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Abstract
In this paper, we introduce a penalization method in order to approximate the
solutions of the initial boundary value problem for a semi-linear first order sym-
metric hyperbolic system, with dissipative boundary conditions. The penalization
is carefully chosen in order that the convergence to the wished solution is sharp,
does not generate any boundary layer, and applies to fictitious domains.

1 Introduction

In this paper we consider the initial boundary value problem for a symmet-
ric first order hyperbolic system ([F]), with maximally strictly dissipative
boundary conditions, on a characteristic boundary. Typically the problem
writes

Lu= F(t,z,u) in 0, T[x
(1.1) ujjo.rix00 € N
Ut=0 = 0.

where ) is a suitably regular open set of R? with smooth boundary, L is the
first order symmetric hyperbolic system, N is a smooth bundle on R x 0
defining the boundary conditions, and F a smooth map that can be non
linear.

The subject of the paper is mainly motivated by numerical analysis: we
want to approximate the solution w of (1.1) by the solution v° of a well
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chosen Cauchy problem (instead of a boundary value problem), where the
complementary part of €2 will be penalized, using a large parameter:

(1.2) LAv® 4 gyge Mv® = F¥(t, z,v°) in |0, T[xR?
' Ult=0 = 0.

where Lf, F* are extensions of L and F to the whole space R x R?, and
M(t,z) is a suitable symmetric and > 0 matrix. We solve this problem
under general assumptions, the main point being the existence of the matrix
M. We give two solutions for the matrix M.

1/ The first solution is a positive definite matrix which was introduced
by J. Rauch [Ral] in the study of the linear case, related to the work by J.
Rauch an C. Bardos [BR] on singular perturbations. We show that for this
approach v converges to u, and that a boundary layer forms close to 0€2, on
the side of €2¢. This is Theorem 2.6. In the linear non-characteristic case,
the occurrence of boundary layers has been already observed in [D].

2/ The second solution contains an improvement of the previous one,
and in this case the matrix M is no more invertible. In this approach the
convergence of v° is better because there are no boundary layers at all, at
any order. This result is stated in Theorem 2.7. In the two results, the key
point is the use of the Rauch’s matrix of [Ral].

Let us also mention other interesting features of our results:

3/ Still motivated by concrete applications we show that one can chose
the operator L in a such a way that, instead of solving the Cauchy problem
(1.2), one needs only to solve the problem

(1.3) { Lv® + Lpyqe Mof = F¥(t, z,v°) in |0, T[xQ?

Ujgp=oyx0t = 0,

with no boundary conditions on R x 00, where (2 is an open set containing
Q. No regularity is assumed on Qf and it can be a polyhedral domain. When
Q) is bounded, Qf can be taken bounded. This is the subject of the Corollary
2.8.

4/ If uw € H*(]0,T] x §2), the convergence of v° towards u will hold on
0, 7] x Q.

In the paper, to simplify the proof, we treat the case where €2 is a half
space Ri = {z € R% 24 > 0}, but we give the extension to the general case
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in a short section, without proof. We also restrict ourselves to the case where
Ui<o = 0 in order to avoid the problem of compatibility conditions for the
Cauchy problem. The section 2 is devoted to the precise statement of the
assumptions and results in the case {2 = R”. The section 3 describes the
extension to the practical case when €2 is bounded. Section 4 is devoted to
the proof of Theorem 2.7. Section 5 contains the proof of theorem 2.6.

2 Main results

Let us consider a symmetric hyperbolic operator

d
L= Ay(t,2)0,+ Y _ A;(t,)0; + B(t, x)

j=1

where A;, j =0,---,d and B are N x N real matrices defined on ]R}ﬁd =
{z € R¥Yzy > 0}. We assume that all the entries of A;, j = 0,---,d
and B are in C{°(R*?), the set of smooth functions bounded with bounded
derivatives of all order. We also assume that all the matrices are constant
out of a bounded subset of R'** and that for j = 0,---d, A; is symmetric,
Ap being uniformly positive definite on R+,

Assumption 2.1. The matriz A4(t,y,0) has a constant rank on RZ.

When the rank of Ay is IV, the boundary is non characteristic for L, and
when rankA; < N, the boundary is characteristic of constant multiplicity.
In the sequel of the paper, if M is a symmetric N x N matrix we will note:

By (M) => ker(M — ),

A>0

and
E_(M)=> ker(M — \I).
A<0
Let us call d; the dimension of E. (Aq4(t,y,0)), which is independent of
(t,y) and is also the number of > 0 eigenvalues of A, (counted with their
multiplicities). For all "> 0 we note

QT 2:] — 1,T[XRd, Q; = QT N {l‘d > O}, Q; = QT N {.Id < O}
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and 'y = {(t,z) e R | —1<t<T, x4=0} We are interested in the
initial boundary value problem in {z; > 0} with boundary conditions

(2.1) u € N(t,y)

where N (¢,y) defines a smooth vector bundle on the boundary. Let us denote
by Py(t,) the orthogonal projector of RY onto KerAy(t,y,0).

Assumption 2.2. N(t,y) is a linear subspace of RN depending smoothly on
(t,y) € R with dim N (t,y) = N — dy, and there exists a constant cy > 0
such that for all v € RY and all (t,y) € R4

(2.2) veN(ty) = (At y,0)v,v) < —co (I —Polt,y))v|>.

This kind of boundary conditions (2.1) were introduced by K. O. Friedrichs
and are called "maximally strictly dissipative” (see [Maj]). Let us consider
a smooth mapping F € C®(RM™4HN . RY) such that for all @ € NIFHN,
97, F is bounded on R x K for any compact K C R, such that
F(t,z,0) € H*(R™) and Fj;<o = 0.

It follows from the results of [Ra] and [Gu] that there exist T, > 0 and a
unique u € H>(Q7, ) such that

Lu = F(t,z,u) in QJTrO,
(2.3) u(t,y,0) € N(t,y) on I'r, ,
U,|FO =0.

From now on, the real Ty > 0 and ©w € H OO(Q;O) are fixed once for all.

Let us now describe our main result. We want to approximate u by the
solution of a singularly perturbed Cauchy problem in the domain Qy;, where
the subdomain €27, is penalized. The first step is to extend the operator L
to an operator defined on —oo < x4 < 4+00. Let us consider an operator

j=d
(2.4) = Z Ag(t, x)0; + B¥(t, )
=0

where the matrices Ag- and B are N x N and are defined on R**% and coin-
cides with the matrices A; and B if x4 > 0. We assume that the restrictions

Ag‘x <o and B‘ﬁxd <o are in C>®(R), constant outside a bounded subset of
R For all (t,z) € R4, the matrices Ag(t, x) j =0,...,d are symmetric

and Ag(t,x) is uniformly positive definite on R'*?. An important point is
that we assume continuity of A(ﬁi:




Assumption 2.3. The matrix AE[ is continuous on R,

Hence the matrices Ag are allowed to be discontinuous across {z4 = 0}

excepted for Agl. For example on {zq < 0}, one can take A% = I, A; =0 for
j=1---,d—1, B* =0, and such an extension is obtained by taking simply

(2.5) Lt =0, + Ay(t,y,0)04 on {4 < 0},

which satisfies our assumptions.
Now the problem is to find a matrix M (t, ) with C* coefficients, constant
out of a compact set in R+, such that the hyperbolic Cauchy problem

(2.6) { Liv® + %1{xd<0}MUE = 1iz,50) F(t,z,v7) in Qp

€ R
U, = 0.

admits a unique piecewise smooth solution v® which converges to u in Q}O,
as € > 0 goes to 0. First of all, it’s worth emphasizing that the problem (2.6)
makes sense, although the matrices Ag-, 7 =0,---,d—1, could be discontin-
uous across the hyperplane {z4y = 0}. The point is that A, is continuous so
that one can write the principal part of the differential operator in a conser-
vative form. We refer to the appendix for a more detailed discussion of this
point, with a proof of the well-posedness.

We will give two solutions to this problem of penalization. Let us begin
with a preliminary lemma.

Lemma 2.4. For all point p = (t,y,0) € R? there exist a neighborhood V(p)
in R™? and a matriz ¥ € C*(V, GLy(R)) satisfying

0<c<|det¥(t,z)|<ct, V(tz)eV
for some constant ¢, and such that: E (t\IJAd\If)L =UN on{z,=0}NV.

Proof. Let us note Ad = "WA,¥ and Eq (/Id) =K, (Ad)L, which can also
be defined by
Eco(Ad) =) ker(Ag — AI).

A<0

There holds ESO(/Id) = \IfflEgo(\I/t\I/Ad). Hence the claimed result is
equivalent to find ¥ which satisfies N(t,y) = E<g (\I/t\IJAd) for all x =
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(t,y,0) € R x {0}. Now, we know from a lemma by J. Rauch in [Ral]
that there exists a smooth symmetric definite and positive matrix F(t,y)
such that N'(t,y) = E<o(E(t,y)Aa(t, y,0)) which concludes de proof by tak-
ing ¥ = OE'Y2, where O is any orthogonal matrix. As the proof shows, the
lemma 2.4 is nothing but the Rauch’s result, expressed in a different way.
Note that this Rauch’s result has been extended recently by F. Sueur ([Sul])
to the case of general dissipative boudary conditions (not necessarily strictly
dissipative). O

To simplify the presentation we will make the following assumption which
enables one to use only one matrix ¥ to reduce the problem, as we will see
in section 4.1. Nevertheless, this assumption is not a real restriction since it
is explained in the comment which follow.

Assumption 2.5. We assume that one can take V(p) = R in lemma 2.4.

Let us fix for all the sequel a matrix ¥ as in the lemma with V(p) = R+,

Example 2.1. We show that in the general case when the Assumption 2.5
is not satisfied, one can introduce an extended system (by using a suitable
partition of unity) which satisfies the assumption 2.5. By compactness there
exist a finite number of open set Vy,--- , Vi with the corresponding functions
of lemma 2.4 V; € COO(Vj,GLN(R)), j =1,---,k and associated cut-off
functions x; € CP(R) j =1,--+  k such that suppx; C V; and Y. x; =
1 in R¥Y For all j € {1, -+ ,k} the function U;(t,x) = x;(t,x)u(t, )
satisfies the following system where we have noted for (t,x) € R4 ¢ € R4

L(t,2;€) = Y0 & A

LU; = L(t, z; dx;)u + x; F(t, 2, u) in QF |

(27) (t y7 ) (t y) on FTO 9
Uj|p0 = 0.

It follows that the function
U(t> .Z') = (Ul(tv 33'), e >Uk(tv .I'))
satisfies a larger kN x kN hyperbolic system

LU =F(t,z,U) in QF,
(2.8) U(t,y,0) € B(t,y) on I'y, ,
Ur, =0,



where B=N x -+ x N,
(2.9) F(t,z,U) = | Lt,z;dx;) >, Uy + xsF (2,32, Uj)

and

LU,
LU = :
LU

This is again an semilinear symmetric hyperbolic system with mazximally dis-

sipative boundary conditions, satisfying the assumptions 2.1, 2.2 and the as-
sumption 2.5.

We will state two theorems. The second one is "better” than the first
one, because it gives a kind of sharp result as long as one is interested the
quality of the convergence of v towards u. Let us begin by introducing the
matrix

R(t,z) == "U(t,x) U(t,x), V(t,z)ec R,

which is a symmetric and uniformly positive definite matrix (it is the matrix
introduced by Rauch in [Ral], and used in the proof of lemma 2.4). The
matrix R gives a good answer to the problem of penalization and our first
result concerns the following problem:

(2.10) { Liw® + %1{$d<0}Rw6 = 1gs0p F(t, z,w%) in Qp
wfro = 0.

Theorem 2.6. There is g > 0 such that, for all € €]0,e0|, the problem
(2.10) has a unique solution w® € L*(Qg,) N L>®(Qr,) on Qr,. Moreover

w“EQi € H>(Q,) and the following estimates hold
To

(2.11) |lu — wf9¥0| He@f) = O(e), Vs € R,
and

gl
(2.12) ||w|€Q;O| He©7) = O(e75t2), Vs € R,



Let us comment on two points. First, we insist on the fact that the
solution w® converges to u on the whole set Q}O which was fixed in the
preliminaries and where u was defined. Second, the convergence in (2.11)
holds for all s, which means that there is no singularity with respect to ¢
in Q;O, although the perturbation is singular. However, the estimates (2.12)
indicates that the behavior of w® is singular (with respect to ) in 7, . Indeed,
the proof of the theorem gives a more precise result, and shows the existence
of a boundary layer in the domain {27, and more precisely an asymptotic
expansion ( we note y = (x1,-+- ,24-1)):

(2.13) w(t,x) = W(t,y,xq/e) + 0(e)
where W (t,y, z) is a boundary layer profile in the sense that

lim W(t,y,z) =0

Z——00

(see section 5). This is very natural since the problem is a singular pertur-
bation problem. Furthermore, This is not surprising since boundary layers
already appeared in the work by J. Droniou devoted to the linear nonchar-
acteristic case ([D]), which can be seen as a special case of our result.

Let us now state our second result. Denote by [P the orthogonal projector
of RY onto (¥~!A)+, and note

(2.14) M(t,z) =" (t, 2)P(t,2) P (¢, 2)
which is a smooth symmetric matrix valued mapping on R+

Theorem 2.7. Let us chose the matriz M defined by (2.14). There exists
g0 > 0 such that, for all € €]0,&], the problem (2.6) has a unique solution
v® € L*(Qq,) N L>®(Qg,) on Qr,. Moreover Uz € H>(Q,) and

To

(2.15) l|lu — UIEQJTrol

He(f,) = O(e), Vs € R.

Moreover, the behavior of v° is not singular with respect to € in the sense
that

(2.16) |0, HLQ(Q%O) =0(1), Va e N'

+
joF,



In that case, the convergence holds on each side Q;EO in H S(Q?ﬁo) respec-
tively for all s € R, which means that there is no singularity with respect to
e, although the perturbation is singular. In particular there are no boundary
layers (at any order) and the convergence rate is optimal. In Q;O the
limit of v° is u, and in €7, the limit of v is a smooth function in H>(Q, )
which is described precisely in the section 4.

The theorem 2.7 is proved in section 4. The theorem 2.11 is proved in
section 5.

Application: fictive boundary and absorbing layer. In practice
one has a lot of freedom in the choice of the matrices Ag (t,x) in x4 < 0 as we
have already said. A very interesting choice for numerical applications is to
chose this matrices in order that all the eigenvalues of Ag(t, x) are < 0 when

xq = —0 for some fixed 6 > 0. For example, one can take
(2.17)
# - Ld Td
ALy, zq) = (1 + F) Aa(ty,0) + 1d, for =5 <4< 0,t €] = 1T
and
(2.18) Alt,z) =0, forzq<0, j=1,--,d—1.

Then, instead of considering the Cauchy problem (2.6), one introduces the
domain
O = {(t,x) e RM| —1 <t < Tp, 6 < 24}

and consider the problem

(2.19) { Liv® + él{avd<0}]wvE = 1,500 F(t,2,0%) in ng
' ve. = 0.
ITo

for which no boundary condition is needed precisely because Agjy,——s is neg-
ative definite.

Corollary 2.8. There exist ¢g > 0 such that, for all € €]0,¢0], the problem
(2.19) has a unique solution v° € LQ(QBAFO)OLOO(QﬁTO). Furthermore, viy, . €

HOO(Q?FD N{£z, > 0}), and Ugs — Ui H*(Qqps) for all s € R ase — 0
To
and

o, E J—
||3 U|zd<0”L2(QnTOm{xd<0}) = O(€>.



Proof. The problem (2.19) is well posed since the boundary {z4 = —0} is a
maximal strictly negative subspace for Agl(t, y, —09). On the other hand, the
restriction to Qgﬂo of the solution of the Cauchy problem (2.6) is a solution of

(2.19). Hence, the two solutions coincides and the result is a consequence of
the Theorem 2.7. O

This result shows that it is enough to solve the problem without any
boundary condition on Q?FO and for € small enough this will give a good
approximation (up to 0(¢)) of the solution u of the original mixed problem.
The region — < x4 < 01is a layer which ”absorbs” the energy of the outgoing
waves is such a way that the behavior of the solution in the domain {z; > 0}
is arbitrary closed to that of u, as ¢ goes to 0.

3 More general domains

The result of this paper can be easily extended to the case of more general
domains. For example, if Q) is a bounded connected open subset of R¢, with
smooth boundary 02, and locally on one side of 0f2, the two theorems can
be extended to the mixed problem in [0,7] x €. In that case the matrix
Ay(t,y,0) has to be replaced by the matrix

i=d

A(t,x) == Z vi(x)A(t, x)

i=1

where v(z) = (vi(z), -+ ,va(x)) is the outgoing unitary normal at = € 9.
Instead of Assumption 2.1, we assume that A has a constant rank on R x 02,
and d, denotes the constant dimension of Ey (A(z)), z € 9. Instead of
assumption 2.2, we assume that N is a real C*° bundle on 92 of dimension
N — d,, and that for every x € 0, the quadratic form v —< A(t, z)v,v >
is definite negative on N (z) Nker A(z)". In the Lemma 2.4, the conclusion
is that

(3.1)

B, ("W(t, 2)A(t, 2)¥(t,x)) " = U(t,z) ' N(z), V(t,z) € (R x I NV(p).

where U € C*®(V(p)), for p € R x 09. Finally, Instead of the Assumption
2.5 one assumes on can take) containing R x Q (or simply |0, T5[x 2 which
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is enough). Concerning the extension L* of the operator to the exterior of
R x € one requires that the extension of A

(t, x) Z A‘j t,x)
=1

is continuous across R x 02 (and this corresponds to the Assumption 2.3).
In particular, one can take an extension on a thin neighborhood of R x §2 of
the form R x Q*. If one chooses €2 to be a regular open set with completely
outgoing eigenvectors for A*(t,r) when x € 9QFf, we will have again to solve
a Cauchy problem in [0, Tp] x Q* (without boundary conditions on 9Q*) and
the solution u® will converges in [0, 7p] x © to the solution u of the mixed
problem in Q with boundary conditions A/. The set Qf \ Q plays the role
of an "absorbing layer” which enables one to completely forget about the
boundary conditions on 02, while still solving a problem on the bounded
domain Qf. As a matter of fact, having in mind numerical applications, it
is interesting to emphasize the fact that one can take for Qf a polyhedral
domain, with boundaries parallel to the coordinate axes for example.

v/

Of

/A

The picture: on the boundary of 02 the characteristic modes can be ingoing,
outgoing, or tangent to Q. But on the boundary of the extended domain QFf, all
the fields are outgoing: hence none boundary condition is needed.
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4 Proof of the theorem 2.7

4.1 Step 1: reduction of the problem

From now on, to simplify the notations, we will forget the symbol § of the
extended matrices to x4 < 0, and simply note A;, B, and L instead of Ag,
Bt L. There is no risk of confusion since, initially, all the matrices were not
defined for x4 < 0.

The main idea in the proof of Theorem 2.7 is to change the unknown in
order to replace the problem (2.3) by a new (equivalent) one of the same type,
but where the space N is exactly the subspace orthogonal to E (Ad(t, Y, 0))
in RV,

Let us consider a matrix ®(¢, z), N x N, with entries C*° on R'*? constant
outside a compact set, and such that

0<c<|detd(t,z)| <c', V(tz)eR™M

for some constant c. Let us define a(t, z) := &~ (¢, z)u(t, z), which satisfies
the new system

Li = F(t,z, @) in QF,

(4.1) lry, € N on T'p,

where L = 3" A;0; + B with A; :='®A;®, B ='®Bd +'®L(D), F ='OF,
and N (t,y) := ®~1(t,y,0)N(t,y). The new system (4.1) is still a symmetric
hyperbolic system which satisfies the same assumptions 2.1 and 2.2.

From now on, we fix a function ® as in the lemma 2.4. We can define our
penalization matrix on the formulation (4.1). Let us introduce the orthogonal
projector P (¢, ) of RN onto E, (Ad(t, z)), P_(t, x) the orthogonal projector
onto E_ (/Id(t, z)), and Py(t, ) the orthogonal projector onto ker (fid(t, z)):

(4.2) I =P (t,x) +P_(t,2) + Po(t,z), V(t z)e€ R

We will show that a solution of the problem is given by considering the
following Cauchy problem

(43) { .Zf)a -+ 6_11{$d<0}]ip+1~)5 p— 1{$d>0} F(t, x, 68) in QT07
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and that the solution ©° of (4.3) exists on Qr,, and converges to 4. Going
back to the original unknown u = ®v, this will prove the main result.

4.2 Step 2: an approximate solution

In this section we construct an approximate solution of (4.3) of the form
M

(4.4) w(tx) =Y V(t,x),
=0

where the V; € H>®(Qg,) for all j = 0,---, M. In order to solve the problem
(4.3) we solve the equation in the half space x4 > 0 and in x5 < 0 coupled
with the transmission condition

(45) (1d — Bo)i#]s,0p = 0.

This transmission condition (4.5) splits into the following two equations:

(4.6) P, [0 oym0y =0,  P_[0](sy=0 = 0.

In general, if v(¢, z) is a function defined on Q, we will note v* := vjz,~0
and v~ = vj,,<0. Replacing (4.4) in (4.3) gives at the order £7!, and in
rq < 0,

(4.7) P.Vy =0 inQp

which implies by the first equation of (4.6) that
(48) (HND_F%—F)‘FTO =0 on FTO.

On the side z4 > 0, at the order €” one gets the equation LV;" = F(t, z, V3").
Therefore, V," is defined as the unique solution of the mixed problem

LVi" = F(t,z,Vgh) in Qg
(49) (N]P)+‘/0+)‘FTO - 0 on FT07
V2, = 0.

and by uniqueness, \70+ = u as desired. On the side z; < 0 the term of order
0 .
g’ is

(4.10) LVy 4P,V =0.
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Let us call 1:[~(t~, z) =P_(t,z) + Iffo(t,x) = (I —P,). Since P,V; =0, there
holds Vi~ = IV, and applying II on the left to he equation (4.10) leads to

(4.11) LIV, ) =0 inQp,
I LI is a symmetric hyperbolic operator acting on the space
(4.12) E={ueLl’(Qp,R")|(I-u=0},

that is on the space of functions polarized on ker P,. For instance, this kind
of hyperbolic operator appears naturally in the context of weakly non linear
geometric optics (see [JMR]) where it is a usual tool. Now the second part
of the transmission relations (4.6) can be written

(4.13) P_TIVy frymo = (P_Vy")jrumo

which is a boundary condition for the unknown IV, because V" in the right
hand side is already known (V" = @). This boundary condition for ITVj is

maximally dissipative for the operator IT L II, hencefo/O’ =V, is uniquely
defined by (4.11), (4.13), and the initial condition (IIVy"),q- = 0. Since the
problem is linear, V5 is actually defined on Q7 -

Coing back to the equation (4.10) shows that PV, is determined (as

was P, V;~ by the 7! terms),
(4.14) P,Vi =P, LV,
and the equation (4.10) is now entirely satisfied.

The construction follows by induction. For example, let us continue the
construction in order to determine V; completely. The equation for the &'
terms in the side {x; > 0} is
(4.15) LV;" = F(t, 2, Vi)V,

and the functions V;* and V|~ are linked by the transmission conditions 4.6
which writes at the order &':

(4.16) PV irg, = PV,
and
(4.17) P_Vi iy, =P Vi,



Since the right hand side of (4.16) is known (from (4.14)), the function V;*
is the unique solution of the well posed mixed problem (4.15), (4.16), with
the initial condition ‘71+\t<0 =0.

It remains to determine (Id — P, )V;~ = IIV;". The equation for the terms
of order ¢! in {z4 < 0} is

(4.18) LV, +P.V; =0.
We first apply II to the equation in order to cancel the term in V2 which is

unknown, and replace V;~ = IIV;” + P, V;” = IIV,” — P, LV}, which leads to
the equation

(4.19) LT (V) = TEB, LT, in .
This is again a symmetric hyperbolic system in the space £ and the equation
(4.17) appear to be boundary conditions for this system since the right hand
side of (4.17) is known. Hence ITV,™ is the unique solution of the mixed prob-
lem (4.19), (4.17), with the initial condition TV, ;<9 = 0. In conclusion, V}
is completely determined, and going back to the equation (4. 18) we see that

P, V, is also determined, and that the equation (4.18) is entirely satisfied.
The next steps of the construction are completely analogous.

4.3 Step3: estimations

We have constructed an approximate solution o7 of the form (4.4) of the
problem (4.3), satisfying

)

(4.20) { Lg 4 e ey Py 05 = Ligm0y Pt 2, 55) + €5 in Qg
a|ﬂo = 0.

where the error term r° is piecewise smooth:

(421) [r*iz@ry = O),  rfaymollymias) = O, (e —0F ¥im € N).
We look for an exact solution v° of the form

(4.22) ¢ =0, + e

where w* is defined by the system

LF + e gy )Py = 1p,n0) Gt @, 05, €0%)a° + ¥ in Q,
Wl = 0.
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where G is the C* function defined by the Taylor formula:
(4.23) G(t, Tv,ew)w =gt ( F(t, T, +ew) — F(t, x,0) )

This is a semilinear hyperbolic system, and we will solve it by using a stan-

dard Picard’s iterative scheme, where we note 1_ = 1y,, <0y and 1, = 1y, ~0):
Losvtt 4 e 11 _PLasrtt — 1, G(t x, 05, e )T = g lpe)
,st,u—&-l

12, = 0.

g,V

In order to show the convergence of the sequence w*"” we need estimations

for the following linear problem

T -1 m _ N(~e _ k=1,
(4.24) {Lv—i—s 1.P.v—1,G(0,eb)v =e"""re,

V‘QO = 0,

where C:’(@E eb) = G(t,z, 7%, eb) where b is a given function, which plays the
role of w®" when solvmg the system for the unknown v = w1,

Let us introduce some notations. We will denote by Z; the vector fields
Z;=0;ifj=0,...,d—1and Z; := with < x4 >= (1 +22)/2. We

will note Z 1= Zg°Z" --- Zy* for v = (e, -+ ,q) € N'* For X > 0 we
will note
[ollo == ( / e M o(t, )| dtdx )1/2
O,

and for m e Nand A >0

[v]lme = Z AT |a‘” VeZ)v|ox.

lal<m

We will also need the following norms, corresponding to the same definition
but where the domain of integration is replaced by Q7

1V | e, — = jg: Aﬂ%ﬂMHefA%\/§Z)aVHL%Qiﬂ,

laj<m

and [|.||m,xc,+ the norm where Q7 is replaced by Q. . We denote by H(Qx,)
the subspace of all v € L?*(Qr,) such that ||v||,.. is finite. We will also note
|loo = [l L= () -

16



Proposition 4.1. Let G the function defined in (4.23). For all b,v €
H™(Qq,) NL=(Qg,) valued in RN, the function 1(,,-0G(t, z, 05, eb)v is also
in H?(Qr,) N L>®(Qr,). Moreover, for all R > 0 there exists C(R) > 0 such
that, if ||bllz=(az,) < R there holds:

(4.25) 101Gt 2,05, D)V e < CR)(IVImae + [V]so [Bllmare).
for all e > 0.

Proof. This is a "Moser” type estimate, which follows in a classical way
from the corresponding weighted Gagliardo-Nirenberg estimates proved in
the appendix of [Gu], and the Holder estimate. O

Let us introduce a new notation. We will denote by H1(Qr) the space of
functions u € L*(Qr) such that Ut € H'(QF) and U= € H' (7). We can
T T
now prove the following estimate on the linear problem:

Proposition 4.2. Let R > 0 and m € N. There are constants ¢,,(R) > 0 and
Am(R) > 1 such that the following holds true. For allb € HI N L*>®(Qr,)
such that |bls < R, for all f € HI(Qp,) N HL(Qg,), with fucg = 0, the
problem (4.24) has a unique solution u € H™(Qr) N HL(Qg,). Moreover, it
follows that v € L>(Qr,) and the following estimate holds

(4.26) )

)‘1/2HVHm,>\,€ +e V2 IPv_|lmpaze- < cm(R) A2 (Hf”m)\,s + Hme,A,EIV|OO>‘

for all X\ > X\, (R), and all € > 0.

Proof. In all the proof we will note P instead of P, to simplify.
1/ The first step is the L? estimate. Let us call f the right hand side of
the equation (4.24), and note v = e v so that v satisfies

(4.27) { Lv + XV + & L gcq)P¥ = eV,
V\QO = O,
Taking the scalar product of the equations with v and integrating by parts
in Q7, leads to the following L? estimate where we note v_ = Vig;
0
12 1= < 1
(4.28) A NIVlox + 5 IPv-lloa- < 37z [Ellox,

for all A > \y.
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2/ In order to estimate higher order derivatives, we need to prepare
the system and change again of unknown. Since the spaces E, (Ad(t, Y, O)),
E_(Aq(t,y,0)) and ker A4(t, y, 0) have constant rank, there exist for all (£, y") €
R? a neighborhood V(t°,4°) of (t°,¢°) in R? and a smooth matrix ¥ (¢,y) €
C® (V% y°), Myxn(R)) , "0W = Id such that ¥ (¢, y)E, (¢, y,0), U(t, y)E_(,y,0)
and U(t,y) ker A4(t,y,0) are constant linear subspaces of RY (=independant
of (t,y)). Let us note these spaces respectively: V_, V, and V,. To simplify
the proof, we also assume that one can take V(0,0) = R? so that one has
just to work with one change of variable. (In the general case, one would
have to introduce a finite number of local coordinate patches). We introduce
the unknown defined by u(¢,z) := W(¢,y)v(t, z). the system satisfied by u is

d
(4.29) du+ Z VA Vo + él{xd@}\IIIP’t\I/u + B(eb)u = Uf,
1

with
B(eb) = W(0,'W + > A;0,'0) + UB'Y + 1_U G(i,cb) "W

The matrix WP ‘W is constant, and is the matrix of the orthogonal projector
of RY onto V,. We will make a first order Taylor expansion around zq = 0
of the matrix WA;/¥. The matrix WA4(¢,y,0)'¥ has constant kernel V,
and constant range V3. We denote by Ily the (matrix of) the orthogonal
projector of RY onto Vg, and II := WP!W. There exists a smooth symmetric
matrix S(¢,), uniformly regular (that is 0 < ¢ < |det S| < C on R?), such
that [I1y, S] = 0 and: U(t,y)Aq(t,y,0)" (¢, y) = STy (= SIy). With these
notations, the system (4.29) takes the form

d
1
(430)  Qu+ > A;Zju+ My STpdgu + ~LoucopTu + B(sb)u = Uf.
1

We note L the first order operator defined by the left hand side of (4.30).
The function u satisfies also the L? estimate (4.28) with ITu in place of Pv.
o]

Let us now apply to the equation (4.30) the operator (1/Z)* = e2 Z°,
where |a] < m. The energy estimate gives

(4.31)
1
TR VEZ ot AT IM(VEZ) s S
1

3178 (I e + AL, (VEZ) Jullo ).
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and one is lead to control the commutator in the right hand side. An impor-
tant point is that II and Il commute with Z¢. Hence

L5, 2% =Y [A;Z;, Z°) + 1[S04, Z°|Ty + [B(eb), Z°]
(4.32) = Y B2+ S €27 Ty 0+ [B(eb), 2°]

181<la IvI<lal-1

where Bg and C, are smooth N x N matrices. Hence

AL, (VEZ) Tullon S

(4.33)
[allmae + [Velodaulln-1xe + [[Bllmeluloo-

Expressing IIy0,u by the equation (4.30) leads to

||\/5H08du||m 1\ 5 \/EHlle/\s +

1
- —=||Tu_ m— _+VE f m— c
(4.34) ’ A, \/E“ -1, VE|f|[m-1.x,

+ VElbllm-1aclufs.

By replacing in (4.33) and (4.32) one gets

1
Am““'“”“(JEZ)C“UIIo,ﬂrﬁkm“‘”'||H(\/EZ)C“UI—||0,A,— S

1 1
72 (IEllme + lallmae + %Hﬂuf\lm,m,f + [[bllm.[ut]oc) -

(4.35)
Summing all inequalities (4.35) for |a| < m, and taking A large enough to
absorb in the left hand side the terms ||u]|,, ». and == 7= MTu_ [z e~ yelds the
inequality (4.26) for u and hence for v. O

We need now to estimate the normal derivative of u, the method is classi-
cal. We keep the notations of the proof of the previous proposition and work
with the unknown u and the equation (4.30). By (4.34) we already have and
estimation of ||v/0allpullm—11c. It remains to estimate Jdy(Id — Ilp)u. Let
us denote u; := (Id — Ilp)u, u;; := Ilyu and

d
X = ZId I1p)A; (Id — IIy) Z;.



By applying (Id — IIj) on the left to the system (4.30), since (Id — IT)II =0
we get the equation

d
Xu; = Z Cijll[[ — (Id — Ho)B(b)u + f[
0

and applying the derivation 0y leads to an equation of the form

XOmu = Y MoZu+ Y N3ZPo,uy
(4.36) lal<1 18|<1
0487 — 9((Id — TIp) B(b)u).

The energy estimate for the operator X, applied to equation (4.36)on Q}’O
and on (7, respectively, implies
10407 lm-22e S A (1llm-1ne + (007 m-12e + 10 -2
+e(R)(Julln-zre + Illn-zrculsc) ).
and by (4.34) we get
(4.37)

R
Hadufium—z,x,a S C()\ )

1
(”u”m,A7e + EHHU—Hm—l,A,a,— + Hme—L/\,alu‘oo

+ Hmefl,)\,s + HadfiHme,)\,s )

We use also this suitable version of the Sobolev embedding that we recall.
There exists k > 0 and p > 0 such that, if u € H7 () is such that
dqu* € HI72(Q, ), the following estimate holds (see [Su2], [Gu2]):

1 _
(4.38)  |ufeo < /fg—pem( [ullmse + 1VEOu™ -2 + Ve lm-2.1)

for all A > 0,and all € > 0. In fact, p = (d + 1)/4, but his has no importance
in the proof. Let us recall that k is the order of the approximate solution
appearing in the right hand side of (4.20). We can now prove that the
sequence w*" is bounded, under the assumption that £ —1 > p.

Lemma 4.3. There exist A >0, a > 0 and g9 > 0 such that:

(4.39) 155 e < ag® 1, 0| <1, Vv €N, Ve €]0,g).
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Proof. We show the lemma by induction, so we assume that w*" satisfies

(4.39) (m is fixed). The proposition 4.2 gives two constants C,, (1) and A, (1)
associated to the choice R = 1. Taking first A large enough in the estimate
(4.26) we obtain

1 v
(4 40) /\1/2st,u+1Hm’)\’€+m”ﬂwi’ +1Hm7/\7€,7 <
%gkq 4 Cm(l))\’l/Qagk’l ‘wu+1,€|00.
The parameter A > 1 is now fixed. Replacing the estimates (4.34) and (4.37)
in the L> imbedding (4.38) gives, for some constant ko:

K 1 _
|w€’”+1|oo < 8—2 (||w€’y+1”m,>\,g + g||Hw£iy+1||m—1,>\,€,— + ae” 1|w€”’+1]OO
+e ).

and for € > 0 small enough we obtain (for some constant x,)

(441) |, < 2

1 _
< = (o lmae + =T g e+ €571).
er €

Replacing now (4.41) in (4.40), and taking again ¢ small enough so that all
the terms [|w®'*!||ae and [[TTw™ *||,,_1.xc can be absorbed in the left
hand side (because k —1 > p + %), yields the estimate

(4.42) | |l r e + [T e, < ach?

c1/2

which implies in particular the first estimate of (4.39) at the rank v + 1. We
conclude the proof by replacing (4.42) in the inequality (4.41) which gives,
by taking once more ¢ small enough, the second part of (4.39) for w***!. [

Now, using lemma 4.3, it is a classical argument to show that the sequence
w® converges in L*(Qr) towards w € H™(Qr), satisfying the same estimates
as wv.

5 Proof of the theorem 2.6

This section is devoted to the proof of the second main theorem of our paper.
Instead of the problem (4.3), we will replace the penalization matrix P, by
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merely Idy and consider the new simpler problem

(5.1) { L + e N ay<0}?° = Liz>0) F(t,x, %) in Qg

The first step is to find an approximate solution of the problem, and this
section is exactly analogous to the preceding section 3.2, but for the new
problem (5.1). The main difference is that the construction of the approxi-
mate solutions shows the existence of boundary layers for this problem. This
is not surprising since boundary layers already appeared in the work by J.
Droniou devoted to the linear, non characteristic case ([D]), which can be
seen as a special case of our result.
We look for an approximate solution of the form

(5.2) vi(t,x) = ZsjVj(t,x,xd/s),

where the V;(t,z,z) forall j = 0, --- , M are functions which writes V;(t, z, z) =
Vf(t,x,z) if zg > 0 and z > 0, and Vj(t,x,2) = V; (t,x, 2) if z4 < 0 and
z < 0 with respectively

+ . T *, 1
(53) V; (t,.ﬁl],Z) - Vj (t,&?)-'-‘/; (t,y,Z)

with V; € H*(Q%) and V"5 € e %FIH>(I% x Ry) for some §; > 0
depending on Vji. Hence, after substitution of z with z4/e the terms in
Vj*’i(t, y,xq/€) are ”boundary layer terms” which go to 0 in LQ(QfTEO) ase — 0,
and are exponentially decaying to zero as |zy4| — oo.

We solve the equation in the half space 4 > 0 and in x4 < 0 coupled
with the transmission condition

[(Id — )] (=0 = O.
which can be also written
(5.4) P_[0]sy=0 = 0, and P[] ,—0) = 0.
In fact the study of the equations shows that all the Vj terms vanish

when x4 < 0 and all the V" terms vanish when z > 0. Hence, in order to
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simplify the redaction we will directly look for an approximate solution of
the form

M
(5.5) vi(t,x) = ZsjVj(t, x), on x4 > 0,
=0
and
M
(5.6) vt ) =Y eV (ty,3a/e), on x4 < 0.
=0

The first profile V? is now determined by the following three steps.
Step 1. Order 7!, size < 0. The equation for the terms in e~
side z4 < 0 is

L on the

(5.7) Ag(t,y,0)0.Vy" + Voo~ =0,
which requires the polarization condition
(58) V&)*’i S E—F(Ad(ta Y, 0))

in order to get the exponential decay as z — —oc.
Step 2. Order €°, size > 0. The equation for the terms of order O(1) on
the side x4 > 0 is just

(5.9) LV, =F(V)).

Step 3. The boundary condition (5.4) at the order €° gives the two
conditions (taking (5.8) into account):

=
(5.10) PV jzg=0 =0,
and
~ _*7_ ~ _+
(5.11) P_Vy z=0 = —P_Vyjz.=0-

Now, the system (5.9) together with the boundary condition (5.10) (and

the understood conditions that V§|t>0 = 0) is exactly the desired original
mixed problem (after the reduction of section 4.1), which is well posed, and
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SO Var = @. Then, the second condition (5.11) together with the ODE (5.7)
determines completely V.
The construction can be continued by induction and all the terms Vj*’*,

V;r are determined, for allj € N. The equation for V;"~ (in the side z < 0)
1s:

(512) Ad(t Y, 0)62"/1*’_ + ‘/1*7_ + L‘/E)*v_ + 8dAd(t7 Y, 0)282‘/})*7_ = 07
and the equation for VIF (in the side z4 > 0) is:
(5.13) v =rwHvy)

More generally for V"™, j > 1

(5.14) Aa(t,y,0)0: V™ + V™ =qj_y,

where the function g} (t,y,z) € > H*(T'y, x R_) depends only of the V"~
for 0 < ¢ < k. Let as consider this equations as an ODE in z, the coordinates
(t,y) being parameters. For all (¢,y), this equation admits at least a solution
in the space e**H>(T'z;, x R_) and two solutions in this space differ from a
solution of the homogenous equation (5.7). Let us fix a particular solution
of the equation Yy(2) € e**H>(I'z, x R_), then all the solutions are of the
form

V= Yotw

where w is a solution of (5.7) with w(0) = P, w(0). Consequently, w will be
completely determined by its initial value w(z = 0). Now the profile equation
for the terms of order &7 is

~— —

where the functions Q. (t,z) € H*(Q,) depend only on the functions V:r

for ¢+ < k. The transmission condition which links Vj*’_ and V;r writes
(I =PV} jemo = (I = Bo)V 0
which splits into

(516) P_ j lzg=0 = ]P)—YE)\zzo



and
~ ~ _+ ~
(5.17) Piwpm0 = P4V =0 — P14 Y0 =0.

As for the step of order 0, the equation (5.15) and the boundary condition
(5.16) determines uniquely V;r Then, the equation (5.14) and the initial
condition (5.17) determines uniquely w and hence Vj*f

This shows that one can construct an approximate solution v; of the
problem at any given order of approximation, in the sense that v¢ satisfies
an equations like (4.20), but with Id in place of ]I~D+. Then the estimations of
the exact solution and the justification of the asymptotic behavior are proved
exactly as in the case of Theorem 2.7, in Subsection 4.3.

6 Appendix: about hyperbolic systems with
discontinuous coefficients.

Let us consider the system (2.6) with a fixed ¢ > 0. The system can be
written

d j=d—1
(6.1) Z@(Agv) + e <oy Mv — Z (@Ag)v = 1< F(t, 2, v)
0 =0

which shows that the equation has a sense for u € L?(Qr). To see that
the system is well posed, one shows that it is equivalent to a well posed
transmission problem (or initial boundary value problem). Let us note v+ =
Vjzy>0 and v~ = vz, 50, and let us denote by B(t,y) the matrix such that

_ v
(Aglv+)‘$d=+0 - (Atﬁiv )‘Id:—o = B ( U+ )
\deO

Lemma 6.1. Let v € L?(Qr), v satisfies the system (2.6) if and only if
(v, v7) satisfies the transmission problem

Liv= 4+ e Mo~ = 0 in Q7
6.2) ~ Livt = F(t,z,v") in QF
v
[T



Proof. 1If v is solution of (6.1), then by restriction on QF, v™ satisfies the
corresponding equation in the distributional sense, and that Lfv* € L?(Q)).

It follows that the trace (A4v™),,—o exists in Hl;j/Q(FT). The same is true
for v~ in Q. Finally, since there is no dirac measure in the right hand side
of the equation, the transmission condition follows.

Conversely assume that (v=,v") € L*(Q;) x L?(2}) satisfies (6.2) and
introduce the function v € L?(Qr) equal to v* on QF. The transmission
conditions imply that v satisfies the equation (6.1) and the lemma is proved.
In fact the point is that Aiv is continuous across {z4 = 0}:

A € O(R,, : Hy,Y?(Tr)).

loc
Hence there is no Dirac measure which appears when applying 9, to Aflv. O

The problem (6.2) is an initial boundary value problem with maximally
dissipative boundary conditions (see [A],[Su3]). Hence, because of this lemma,
the results on the non linear mixed hyperbolic problem with characteristic
boundary and maximally dissipative boundary conditions can be applied
([Ra2], [Gul], [Su2]), and they show the existence of the solution to the
semi-linear problem (2.6).
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