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Asymptotically exact minimax estimation in sup-norm for
anisotropic Holder classes
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Laboratoire de Probabilité et Modéles Aléatoires, Université Paris 6, 4 place Jussieu, case 188,
75252 Paris Cedex 05, France. Tel 0033-(0)1-44-27-85-10.Email: kbertin@ccr.jussieu. fr

We consider the Gaussian White Noise Model and we study the estimation of a function f in the
uniform norm assuming that f belongs to a Holder anisotropic class. We give the minimax rate of
convergence over this class and we determine the minimax exact constant and an asymptotically
exact estimator.
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1 Introduction

Let {Yt, t €0, l}d}, be a random process defined by the stochastic differential equation

7

where f is an unknown function, n > 1, ¢ > 0 is known and W is a standard Brownian sheet
in [0,1]9. We wish to estimate the function f given a realization y = {V;,t € [0,1]%}. This is
known as the Gaussian white noise problem and has been studied in several papers starting with
Ibragimov and Hasminskii (1981). We suppose that f belongs to a d-dimensional anisotropic
Holder class X(3, L) for 8= (B1,...,04) € (0,1]% and L = (L, ..., Lg) such that 0 < L; < oo.
This class is defined by :

dY; = f(t)dt + —dW;, te[0,1]%, (1)

(6, L) = {fiRd—’Ri |f(z) = f(y)] SLl!Jfl—yl\ﬁl+"'+Ld!$d—yd!5d7way€Rd}’

where z = (z1,...,24) and y = (y1,...,Yd)-

In the following P¢ is the distribution of y under model (1) and E; is the corresponding
expectation. We denote by 3 the real number § = (Z?:l 1/8;)7'. Let w(u), u > 0, be a
continuous non-decreasing function which admits a polynomial majorant w(u) < Wp(1 + u?)
with some finite positive constants Wy, v and such that w(0) = 0.

Let ﬁ be an estimator of f, i.e. a random function on [0, 1]% with values in R measurable with
respect to {Yt, t €0, 1]d}. The quality of j/’;t is characterized by the maximal risk in sup-norm

Rn(f/;;l) = Ssup Efw <||fn_f||oo> ’
feS(B,L) Yn



Exact estimation in sup-norm for anisotropic classes 2

where v, = (%)m and ||gllec = supsepo,1)e [9(t)]. The normalizing factor 1, is used here

because it is a minimax rate of convergence. For the one-dimensional case, the fact that i, is
the minimax rate for the sup-norm has been proved by Ibragimov and Hasminskii (1981). For
the multidimensional case, this fact was shown by Stone (1982) and Nussbaum (1986) for the
isotropic setting (31 = - -+ = f34), but it has not been shown for the anisotropic setting considered
here. Nevertheless there exist results for estimation in IL, norm with p < oo on anisotropic Besov
classes Kerkyacharian et al. (2001) suggesting similar rates but without a logarithmic factor. The
case p = 2 has been treated by several authors (Neumann and von Sachs (1997), Barron et al.
(1999)).

Our result implies in particular that ¢, is the minimax rate of convergence for estimation
in sup-norm. But we prove a stronger assertion: we find an estimator f; and determine the
minimax exact constant C(f3, L, 0%) such that

C(B,L,0?) = lim inf R,(f,) = Lim R,(f3), (2)
n—oo fn n—oo
where inf > stands for the infimum over all the estimators. Such an estimator f,; will be called
asymptotigally exact.

The problem of asymptotically exact constants under the sup-norm was first studied in the
one-dimensional case by Korostelev (1993) for the regression model with fixed equidistant de-
sign. Korostelev found the exact constant and an asymptotically exact estimator for this set-up.
Donoho (1994) extended Korostelev’s result to the Gaussian white noise model and Hélder classes
with 8 > 1. However asymptotically exact estimators are not available in the explicit form for
B > 1, except for § = 2. Korostelev and Nussbaum (1999) found the exact constant and asymp-
totically exact estimator for the density model. Lepski (1992) studied the exact constant in the
case of adaptation for the white noise model. In Bertin (2004) was found the exact constant and
an asymptotically exact estimator for the regression model with random design.

The estimator f;f defined in Section 2 and which will be shown to satisfy (2) is a kernel esti-
mator. For d = 1, the kernel used in our estimator (and defined in (3)) is the one derived by Ko-
rostelev (1993) and can be viewed as a solution of an optimal recovery problem. This is explained
in Donoho (1994) and Lepski and Tsybakov (2000). For our set-up, i.e. the Gaussian white noise
model and d-dimensional anisotropic Hélder class %(3,L) for 8 = (B1,...,34) € (0,1]% and
L € (0, +00)%, the choice of optimal parameters of the estimator (i.e. kernel, bandwidth) is also
related to a solution of optimal recovery problems. In the same way as in Donoho (1994), the
kernel defined in (3) can be expressed, up to a renormalization on the support, as

_ @)
fRd fo(s)ds’

where f3 is the solution of the optimization problem

K(t)

max f(0
ez 1O
fex(s.)
where we denote || f]l2 = ([ga f2(t)dt)1/2 and 1 is the vector (1,...,1) in R%.
The anisotropic class of functions in this paper does not turn into a traditional isotropic
Lipschitz class in the case 51 = ... = 4. For an isotropic class defined as

{£:0,07 > R:|f(@) ~ f)] < Lllz =yl 0,y € [0,1]"}
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with 8 € (0,1], L > 0 and || - || the Euclidian norm in R¢, radial symmetric 'cone-type’ kernels
should be optimal. Such kernels of the form K(z) = (1 — ||z||)4, for € RY, are studied in
Klemeld and Tsybakov (2001). We denote (t)+ = max(0,t).

In Section 2, we give an asymptotically exact estimator f, and the exact constant for the
Gaussian white noise model. The proofs are given in Sections 3 and 4.

2 The estimator and main result
Consider the kernel K defined for u = (u1,...,uq) € [~1,1]¢ by

K(ur,...,ug) =2 ;21 (1= lulg)s (3)

a
where 4 .
2L, T
T TTd R
F(%) [Tiz1 B
I' denotes the gamma function and |u|g = Zgzl ;|
Lemma 1. The kernel K satisfies f[—l 14 K(u)du =1 and
2(6+1
/ K2(u)dy = 25D
[~1,1)4 pa(26 +1)

This lemma is a consequence of Lemma 3 in the Appendix.
We consider the bandwidth (hy,...,hg) where

_ 1
B/(28+1) 1/8; B _ B\ 23+1
B — Co <logn> o= | o?L, B —tgl ’
Li n Otﬂ

4 B
_ 1/8
L, = (HLj J) .
=1

Finally, we consider the kernel estimator

with

rn=—t— [ K (uav, (4)
hi---hq Jjp,

defined for t = (t1,...,tq) € [0,1]¢, where for u = (uy,...,uq) € [0,1]%

d
ur —t1 ud—td>
K, (u,t) =K ey T wi, iy hy),
() =5 (1 )|
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and
1 if t; € [hi, 1 — hy]
g(ui i, hi) = 2o (uf;t) if #; € [0, hi)
21 (uh—t> if t; € (1— hy, 1.

We add the functions g(u;, t;, h;) to account for the boundary effects. Here and later T4 denotes
the indicator of the set A. We suppose that n is large enough so that h; < 1/2, fori=1,...,d.
Using a change of variables and the symmetry of the function K in each of its variables, i.e. for
all u = (u1,...,uq) € R, K(uy,...,ug) = K(...,ui_1, =, uit1,...), we obtain that
1

—_— K, (u,t)du = / K(u)du = 1. (5)

hi-ha Jpo e [-1.1]d
The main result of the paper is given in the following theorem.

Theorem 1. Under the above assumptions, relation (2) holds for the estimator f;: defined in (4)
with
C(/@, L7 02) = ’UJ(C(])

Remark. For d =1 the constant w(Cy) coincides with that of Korostelev (1993).

We will prove this theorem in two stages. Let 0 < ¢ < 1/2. In Section 3, we show that f
satisfies the upper bound

lim sup sup E; [w (Hf; — f||oo¢;1)] <w(Cyo(l+¢e)). (6)
nTeo fexn(B,L)

In Section 4, we prove the corresponding lower bound

liminfinf sup E; [w (Hﬁl — fHOOzp;lﬂ > w(Co(1 —¢)). (7)
" I pes(Bn)

Since € > 0 in (6) and (7) can be arbitrarily small and w is a continuous function, this proves
Theorem 1.

3 Upper bound
Define for ¢ € [0,1]% and f € X(3, L) the bias term
bu(t, f) = Ef(fa(t)) = f(2)

and the stochastic term

Zn(t) = fr(8) = Ep(fo (1)) K (u, t)dW,.

o
N hl e hd\/ﬁ [071]d
Note that Z,(t) does not depend on f. Here we prove inequality (6).

Proposition 1. The bias term satisfies

_ Co
sup 1||bn('7f)||oo < = .
feSBL) 26+1
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Proof. Let f € $(B,L) and ¢ € [0,1]%. Suppose n large enough such that (5) is satisfied. Then

b
hy--ha Jipe

d
(o
< - K, (u,t Liui—tiﬁi du.
S >(z | r)

Es (o) = F)] = K (u,t) (f (u) = f(2))du

[0,1)¢

Then, using a change of variables and the symmetry of the function K in each of its variables,
we have

E(f2#) — £ < 21

)

where
3

Bi (1 _ af
Bi = / ™ 0=l e = o aa v )

the last equality being obtamed from Lemma 3 in the Appendix. Putting these inequalities
together, we obtain, for all ¢ € [0,1]%

B
bt )] < Co (logn) 2B+1

Proposition 2. The stochastic term satisfies for any z > 1 and n large enough,

(z2-1

2ﬁ00z} < Dyn” T (logn) /2841

23+ 1

sup Py [¢;1\|zn|oo >
fex(p,L)

where Dy is a finite positive constant.

Proof. The stochastic term is a Gaussian process on [0,1]¢. To prove this proposition, we use
a more general lemma about the supremum of a Gaussian process (Lemma 4 in the Appendix.

We have B
_ 26CHz
Pf |:¢n1HZnHoo > é 0 :| :Pf [ sup |€t‘ > TO] ’

26+1 te[0,1)d
with -
_ 2B8Coz¢u/nhy - hg
B o(28+1)
and

1
Vh [0,1]4

We will apply Lemma 4 (cf. Appendlx) to the process & on the sets A belonging to

gt KTL (U, t) qu

d
S = {A = HAZ AVES {[O,hi), [hi,l — hi], (1 — hi,l]}} .

i=1
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Let A € S. The process & on A has the form

1 uy — tl Ud — td
I S < ) aw,,
g Vhi--hq Jjoe hy hq

where Q(u1,...,uq) = K(u1,...,uq) H;‘i:1 gi(u;) and

1 if A; = [hi, 1 — hy]
gl(ul) == 2][071] if Az = [0, hl)
201 if Aj=(1—hy1].

The function Q satisfies |Q||3 = [za @* = || K|3. Moreover we have the following lemma which
will be proved in the Appendix.

Lemma 2. There exists a constant Do > 0 such that, for all t € [—1,1]¢

d 2
/Rd(Q(t +u) — Q(u))?du < Dy (Z Iti|min<1/2,m>) _ (8)

i=1

The process & satisfies the conditions of Lemma 4 and in particular satisfies condition (12)
of that lemma with «; = min(1/2, 8;) in view of Lemma 2. We have by Lemma 3

d B CS/B <logn>1/(2’g+1) 3 22logn
n

h=11h = : ==
11 LB 2|K)13 2641

1=

The condition rg > \logcﬁ is then satisfied for n large enough. We obtain for n large enough

that the quantity N(h) (cf. Lemma 4) satisfies

< —=
N(h) < A (] log h| )

< Dgnﬁ (log n)l/QBH,

where D3 is a finite positive constant. Moreover the quantity “Ogrw is well defined and bounded
independently of n, for n large enough. Then there exists D4 > 0 such that

(2-1)

P, [sup\&\ > ro} < Dyn 28+ (logn)l/ﬁ“'l
teA
and we obtain Proposition 2 by noting that card(S) = 3%.
O

We can now complete our proof of inequality (6). Let A, s = ¥, fi — flloo for f € Z(ﬁ, L).
We have, since w is non-decreasing,

Ef (w(Anyf)) =Ef (w (Anf) I{An,fg<1+e)co}) +Ey (w (Anp) I{An7f>(1+6)00}>

< w((1+€)Co) + By (w (D)) Bf [Aps > (1+2)Co])? .

N
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Therefore to prove inequality (6), it is enough to prove the following two relations

(1) limy,— 0o SUP fexy(3,1) P [Amf > (1+¢)Co] =0,

(ii) there existia constant D5 such that limsup,,_, SUD v 1) Ef (w? (Ay,5)) < Ds.
Let f € 3(3,L). To prove (i), note that, for n large enough

Py [Ans > (1+2)Co] <Py {WlHanloo S 2500(1“7)} |

28+1

which is a consequence of Proposition 1. By Proposition 2 with z = 1 4 ¢, the right-hand side of
this inequality tends to 0 as n — oc.

Let us prove (ii). The assumptions on w imply that there exist constants Dg and D7 such
that

Ey (w? (Bng)) < Ds + D1 [Er (6711 Znlloe)™") + (4 lon Dlloo) | -
Using the fact that

400
B (01 2:0)7) = [ By (0712000 > 1]

and Proposition 2, we prove that limsup,, . Ef [(w; lHZnHOO)Q’Y] < oo. This and Proposition 1

entail (ii).

4 Lower bound

Before proving inequality (7), we need to introduce some notation and preliminary facts. We

write 3
1 1
h:CO% <10gn) 26+1 o= <C’0)m <10gn) B (25+1) .
n L; n
o 1 . . . _ d ) . .
Let m; = @) 1] with [z] the integer part of z and M = [[;_; m;. Consider the points

a(ly,...,lg) €[0,1]% for I; € {1,...,m;} and i € {1,...,d} such that:

L
a(ll, ce ld) = 2(2E + 1) (hlll, ceey hdld) .
To simplify the notation, we denote these points aq,...,a); and each a; takes the form:
a; = (ajyl, ey aj7d).

Let 6 = (61,...,0y) € [-1,1]™. Denote by f(-,6) the function defined for ¢ € [0,1]¢ by

M
f(tv 9) - Z@jfj(t),
j=1

where
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Define the set
S ={f(,0):0€[-1,1]M}.
For all 6 € [~1,11M, f(-,0) € ©(3, L), therefore ¥’ C ©(8, L).

Suppose that f(-) = f(-,0), with § € [~1,1]™, in model (1), and denote Pyo) = Po.
Consider the statistics:

Joe fiH)dYe
Yj = W, jed{1,...,M}.
Proposition 3. Let f = f(-,0) in model (1).
(i) For all j € {1,..., M}, y; is a Gaussian variable with mean 0; and variance equal to
v2 = 26+ 1.
" 2logn

(i) Moreover, Py is absolutely continuous with respect to Py and

M
dPg 11 Pu, (Y; — 05)
—_— y = — <,
dPo( ) i P (95)

where @, is the density of N'(0,v2) and Py = P.....0)-

Proof. (i). Let j € {1,..., M}. Since the functions f; have disjoint supports, the statistic y; is

equal to
o f[O,l]d fi()dWr

yj =0 + —=—F——5 .
=0T f[&”dfj?(t)dt

Since (W) is a standard Brownian sheet, y; is gaussian with mean #; and variance

o? o?
Urzz = ) = = (9)
nfmd fF@dt  nh2Bhy - gl
where (see Lemma 3))
d 2 —3
2
I:/ 1Y |6l ) dt= = ab (10)
[-1,1]¢ i=1 i (B+1)(26+1)
Therefore _
9 O.QLi/ﬂ
Un = T
IC,” logn

Using the definition of Cj, we obtain (9).
(ii). Using the Girsanov’s theorem (see (Gihman and Skorohod, 1974, Chap. VII, Section
4)), since the functions f(,6) belong to L? ([0,1]?), Py is absolutely continuous with respect to

Py and we have
Py, . Vn n )
dTPO(y) _exp{o_/f(t70)dwt M/f (t,@)dt}.



Exact estimation in sup-norm for anisotropic classes 9

Since the functions f; have disjoint supports
M
dPy 1 2 SO”U y] J
—(y) = Y 0z L .
dPy QZ o v%j; T e )
O

With these preliminaries, we can now prove inequality (7). For any f € Z(g, L) and for any
estimator f,, using the monotonicity of w and the Markov inequality, we obtain that

By [w (1 = flloe ) | Z00(Col1 = )Py [ 1o = flloe = Co(1—2)]
Since ¥/ C 2(5, L), it is enough to prove that lim,_, Ay, = 1, where

An = inf sup Py |41 fo = flloo = Co(1 - )]
fn fEX/

We have maxj—1,.. v ]ﬁl(aj) flaj)| < ||fn flloo- Setting éj = ﬁl(aj)00¢n and using the fact
that f(aj,0) = Cotbyb; for 6 € [—1,1]M | we see that

A, > inf  sup Py(Cp),

GeRM ge[—1,1]M

..... M\H -0 >1 —5} and § = (él,...,éM) € RM is measurable with
respect to y = {Y;,t € [0,1]%}. We have

where C,, = {max] 1

A, > inf / Py(Cy,)m(dB),
0eRM J{—(1—¢),1—e}M

where 7 is the prior distribution on 6, w(df) = H] , m;(df;), where 7; is the Bernoulli distri-
bution on {—(1 —¢),1 — e} that assigns probability 1/2 to —(1 —¢) and to (1 —€). Since Py is
absolutely continuous with respect to Py (see Proposition 3), we have

dP
A, > inf / E, <Icn 9) (d6)
GeRM dP

= inf / H P yj

w(df).
HERJM ] 1 @’U’VL y]) ( )

By the Fubini and Fatou theorems, we can write

A, >1— sup / /H {16; ,9 |<1— E}van( ej)ﬂj(dej) dPg
H v (Y5)

HeRM

M

>1_/ Sup/ {16,—6;]<1— 5}90%( j ej)ﬂ'j(dej) dPy.
H] 1 Pun (Y5) j=10,€R
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It is not hard to prove that the maximization problem

ggﬁ/jﬂéj—ejkl—a}(pvn (yj - 9]) Wj(d@j)

admits the solution 5] (y;) = (1 —e) Iy, >0y — (1 — €)1y, <0y- By simple algebra, we obtain

1
/I{§j9j|<15}80vn (y; — 0;)m;(do;) = B (90% (y; — (11— 5))I{y]~20} + ou, (Y5 + (1 — 5))I{yj<0}) .

Under Py, the random variables y; are i.i.d. Gaussian N(0,v2). Thus

M
1
An>1-T] 3 /R (wvn(yj — (1 =e)) ;>0 + pu, (yj + (1 — E))I{yj<0}) dy;
j=1

>1- (/Om oy — (1 —e))dy)M

(e (7))

where @ is the standard normal cdf. Using the relation

D(—2z) ~

o exp (—22/2)

for z — 400 and the definition of v,, we have

(1—-¢)\ Up, _g:jr)f .
<I>(— - >—\/ﬂ(1_€)n A+1 (1 4+ 0(1)).

1
Now M > C’ <L) P+1 for some constant C’ > 0, therefore lim,,_,oo M® (— (1_6)> = 400 and

logn
M
lim (1 ) (—(1 5)>> —0,
n—oo Un,

which completes the proof of the lower bound.

5 Appendix

Proof of Lemma 2. Lett € [—1,1] and u € R%. We have Q(t+u)—Q(u) = Dy (@(t +u) — @(u)) ,
where Q(u) = (1 — lulg) . T2, Ig, (u;), with G; € {[0,1],[-1,1],[=1,0]} and Dg is a positive

constant. We have:
o If [t+ulg > 1 and |ulg > 1, then Q(t +u) — Qu) = 0.

o If [t +ulg <1 and |ulg > 1, then

0<Qt+u)—Qu) =1~ [t +ulg < |ulg — [t +uls < |t]s
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o If [t +ulg > 1 and |u|g < 1, then for the same reason 1Q(t +u) — Qu)| < |t] 5.

Thus to prove (8), it is enough to bound from above the integral

16) = [ (@t +w) - Q) Ladu

where Ay ={u € R: [t +ulg <1, |ulg < 1}. We have I(t) = Bi(t) + Ba(t) where
~ ~ N2
Bi(®) = [ (Qle+w) - QW) Ly 5,u

Ba(t) = [ (Qle+ 0~ QW) "1, e

gt:{uGR:@(u)#O,@(t—i—u)#O}.

We have
d

2
By(t) < 2 (|t]s) < 2 (z |ti\min<ﬁfvl/2>> |

i=1
since mes{u € R : |u|g < 1} < 2, where mes(-) denotes the Lebesgue measure. Moreover we
have mes(A4; N AY) < 2 Zle |t;] and then

d d 2
By(t) < 2% " |ti| < Do (Z |ti|min<ﬁi,1/2>)
=1 i=1

with Dg a positive constant. This completes the proof. ]

Lemma 3. (Gradshteyn and Ryzhik, 1965, formula 4.635.2) For a continuous function f : Ag —
R, we have

/ f (xfl +et xgd) d g gy day
Ap

where

and the B; and p; are positive numbers.

Lemma 4. Let Q : R? — R be a function such that ||Q||3 = [pa @* < 00, A be a compact set
A = ngl A; with A; intervals of [0,400) of length T; > 0 and W be the standard Brownian
sheet on A. Let hy, ..., hg be arbitrary positive numbers and we write h = H?Zl hi. We consider
the gaussian process defined for t = (t1,...,tq) € A:

1 ur —t1 ud—td
X = dW,, 11
= Lo (s ) .
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with w = (u1,...,uq). Let (a1,...,0q) € (0,00)% and let a be the number such that 1/a =
S /i Let T =T[%, Ti. We suppose that there exists 0 < ¢; < 0o such that, fort € [-1,1]%,
J 2
/ (QUt +u) — Q(u))’du < <61 > |ti|°”'> : (12)
R i=1
Then there exists a constant cy > 0, such that for b > cy/|log h|'/? and h small enough,
b2 02b

P |sup | X;| > b} < N(h)exp (— ) exp <> , (13
gl ( 21Q13) “ \IQoghl 72 )

where cg = c3(cqy + 1/y/a), c3 and ¢y do not depend on hy,...,hq, T and «, P denotes the
distribution of {Xy,t € A} and

—2H< <01d|logh|1/2> +1>.

Note that if the h;/T; — 0, then for the h;/T; small enough
< 9dt1 1/2
N(h) < 271 (cld\ log | )

This lemma is close to various results on the supremum of Gaussian processes (see Adler
(1990), Lifshits (1995), Piterbarg (1996)). The closest result is Theorem 8-1 of Piterbarg (1996)
which, however, cannot be used directly since there is no explicit expression for the constants
that in our case depend on h and T and may tend to 0 or co. Also the explicit dependence of
the constants on « is given here. This can be useful for the purpose of adaptive estimation.

Proof. Let A > 0 and Nj(\,S) be the minimal number of hyperrectangles with edges of length
1/« 1/
h1 (01d> 1,. . hy (ﬁ) * that cover a set S C A. We have

AASlj( i(cd>1/ai +1>7

where [2] denotes the integer part of the real x. Denote by By,...,B N (\A) such hyperrectangles
that cover A and choose A = |log h|_1/2, well defined for h < 1. We have, for b > 0,

Ni(AA) Ni(\A)
P {sup | X¢| > b] < Z P |sup |X¢| >b| <2 Z P|sup Xy >b (14)
teA = teB; = teB;

Let j € {1,...,Ni(\, A)}. Using Corollary 14.2 of Lifshits (1995), we obtain for b > 4v/2D(B;, 0;/2)

P

sup Xt > b] < exp <—2i2 <b - 4\/§D(Bj,0j/2))2>, (15)
J

teB]‘

where JJZ = SUPyep, E(X?),

/2 1/2
D(Bj,0;/2) :/ (logNBj (u)) du,
0
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where Np;(u) is the minimal number of p-balls of radius u necessary to cover B; and p is the
semi-metric defined by

p(s,t) = (E [(XS — Xt)z})lﬂ, s, t €A,

where E is the expectation with respect to P. Let us evaluate O'JZ. We have, by a change of

variables,
2 2 1 1 d d 2
oi=sup — [ @ e du < [|@]|5. 16

J tEBIj hl te hd /A < hl hd ) H H2 ( )

si—t;
h

i

Let s,t € Bj. For h small enough, we have < 1 and, using (12) and a change of variables,

d
p(S, t) <ca Z
i=1

In view of (17), we have a rough bound for h small enough

")

. T 1/2
h@p@ﬁ@m>g%@/'mmwmm&»W%MS4M@/ h:bg@+““”?] e
0 0 |i=1

< 4»&; /01 [1og (1 + u*l/%')] 2 .

we obtain
o

Si—ti
7

h

(17)

d
Ng,(u) < Ni(u, B;) < ] (1 +
i=1

Thus for h small enough

Here
1/2

/01 [1og (1 +u*1/°‘i)]1/2 du:/ol {log <1+u1/°‘i> - iilogu] du

1 1
NG /0 | log z|'/?da.

<+/log?2 +
Then we have for j € {1,..., Ni(A\,A)}

4V2D(Bj,0;/2) < Aez(ca + 1/V/a) = o), (18)

where c3 and ¢4 are positive constants independent of j, T', h and «. Substituting (15), (16) and
(18) into inequality (14), we obtain, for b > ca\ and for h small enough,

1
- (b— >\2>,
T

b2 02)\b>
<N (h)ex — X .
—<)ep< MQ%)GPQW%

W and for h small enough, we obtain (13).

P [sup | X¢| > b} <2Np (A, A)exp (
teA

Then for b >
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