contradiction, because then p

tOék—l

would not be primitive. So #{*...¢, """ =1, and then m.(p) # 0.

Theorem 9.5 (P);en+ 1S a basis of the space of primitive elements in Hiadder -

Proof: let p be a primitive element in Hjggger- Then 7m.(p) is a linear combination of
ladders, so there is a linear combination p’ of P; such that 7.(p) = 7m.(p’). By the lemma,

p=7p.

9.2 The operator m

Recall that m is the projection on Im(F;) = Prim(Hg) which vanishes on (1) @
Djz2Im(F}).

Theorem 9.6 Let F' be a non-empty forest.

We put A(F) = Z FY @ F®; then:
(F)

m(F)=F =) FOTm(F®).
(F)
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Proof: induction on weight(F'). If weight(F') = 1, it is obvious. Suppose the formula is
true for every forests of weight less than or equal to n — 1. Let F' be a forest of weight n.
Then weight(F®) < weight(F), so:

AF) = Y FOeF?

(F)
_ ZF@) ® m(F(Q)) 4 Z (F(Q))(I)Tm <(F(2))(2))
(F) (F(2)

= S [ FYemE®) + Y (F(l))(l)@)[(F(l))(Q)Tm(F(z))] (by coassociativity)
(F) (F)

= Y AFOTH(FP)) (by E).
(F)

So F — ZF(DTTH(F(Q)) € Im(Fy); as ZF(l)Tm(F(Q)) € @j>2Im(Fj), we have
() (F)
the result for F.

So we have an easy way to find a family who generates the space of primitive elements
of weight n, by induction on n. Moreover, we have relations between the 7 (F'), which
are given by m(F'Tp) = 0 for any non-empty forest ' and for any primitive element
p we have ever found. So we easily have a basis of the space of homogeneous primitive
elements of weight n.

For example, for n = 1, we have m(l;) = l;; the basis is (I;); we have the relation
w1 (F'Tly) = 0 VF' non-empty forest; so Ry : m(T) = 0 VT rooted tree of weight greater
than or equal to 2.

Hence, for n = 2, we only have to compute 7, (1?) = I? — 20, Tm(ly) = I3 — 2ly. The
basis is (I — 2ly), and we have: 7 (F'T(I? — l)) = 0, which gives: Ry: m(LT) = 0VT
rooted tree of weight greater than or equal to 2.

For n = 3, we have to compute 7 (l3); the others are zero by R; and R,. One finds
the basis (12 — 31115+ 3l3) and the relation R3: 71 (2T) = 7, (1.T) VT rooted tree of weight
greater than or equal to 2.

For n = 4, one would have to compute 7 (/1) and m(I2), and so on.

Remark: by linearity, the formula of P.G is true for any x € Hi. For example, for
T = p1pa, With py, po primitive elements of Hg, one finds: m(z) = p1p2 — p1 Tps — P2 T p1;
hence, S1(p1) = m (=Y (p1)ly) with Y (F') = weight(F') F for all forest F', and S; defined

in [B.

10 Classification of the Hopf algebra endomorphisms
of Hp

In the sequel, we will denote by CT the set of (connected) rooted trees.
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Definition 10.1 Let (P,)ccr be a family of primitive elements of Hgr indezed by CT.
Let ®(p,) be the algebra endomorphism of Hr defined by induction on weight(T) by:

(I)(Pt)<ll) = Plﬁ
VT € CT, with A(T ZT QT®?,

D (p,) (T Z D py (T TPT @ | + Pr.

Then ®(p,) is a bialgebra endomorphzsm of Hg.

Proof: one has to show (®(p,) ® ®p,)) 0 A(T) = A(®(p,)(T)) YT € CT. We proceed by
induction on n = weight(T). It is obvious for n = 1, since then T' = [; is primitive.
Suppose it is true for all rooted trees of weight < n. Then as ®(p,) is an algebra endo-
morphism, it is true for all non connected forests of weight < n. Let T be a rooted tree
of weight n. Then:

A(®(p)(T)) = ZA ) (TNT Pre)
= Zq)(m @ Pro |+ 2m)(TD) @ () (TP) T Pr)

PR IIADERDYS (q)@t)((T(z))(l))TP@(z))(a)) + Py
(T@)
> p)(TWV) @ B (T?).
(T)
We used the induction hypothesis and [.]] for the second equality, and coassociativity
of A for the third.

Theorem 10.2 Let ¥ be an endomorphism of the bialgebra Hgr. Then there exists a
unique family (P;) of primitive elements, such that ¥ = ®p,).

Proof: one remarks that if (P;) and (@) are two families of primitive elements, such that
P, = @Q; if weight(t) < n, then ®p,)(z) = ®(g,)(z) for all  of weight < n. So we only
have to show that there exists a family (F;) such that if we denote:

P _ P, if  weight(T) <n
E ) 0 if weight(T) > n,

then U(z) = <I>(P(n))(x) for all x of weight < n. We take F;, = ¥(l;), and then it is true
for n = 1. Suppose we have P, for all ¢ of weight < n. We put Q(P(nfl)) =&, . Let T
be a rooted tree of Weight n.

Z\If TW) @ u(T®)
Zfbn (T @ @, 1 (T?) = A(®,1(T)).

We take Pr = ¥(T) — (I>n_1(T); then ¥(7T) = (P(P(n))(T).
For the uniqueness of the family (P,), we have m (V(T')) = Pr, VT rooted tree.
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Proposition 10.3 Let ¥ be an endomorphism of the bialgebra Hg; then ¥ is an endo-
morphism of the Hopf algebra Hg, that is to say Vo S = SoW.

Let Bt be the operator of Hr which appends each term of a forest ¢;...¢, to a
common root. One can show that for every x € Hpg,

A(B*(z)) = BT (z) ® 1 + (Id ® B)(A(x)).
Lemma 10.4 Let p be a primitive element of Hg and let x € Hg, with e(x) = 0. Then

S(zTp) = —aTp—S(z ZS (@ Tp) where Az Zx(l ® 22

In particular, for p =1y,

S(B*(z)) = —B*(x) o)l —Zs DY BF ().

Proof: we have (S ® Id) o A(z) = 0. Then we use [.1 to conclude.
Proof of the proposition: let F' be a forest in Hg.

Vo S(BH(F)) = F)TPR, — Z V(FW)T Py (py — Prv(p)
- Z Vo S(FU)(U(FP)TR,) Z o S(FO)W(F®)T Py (g
— Vo S(F)P, — Z\IJoS PB+ F);
SoU(B*(F)) = S(U(F)TR,)+ Z S(UFO)T Py pen) + S(Per)
- F)TR, — Z U(FO)T Py (pey — Po+(ry
_ZSo\If NTH,) ZSO‘I’ (FO)W(F)T Py ()

~SoW(F)P, — Zso\y PB+ (F@)-

We conclude by an induction on the weight.

11 Associated graded algebra of Hp and coalgebra
endomorphisms

As it is shown in [, Hg is filtered as Hopf algebra by deg,. What is the associated
graded algebra ?

The filtration is given by (Hz)5 ) = {z € Hg, degpr < n} = (1) ® &YIm(F;) =C, =
Ker(A™)@(1). We put 7; the projection on I'm(F;) which vanishes on (1) ®@;.i Im(F}).
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Lemma 11.1 Let py,...,Dj,Pj+1; .-, Pj+1 be primitive elements of Hg. Then
7Tj+l(pj+l—|— e ij-l—l'pj—l— e Tpl) = Z po-(j+l)—|— e Tpo(1)7
o (7,0)-shuffle

where a (4,1)-shuffle is a permutation o of {1,...,j+1} such that o(1) < o(2) < ... < o(j)
ando(j+1)<o(j+2)<...<o(j+]1).

Proof: by induction we prove:

N pia T Tpjan T Tpr) = Z Po(i+t) @ - - - @ Po()
o (j,1)-shuffle

= Ajilil Z pa(j—f—l)—'— e Tpa(l)
o (j,1)-shuffle

. P
Sopiy T ... Tpjpap; T...Tp1 — Z Po(j+1) | --- T Do) is in (HR)EAL%—M
o (j,1)-shuffle
which proves the lemma.

We naturally identify (Hg)5 /(Hg)", with Im(F,). We can now describe gr(Hz),
the associated graded Hopf algebra:

i) as vector space, gr(Hg) = (1) ® & Im(F;);

11) Vp]—l— ... IpL € Im(Fj), pj-i—lT . ij-i-l S ]m(F}),

(P T Tpjn) * (p; T ... Tpy) = > oG T Toeq),
o (j,1)-shuffle

where * is the product of gr(Hg);
iii) Vp,; T ... Tpr € Im(F}),

Alp;T...Tp1) = Q@pT...Tp1)+(p; T...Tp1 ®1)
k=3

+ 0T To) @ (pea T Tpo);

k=2
iv) Vo € Im(F};),j > 1,e(z) = 0;
v) Vpi T Tp; € Im(Fy), Su(p; T... Tp1) = (=1 py T ... Tp;.

Clearly, the linear map from gr(Hg) into Hpr which is the identity on every Im(F})
is a coalgebra isomorphism. It is not an algebra morphism, although we shall prove later
that gr(Hg) and Hg are in fact isomorphic Hopf algebras, via another map.

We are going to classify the coalgebra endomorphisms Hg or indifferently gr(Hg).
First we fix a notation. Let u be a linear map from Prim(Hz)®" into Prim(Hz)®?. Then
u is the linear map from I'm(F;) into Im(F;) defined by u = Fjouo F; .

21



Theorem 11.2 For all i € N*, let u; : Prim(Hg)® —— Prim(Hg). Let @, be the
linear map defined by:

3 -

Puy(Pn T ... Tp1) = Z (Ugy @ ... @ Ug, )P T ... Tpy).
k=1 ai+...+ap=n

Then ®,) is a coalgebra endomorphism of Hg (or gr(Hrg)).
Moreover, if ® is a coalgebra endomorphism of Hgr (or gr(HRg)), then for all i € N*, there
exists a unique u; : Prim(Hp)® —— Prim(Hg), such that ® = ®(,,).

Proof: first we prove that ®,,) is a coalgebra endomorphism:

> > Y e @ 0t @ (uy, @ @up ) (P T - Tpi) © (T Tpy)]
J ai+..4+ar=3 bi+..+bj=n—j

:A( Z (ud1®...®udm)(pnT...Tp1)—u_n(pnT...Tp1)>

di+...+dm=n

:A< Z (udl®...®udm)(pnT...Tp1)>—O
= APy (pa T Tp1)).

Let ® be a coalgeabra endomorphism. A(®(1)) = ¢(1) ® (1), so (1) =0 or 1. As
cod =¢, (1) = 1. We constuct u; by induction on i. For ¢ = 1, u; is the restriction of
® on Prim(Hg). Suppose we have ul for i < n. Then with u} = u; if i <n and w}, =0 if

A@(p,T...Tp1)) = (cb@cp)oA(pnT . Tp1) )
= (D) @ Puy) o A T... Tp1) = APy (pa T ... Tp1)).

So we can take U, (p, T ... Tp1) = (@ — @) (a T ... Tpr).
For the uniqueness, observe that m; o ® =w; on Im(F;).

We now give a criterion of inversibility of a coalgebra endomorphism:

Proposition 11.3 &, is bijective if and only if the restriction u; of @,y to Prim(Hg)
15 bijective.

Proof: =: obvious.

<: we put ® = ®(,,). Recall that C; = (1) ® ®{Im(F;). As ®(C;) C C;, it is enough
to show that @, : C; — Cj is inversible Vi. For i = 1, it is the hypothesis. Suppose it
is true for a certain i — 1. Then ®(p;T... Tp) — (11 ® ... ®@uy )(p; T ... Tp1) belongs to
Ci-1, so it belongs to Im(®); hence (u1 ® ... @ uy )(C;) C Im(P). As (u; ®...®@wuy ) is
surjective (because u, is surjective), ®|¢, is surjective.

Let x € Cj, () = 0. = = x;+y, v; € Im(F;), y € Ci—;. Then ®(z) = 0 =
(ur @ ... @ uy )(x;)+Ci-1,50 (U ® ... ®@uy )(x;) = 0 (because it belongs to Im(F;)NC;_1).
As wy is injective, x; = 0, and x € C;_;. As ®\c,_, is injective, x = 0: ®|¢, is injective.

We now give a criterion to know when a coalgebra endomorphism is in fact a bialgebra
endomorphism.
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Proposition 11.4 Let ® = ®(,,) be a coalgebra endomorphism. Let o) = Purny be the
coalgebra endomorphism with u}! = u; if i < n, ul =0 if 1 > n.

1. (case of Hg) ® is a bialgebra endomorphism if and only if for all x; € Im(F;),
z; € Im(F)), Ui (z; * ;) = =@~ (z;.2;) + @OH Y (z,). @0+ ~D(g).

2. (case of gr(HRg)) ® is a bialgebra endomorphism if and only if for all z; € Im(F;),
z; € Im(F)), Uiy (z; * ;) = =@V (2, % ;) + @Y (z;) % POV ().

Proof: we study the case of Hp. Observe that ®(x;.7;) = Wiy (7 * ;) + P~V (2,.2)
because z;.x; — x; * z; belongs to Ciy ;1. Moreover ® = ®(+~D on €y, 4. It is then
obvious. The proof in the case of gr(Hg) is analog, even easier.

12 Automorphisms of Hp

In the following, we shall identify gr(Hg) and Hg as vector spaces via:
Id : Im(F;) C gr(Hg) — Im(F;) C Hg.
Now the vector space Hy has two Hopf algebra structures: (Hg, ., A, S) and (Hg, *, A, S,).
Note that the coproduct is the same in both cases. Both are graded as Hopf algebras by
the weight. We still denote by H; the homogeneous components, which are the same for
both structures. (Hg,*,A,S,) is by construction graded as Hopf algebra by deg,, and
the homogeneous components are the Im(F;)’s.

We denote the augmentation ideal, which is the same for both structures, by M, and

its square in (Hg,.) by M2 We put M; = M N'H; and M? = M?NH,;. We have:
M = @; M; and M? = EBzMzz

Obviously, > HiNIm(Fy) = HiNY_, Im(F;) = H; if i < 1. So M7 437 H; N Im(Fj) =
H; = M,. Hence, we can choose V; ; C H;NIm(F}), such that M; = M?®D@;V; ;. We put
V;=®;V;;, and V = @, ;V; ;. Note that V; = H;. Moreover, for any z € M?, 7.(x) =0,
so by lemma P.4, M?* N Im(F) = M? N Prim(Hg) = (0). So Viy = H; N Im(Fy).

Lemma 12.1 V generates the algebra (Hg, .).

Proof: we denote by (V') the subalgebra of (Hg,.) generated by V.

We have to show that H; C (V) Vi > 1. We proceed by induction on 4. If i = 1, then it
is true since V; = H;. Suppose it is true for any i’ <i—1. Let z € H; = M2 @ V. Tt is
obvious if x € V. If v € MZ?, one can suppose that x = myms, with m; and ms in M.
Then m; and my cannot be constant, so weight(m;) < i and weight(ms) < i. So they

are in (V), so x € (V).
Lemma 12.2 V generates the algebra (Hg, *).

Proof: we denote by (V'), the subalgebra of (Hg, %) generated by V.

Let € Hp. Let j = deg,(x). If j = 1, then z € (V). since Im(Fy) = &;V;1. Sup-
pose that y € (V), for any y with deg,(y) < j. One can suppose that + € M =
M2@V. Itz € V, then x € (V),. If x € M? one can suppose that x = m;m,, with
my,me € M. Then deg,(x) = deg,(my) + degy(m2), so deg,(my) < j and deg,(m2) < j,
so m; and my are in (V),, and m; * me € (V),. By construction of the product s,
mime = my * my + (1) ® Br<;Im(Fy). So by induction hypothesis, z = mimsy € (V),.

We denote by S(V') the symmetric algebra generated by V.
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Lemma 12.3 1. Vi € N*, dim(V}) is the number of rooted trees of weight 1.

2. There is an algebra isomorphism between (Hg,.) and S(V') which is the identity on
V.

Proof:

1. We have dim(V;) = dim(M;) — dim(M?). A basis of M, is formed by forests of
weight ¢, whereas a basis of M? is formed by non connected forests of weight 7. The first
point is then obvious.

2. As Hpg is commutative, we have an algebra morphism:

N { (V) — (Hn,)

reV — T

By lemma [[2.7], A is surjective. S(V) is graded as algebra by putting V; in degree i. By
the first point, the homogeneous components of S(V') and Hg (for the weight) have the
same (finite) dimensions. Moreover, A is homogeneous of degree zero; as it is surjective,
it is injective; so it is an isomorphism.

Using A, we define an algebra isomorphism:

E:{ (Hr,.) — (Mg, *)

eV +— T

By lemma [[2.2, = is surjective. Moreover, it is homogenous of degree zero for the
weight; as the homogeneous components have the same finite dimensions in (Hg,.) and
in (Hg, *), it is an isomorphism.

As the coproduct is the same for both Hopf algebra structures on Hy, and since = fix
a system of generators, it is a bialgebra isomorphism. Moreover, ZoSoZ="!is an antipode
of (Hg,*,A), so it is equal to S,. Hence, = is a Hopf algebra isomorphism.

We have deg,(Z(z)) < deg,(x) Vx € Hpg, since it is true for any x € V. We get:

E({zx € Hr/deg,(x) < j,weight(x) =i}) C {x € Hr/deg,(z) < j,weight(x) =i} Vi, j.

As these spaces have the same finite dimension, they are in fact equal. We deduce:

E({x € Hr/degy(z) = j}) = {x € Hr/degy(x) = j}.
We have entirely proved:

Theorem 12.4 gr(Hg) and Hg are isomorphic Hopf algebras; there is a Hopf alge-
bra isomorphism = : (Hg,.) — (Hg,*) such that weight(Z(z)) = weight(x) and
deg,(Z(z)) = deg,(z) for any x € Hp.

We work now in gr(Hg). We denote by M*? the square of the augmentation ideal
in this algebra. Let u; be a linear application from Prim(gr(Hg)) into itself. Can we
extend it to a bialgebra endomorphism of gr(Hg)? With [1.4, one sees that uy is entirely
determined on M**NIm(Fy), and we can extend it to the whole Im(F,) as we want. More
generally, ; is determined over M*2NIm(F;). So in fact, if we fix a complement C of M*?,
a bialgebra endomorphism @ is entirely determined by (7 0 @) : C'+—— Prim(gr(Hg)).
Moreover, for any application L : C —— Prim(gr(Hg)), there is a unique bialgebra
endomorphism ®;, such that (m o @) = L. Because of [2.4, we have the same result
for Hg. In this case, two important choices of C' can be done:
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1. if we choose C the subspace generated by the rooted trees: with notations of [[0.1],

| (rooted trees ) —— Prim(Hg)
(7T1 © (I)(Pt))\c : { t Dy

—

2. if we choose a complement C' which contains Prim(Hpg), then we see that

{Endbialgebra(HR) — E(PT’Zm(HR»

P
Because of [[1.3, we have a surjection:

¥

We look for a lifting of GL(Prim(Hg)) into Autpiageara(Hr). It is easier to work in
gr(Hg), for there is an obvious lifting: if v € GL(Prim(Hg)), we take u; = u, u; = 0 if
i > 2; then one proves easily that ®, = ®(,,) € Autbiaigesra(Hr), and &, o &, = ®,q,. So,
with we have the following result:

is surjective.

— (I)\Prim(HR)

AUtbialgeabra(HR) = GL(PTZm(HR))
o — (I)|P7"im('HR)

Theorem 12.5

Autbialgebra(HR) = AUtHopf(HR) = Ke'r’(x) X GL(PTZm(HR»

13 Appendix

n 1112[3[415]161 7 8] 9] 10 11 | 12 13 14 15
o 11214092048 115|286 | 719 | 1842 | 4766 | 12486 | 32973 | 87811 | 235381
Bt |1]1[1|2[ 3816 | 41 | 98 | 250 | 631 | 1646 | 4285 | 11338 | 30135
16 17 18 19 20 21 22 23
634847 | 1721159 | 4688676 | 12826228 | 35221832 | 97055181 | 268282855 | 743724984
80791 | 217673 | 590010 | 1606188 | 4392219 | 12055393 | 33206321 | 91752211
24 25 26 27 28 29
2067174645 | 5759636510 | 16083734329 | 45007066269 | 126186554308 | 354426847597
954261363 | 706465999 | 1967743066 | 5493195530 | 15367129299 | 43073007846
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