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Abstract

In this paper, we study the problem of convergence of geodesics on
PL-surfaces and in particular on subdivision surfaces. More precisely, if
a sequence (T, )nen of PL-surfaces converges in distance and in normals
to a smooth surface S and if C,, is a geodesic of T;, (i.e. it is locally
a shortest path) such that (C,)nen converges to a curve C, we want
to know if the limit curve C' is a geodesic of S. Hildebrandt et al.
[12] have already shown that if C, is a shortest path, then C is also a
shortest path. The result does not hold anymore for geodesics that are
not (global) shortest paths. In this paper, we first provide a counter
example for geodesics: we build a sequence (7),)nen of PL-surfaces
that converges in distance and in normals to the plane. On each T,,,
we build a geodesic C,, such that (C,)nen converges to a planar curve
which is not a line-segment (and thus not a geodesic of the plane). In a
second step, we give a positive result of convergence for geodesics that
needs additional assumptions concerning the rate of convergence of the
normals and of the lengths of the edges of the PL-surfaces. Finally, we
apply this result to different subdivisions surfaces (following schemes
for bicubic B-splines, or Catmull-Clark schemes, or schemes for Bezier
surfaces). In particular, these results validate an algorithm of Pham-
Trong et al. [20] that builds geodesics on subdivision surfaces.

Keywords : subdivision surfaces, triangulations, PL-surfaces, geodesics,
shortest paths, convergence

1 Introduction

A geodesic is usually defined as a curve on a surface that is locally
a shortest path. Geodesics appear naturally in several applications,
among which we can mention: i) The modelling of the human heart:
the heart left ventricle can be modelled by a family of embedded sur-
faces; a muscular fiber of the central region of the left ventricle has
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particular properties and can be considered as a geodesic of one of
those surfaces [17, 21]. ii) In the fabrication of composite parts by fil-
ament winding, the filament must idealy wind along geodesics [1]. iii)
Finally the computation of radar cross sections involves the simulation
of creeping ray which follow geodesics of the object [2, 5]. In this con-
text, and since piecewise linear 2-manifolds (denoted by PL-surfaces
in the following) are widely used for surface modelling, it is natural
to consider the modelling of geodesics on surfaces and in particular on
PL-surfaces.

We distinguish the geodesics from the more restricted class of short-
est paths. A shortest path is a curve on a surface that is connecting two
points and whose length does not decrease if it is perturbed (without
moving the two extremities). A geodesic is a curve on a surface whose
length does not decrease if it is pertubed in a small neighborhood of
any point. A shortest path is clearly a geodesic, but the converse is
not true (for example, a great circle is a geodesic but not a shortest
path of the sphere).

There exist several algorithms that build shortest paths on PL-
surfaces [13, 14, 15, 19]. Concerning the geodesics, Pham-Trong and
her coauthors have also proposed an algorithm that builds geodesics on
PL-surfaces [20]. In particular, they have also considered a sequence
(T))nen of PL-surfaces defined by the De Casteljau subdivision for
Bezier surfaces that is converging to a Bezier surface S. On each T,
they build a geodesic C,, whose sequence converges to a curve C. The
natural question is then to wonder whether C' is a geodesic of S.

The convergence of geodesics has already been studied in the case of
shortest paths by Hildebrandt et al. [12] and Memoli et al. [16]. They
show that if a sequence (T}, )nen of PL-surfaces converges in Hausdorff
distance to S, if the normals of T;, also converge to the normals of .5,
then the limit curve of a sequence of shortest paths is a shortest path
of S. However, this result does not hold anymore for geodesics: we
provide in this paper (Section 4) a sequence (T},),en of PL-surfaces
whose both distance and angular limit is a plane. However a sequence
of geodesics C,, C T;, converges toward a limit curve C' which is not a
straight line of the plane, and thus not a geodesic of the plane.

It is worth noting that the result of convergence of Hildebrandt
et al. [12] cannot be used in some applications: for example, in the
modelling of the human heart, the curves modelling the fibers are closed
and are not shortest paths [17]. Furthermore, this result cannot be used
to validate the algorithm given in [20]: indeed, Pham Trong and her
coauthors build a sequence of geodesics that are not shortest paths in
general.

The main result of this paper deals with convergence for geodesics.
More precisely, we suppose, as for the result with shortest paths given
n [12], that the sequence (T,)nen of PL-surfaces converges in Haus-
dorff distance and in normals to a smooth surface S. In addition, we
also suppose that there exist two constants K1 and Ks independant on
n such that the length of the edges of T,, is greater than % and the
maximal angle between the normals of T}, and the normals of S is less



than % In other words, the rate of convergence of the length of the
edges cannot be faster than the rate of convergence of the normals.

This result is then applied to PL-surfaces T;, that follow subdivision
schemes, such as for example schemes for bicubic B-splines, or Catmull-
Clark schemes, or Bezier surfaces. In particular, our results validate the
algorithm of Pham-Trong and her coauthors [20] that builds geodesics
on subdivision surfaces.

It is interesting to note that shortest paths and geodesics do not
deal with notions of the same order: the notion of shortest path relies
on the notion of length, which is a quantity related to the first deriva-
tive. However, since a geodesic is defined locally, it depends on the
infinitesimal variation of the length, which is a notion of second order.

In this paper, we focus on the problem of convergence of geodesics.
In Section 2, we recall the main definitions. In Section 3, we recall the
result of convergence of [12, 16] for shortest paths. In Section 4 we give
a counter example showing that the situation is more complicated for
geodesics, and we also give the main result of convergence. We show in
Section 5 that this result can be applied to several subdivision schemes
(and in particular to the algorithm proposed in [20]). The last section
proves all these results. In the following, we will refer to triangulations
instead of PL-surfaces.

2 Definitions

2.1 Smooth surfaces

In the following, a smooth surface means a C? surface which is regular,
oriented, compact with or without boundary. We have the following
proposition [11]

Proposition 1 Let S be a smooth compact surface of R3. Then there
exists an open set Us of R® containing S and a continuous map & from
Us onto S satisfying the following: if p belongs to Ug, then there exists
a unique point £(p) realizing the distance from p to S (€ is nothing but
the orthogonal projection onto S ).

This proposition allows to introduce the following notion introduced
by H. Federer [11]: The reach of a surface S is the largest r > 0 for
which ¢ is defined on the open tubular neighborhood U,.(S) of radius
r of S.

2.2 Triangulations

A triangulation T is a connected topological 2-manifold made of a finite
union of triangles of R3, such that the intersection of two triangles is
either empty, or equal to a vertex, or equal to an edge.

2.3 Curves

In the following a curve C' means a lipschitz parametrized curve C :
[0,1] — R3. Its length is denoted by I((C). Similarly, for 0 < ¢, <



t, < 1 we denote by [(C,t,,t,) the length of the curve C restricted to
[ta,ty]. As a particular case of Rademacher theorem, we know that C
is differentiable almost everywhere. Moreover, it is the integral of its
derivative. Whenever it exists, we denote by C’(t) the derivative of C
at t.

e We say that C has a uniform parametrization if it satisfies for almost
every t € [0,1] |C"(¢)|| = 1(C).

e A curve C : [0,1] — M C R3 with uniform parametrization is said
to be a geodesic of a lipschitz surface M (M can be a triangulation or
a smooth surface) if it locally minimizes the length, i.e. if for every
t € ]0,1], there exists 0 < t, <t <t <1 (wheret, < tif t >0 and
ty >t if t < 1), such that any lipschitz curve C : [0,1] — M such that
C(0) = C(t,) and C(1) = C(t,) satisfies

UC,ta, ty) <U(C).

The geodesic is said to be interior if for every ¢ € [0, 1], C(¢) is interior
to the surface M. The geodesic C is a shortest path, if the length of
any curve on M connecting C(0) and C(1) has a length greater than
().

2.4 Properties of geodesics on triangulations

Let C be a polygonal curve of a triangulation 7. Then C'is a geodesic
of T if and only if:

e (it is a straight line on each triangle. (The vertices p of C' then
belongs to the edges of T or are vertices of T'.)

e If p belongs to the interior of an edge of T', then the incident and
refracted angles of C' at p are equal (see Figure 1).

e If pisa vertex of T, then C separates the set of the triangles of T’
containing p into two connected regions r; and o (see Figure 1).
If one denotes by ;' the sum of the angles ;" of the triangles
of region 71 at p (resp. by a;? the angles a;* of the triangles of

region 75 at p), one has

a >m and o > (1)

Remark that if a geodesic traverses a vertex p of 7', then the sum
of the angles of the triangles of T' at the vertex p is greater than 2mx:
04;1 + 04;2 > 2.

We can also notice that if aj' + ap? > 2, then the geodesic con-
taining the vertices ¢ and p is not unique (see Figure 1): two distinct
polygonal curves C7 and Cs containing p and ¢ that satisfy Equation
(1) are geodesics.

3 Convergence of shortest paths

In this section, we recall a positive result of convergence for shortest
paths, that can be found in [12] (a similar result can also be found in



region rq

Figure 1: A geodesic C' passing through a vertex of a 3D triangulation

[16]). Proposition 2 states that if a sequence (T, )nen of triangulations
tends to a surface S in distance and in normals, then a sequence of
shortest paths of T;, is converging to a shortest path of S. Although
this proposition has already been proved, for the sake of completeness,
we give here a proof.

Proposition 2 Let (T),)nen be sequence of triangulations that con-
verges in the Hausdorff sense to a smooth C* surface S. Let (dy)nen
be sequence of real numbers converging to 0. We suppose that

a) for every m, the restriction &, : T,, — S of the map £ to T, is
bijective;

b) for every m € T,, the angle between any triangle A containing
m and the tangent plane HES(m) of S at &(m) is smaller than d,;

Let a and b be two points of S, and C,, : [0,1] — R? be a shortest path
on T, between &% (a) and &, (b), with uniform parametrization. Then

o there exists a subsequence (Cy,) of (Cy) that is uniformly con-
verging to a curve C;

o if a subsequence of (Cy,) is converging to a limit curve C, then C
is a shortest path of S.

Proof of Proposition 2

First remark that the convergence in distance and in normals imply
that there exists a sequence (€, )nen converging to 0 such that for every
curve v, of T;, we have (see [18] or [12]):

(1 —e)l(vn) S UEnovn) < (1 + €)l(7m)-
Let us denote by C a shortest path between a and b on S. We then

have :

1+e,, ~

[(§noCn) < (14 €)l(Cn) < (1+5n)l(§;1 06) < 1(0),

— €n

which finally gives



In particular [(§, o C},) converges to [(C') and is then bounded. Then
there exists a constant & independant of n such that for every ¢, €
(0,1)

[€n 0 Cn(t) = &n 0 Cul(t)ll < 1(€n 0 Cn,t,t')
< (1 +e,) U(Cn,t, )
— (14 a) {C)lt—
<kl|t—t]

The set {&, o Cp,, n € N} is then equicontinuous (see [6] for example
for more details). Arzela-Ascoli Theorem [6] then implies that a sub-
sequence (&, © Ch, Jken of (&, 0 Cy)nen is uniformly converging to a
curve C. Remark now that for every t € (0,1), the point &,(Cy(t)) is
the closest point of S to C,(¢). That implies that ||Cy,(t) — &, 0 Cp (1)l
is smaller than the Hausdorff distance between T,, and .S, which tends
to 0. Therefore, the subsequence (C,,, )ren is also uniformly converging
to C.

The fact that C),, uniformly converges to C implies that [(C) <
liminf{(C)). However, Equation (2) implies that lim C,, = lim¢, o
Cn, = I(C). We then have [(C) < I(C) which means that C is a
shortest path. O

4 Convergence of geodesics

The main result of this paper is given in this section. We first show in
Section 4.1, by building a counter-example, that the previous result of
convergence for shortest paths, does not hold anymore for geodesics in
general. Then, in Section 4.2, we give a general result of convergence
for geodesics.

4.1 Counter-example

The counter example shows a sequence (T}, ), en of triangulations whose
both distance and angular limit is a plane. However a sequence of
geodesics C), C T, converges toward a limit curve C' which is not a
straight line of the plane, and thus not a geodesic of the plane. We
can notice that the triangulations 7, and the curves C,, satisfy all the
assumptions of the result of Proposition 2, except that C,, is a geodesic
(and not a shortest path). However the limit curve C' is not a geodesic.
This counter example implies that the convergence in distance and in
normals of T}, to S is not sufficient to expect a result of convergence
for geodesic.

Detail of the construction:

Figure 2 shows the triangulation 7;, for some n. The triangulation
overlaps with the horizontal plane I1g of equation z = 0 outside the
large circle and inside the small one. In the ring between the two
circles, it is made of 4™ identical small "roof shaped" bumps detailed
on the right of Figure 2. The points d., d2, p, and m, are on the
plane IIy while the points ¢} and 2 stand at some height above the



Figure 2: Triangulation 7}, and geodesic C,, seen from above: on the left we
see the whole surface; the region in the dashed rectangle is depicted on the
right

plane. The faces d’tLd?, p,t2m,, d:tLt2m, and d2tLt2p, are planar
and all make a slope s,, with IIy. If we take s,, = 2%, one has, for each
neN, 1+ B2+ 03+ B4 > .

Observe that the sequence (T),)nen of triangulations converges to-
ward the plane in the Hausdorff sense. Furthermore the normals of T;,
tend to the normals of the plane. The shortest path on T}, between the
point a,, and b, is the straight line (dotted line on Figure 2). However,
the line a,m,n,b,, wraped around the circle between m,, and n,, is
a local minimum, that is a geodesic, between a,, and b,, (see Section
2). These geodesics converge in the Hausdorff sense toward a curve C'
composed of two lines and an arc of circle.

4.2 Convergence toward a geodesic

The main result of this paper is the following theorem. It states that if
a sequence (T, )nen of triangulations is converging to a smooth surface
S, then, under reasonable assumptions, a sequence of geodesics of T;,
is converging to a geodesic of S.

Theorem 1 Let S be a smooth surface of R3, r denote the reach of S,
and (Ty,) be a sequence of triangulations. Let K, K, Opin be positive
constants and (d,,) a sequence of real numbers converging to 0. Suppose
that for every n:

a) T,, belongs to the tubular neighborhood U, (S) of radius r of S;
b) for every m € Tp,, [[m —&(m)|| < dy;

¢) for every m € T, the angle between any triangle A containing
m and the tangent plane Hgs(m) of S at £&(m) is smaller than 257”.

d) the lengths of the edges of T,, are greater than 2K

n



e) all the angles of T,, are greater than O,y ;

Let (Cy)nen be a sequence of polygonal curves C, : [0,1] — R?® with
uniform parametrization such that C, is an interior geodesic of Ty,
and £(Cy,) does not intersect the boundary of S. If (Cy)nen converges
toward a curve C in the sup norm sense, then C is of class C* and is
a geodesic of S.

The proof of this theorem is given in Section 6.

Remark 1 If a sequence (T},),en of triangulations satisfies the condi-
tions of Theorem 1, then the valency of the vertices of T}, is uniformly
bounded by a constant independant on n.

Indeed, the convergence of the normals implies that the sum of the
angles at a vertex p, tends to 2w when n tends to infinity. Combined
with the fact that all the angles are greater than 6,,;,, that implies
that the valency of p,, is uniformly bounded.

Remark 2 Remark that the result of Theorem 1 still holds if the se-
quence (Cy,)nen does not converge to a curve C, but if we suppose that
(1(Cp))nen is bounded. Indeed, in that case, we can show (as in the
proof of Proposition 2) that the family {C,,, n € N} is equicontinuous.
The Arzela-Ascoli theorem (see [6] for example) then implies that a
subsequence (Cy, )ren of (Ch)nen uniformly converges to a curve C.
Theorem 1 can then be applied to (Ch, )ren.

5 Application to subdivision surfaces

The previous theorem can be easily applied to subdivision surfaces. In
this section, we first give a general corollary, Corollary 1, that can be
easily applied to several subdivision schemes. We then show that the
result of convergence for geodesics holds when the triangulations follow
a subdivision scheme for either bicubic B-splines, or Catmull-Clark
schemes, or Bezier surfaces. We first need to give a few definitions.
Let (P,)nen be a sequence of parametrized triangulations P, :
[0,1]2 — R?® that is converging to a paramatrized smooth surface
f 0,12 — R3. The parameter domain [0,1]? of each P, can be
triangulated so that P, is linear on each triangle of [0, 1]2.
— We say that the parameter domain of P, is a triangular grid if its
vertices are pi/ = (5, 55 ) (where i,j € {0,..2"}) and the edges are
PhIL I, pip and pipk .

— We say that (P,,)nen uniformly converges to a function f with rate

of convergence % if:

K
dNeN, FJKeR, n>N = sup || Po(u,v) — f(u,v)| < —.
(u,v)€[0,1]2 2n

— We say that (P,)nen uniformly converges in derivative to f with

rate of convergence Qin if there exists K > 0 and N € N, such that for



any n > N:

sup
i€{0,..,2n —1}
j€{0,..,2™}

2" Pn Z+17i _Pn Lai _8_f Lvi S_v
AL 2n 7 2n Ou \ 2’ 27 2n

oo lp, (L IFIY _p (L I oL T\ K
n’ 2n PALAL Ov \ 2" 2n AL

Corollary 1 Let (P,)nen be a sequence of parametrized triangulations
P, :[0,1)> = R3and f : [0,1]> — R? be a parametrized surface of class
C?, such that:

a) the parameter domain of each P, is a triangular grid,

and

sup
i€4{0,..,27}
j€{0,..,2" -1}

b) (Py)nen uniformly converges to f with rate of convergence 5 |

¢) (Pp)nen uniformly converges in derivative to [ with rate of con-

vergence on s

d) f is regular, i.e. ¥(u,v) € [0, 1]? %(u,v) A %(u,v) #0.

Let (Cy)nen be a sequence of polygonal curves C,, : [0,1] — R?® with
uniform parametrization such that Cy, is an interior geodesic of P, . If
(Cp)nen converges in the sup norm sense toward a curve C' which is
interior to S, then C is of class C? and is a geodesic of S.

The proof of this corollary is given in Section 6.7.

The previous corollary can be easily applied to some subdivision
schemes. As an example, we give the following corollary concerning
subdivision scheme for bicubic B-spline (see for example [10] for details
on B-splines). First remark that the subdivision scheme for bicubic
B-splines generates a sequence of quadrangulations. Each quadrangu-
lation can be considered as a triangulation by dividing each quadrangle
into two triangles.

Corollary 2 Let (P,)nenbe a sequence of triangulations (or quadran-
gulations) defined by the subdivision scheme for bicubic B-spline that
is converging to a reqular B-spline f (i.e. satisfies assumption d) of
Corollary 1).

Let (Cy)nen be a sequence of polygonal curves Cy, : [0,1] — R3 with
uniform parametrization such that C,, is an interior geodesic of P,. If
(Cn)nen converges in the sup norm sense toward a curve C which is
interior to S, then C is of class C? and is a geodesic of S.

Proof The assumptions a) and d) of Corollary 1 are clearly satisfied.
Let uw € [0,1]. The polygonal curve v — P,(u,v) follows the subdi-
vision scheme for cubic B-spline and is uniformly converging to the
function f,, : v — f(u,v). More precisely, there exists K, € R such
that for every n € N one has (see Theorem 4.12 of [9] or Corollary 3.3
of [8]):
Ky
sup | Pa(u, v) = f(u, v)ll < o7
ve[0,1]



In fact, one can show that K, does not depend on u: let us denote
by P; ; = Py(us,v;) the poles of the initial control mesh (where i,j €
{0,..M}). The k*" pole P, j of f, is the evaluation at u of the B-spline
whose control net is Py ,...Par,,. That implies that P, belongs to
the convex hull of Py ,... Py, and then to the convex hull of the F; ;.

Since K, only depends on the maximum distance between two poles
of the control net of f, (see the proof of Theorem 4.11 of [9]), it only
depends on the diameter of the convex hull of the F; ; and does not
depend on wu.

This implies that (P,),en uniformly converges toward f. Assump-
tion b) is then proved. Similarly, assumption ¢) is also proved on the
divided difference scheme (see for example [22] for details on divided
difference schemes). O

Remark 3 Corollary 2 directly implies that the result of convergence
still holds for Catmull-Clark schemes if the limit curve C' does not con-
tain extraordinary points of S (see [3] for details on the Catmull-Clark
scheme). By extraordinary point on the limit surface, we precisely
mean the limit of the sequence of vertices corresponding to an ex-
traordinary point of the triangulation through successive subdivisions.
Indeed, after a sufficient number of iterations, the curve traverses only
a finite number of bicubic B-splines patches where Corollary 2 can be
applied.

More precisely, the curve C'is at a distance greater than p > 0 from
all the extraordinary points. Let us denote by (P, )nen the sequence of
triangulations (or quadrangulations) defined by Catmull-Clark scheme.
Then, by compacity, there exists a finite number of triangulations
V5I.VPand 0 =ty < t; < to < .. < t, = 1 such that: i) each
Vi follows a subdivision scheme for bicubic B-spline (as in Corollary
2) and is converging to S C S ii) for every i, Cy([ti—1,t;]) C V! and
C([ti—1,t:]) € S% iii) VN Vi N Cy([ti—1,ti]) is homeomorphic to a
connected curve. We then apply Corollary 2 on each V'.

Remark 4 A proof similar to the one of Corollary 2 shows that this
result also holds for Bezier surfaces and their successive control nets
defined by the De Casteljau algorithm.

6 Proof of Theorem 1

The aim of this section is to prove Theorem 1. The proof being quite
long, we first give an overview of each subsection.

6.1 We introduce the definitions needed for the proof, but not usefull
for the statement of Theorem 1.

6.2 We give basic lemmas about angles and orthogonal projections
onto planes. These lemmas are used in the rest of the proof.

6.3 We give results concerning geodesics on triangulations. We first
bound from above the angle of deviation 852 (p,,) of the geodesic

at a vertex p,. Intuitively, this means that if the triangulation
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is "almost planar", then the geodesic is "not turning too much".
We then also bound from above the angle of deviation 325 (p,,)
of the projection of the geodesic onto a plane. Intuitively, if the
plane is "almost parallel" to the triangles of the triangulation,
then the projection of the geodesic is "turning much less" than
the geodesic itself.

6.4 We bound the number of intersections of a polygonal curve C,,
of T,, with the edges of a triangulation 7,,. Intuitively, we show
that if the curve is "not too long"and if it does "not turn too
much", then its number of intersection is "small".

6.5 There is no underlying triangulation in this section. The result
gives a sufficient condition on a sequence of curves so that its
limit curve is of class C1!.

6.6 We give here the core of the proof of Theorem 1, that is using
the previous sections.

6.7 We prove in this section Corollary 1.

6.1 Preliminary definitions

Let € be smaller than the reach of S. Let T be a triangulation such
that & induces an injection from T to S. Let denote by R(T) the set
of polygonal curves C' of T that are linear on each triangle of T', to be
more precise, if 7 is a triangle (a ¢riangle is defined here as a closed
simplex, i.e. containing its boundary edges and vertices) of T', the
image of each connected component of {¢t € [0,1], C(t) € 7} is a line
segment: geodesics on T trivially satisfy this condition. Notice that
this condition allows the curve to visit more than once a given triangle
7 but, in this case, has to visit the interior of other triangle between
two successive visits of 7.

Let C' € R(T) be a polygonal curve that belongs to the tubular
neighborhood V. (S) of radius € of S. In the following, if m € S, we
denote by P2 the orthogonal projection onto the tangent plane of S
at the point m.

e The total curvature of C is given by:

TC:p(C)= Y AR

p vertex of C

where 332 (p) is the deviation angle of C' at the vertex p (see Figure
3).

Similarly, for 0 < ¢, < ¢, < 1 we denote by T'C5p(C, t,, ) the total
curvature of the curve C restricted to [ta, tp).

e The tangent total curvature of C with respect to S is defined by

TCFm(C) = deo(P),

p vertex of C

dev

where 375 (p) is the deviation angle of ng) (C) at the vertex &(p) (see
Figure 3).
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Plane tangent to S at £(p)

Figure 3: Deviation angle of the curve and of its projection

Similarly, for 0 < t, < t, < 1 we denote by TC’%M(C, ta,tp) the tangent
total curvature of the curve C restricted to [tq, tp).

e Let #C' be the number of intersections between C' and the edges of T'.
More precisely, if one denotes by FE the set of edges of T" and Neoc(X)
the number of connected components of a set X:

tC =Y Nee(C([0,1]) Ne)
eck

Notice that each time C' transversally crosses an edge away from a
vertex, fC' is increased of 1 and each time C' crosses a vertex ”generi-
cally” (that is without following an edge), §C' is increased of the vertex
valency. If it follows an edge from one vertex to the other, it crosses
two vertices but the edge is counted once.

Similarly, for 0 < ¢, < t;, < 1 we denote by #(C,t,,t,) the number of
intersections between the curve C restricted to [tq, 5] and the edges of
T.

6.2 Basic lemmas about planes in R3
In this section, we prove several very usefull basic lemmas.

Lemma 1 There exists K > 0 such that for every planes I and II;
and for every vectors u and v of I, one has:

|Z(u,v) — Z(P(u), PL(v))| < K Z(u,v) o?,
and also
|4(uvv) - Z(Pl(u)vpl(v))l <K Z(Pl(u)vpl(v)) a27

where Py 1s the orthogonal projection onto Iy, and « is the angle be-
tween II and 1I;.

12



Proof
e We put § = Z(u,v) and 6, = Z(Py(u), P1(v)). We clearly have

1

P, < <
IPr@l] < Jlul] < —

[P(w)]-

The same inequality holds with v. Furthermore a simple calculus gives
1
A A)y=——A Pi(A)).
rea(A) p—— rea(Py(A))

Now by using the fact that

) Area(A) . Area(Py(A))
sinf = ——— and sinf; = ,
2 [|ul| [lv]| 2 [[PL(u)[| [|PL(v)]]
we have
sin 01 1
cosa < — < )
sin 6 Cos (v
and then
|sin@ —sinf;| = O(a?) sinf = O(a?) 6. (3)

o We put X = pir and Y = . Then X — P (X)] <sina < a.

[v]l
Furthermore we have

g—agz(Pl(X)—X,Y)gnga,

which implies that | < X — Py (X),Y > | < o?. Similarly, we also have
| <Y — P(Y), X > | < a? which implies that

[P (XN 1PL(Y)]| costh =< Pi(X), P(Y) >
=< X,Y > +0(a?)
=cosf + O(a?).

We then have:
|cosf — cos | = O(a?). (4)

s

e Suppose now that 6 € [O, ﬂ. If « is small enough, then Equation
(3) implies that 6, € [0,3F] and that

|61 — 0] < sup  |arcsin’(x)| | |sin6; —sinf| = O(a?) 6.

wE[O,sin ‘%’]

Remark that the same results holds if 6 € [%, %}
e Suppose now that 0 € [%, %T’T} If a is small enough, then Equation

(4) implies that

|01 —6] < sup |arccos'(z)| | |cosf—cosb;| = O(a?) = O(a?) 6.

mE[O,Cos %]

The second inequation of Lemma 1 is a direct consequence of the first
one (with a larger constant). O

13



Figure 4: Proof of Lemma 2

Lemma 2 Letu and v be two vectors and € > 0 such that |||ul]] —1| < €
and |||v]| — 1| < e. We then have:
Z(u,v) 2¢

L) u=vl o L)
2 = win(ull ol 2 i

2 sin

Proof Suppose that [|v]| < ||lul|. We then have

[u— > %y g Z(u,v)
vl 2

o]l
We also have

[lu —of

b / _ / 9
atb 9 ¢in (u, ) n lull = o]l <2 sin (u, v) L 2
vl 2 o] 5 1<

O

<

o]l

Lemma 3 For some constant K, if P; and P> are the respective pro-
jections on two planes 11y and Ty with £ (111,115) = 6 < % and if u
and v are two unit vectors and v > 0 a number such that:

£ (Py(u), Py(v)) < K [£(Py(w)), Pi(v)) +sin 6 £ (u,v) +~°] .

Proof Let § = v —u The affine projection P; induces a corresponding
projection between vectors which is also denoted P;. d can be splited
in § = P1(0) + 6 with P;(d) and § respectively parallel and orthogonal
to II;, which entails P;(6) = Py(61) and ||0] < ||6]|. One has Py(6) =

P2(P1 (5)) + P2(5) and:
IO < IR @] + P28
1P @)1} + [1P2(3)ll
[P (0)]] + sin6]4]]
(9)

| PL(6)|| + sin @] 5]].

IA AN IA A
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From Z (Ily,u) < & and Z (Il3,v) < 1, one has:

min (|| P>()]], || P>(0) ) > cos —

10°
Using twice Lemma 2 we have:
(P P, 1
25in L0 BW) 1 yp )
2 COS 15
and (P P
170)) < 250 ZPLL PO 4 2y
This gives:
(P P 1 Z (P, P,
2 sin ZU2(0: P (v) — [2sin B P | 642 4 sin 6]
2 COS 15 2
Using that ||0] = 2 sin# and that, for any angle 5 € [0, 7] one

has 2 < 2# < (3 we get the above bound on Z (Pa(u), P2(v)). O

Lemma 4 There exists K > 0 such that for every planes 111 and Il
and for every unit vectors u and v of R® such that Z(u,1l;) < T and

Z(v,11;) < §, we have:

|£(Pr(u), Pr(v)) = Z(Pa(u), Pa(v))] < K 7,

where Py and Py denote the respective projections on Iy and Iy, and
v denotes the angle between 11y and 1.

Proof We put P = P, — P», 0 = Z(u,v), 61 = Z(Py(u), P1(v)) and
92 = Z(PQ(U),PQ(’U))

Case 1: § € [, m— 5
Let X be a vector of R®. We put X; = P;(X) and X{* = X — X;. We

then have
IP(X)| = [P(X1) + P(X{)|| < [IP(X0)]| + [[P(XT)]-
On the other hand
[P(X1)[ = X1 — Po(X1)[| <siny [ Xl <o || X,

and
[ P(X{H)|| = | Po(X)|| < siny | XT] < v |1 X,

which implies that ||P(X)] <2« || X]]. We then have:
HIP)] = [[P(u)]l | < [Pl <27 and  [[|P(v)]| = [P(0)] <27

Furthermore, the fact that || P;(u)|| > \/Li’ |12 (v)]] > % and

g _ IR+ 1P = 1Py = o)
1 21 P TE)] |

15



implies that there exists K > 0 such that
|cosfy — cosba| < K ~.

Then there exists K > 0 such that |0; — 6] < K ~.

Case 2: 0 € [0, %]

We denote by A a triangle with edges u, v and u — v and by € and
¢” the two other angles of A. Remark that ¢/ = ¢" € [Z — 30 Z]. We
also denote by ¢} and 0/ the two angles of the triangle P;(A). We then

have 0] — 05| < K ~ and |0} — 04| < K ~. Then
|61 — Oaf = |(m — 07 = 0) — (7 — 65— 05)[ <2 K .
Cose 310 € 1 — 7,11
Since m — 0 € [O, %], we have
01 — 02| = [(m — 01) — (7 — 02)| < K 7.
0

6.3 Majoration of the deviation angles of a geodesic

Proposition 3 There exists Ky, such that for every n: if Cp is a
geodesic of T, and p, is a vertex of Cy,, then we have:

23}(1)71) < K a,, and Bgei(pn) < K; O‘ia

where a, is the maximal angle between all the triangles of T, contain-

ing p, and Hgs(pn).

Proof

Figure 5: Proof of Proposition 3 - Case 1

Case 1: p, is not a vertex of T},
We denote by A; and Ay the two triangles containing p, and by e

16



their common edge. We denote by II; and Ils the planes containing
respectively A1 and As. We consider the following unit vectors: V s
colinear to e; U; and @ are colinear to C, respectively in the planes
II; and II; and oriented with the orientation of curve C,; V; is the
vector in the plane II; orthogonal to ‘_/; ‘72) is the vector in the plane

I, orthogonal to 7 and 77 is the vector normal to P;. We denote by
a the angle between A; and A,, and [ is the incident and refracted
angle of C,, at p, (see Figure 5). One has:

— = N
Vo = cosaVy + sinanq

and
— — —
Ui = cospBV +sinpV;
— — —
U, = cosBV +singVs.

Which gives:
g g . ~ g o ~—>
U —U; =sin ((cosa -+ sman1>
then
3D 1_ _ _
2 sin (%“”) = ||Us - Th|| < (5042 + a) <20 <20, (5)
Then, there exists K7 such that

3D (p) < K1 ay.

dev

Similarly, one has, P, fs(pn) being linear:
Us U, 1 ~ g . ~
Pés&p") (U2) _P£S(pn) (Ul) - 81n6 ((1 —cos OZ)PéS('pn) (‘/1) + s ans(pn) (771))) .
That gives :
Us U, i o~ 7 .~
1 (5) 8 ()] <05 (- o [ 3 ()]s 1)

We know that:
P& ()] < sinan < au.

Which gives:
1.5, -
[P0y (@) = P50 (7)< (G2 47 0) <202 @)
Lemma 2 then implies:
ij;(pn) <K 04721'

Case 2: p, is a vertex of T},
e In this case, the sum of all the angles of T}, at p,, is necessarily greater

17



region 7y

projection

1

Figure 6: Proof of Proposition 3 - Case 2

s
H€ (pn)

than 27 (see Section 2.4). To be more precise, the curve C,, separates
the set of the triangles of T;, containing p,, into two connected regions
r1 and 2 (see Figure 6). If one denotes by ;! the sum of the angles
a;* of the triangles of region r1 at p, (resp. by a;? the angles a;* of
the triangles of region o at py,), since C,, is a geodesic, one has:

a’' > and O‘Zi > .

Pn —

By Lemma 1, the angular defect |27 — (o' +52)] is less than 2K ma?,.
We then have m < apt <7 + 2K7ma?. Let denote by o' the angle of

the projection onto Hgs(pn) of ai'. We denote by a;' the sum of the

alt —ap'| < 2Kma? and then

P

a;'. By using again Lemma 1, we have

o
Oép Oép

Baen(pn) = + o — 7 < 4Kma?,

Nzl
ap —w’ﬁ

e The curve C, is included in the neighborhood of p,, in two triangles
A and As. We denote by II; the plj}ne containing A; and by P; the

=
orthogonal projection onto II;. Let U; and Us denote respectively the
two unitary vectors colinear to C, in A; and in Ay, oriented with the

. . - - - . .
orientation of curve C,,. We put Us™ = P;(Us) — Us. Similarly as
before, by using Lemma 1 and the projection P; onto II;, we have

g d —
Z(P1(Uy), P (Uz)) < 4K7Tozi.
We also have:

— = — — — — — —
U —U;=U; —Pl(Ug) + U™ = Pl(Ul) —Pl(Ug) + Us—.

18



—

Since || PL(Uy)|| = 1 and ||Py(Us)|| = cos am, by Lemma 2 we have:

2sin 20U — | 1T) — O
— — =
< |\P1(U1)—§1(U2m+||U2 I
< 2 sin 4(P1(U1%,P1(U2)) + O(Oan) + sin(an)
— —
< Z(P(Uy), PL(U3)) + O(aw)

O(ay).
This implies that there exists K; such that

—_ =
30 (pn) = Z(U1,U2) < Ky o,

6.4 Majoration of {C,

Figure 7: Projection of C), onto the plane H?(pn) (Proposition 4 - case 1)

Proposition 4 There exists a constant Ka, such that for any curve
Cy € R(T,,), one has:
8(Cn) < K [L+ TCTE (Cn) +2" 1(Cy)] -

Tan

Proof of Proposition 4
If p,, is a vertex of T),, let us denote by Cell(p,) the set of points of the
triangulation T;, that are closer to p, than to the other vertices of T,.
Let 1min denote the length of the smallest edge of T},, and by 6,,,;,, the
smallest angle of the triangulation 7,,. First remark that the smallest
altitude is larger than 1, sin(@pmin ). We put Iy, = Dmin S (Omin)
e Let us first consider a curve C), € R(T},) that satisfies:

1(Cn) < lyin and TCLS

an

(Cp) <.

19



We are going to show that the number §C),, of intersections between
C,, and the edges of T}, is bounded by a constant independant of n.
Case 1: There exists a vertex p, of T}, such that the distance from p,,
to C), is less than [,

Since the length of the curve C, is less than l,,;,, every point m of
C, is a distance less than 2[,,,;,, from the vertex p,,. This implies that
Cy, C Cell(py,).

By definition, the curve C,, of R(T,) "crosses” every intersected
edge. This implies that C,, either contains the vertex p, or is turning
around the vertex p,, without changing the sense (in the clockwise sense
or in the counter-clockwise sense).

— If p, € C),, then C), follows 0, 1 or 2 edges and only contains the
vertex p,. This implies that §C,, is less than the valence of p,, which
is uniformly bounded from above by a constant V' (see Remark 1).

— If C, is turning around p,, we are going to show that C,, cannot
intersect three times the same edge e. If C,, is intersecting twice the
same edge e, then the discrete Gauss-Bonnet formulae of the projecton
P);Epn) (Cy) of the curve C,, onto the plane HES(p) implies that (see Figure
7

TCSD(Pgs(pn)(Cn)) + 71+ 72 > 27,

where 1 € [0, 7] and v2 € [—m,0]. We the have |y1 + 72| < 7 and:

TCgD(Pég(pn)(Cn)) >2m — (’71 + ’72) > .

Let us denote by ay,...ay, ~ consecutive vertices of PS( )(Cn) such

that a7 and a, T, belong to the same edge e. Remark that mp, — 1

is equal to the Valency of p, and thus i 1s less than V. Since the angle

between Hg(a?) and Hﬁ(pn) is less than 2—,” Lemma 4 implies that:

K my, KV
> — .

2n = 2n

TOTan(Cn) >TCsp (P?('pn)(cn)) -

Let us now suppose that C,, is intersecting three times an edge e. Then

we have that: oK 1V
TCTan(C’ﬂ) Z 27 — 2—n >,

for n large enough, which contradicts the assumption made on the
curve C),. This implies that the number 4C,, of intersections between
C,, and T, is bounded from above by twice the valency of p,,, which is
less than 2V. Then #C), is uniformly bounded from above.

Case 2: The distance between C,, and all the vertices of T}, is larger
than lmzn

Let A, = pnqnr, denote a triangle of T,, that is intersected by C,,.
The intersection is a segment [a,, b,| and we denote by 6, the angle
at p,, (see Figure 8). We can suppose that p,a, < ppb, and we have:

9 emin
anby > 2s1n< 5 )pnan > 2s1n< 5 ) Liniin»
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dn

Pn

T'n

Figure 8: Proof of Proposition 4 - case 2

Then the number $C), of intersection between C,, and the edges of T,
is less than:

1(C) P

1 :
- 2sin (%22) i, — 0 2sin (fm)

In the two cases, §C), is bounded by a constant independant on n.
That implies that there exists a constant K such that:

8(Cn) < K.

e Let us now consider any curve C,, € R(T},). The curve C,, can be
subdivided in N curves C},....CN that satisfy:

UCY) < lpin and TCEZ (C1) <,

Tan

where

UCy) | TCE,(Co)

lmin m

N < + 1.

Then there exists a constant K5 such that:

8(Ch) <N K < Ko [L+ TCES (C) +2" 1(Cy)] -

Tan

O

6.5 A sufficient condition for the regularity of the
limit curve

Proposition 5 Let (Cp)nen be a sequence of polygonal curves C,, :
[0,1] — R3, with uniform parametrization that converges toward a non
constant curve C' in the sup norm sense. If

k
1, k2, Vta,ty € [0,1] TCap(Custarts) < 5o + k2 UCutas ),

then the curve C has uniform parametrization, is of class C**' and has
curvature bounded by k. Moreover I(C) = limy, .o I(Cy) and for any
to € (O, 1)
. dC, e
A g (o) = g (bo)-
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Proof One first proves a few lemmas.

Lemma 5 In the conditions of Proposition 5, for any 6 > 0, there is
an integer number N such that for any n,m > N and any t € [0,1):

) (an(t)7 dOm(t)> <0 (7)

dtt dtt

Proof Recall that, because the curves C), have uniform parametriza-
tion, ||Cfl%‘(t)H is constant on [0,1]. And, as C is non constant and
C,, — C in the sup norm sense, let ¢t < t' be such that C(t') # C(t).
Then, for some Ny, n > No = [|C = Cy|, < 1 |C(¥') — C(t)]|, which
entails:

10t = Cul)]| > 5 106~ Co)l.

Therefore, for | = 1 ||C(t') — C(t )|| for any n > Np, }

e @)l >

[ >0. Let N > Ny be such that:
k1 0
N < 16 (8)
and:
92
> — .

Notice that if Lemma 5 holds for # < min (g,kgl), it holds in
general. We proceed by contradiction. Let us assume that the assertion
of the lemma does not hold for some ¢ € [0, 3], and 6 < min (5, kol) .
More precisely, let us assume that, for some ¢ € [0, 3] and n,m > N,

one has: dC,(t) dCon (D)
(T ' (t
> 0.

4( dtt 7 dtt >—9 (10)

Without loss of generality, one can assume that:

. 11
[5eo0] = |F o] ()
‘We consider:
, 0
16}“2’ dt+ H

Notice that 6 < kol entails ¢’ < 1. One has [(Cy,t,t') < ﬁ which
gives, with the assumption in Proposition 5 together with inequation

(8): .
TC?)D(C’IH tu t/) < 2_717’ + k? Z(C’ﬂa tu t/) <

| >

Therefore, one has, for any 7 € [¢,t']:

)

H ar ¢ dt+ (t)H 2sin(7g Hdt+
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and:

"do, dc,,

[ e mar — - 0% )| = /j(%(ﬂ—%(ﬂ)

¢ ool
0 . |dC
< (¢ - in(—) || —2%
< (¢ t)2sm(16) H e
., 0.6
2Sln(1—6)8—k2.
Which gives:
"dc, dc, 62
—(7)dr t—t t 12
| G — @ 0G0 < g (12
And similarly, using inequation (11), one has:
dCp, dCp, 62
—=(7)dr — (t' —t t)| < . 13
|/ T (ryar — ( )dt+<>|_64k2 (13)
On another hand, inequations (11) and (10) entail:
ac, , dCp, . ac,
_ _pzm > _
’(t t)—— e C(t) — (¢ —t) s (t)’ > sind ‘(t t)—— e (t)H
which gives:
ac, dc, 0 62
t—t ¢ "—t)—=(t)|| > sinf— . 14
0% - (¢ -0 smogs >
But:
|5 4o — Ji ey = 1)~ Cult) — Cn) + G0
<2|Ch = Cllyg s
which gives, using (9):
" dc, /t/ dCy, 2
—(7)dT — —(7)dr|| < .
/t dt+( ) . dtt (™) 32k,

This last equation can not hold together with inequations (14), (12)
and (13). Therefore, inequation (10) does not hold and the lemma is
proved for ¢ € [0, %] By reparametrizattion of the curves by t +— 1 —t,
one gets the same property for ¢ € [%, 1] but expressed with the left
derivatives. However, in the condition of the lemma, the left and right
derivatives satisfy:

k1

t T < —.
n, . 0 < o

dt——(t) -

‘ dc;, ac,
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This entails, using that Vn > No, | T ( H > [ > 0 that both have
same uniform limit angle. 0

Lemma 5 gives a Cauchy sequence condition on the angle allows
to derive the following lemma on Cauchy sequence conditions on right
derivatives.

Lemma 6 In the conditions of Proposition 5, the sequence of ‘Z%L(t)

18 bounded by some number 1. Moreover, it is a Cauchy sequence, that
is, for any ¢ > 0, there is an integer number N such that for any
n,m >N and any t € [0,1):

H dCy(t)  dCy(t) H (15)

dt+  dtt

Proof We first claim that, for any 8 > 0, there is N such that, for any
n,m > N and t € [0, %], one has:

dC,,(t) B <fm ,
dtt dt+ dt+ dt+
As in the proof of Lemma 5, we consider Ny and [ > 0 such that
Vn > Ny, ‘ i ( || > [ > 0. We consider 0 < mm( ,kgl) such that

(1 —cosh) < % and Ny > Ny such that

k1 0
2

5N < (17)

We consider again N > N; , using Lemma 5, such that, Vn,m > N:

dCy(t) dCy,(t)
4( e, ) <o (18)
and 05
[Crn = Cill o < Sk (19)

We consider some ¢ € [0,1] and n,m > N, and we will prove that

|G

16) holds. Without loss of generality, one can assume thatH dﬁ

. As in the proof of Lemma 5, we consider the interval [t, ¢']:

S — (20)
2k ’ qatt (t)

which gives (' —1) | — ®)] = 2972 and we get from (17) that, V7 €

[t, ]
2 (G0 ) <o. (21)
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dCn )

(
We consider the unitary vector e = I dgfl

Frea t)H
(21):

One has, using Inequality

" dc,
<e,/t dt+( T)dr >

t' dc,
= - d
/ =@ dtt F(r) > dr

A
)
O
N
=
V
I

> cosf (t'— H s
Similarly, using (18) and (21), one gets:
" do
/ o m
<o Cult)=Cul> = <o [ T >

vodoy,
= /t <e —+ (1) >dr

< t —t
< w-o|gE
Using (19) we get:
/ / 28]
|[<e, Ch(t') — Cu(t) > — < e, Cpp(t') = Cp(t) >| < T
2
and the three last inequalities sum up in:
06
0 t —t) t —t) —.
o8 H dt+ H prel | I
e e o _ [ : .
Dividing both terms by (¢’ —t) W[ 2 @] gives:
cos 6
dtJr dtJr dtJr
which gives:
1 —cos®)
|7l - |7 = G -0 G0

The fact that (1 — cosf) < g proves (16).
Property (16) easily proves the lemma. Indeed, taking § = % gives
that, for some V:

dCn dCn
> — = =N
2= o] Gl < v ([l [ ol)

which entails:

ac, dCy
>N — ()] <2

)
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Therefore, the sequence of | e )H is bounded by some number [ and
(16) entails that, for any 8 > 0, one has:

dCn

>N= — ==l < sl

w2 e[| - [ o] <0

This implies that | o ( H is a Cauchy sequence. This fact, combined

with Lemma 5, implies that & dﬁ 2 (t) is a Cauchy sequence. O
The fact that for every t € (0, 1), one has [(C),) = || 22 (¢)||, implies

by Lemma 6, that the sequence of lengths [ (Cn) is converging to L.
For two points a and b, d(a,b) denotes the euclidean distance between
a and b. First one proves the following:

Lemma 7 In the conditions of Proposition 5, for any € with 0 < € <
10, there is 1 and an integer number N such that if 0 < t, —t, < n,
then for any t,t" such that t, <t <t' <ty and for anyn > N:

Cn(t) = Cnlt) _ Culty) = Culta) || _ || Cnlts) = Cnlta)
t—t ty — tg - ty — tg

e
and:
HC)(ty — ta)(1 = €2) < d(Colta), Culty)) < UCn)(ty — ta). (23)

Proof of Lemma 7

We put n = 4kl~anstuchtha —,b <3 FO<ty—t, <n, we then
have: . .
H(Ch,ta,ty) =UCy) (ty —tg) <1 == —
(Cnstarts) =) (1 ~1a) ST =
We then have
k1 € € €
T ’n,vtaat S_ kol nvtaat S_ - 5
OgD(C b) o + Ko (O b) 1 + 1 5

First remark that the rlght derivative of C), exists everywhere. In the
following, we denote it by < dﬁ Furthermore, since C,, is differentiable
almost everywhere, the Lebesgues integral of its derivative is equal to
the Lebesgues integral of dc . For any t1,t2 € [t4, tp], one has:

2 (G G w) <5

Then, since C,, has uniform parametrization, one has:

l\DIm

Vi, E 0 1 ‘— tl) :l(C’n)7

dtt

and therefore, for any ¢,y € [t,, tp], one has:

‘ <21(Cp) sin <.

H dt+ dt+ ar ) 4

That implies that for any t1 € [tq,tp] and ¢, ¢’ with ¢, <t <t' <ty
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Co(t) = Cu(t)  dC, B 1 (Y /dc, dc,
H I ey A C L R ) T
€
< —
21(Cy) sin
Again:
Cn(t') — Cp(t)  Cpnlty) — Cults) 1 b/ CL(t) = Cu(t)  dC,
p - = ———(7) ) dr
t—t ty — ta ty—ta Jy, t—t dt+
1 b CL(t) = Cu(t)  dC,
< _ %
Tt —ta /t v —t g+ ()| 47
< 2l(Cy,) sin i
(24)

On the other hand:

HM C (ﬁ/:b%mm) . <tbita /t:bfl%”(r)dT)

ty — tg
oot dO dC
drodry.
tb—t / / 2 (™) g (R)dnadn
This gives
2
Z(Cn)2 cosf < HM < l(Cn)Q
2 ty — tg
and
n ty) — n ta
UC)y Jeos & < HM ‘ <U(Cy). (25)
2 ty — tg
Using € < &, Equations (24) and (25) imply Equation (22); Equation

(25) proves Equation (23). O
We recall that L = limsup,,_, ., I(C,). Now, by using the fact that

|Cr — C||c — 0, Lemma 7 gives that, for any € with 0 < e < 7, there
is 1 such that, 1f0<tb—t <n
Clt) - C(t)  Clty) —Clta) || || €M) = Clta)
t—t ty —ta - ty — ta '
Remark that: o o
n ty) — n ta
‘ Culty) = Culta) | .
ty —tq
Which entails, by taking the limit of both sides as n — oc:
|t =0t .,
ty — tg -
We have then:
t/ t ty) — C(ty
|a0-co _ cw-ce) ., 0)
th—t ty — t




For a given real number ¢y € [0,1], and an integer number j > 1
we introduce the closed subset K (o) as:

K (to) = Closure Hw | max <O,t0 - %) <t <t <min <1,t0 + %) H )

v —1

From Equation (26) K;(to) is bounded for j large enough, and there-
fore compact. It is obviously not empty and decreasing for the in-
clusion: K;(to) D Kjt1(to). From compactness, the set K(tg) =
N;>1K;(to) is not empty and Equation (26) entails that it must be
contained in a ball of radius eL for arbitrarily small e which entail that
K(tp) is a single point:

K(to) = {t(to)}.
Again, Equation (26) entails:

Ye >0, 3h >0,

N-C®

t

—Y(to)|| <

o

Therefore, for 0 < to < 1, ¥(tg) is the derivative of C at ty. In fact,
the expression above is stronger: it states that C is strictly differen-
tiable (see [4] page 30), which entails that the derivative function is
continuous. For tg = 0 (resp. to = 1) this shows that C' has a right
(resp. left) derivative at 0 (resp. 1). We have proven so far that C is
of class C1.

Lemma 8 The sequence of right derivatives ‘ZI% uniformly converges

to %. In other words, for every e >, there exists N € N such that:

dcC,, d
n>N = Vte (0,1) Hd%(t)—d—f(t)uge.

Proof Proof of Lemma 8

We know by Lemma 6 that ‘Ztcﬁ uniformly converges. We only have
to show that 4= (t) converges to 4 (ty) for any to € (0,1). From
Lemma 7, for any e such that 0 < € < 1—10, there is hg > 0 and an

integer number N such that, for n > N and h < hg, one has:

<e.

Cn(tO + h) B On(to - h) _ %(t )
2h dt+°

Since C is of class C!, we can take h small enough to have:

<e

C(to—l—h)—C(to—h) dC
H 57 - (o)

and let N > N be such that n > N = ||C,, — C||co < €h. One gets:

€,

ch(to +h) = Chl(to—h) C(to+h)—Clto — h) H _ 2 _

2h B 2h = 2n
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which gives, for any n > N:

< 3e.

- o

This is true for arbitrary small e which proves the claim. O

Lemma 8 allows to apply Lebesgues’ dominated convergence theo-
rem which entails that, for 0 <t, < t;, < 1:

lim l(Cn,ta,tb) = l(C, ta,tb), (27)

and in particular:

lim (C),) =L =1(C).

n—oo
The assumptions of Proposition 5 entail that:

ac, ac;, ) k1

dt—_:,_(ta)v i+ (tb) < 5tk (Cnatautb)'

Vita, tp € 10,1] £ ( o

This, together with Lemma 8 and Equation (27) entail:

dC dC

to t 1 2 (E 1), &
ta,to € (0, 1] <dt() dt

(tb)> < ko U(C\tqa,tp),

which proves that ky bounds the curvature of C. Moreover, Lemma 8
entails that, for any ¢y with 0 <ty < 1:

|5 )| =z =10)

It follows that C' has uniform parametrization and is K —Lipschitz
with K = L%k,. O

6.6 Proof of Theorem 1

We take the notations of Theorem 1. Let «, be the smallest real
number such that for every m € T,,, the angle between any triangle
A containing m and the tangent plane Hf(m) of S at £(m) is smaller
than «,,. By assumption, we have

K

Oén§2—n

Step 1: Let us consider a given interval [t,,tp] C [0,1]. By definition,
we have:

TCTan(Cn7tU«7tb) = Z ge%(p)

p vertex of Cun([ta,ts])
Propositions 3 and 4 imply that:
TCES (Cnitaty) < K1 (200) £(Crita,to)

Tan

< K1 Ks (20,)° [1+ TCLS,(Custasty) +2" U(Chsta, ty)]
K1 Ko [14TCLS,(Crsta,ty) +2" U(Ch,taty) |-

4K?
<
4n

29

(by Prop. 3)
(by Prop. 4)



Therefore, for some constants K3 and K, independant of ¢, and tp,

one has: % %
TCES (Cp,ta,ty) < 2—§l(Cn,ta,tb) T 4—5 (28)

Step 2: We have:

TC3D(C7Z7 taatb) = Z 28D'u(p)

p vertex of Cup(ta,tp)

< K; (2an) ﬁ(Cnatautb)

< 2Ky Ky oy [1+ TCFES (Crytasty) + 2"1(Chytas t)]
< LIS [1 4 TCES (Chytayty) + 27U(Chyta, )] -

Tan
Equation (28) then implies that there exist constants K and K':
1
TC3p(Cpytasty) < K U(Chita,ty) + K o0 (29)

and Proposition 5 then implies that the curve C is of class .
Step 3
We consider a point py = C(tg) and we recall that P> denotes the

projection on the plane Hgo tangent to S at pg. In this step, we are
are going to prove the following lemma:

Lemma 9 For any tg € (0,1), the projection Pcs(to) oC of C on the
plane tangent to S at C(ty) is twice derivable at to and:

d? (Pcs‘(to) o C’)

dt?
t=to

Proof of Lemma 9
Let « be such that 0 < o < 1 and let 7 > 0 be the reach of the surface
S. We recall the following proposition (see [11] page 435):

Proposition 6 In the ball B(po,ar), the map & is ﬁ—Lipschitz.
Let s be such that s = % . Using the fact that C, has uniform
parametrization and length upper bounded by?, the respective lengths
of the arcs C,([to — s,t0]) and Cy,([to, o + s]) are smaller than & and
therefore one has:

Cullto = s,to +5]) € B (Culto). ).
Let us now take n large enough such that ||C,, — Cl|c < % . We then
have:

Chn([to — s,to + s]) C B(po, ar).

Using Proposition 6, it follows that the curves £ o Cp,([to — s, %)) and
§ o Cp([to, to + s]) have length bounded by {#-. Therefore, since the

@’

curvature of .S is bounded by %, if one denotes by Hg(cn(t)) the tangent
planes to S at the point & (C,,(t)), one has, for any ¢ € [ty — 5,19 + $]:

S S
4(Hs<cn<t>>vnﬁ<cn<to>>) __a

2 si .
sin 5 <1

(30)

30

(By Prop. 3)
(By Prop. 4)



We consider now the sequence of curves CN’n which are the projections
Ppé; (Cp) and which converge toward the projection Ppé; oC of the curve
C on the plane Hgo

We consider the arc curve Pzi (C ([to — s,to + s])) in the plane Hgo, for
s = 2. Let ¢ be the parameter of the ith vertex pf = C,(t?) of C,,.
We apply Lemma 3, taking the unit vectors alon
just after the vertex p}' for the vector v and v of the proposition, and
the projections PES(pn) and Ppé; respectively for the projections P, and

P of the proposition.
If 330 (p7), B33 (p7) and B0 are respectively the 3D deviation angle of
C,, at the vertex Cy, ('), the 2D deviation angle of P, g( ") (Ch ([to — s,to + s]))

at &(py) and the 2D deviation angle of P5 (Cy ([to — s,to + s])) at
P,, (p}), Lemma 3 gives, that for some constant K:

1
ﬁno < K |: dev(pz)+Slneﬁdev(pz ) + 4_n:| ’

where 6 is the angle between the planes Hg( ") and HS and satisfies
sinf < 2 s1n < 127 from Equation 30. One has then:

61_[0 < K |: dev(pz ) + 1— ﬁdev(pz ) + 4%:| .

Therefore, by summing over all the vertices p;’, one has:

TCgD( OCn,tO S,to—l—S)
ﬁ(cn,to — S, to + S)

< K’ [TO%fn(On, to — s,to + 5) +

4n
@
+——TC3p (Cp,to — 5,10 + 5)
11—«
Equation (28) gives:
Ks 2 K
Tcgfn(cnvto_s,t0+8) < ;n 5 _|_4_7i1

Equation (29) implies:
TCsp (Ch,to — s,to+s) < K 25l + K’ 2i
Proposition 4 implies that:
§(Crto — 5,0+ 5) < K> [1 + TCES (Ch,to — s,to + 5) + 2™ 251 .

Then, by combining all these results and using the fact that a = l—

K
we have, for some constant K5 , Kg and K7:

K
0 Chto — s,t0 +5) < =2 + K — + K7 52

TOBD ( P 4n on

0
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Let ¢ € [to— s, to+ s]. Lemma 2 implies that there exists Ky such that:

<T03D( oChp,tg— s, t0+8)+£.

271

d (Pg) o Cn) d (Pzi o Cn)
} dt () - dt (fo)

We finally have:

d(P; o Cy) d (B} oCy) K Ky
t)— —2 t — + K¢ —+ K —.
i ( i (0)_4n+6 + 7s+2n
(31)
Let ¢ > 0. By Lemma 8, there exists N such that for every n > N and
for every u € (0,1):

[ -] <<

We then have for every u € (0,1):

d (P, °C) d (P ©Cn)
T T H dt+ ar )H =

By using Equation (31), we have:

d(PJ oC d(PJ oC d( Py oC S oCh,
%(t)—%(to) <26+L( o )(t)— ( 315 )(to)
<26+4n+K62—n+K7S +2n.
We finally get:
d(P% oC d(P?oC
Vit € [to—S,t0+S], ( Po )(t)— ( Po )(to) §K7S2.
dt dt

This allows to conclude the proof. O

Step 4

Let to € (0,1). In a neighborhood of C(ty), the surface S can be
parametrized by its tangent plane at C'(¢p): in an appropriated frame

with origin C'(¢p), the surface is parametrized by (z,y) € Uy — (z,y, f(z,v)),
where Up is a neighborhood of (0,0), f is a function of class C? that
satisfies f(0,0) = 0 and Df(0,0) = 0. For every t close enough to

to, we put y(t) = Pg(to)(C(t)). The function ~ is of class C*!, and

by Lemma 9, we know that it is twice differentiable in ¢y and that
~"(to) = 0. We have in a neighborhood of ty,

c0=( hn)

The function C' is then twice differentiable in ¢y and we have

7" (to) > _

&)= D 10310 1o 1) + D200
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The vector C’(ty) belongs to the tangent plane of S at C(ty). Further-
more, the fact that D f(0,0) = 0 implies that

D? f(7(t0))-(7 (o), (t0)) = I ) (C' (t0)),

where I1¢,) is the second fundamental form of S at the point C(to)
[7]. We then have

C"(to) = Ic1) (C'(t0)) NE1e)-

In this expression, C"(ty) depends continuously on to. That implies
that C'is of class C? in tg. The function C is then of class C2. Lemma 9
then implies that C' has zero geodesic curvature, and then is a geodesic
[7].

6.7 Proof of Corollary 1

We first need to check that the assumptions a) to e) of Theorem 1 are
satisfied. The uniform convergence of P,, to f clearly implies assump-
tion a). Now, since the map ¢ realises the distance to S, for every
m = P, (u,v) € P,, one has ||{(m) — m| < | f(u,v) — P,(u,v)| which
implies assumption b).

By using the regularity of f and by compacity, we have that:

m= (u, vr)nel% 1)2 <8u( ,v), BN == (u,v), Bu(u’v)+ pe (u,v)) > 0,
and

Let A, be a triangle of P,,. The vertices of A,, are for example of the
form

b (Y o p (L g _p, (iEL it
n n 2”7271 n n 277/,277, n n 2”72771

Now the fact that (P,)nen uniformly converges in derivative to f im-
plies that there exists N and K such that for every n > N, the lengths

of pngn, pnrn and g,r, are greater than 2% (m — 2%) and less than
2% (M + QER) If N is large enough we then have:
2%% < Pndn < 1 2 M,
372 < Paln < ?2 M, (32)
Q_n% < rpgn < 272 M,

In particular, assumption d) is proved.
The fact that P, uniformly converges in derivative to f also implies
that there exists N and K such that for every n > N:

, 0 0
e i S| B
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If we take NV such that 2% < 4, we then have

||4nann A annH Z m —

=

m
5"

Together with Equation (32), that implies that

. _ —— Hann/\QnTnH %4% m
Slné((]ﬂPnaQnrn) = > > = aar > 0.
4nPn GnTn (2 M)” 8M

The angle Z(qnpn, @nrs) is then lower bounded by a constant indepen-
dant on n. The same result holds with the other angles of T,,, which
proves assumption e).

We now denote by N, an » a unitary normal of the triangle p,q,r, and
ij the normal of S at f (o, 2%) By using Equation (33) and Lemma
2, we have:

9 gin ZWarNE;) 14" @ AT — 5E A 5E () |
= win(47 g Agnpnll, |55 (32 ) )
- 5

= 2 . .
min (( %) sin Omm,m)

Let now m,, € A,,. Then we need to bound the angle A(Nan" , Ng’(mn)).
There exists K such that

lem) =7 ()| R
I€6mn) = mall 4+ me = o (g, 35|+ 1Pn (52 37) =7 (5 50

on

IN A

Then, by using Proposition 6, we have:

1 K
S S
||N£(mn) - Ni,j” <p 1 K o’

on

which implies that there exists & such that:

k
LN NE ) < Z (NI NS + Z(Ng oy, NE) < o
This result holds for all the triangles of T;,. Assumption c¢) is then
proved.
We now only need to prove that {(C,,) is interior to S for n large
enough: the curve C' is interior to S. The compacity of S and C
implies that the distance from C' to the boundary of S is more than
7 > 0. The curve £(C),) clearly tends to C. That implies that for n
large enough £(C),) is an interior curve.
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8 Conclusion and future works

The main result of this work gives sufficient conditions for a sequence
of geodesics on PL-surfaces to converge toward a geodesic on a smooth
limit surface. We believe this is a significant step toward an effective
notion of geodesic: indeed, the usual definition of geodesic is not effec-
tive because it relies on the notions of smooth curves and surfaces and
on the pointwise curvature which can not be exactly represented on
computers. Our main theorem states that the usual notion of geodesic
coincides with the limit of a sequence of PL-curves that can be repre-
sented (at least if one restricts ourselves to PL-surfaces with rational
vertices coordinates). Therefore, by using our result, a realistic algo-
rithm can output a sequence of curves whose limit is a geodesic of a
smooth surface. Notice that, given a smooth surface with bounded
curvature, there exists a sequence of PL-surfaces converging to it (and
that matches the conditions of our theorem). However, in order to
completely get the effective notion of geodesic, one still has to quan-
tify the rate of convergence of this sequence of curves.

We also believe that our result could be improved by relaxing the
condition on the edge lengths: indeed, in the counter-example the

1

lengths decrease with the order ;= with respect to a decrease rate of
L

5w of the angular convergence. We believe that it is possible to improve
the theorem between the 2% condition of the theorem and the 4% of
the counter-example.

Another possible improvement of the result is to suppose that the
limit surface is of class C*! (instead of C?). Notice that such a gen-
eralisation would be very usefull for some subdivision surfaces with
extraordinary points. Indeed, at extraordinary points, the limit sur-
face of some subdivision surfaces is only of class Ct. We proved (for
example for the Catmull-Clark scheme) that if the limit curve of a
sequence of geodesics does not contain extraordinary points, then it
is a geodesic. We believe that the result still holds if the limit curve
contains extraordinary points.
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