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EULER SCHEME AND TEMPERED DISTRIBUTIONS
JULIEN GUYON

ABSTRACT. Given a smooth R%valued diffusion (XF,t € [0,1]) starting at point z, we
study how fast the Euler scheme X"* with time step 1/n converges in law to the random
variable X{. Precisely, we look for which class of test functions f the approximate
expectation E [f (X]"")] converges with speed 1/n to E[f (XT)].

When f is smooth with polynomially growing derivatives or, under a uniform hypoel-
lipticity condition for X, when f is only measurable and bounded, it is known that there
exists a constant C1 f(x) such that

(1) E[f (X]")] = E[f (XT)] = C1f(2)/n+ O (1/n%)

If X is uniformly elliptic, we expand this result to the case when f is a tempered
distribution. In such a case, E[f (XT)] (resp. E[f (X;"")]) has to be understood as
(f,p(1,2,-)) (resp. {f,pn(1,z,-))) where p(t,z,-) (resp. pn(t,x,-)) is the density of X¥
(resp. X;""). In particular, (ﬂ) is valid when f is a measurable function with polynomial
growth, a Dirac mass or any derivative of a Dirac mass. We even show that @) remains
valid when f is a measurable function with exponential growth. Actually our results are
symmetric in the two space variables x and y of the transition density and we prove that

850, pn(t,x,y) — 850y p(t, x,y) = 050y m(t,x,y)/n + ra(t, z,y)

for a function 05057 and a O(1/n?) remainder r,, which are shown to have gaussian
tails and whose dependence on t is precised. We give applications to option pricing and
hedging, proving numerical convergence rates for prices, deltas and gammas.

1. INTRODUCTION AND RESULTS

Let d,r > 1 be two integers. Let (2, F,P) be a probability space on which lives a
r-dimensional Brownian motion B. We denote by F; = 0(Bs,0 < s < t) the filtration
generated by B. Let us give two functions b : RY — R? and o : RY — R We
systematically use (column) vector and matrix notations, so that b(x) should be thought
of as a vector of size d and o(z) as a matrix of size d x r. We denote transposition by a star
and define a d x d matrix-valued function by putting @ = oo*. For a multiindex o € N,
la| = a1 + -+ + g is its length and 9% is the differential operator 9/°/9x{" --- 9z §*.
Equipping R? with the euclidian norm ||-||, we denote by

o C(R?) the set of infinitely differentiable functions f : R¢ — R with polynomially

pol
growing derivatives of any order, i.e. such that for all & € N, there exists ¢ > 0
and ¢ € N such that for all z € R,

(2) 0°f ()] < e (L + [[=]|7),

e C°(RY) the set of infinitely differentiable functions f : R? — R with bounded
derivatives of any order, i.e. such that 9%f € L>°(R?) for all a € N%.
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2 JULIEN GUYON

We shall make use of the following assumptions:

(A) For alli e {1,...,d} and j € {1,...,7}, b; and 0;; belong to ngl(Rd) and have
bounded first derivatives.

(B) Forallie {1,...,d} and j € {1,...,7}, b; and 0; ; belong to C°(RY).

(C) There exists n > 0 such that for all z,£ € RY, £*a(x)¢ > n/€|2.

(C) is known as the uniform ellipticity condition.

It is well known that, given z € R, the hypothesis (A) guarantees the existence and
the P-almost sure uniqueness of a solution X% = (X7, ¢ > 0) of the stochastic differential
equation (SDE)

¢ t
(3) Xf=z+ / b(X7)ds+ / o(XY) dBs.
0 0

1.1. Motivation. Let us fix a time horizon T' > 0. Without loss of generality, we can and
do assume that 7' = 1. We try to estimate the law of X{. To do so, the most natural idea
is to approach X by its Euler scheme of order n > 1, say X™* = (X;"",t > 0), defined as
follows. We consider the regular subdivision &,, = {0 =t <t} <--- <tn_; <ty =1} of
the interval [0,1], i.e. t} = k/n, and we put X" = z and, for all k € {0,...,n — 1} and
te [t tipal;

(4) X[ = XpT 4 b <Xt’if) (t—t}) +o (X%f) (B — By).

Then the random variable X" is exactly simulatable and should be close in law of X¥.
Precisely, we measure the weak error between X{"* and X{ by the quantities

1f(@) =E[f (X7")] - E[f (XT)]

and we try to find the largest space of test functions f for which, for each z, there exists
a constant C f(z) such that

(5) 1f(z) = Cif(x)/n+ 0 (1/n%).

Practical interest of such an expansion has to be underlined (see, for instance, ([, [4]).
When () holds, one can use the Euler scheme plus a Monte-Carlo method to estimate
E[f (X¥)] and then, in a time of order nN, gets an error of order 1/v/N + 1/n, where
N stands for the number of independants copies of X" generated by the Monte-Carlo
procedure. Given a tolerance € < 1, in order to minimize the time of calculus, one should
then choose N = O (nQ) and gets a result in a time of order 1/e3.

One can even do better using Romberg’s extrapolation technique: if one runs N in-

dependant copies (XZ2 i XZ 1") of the couple (Xf"’x, X1""), which still requires a time of

order nN, then computing +- Zf\il(Qf(Xi?’x)—f(XZix)) one gets an estimate of E [f (X7)]
whose accuracy is of order 1/v/N +1/n2, since (f]) implies that E[2f(X12"’$) — f(X7)] =
E[f(X{)] + O(1/n?). Given a tolerance ¢ < 1, one should now choose N = O (n?) and
gets a result in a time of order 1/£°%/2.

1.2. Previous results. Using It6 expansions, D. TALAY and L. TUBARO [[4] have shown
that (f) holds when f € C°(R%) under condition

pol
(B’) The b;’s and the o, ;’s are infinitely differentiable functions with bounded deriva-
tives of any order > 1.
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Hypothesis (B’) is almost (B) but in (B’) the functions b; and o;; are not supposed
bounded themselves. Using Malliavin calculus, V. BALLY and D. TALAY [fl] have extended
this result to the case of measurable and bounded f’s, with the extra hypothesis that X
is uniformly hypoelliptic. If (C) holds, X|"* and X{ have densities, say p,(1,x,-) and
p(1, x, ) respectively (in this paper, densities are always taken with respect to the Lebesgue
measure). Then, for each pair (z,y), the authors [fl] get an expansion of the error on the
density itself of the form

(6) pa(Lz,y) — p(Lz,y) = n(1,2,y)/n + m (1, 2,y) /n°.

They also show that the principal error term 7 and the remainder m,, have gaussian tails.
Namely, they find constants ¢; > 0 and ¢y > 0 such that for all n > 1 and z,y € RY,
(L, )|+ Jn (1,2, 9)] < 1 exp(—es [l — 2.

Besides, V. KoNakoV and E. MAMMEN [f]] have proposed an analytical approach for
this problem based on the so-called parametrix method. If (B) and (C) hold, for each pair
(z,y), they get an expansion of arbitrary order j of p, (1, z,y) but whose terms depend on
n:

Jj—1

(7) pu(l,2,y) = p(1,2,y) =Y mni(l,2,y)/n' + O (1/n7).
=1

They also prove that the coefficients have gaussian tails, uniformly in n: for each 7, they
find constants ¢; > 0 and ¢y > 0 such that for all n > 1 and x,y € R?, |m,:(1,2,y)| <
c1exp(—ce ||z — yH2) To do so, the authors use upper bounds on the partial derivatives
of p - which they find in [ff] - and prove analogous bounds on p,,’s ones.

A link with generalized Watanabe distributions on Wiener’s space is exhibited in [[[J].
For the general case of Lévy driven stochastic differential equations, (f) holds under regu-
larity assumptions on f and integrability conditions on the Lévy process, see [, [J]. The
rate of convergence of the process (X;"* — X7, t € [0,1]) is given in [f, [f]. As for the
simulation of densities, see for instance [{.

1.3. Purpose and method. Equations (f]) and ([j) can be seen as expansions of A f(x) =
E[f (X{"")] — E[f (X?)] in the special case when f = §,, the Dirac mass at point y € R%.
We aim at giving a precise sense to such quantities when f is any tempered distribution,
and at proving that expansions in powers of 1/n remain valid in this extremely general
setting. Moreover, we will derive expansions that are valid not only for ¢ = 1, but also
for any time ¢ € (0, 1], the stepsize 1/n being fixed, and we shall make explicit, in these
expansions, the way the coefficients and the remainders depend on ¢, f and .

To get these precise results, we shall place ourselves in a strong situation. Namely, we
will assume infinite regularity and boundedness of the coefficients of the SDE (fJ), that
is condition (B), and uniform ellipticity, that is condition (C). The reason for this is the
following. Let us write P f(x) = E[f(X})] and P/ f(z) = E[f(X,"")]. We first expand
7 = P"— P, as an endomorphism of gﬁl(Rd), in powers of 1/n. This can be done under

nothing more than hypothesis (A), see Theorems [ and [L(] in Section [.§. The coefficients
in these expansions are operators of the form fot P,DP,_; ds or Ztg <t Pt% DPt_tZ, where
D is a differential operator. Now, under (B) and (C), both X7 and X;"" have regular
densities, say p(t, z,-) and p,(t,z, ), with gaussian tails, as soon as t > 0, so that we may
express these operators as integral operators on R%. For instance, for f € Coa (RY), z € R?
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and 0 < s < t,

P,DP,  f(z) = /]Rd p(s,x,2)DP;_sf(2) dz

= [t ([ pts.n 000 - 52 ) a

Now the expansions read on the density itself, with coefficients of the form

®) wtay) = [ [ s D0 -5 deds
©) o mltry) = 3 /R plt 2, 2)D(p(t — 1, ))(2) dz.

tn<t

At this step, the key point is to prove that these coefficients, as well as any of their
spatial derivatives, have gaussian tails (see Proposition ff). To do so, we split the above
time integral (resp. sum) depending on whether s (resp. t}) is small or large, and integrate
by parts in the latter case. This is very similar to V. BALLY and D. TALAY’s technique
[, but they use the Malliavin calculus integration by parts formula whereas we only use
the genuine one. Then we use upper bounds on the partial derivatives of p and p,, as is
done in V. KONAKOV and E. MAMMEN’s work [[J]. Here the uniform ellipticity hypothesis
is crucial: it provides upper bounds that have enough quality in ¢ to allow us to conclude.

The same analysis, with a bit more work, can be done for the remainders. We then get
functional expansions of the form

j
(10) pn—p=7/n+m /0’ or  pu—p=Y /0’
=1

where 7, m, and the m, ;’s and all their spatial derivatives have gaussian tails, uniformly
in n. We then achieve to give a distributional sense to expansion (f) by a duality ap-
proach: any tempered distribution can be integrated or bracketed in the variable y with
the expansions. Theorems [, f| and [ provide precise statements, see Section [L.7.

1.4. A first series of results. Stating Theorems [] and § requires a bit of preparation,
namely defining appropriate functional spaces in which will live the coefficients m, m,, and
Tn,i in expansions ([[(). Before doing this, to encourage the reader, we would like to state
a series of easy consequences of Theorem [f, including an application to financial markets.
They will be proved in Section [L.7. The function 7 which appears in them is the principal
functional error term. It is defined by (P1)-(29). Note that analogous corollaries can be
derived from Theorem J as well. The first result gives the rate of convergence of the spatial
derivatives of the density:

Proposition 1. Under (B) and (C), for all o, 3 € N%, there exists ¢, > 0 and c3 > 0
such that for alln > 1, t € (0,1] and z,y € RY,

1
020, pn(t2,y) — O70p(t, w,y) = — 20 (t, 2,y) + ralt, 3,y)

and
ralt,y)| < cin= 21T D2 e (—cp o -y /2)

The next proposition states that ([f]) is valid for measurable and polynomially growing

fs:
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Proposition 2. Assume (B) and (C). Let f : R? — R be a measurable function such that
there exists ¢ > 0 and q € N such that for all v € R, |f(z)| < (1 + ||z||?). Then there
exists ¢ > 0 such that for allm > 1, t € (0,1] and x € R,

(1) B - B =+ [ f@)elta,y) dy+rm(t.2)

and
rn(t, )| < en™?t72 (1 + [lz]|) .

As far as extending the class of f’s for which ([]) holds is concerned, we can even do
better. Indeed, if for p € (0,2) we denote by &, the set of all measurable functions
f : R? — R such that there exists ¢, cp > 0 such that for all y € RY,

[fW)] < crexp (e2[lyll"),

we have

Proposition 3. Under (B) and (C), for all i € (0,2) and f € &,, there exists c1,c2 > 0
such that for alln > 1, t € (0,1] and x € R, f(XF) and f(X"") are integrable and

(12) B - B =+ [ f@)rlta,y) dy+ra(t.2)

with
[rn(t, )| < ein 2t 2exp (ca ||z]|*) .

In particular, () remains true under (B) and (C) when f € & = U,¢(,2)&y. More

generally, Theorem f leads to

Proposition 4. Under (B) and (C), for all « € N, ji € (0,2) and f € &,, there exists
c1,¢2 > 0 such that for alln > 1, t € (0,1] and x € Rd,

(13) O B[f (X)) — OFB[f(X))] = % y fy)ogm(t, x,y) dy + ro(t, )

with

2,—(Ja| +4)/2

rn(t, 2)| < en” exp (cz [lz]") -

This result can now be used in the context of financial markets.

1.5. Application to option pricing and hedging. Let S¥ = (S¥!,...,S8%%) be a
basket of assets satisfying

dsy’

o = pi(SP) dt+Y o3 ;(SP)dB], Syt =" >0,
t

j=1

with p,o € Cg’o(Rd) and o satisfying (C). Given a measurable and polynomially growing
function ¢, we try to estimate the price Price = E[¢(S})], the deltas Delta; = 95 E[¢(S})]
and the gammas Gamma,; ; = 65i+ejE[¢(S;’)] of the european option of maturity ¢ and
payoff ¢ ((e1,...,eq) is the canonical base of R?). To do so, let us set z = Inv (i.e.
2t = Inv'’) and X" = In(SP""). Then X is the solution of () with b = pu — [|o]*> /2 €
(RY), where HO‘HZQ(x) =i Uij(az). If we set exp(z) = (exp(z'),...,exp(z?)) and
) = ¢(exp(x)), we define a function f € & and, since Price = E[f(X})], ([J) leads to

Price™ — Price = Cy"°¢(v)/n + O (n*t 2 exp (c2 |Inv])) ,

Cye
flz
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where Price” stands for the approximated price E[f(X;"")] and

crow) = [ ow

(R% )4 Uy - Ug

7(t,Inv,Inwu) p
———du

Besides, if we set Delta; = agiE[f(Xf’lnv)] and Gamma;';, = 85i+ejE[f(Xf’lnv)], (iE)
shows that

Delta™ — Delta = CP"*¢(v)/n + O (n72t75/2 exp (c2 Hlnv||)) ,

Gamma"™ — Gamma = CZ*™%¢(v)/n + O (n_Qt_?’ exp (2 |[Inv|)),
where
1 sim(t,Inv,l
CPelta¢(v)i — - ¢(u) 82 7T( ,nv, Ilu) du’
Vi J(RY )4 Uy - Ud
e;+e; e;
CGammag(y), 1 / o(u) Oy m(t,Inv,Inu) — 145305 7(t, Inv, Inw) .
’[),i’(}j (Ri)d ug - ud

Eventually we have proved that applying the Euler scheme of order n to the logarithm
of the underlying leads to approximations of the price, the deltas and the gammas which
converge to the true price, deltas and gammas with speed 1/n, at least when the drift and
volatility of the underlying satisfy (B) and (C), which in the context of financial markets
seems not to be a restricting hypothesis. Note that the principal part of the error explodes
as t tends to 0 as t~/2 for the prices, t~! for the deltas and ¢t=3/2 for the gammas.

1.6. Some functional spaces. In order to state our main results (Proposition f] and
Theorems [] and f) precisely and shortly, let us introduce some families of functional
spaces. Functional expansions like ([[(]) will take place in such spaces. For | € Z, we first
define G;(R?) as the set of all measurable functions 7 : (0,1] x R? x RY — R such that
e for all t € (0,1], n(¢,-,-) is infinitely differentiable,
o for all a, 3 € N¢, there exists two constants ¢; > 0 and ¢ > 0 such that for all
t € (0,1] and x,y € R4,

(14) 8?3571(1‘/,36,3/)‘ < eyt~ (el + 1Bl +d+D)/2 exp <—02 |z — y!!2 /t) .

We say that a subset B C G;(R?) is bounded if, in ([[4), ¢; and ¢z can be chosen indepen-
dently on m € B. We also introduce the space G(R?) defined in the same way as G;(R%)
with ([[4) replaced by the following two conditions:

(15) oeopn(tiey)| < et (I 2oy (—oy flz gl /1),

o (v (t,w, 2+ yvi)) ( < at e (—elyl).

Note that we may always take the couple of constants (c¢1,c2) to be the same in both
equations ([J) and ([Ld). Indeed, if they hold with two couples (c},c5) and (¢f,cj), they
both hold with (c1,c2) if we take ¢; = ¢| V ¢] and ¢a = ¢, A ¢j. We say that a subset
B C G(RY) is bounded if, in ([[§) and ([[§), ¢; and ¢y can be chosen independently on 7 € B.
Note that in equation (E), the upper bound keeps the same quality in ¢, namely /2,
whatever the “number” « of times one differentiates the mapping = +— (t,w,x + y\/i)
This will be crucial when proving Proposition .

It is convenient to extend these definitions to mappings that also depend on an inter-
mediate time s € (0,¢). To do so, let us denote by 77 the unit triangle {(s,t) € R?|0 <

(16)
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s <t < 1} and, for | € Z, let us define H;(R%) as the space of measurable functions
p: T x R* x RY — R such that
o for all (s,t) € 71, p(s,t,-,-) is infinitely differentiable,
e for all o, 3 € N%, there exists two constants ¢; > 0 and ¢ > 0 such that for all
(s,t) € T and z,y € RY,

(17)

020] pls,tw,y)| < ext™ (T e (e Jlo — /1)

Again we say that a subset B C H;(R?) is bounded if, in ([]), ¢; and ¢y can be chosen
independently on p € B. We also introduce the space H(R?) which is defined in the same
way as H;(R?) with ([[7) replaced by

(18)

(s, twy)| < et (AR 2 e (o a2 1),
o <p <s,t,a:,a: + yx/f))‘ < et exp (—02 HyH2> ,

and we say that a subset B C H(R?) is bounded if, in ([§) and (J), ¢; and ¢z can be
chosen independently on p € B. Again we may always choose the couple (¢1,c2) to be the
same in both equations ([[§) and (). Note that the upper bounds in ([[7), (I§) and ([19)
are exactly the same as the ones in ([[4), ([(7) and ([[d). In particular, they do not depend
on s.

Eventually, for 711,72 € G(R?), g € C°(R?) and v € N%, we define a function 71 . m2
on 77 x R? x R? by putting

(19)

(7T1 *9,’7 7T2) (87tax7 y) = /d g(Z)ﬂ'l(S,.%', Z)agﬂ-Z(t - S, Zay) dz.
R

Notation d, means differentiation with respect to the second argument, here z. Operation
*g~ 18 a space convolution which naturally appears when developping the differential

=
R

operator D in equations (§) and ().

1.7. Main results. We are now able to state our main results as follows.

Proposition 5. Let By and B be two bounded subsets of G(R?), g € C°(RY) and v € N4,
Then

(i) {m1 *g,y m2|m1 € Bi,m2 € Ba} is a bounded subset of HM(Rd),

(ii) {m1 *g0 ma|m1 € Bi,ma € Ba} is a bounded subset of H(R?).

Theorem 6. Under (B) and (C),
(i) for all t € (0,1] and x € RY, XF has a density p(t,z,-) and p € G(RY),
(ii) for all t € (0,1], » € R and n > 1, X;V" has a density p,(t,z,-) and (pn,n > 1)
is a bounded sequence in G(R?),
(iii) there exists = € G1(R?) and a bounded sequence (mp,n > 1) in G4(R?) such that
foralln >1,

(20) pn—p:ﬂ'/n—}—wn/nz.

These results are proved in Section B.3. In Theorem f, statement (i) is already known,
see [H], Theorem 7, page 260, and statement (ii) has essentially been proved in [J]. As
explained in Section [[.J, Proposition [, together with these two statements, is the key to
derive statement (iii).
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The function 7 can be expressed in terms of p by

(21) 7(t,x,y) / / s,x,z)Ly(p(t — s,-,y))(2) dzds,
R4
where the differential operator L3 is explicitely given in terms of the functions a and b by

d

y 1
(22) — L5 = Z (b -Vb; + 5 tr (aV2b¢)> 0;

i=1

d
1 1
+ Z (5 b-Va;;+aj-Vb; + Ztr (aVQa” > 0ij —l— Z a, - Va; ;0.
ij=1 2

Here, -, ay, tr, V and V? respectively stand for the inner product in R?, the k-th column
of a, the trace of a matrix, the gradient vector and the hessian matrix. In the case when
t = 1, (1) agrees with V. BALLY and D. TALAY’s expression for 7 ([f], definition 2.2,
page 100), but seems preferable because it does not involve differentiation with respect to
t and makes explicit that the space differential operator L5 is of order less than 3, when
V. BALLY and D. TALAY’s operator U involves a fourth order differentiation in space.

We shall now prove that if X is elliptic the expansion () is valid in the very general
case when f is a tempered distribution. Let us denote by S(R?) Schwartz’s space, i.e. the
space of infinitely differentiable functions ¢ : R — R such that z — z*0%p(x) € L>®°(R?)
for all o, 3 € N¢ (2% stands for z{"---29%), and let us denote by S'(R?) the space of
tempered distributions. The seminorms (N, ¢ € N) are defined on S(R?) by

)

Ny(p)= > sup |20 p(x)
|al<q,|8]<q “ER

and the order #S of S € S'(R?) is the smallest integer ¢ such that there is a ¢ > 0 such
that (S, p)| < cN,(¢) for all ¢ € S(R?). Note that whenever 7 € G;(R?), 7(¢,z,-) and
7(t,-,y) belong to S(R?). More precisely, for B C G;(R?) bounded, there exists ¢ > 0 such
that for all m € B, t € (0,1] and 2,y € RY,

Ny(n(t,z, ) < et D2 (14 |lz]) and  Ny(r(t,-,y)) < ot D2 (14 y)19).

Applying a tempered distribution S to (B(), ¢ and z or ¢ and y being fixed, we imme-
diately deduce from Theorem f

Theorem 7. Under (B) and (C), for all S € 8'(R?), there exists ¢ > 0 such that for all
n>1,te(0,1] and z,y € RY,

(S,pn(t,x,-)> - <S,p(t,1‘, )> =

<Sapn(t7'7y)> - <Sap(t7 7y)> =

<Sa W(t7 €, )> + T;L(t7 .%'),

SI=3|=

<Sv77(t7 7y)> + Tg(t,y),

and
(8, 0)] (e, )| < en 2 @2 (1 g #5)

Let us define E[S(Y)] by (S,py) when S € S'(R%) and Y is a random variable with den-
sity py € S(R?). Note that, when S is a measurable and polynomially growing function,
this definition coincides with the usual expectation. We then have proved that, under (B)
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and (C), (f)) is valid for f’s being only tempered distributions, and not only for ¢t = 1, but
also for any time t € (0,1], and we have even precised the way the O(1/n?) remainder
depends on ¢, f and . Precisely, this remainder grows slower than ||£C||#f as = tends to
infinity, and explodes slower than t~#/+d+4/2 55 ¢ tends to 0.

We can now prove the propositions stated in Section [.4. Proposition [ is immediate
from Theorem f. In the special case when S is a measurable and polynomially growing
function, we get Proposition Q:

Proof of Proposz'tz’on B. Multiplying (BQ) by f(y) and integrating in y leads to ([L1]) with the
remainder 1y, (£, x) = n"? [pa f(y)mn(t, z,y) dy. Since |f(y)| < (1 +ly[|?) and (mp,n > 1)
is bounded in Q4(Rd), we can ﬁnd ¢ > 0 and co > 0 such that for all n > 1, ¢t € (0,1]
and o € RY, |ro(t,2)| < cyn= 2t @HD2 (1 + ||y||9) exp(—c ||z — y|* /t) dy. Setting
¢ = (y —x)/Vt leads to |r,(t,z)| < cyn=2t2 fRd(l + Hx + C\/l_qu)exp(—CQ HC||2) d¢. To
complete the proof, it remains to observe that there exists ¢ > 0 such that for all ¢ € (0, 1]
< (2 + ). 0

It is easy to adapt the preceding proof to get Proposition fJ. In the same way, differ-
entiating () a times in x, multiplying by f(y) and integrating in y leads to Proposition

Expansion (R0) should be seen as an improvement of (f): it allows for infinite differen-
tiation in z and y and also precises the way the coefficients explode when ¢ tends to 0.
We have an analogous improvement for expansion ([f):

Theorem 8. Under (B) and (C), for eachi > 1, there ezm'sts a bounded family (mp;,n > 1)

in Gai—2(RY) and two bounded families (x, ;,n > 1) and (7], ;,n > 1) in Goi(R?) such that
for all j,n > 1,
Jj—1 - J .
) n7
(23) pn—pzz;;l—l—z (t — |nt]/n)’ T+ .
i=1 i=2

Here and in all the sequel we use the convention that a sum over an empty set is zero,
and |nt| denotes the greatest integer less than or equal to nt. Expressions involving
|nt] do not appear in (R0) since they are hidden in the remainder. When ¢ = 1 and no
differentiation is applied neither in x nor in y, () boils down to the result of V. KONAKOV
and E. MAMMEN [fJ]. Again note that (BJ) is much richer in the sense that it allows for
infinite differentiation in space and also precises the dependence on ¢t. Theorem J will also

be proved in Section B.2

1.8. A preliminary result. As explained in section [L.d, in order to prove point (iii) in
Theorem [}, we first seek an expansion for the error operator

A =F'- P
where, for f € C(R%) and 2 € RY, we have set P f(z) = E[f(X¥)] and P f(x) =

pol
E[f(X;"")]. Precisely, we look for operators C; and R} such that R? = O(1/n?) and
AT = Cy/n + R}. The following theorem, interesting in itself, is proved in Section . Tt
can be seen as an improvement of [[[4]. It not only gives explicit formulas for C; f(x) and

R} f(z) but also provides useful information about their dependencies on n,t, f and z.
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Note that it does not require neither (B) nor (B’) nor (C). In order to state it shortly, let
us

e denote by £ (Cgﬁl(Rd)) the space of endomorphisms of ng’l(Rd),

e say that a subset B C Cgﬁl(Rd) is bounded if, in (), ¢ and ¢ can be chosen
independently on f € B,

e say that 7' € £ (C5(R?)) is bounded if for all bounded B C C53(R?), {Tf|f € B}

pol pol

is a bounded subset of C(R?),

pol

e denote by L (Cﬁgl(ﬂ%d)) the space of bounded endomorphisms of C;’gl(Rd),
e say that a £ (ngl(Rd))—valued family (7;,7 € I) is bounded if for all bounded
B C C(RY), {T; f|f € B,i € I'} is a bounded subset of C25(R?),
o say that (7;,i € I) isa O(h(7)) family in £ (ngl(Rd)) if the family (h(i)~'T},i € I)
is bounded.
It is already known that, under (A), (P;,t € [0,1]) is a bounded family in £ (C53(RY)). A
proof can de found in [[L1]], Lemma 3.9, page 15. Using Lemma RJ, this proof straightfor-
wardly adapts uniformly in n so that (P/*,t € [0, 1],n > 1) is also bounded in £, (ngl(Rd)).
We are now in the position to state the main result of the first step:

Theorem 9. Under (A), (A},t € [0,1],n > 1) is a O(t/n) family in L, (CS(RY)), and
there exists a O(t) process (Cy,t € [0,1]) and a O(1/n?) family (RP,t € [0,1],n > 1) in
Ly (C(RY)) such that

A} = Cy/n+ R}.
Moreover, Cy is explicitely given in terms of (P, t € [0,1]) and of L} (see ([23)) by

1 t
(24) Ct = 5 / PSL;Pt—S ds.
0

Note that this theorem covers the result of D. TALAY and L. TUBARO [14] since it
implies that for any f € ngl(Rd) we can find a ¢ € N such that for all z € R?, ¢ € [0, 1]
and n > 1,

At = Cutanr o (R,

It even improves it a bit since we see that this holds under nothing more than condition
(A), whereas D. TALAY and L. TUBARO state their result under the stronger condition
(B’). Note also that if we restrict ourselves to times ¢ belonging to the discretization grid
&, we get a better control, of order O(t/n?), of the remainder, see Remark [[4.

Instead of Theorem [}, in order to derive Theorem [, we shall need

Theorem 10. Under (A), there exists a sequence of differential operators (L7,j > 2),
recursively defined by (£7)-(©3), and for each i > 1 a O(t/n') family R* = (R?’i,t €
[0,1],7 > 1) in Ly (CSY(RY)) such that for all j > 1,

[nt]—1

J i
. R (t — [nt]/n) .
§ t%Li Pt—tz + R?J + E ?Pﬁnj/nLiPt—LntJ/W
k=0 i=2

J
n 1
(25) At = ;:2: Z'TLZ

Observe that the main term in () is

1 1 [nt]—1

n T * ~ t

w2 2 DALy |~ 2
k=0



EULER SCHEME AND TEMPERED DISTRIBUTIONS 11

and the remainder is of order 1/n?. Note also that if we restrict ourselves to times belonging

to the discretization grid &,,, we get the following expansion in L (ngl(Rd)):

J [nt]—1
1 t
Alyn =D 575 D, PRLiPtn—g +0 (;) :
i=2 k=0
Theorem [L{ is also proved in Section B.

1.9. Organization of the paper. Section [] deals with the expansion for the expectation:
it is dedicated to the proofs of Theorems [ and [0
Section [ is our second and final step. It is devoted to the proofs of Theorems [f and g
It begins with the proof of Proposition [] concerning the space convolution *, ., in G(R?).
Eventually, Section { is an appendix where we have gathered useful results on the Euler
scheme and technical lemmas that are used in Sections P and f.

2. FIRST STEP: EXPANSION FOR E [f (X;"")]

In this section we seek to expand AP f(z) = E[f (X;"")] — E[f (X{)] in powers of the
time step 1/n when f is a regular function, say f € ngl(Rd). The idea is the following.

Recall the discussion preceding Theorem f]: under (A), both P, and P}* are endomorphisms
of C3%(RY). In L ( ggl(Rd)) we then write

pol
[nt]—1
(26) AP =P —=Pi= Y PEAY, Py, + Pl A ) o
k=0

There is a subtle point here: (X;"*,¢ € [0,1]) is not a Markov process, since the future
of X;"* depends on the past value X fn?J Jn» S€€ (). Nevertheless, it is easy to check by
conditioning on Fy that we have Pt% = Pt% 4 for all s > 0 - but beware: this is different
from P;“Pt?kl as soon as ns is not an integer.

Equation (B§) leads us to expand A} for small ¢, namely for ¢ < 1/n. This naturally
involves a series of differential operators as we shall now see.

2.1. Operators associated with the Euler scheme. Let us denote by L the infinites-
imal generator of the diffusion X and by (L*, 2z € R%) its tangent infinitesimal generator,
ie.
d 14 d 14
L= Z b; 0% + 5 Z al-J(?ei*ef and L* = sz(az)ael + 5 Z am(az)aeﬁeﬁ
i=1 ij=1 i=1 i,j=1

We use the convention that L and L* act on the variable y, so that, for instance, Li)(t, z, y)
and L*(t,z,y) respectively stand for L (¢(¢,z,-)) (y) and L* (¢(t,z,-)) (y). L* is the
infinitesimal generator of the Euler scheme (X;"* ¢ € [0,1/n]) starting from x, over the
first discretization time interval: L* is built from L in the same way as X" is built from X,
by freezing the drift b and the volatility ¢ to their initial value on discretization intervals.
Besides, for each z € R? we define a sequence of differential operators (Lf ,7 € N) by
putting L = I (the identity operator) and

(27) L;'C—H = L”CLf — LfL,
and we set

(28) Lif(z) = Lj f ().
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Observe that L} = 0. Besides, L3 is given by (B9) so that, under (A), L3 € £ (C53(RY))
and there exists a family (g3 ,,1 < |a] <3) in C;’gl(]Rd) such that

(29) Ly= Y 50"

1<|a|<3

L3 gives the exact principal error term in the expansion of A}, see (B4) and (RT). L7 is the
differential operator appearing in (RJ). It does not give the exact expansion in powers of
1/n but an approximated version, in the spirit of [f], since in () the coefficients depend
on n - but should themselves be expanded in powers of 1/n. See [[i], equations (6.35) and
(6.36), for an expression of the operators involved in the exact expansion.

Under (A), L and L” belong to Ly, (CS5(RY)) for each z € RY, and, by induction, so

pol
does L7. We can describe L7 more precisely. Indeed, defining the powers of an operator

Aby AY = I and A7*! = AAJ, inductions on j lead to L¥ = gzo(—l)i(g) (L*)7~* L and

to the existence of a family (gj . hja,j € N*,1 < |a] < 2j) in C52(R?) such that

vz € RY, (L*Y = Z Gj.a(x)0 and L= Z hj,a0%.

1<|a|<2j 1<]a|<2j

Hence, for each j € N* one can find a family (m;q,1 < |a] < 2j) of integers and a family
(Gj.ats Pjat 1 <lal 25,1 <1 <mj,)in ngl(Rd) such that for all z € R?,

mj o
(30) Ly= ), (Z gj,a,l(x)hj,a,l> 0.
=1

1<]|a]<2j

Remark 11. Note that when (B) holds, the functions g; 1, hja,; and 95 o 2all belong to
Cg°(RY) (in fact they are polynomial in b, o and their derivatives).

We are now in the position to define a family of operators ®/ = (@n’j

st =>1,0<s<
t <1/n) as follows:

oy VS € CRRY, L) = [LTR.f (X0)].

pol

Observe that &7 = L*P; and that, from (B0),

mja
(32) @Z,’g = Z Z gj@,lP;L(hj?aJ@aPt,s).
1<|a|<2j I=1

Boundedness is a key property of this family:
Proposition 12. Under (A), ® is a bounded family in Ly (C°° (Rd)).

pol

Proof. (P;,t € [0,1]) and (P}, t € [0,1],n > 1) are bounded families in £, (C55(RY)), see

the discussion preceding Theorem [J. Besides, multiplication by a function in ngl(Rd) and

differentiation are bounded operators on ngl(Rd). As a sum of compositions of bounded
families in £y (ngl(]Rd)), ®J is a bounded family in £, (C’;’gl(Rd)). O

The family ®/ naturally appears when we recusively use [t6’s formula to expand AP for
small ¢, as we now explain.
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2.2. Ité expansions. We recall (see [L1]], theorem 3.11, page 16) that for f € ngl(Rd)
(5,y) — Pi_sf(y) is infinitely differentiable on [0,#] x R? and
(33) ¥(s,y) € [0, xRY, (95 + L)Pi—sf(y) = 0
Since 95 and Lf commute, (B3) and the definition of L% imply
(34) (0, + L) LI Py = (LPLY — LEL)Prey = L, Prey.

For a measurable family (A4,) in £, (C54(RY)), we denote by ftt2 As ds the element of

pol

L (C29(R%)) which maps f to z — fttl Asf(x)ds. The following lemma states that @'/ 1

pol
is the derivative of ®7} on the interval [0,].

Lemma 13. Under (A), forallj e N, n>1and 0 <s<t<1/n,
. S .
(35) OV = LiP + / AR P
O b

Proof. For f € C%%(RY), (s,y) — L7 P f(y) is infinitely differentiable on [0,] x RY so

pol
that we can apply It6’s formula to it and to the semimartingale X™?% between 0 and s.

Using (B4) for the second equality, we get

LEP o f (X1%) — LIRS (x) — M,

S 8 s
:/ (a_ + LJC) L3P o f (X17) ds' = / Ly Pro f (X57) ds'
0 s t

k

where M = Zgzl > =1 0i(x) Jo 0 <L§Pt,s/f (X:,’m)) ng/. Since {L Py f|s' € [0,1]}
is bounded in C25(RY), (B9) implies that (M, s € [0,t]) is a square-integrable martingale
and thus has zero mean. Hence, taking expectations and using (B) and Fubini’s theorem,
we have

. S s .
o/ f(x) — LiPif(x) = /O E L3\ Pgf (X)) ds' = /O 73 f(2) d/,
which concludes the proof. O

For ¢t € [0,1/n], since A} = @Z;O - Ot , by iterating (Bj) we get

j .
t* ;
(36) A=) SLiP+ J A
— v
where
1 t S1 Sj i
(37) If’] = /0 /0 ce /0 (I)Z;il,t d8j+1 -~ dsodsy.

The crucial point here is that, by construction, L} = 0 so that the sum in (Bf) begins with
1=2.
Injecting this in (RF), we eventually get for all ¢ € [0,1] and n > 1
nt|/n)
(38) A’;_Z g Z PRI Py +Rt’J+Z PWW P nt] s
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where
[nt]—1
, y , +1 ). +1
(39) R = %" PRIV P+ Pl e
k=0

From Proposition [, (I/*/™',n > 1,¢ € [0,1/n]) is a O(#*1) family in £, (CS3(RY)).
Recalling the boundedness of (P;,t € [0,1]) and (P/*,t € [0,1],n > 1), we get that the
family R' = (R{"",t € [0,1],n > 1) is O(t/n’) in L, (C5(R?)). Theorem [[q is thus proved.

We are now in good position to prove Theorem [.

2.3. Proof of Theorem . In the particular case when j = 1, (B§) reads A} = R"' so
that we have proved that (A7t € [0,1],n > 1) is O(t/n) in £, (CS5(R?)), which was the
first statement of Theorem [.

In the particular case when j = 2, if we set

1 t
(40) Ct == 5/ PsLSPtfs dS,
0
1 1 [nt]—1 ¢
(41) n,o= ol Z% P L3Py — /0 P,L5P,_,ds |,
1 [nt]—1
(42) 20 = 53 > (P%szt—tz _PtZL;Pt—tZ>7
k=0
2, (t=[nt]/n)" .
(43) 5 = R+ Pl n LBty
(44) Ry = AV, + A3, + A3y,

equation (BY) reads
(45) Ay = Ci/n+ Ry

As a composition of bounded families, (PsL5P;—5,0 < s <t < 1) is a bounded family in
Ly (C2(RY)), so that (Cy,t € [0,1]) is O(t) in Ly, (CS(R?)). It remains to prove that

pol pol

(Rp,t €[0,1],n > 1) is O(1/n?) in £, (CS5(R?)). We have already proved that it is true

pol

of (Rt € [0,1],n > 1). It is obviously also true of ((t — |nt]/n)? P LB nt) st €

[0,1],n > 1), so that (At € [0,1],n > 1) is O(1/n?) in L}, (C5(RY)).

pol

For (A7;,t € [0,1],n > 1), observe that, if we set L? = LL; — LyL € £;, (C(RY)), as
0sPs = LPs = P;L, we have 0sPsL5P,_g = PsLL5P;,_ g — PsL5LP, g = PSL?Pt,s. Hence
the family (P L3Pi—p — PsL3P—s,t € [0,1],n > 1,k € {0,..., [nt] — 1}, s € [t},t1,4])

satisfies

S
(46) PpL3Piyp — PuLyP g =~ | P,LY Py du
t
and thus is O(1/n) in £ ( gﬁl(Rd)). As a consequence,
n 1 ! o * * 1 ! *
(47) =15 (P LyPy—yp — PiL3Py ) ds — o P,L5P; 4 ds
k=0 % Int]/n

is O(1/n?) in Ly, (C3(RY)).
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As for (A3t € [0.1],n > 1), note that PRL3Pyp — PpliPg = ABLSP .
Since (A},t € [0,1],n > 1) is O(1/n) in Ly (ngl(Rd)), so is the family (Pt’éLEPt,tvkL -

P L3P p,t € [0,1],n > 1,k € {0,...,[nt] —1}), as the composition of a bounded
family by a O(1/n) family in £, (CS(R?)). This completes the proof of Theorem [}

pol

Remark 14. It is noteworthy that the family (R;",t € [0,1],n > 1) defined by

1 (t = [nt]/n)?
R™ = R" + —/ PLyP_yds — M pno o pap

¢ P Jpg TR 9 [nt] /nt2tt=|nt)/
is O(t/n?) in L, (CSH(R?). In particular, (R?ntj/n’t € [0,1],n > 1) is O(t/n?) in
Ly (C2(RY)).

pol
3. SECOND STEP: EXPANSION FOR THE DENSITY OF X"
This section is devoted to the proofs of Theorems [f and [§.

3.1. Space convolutions. We begin by proving Proposition f] which is the key argument.
Recall the definitions of Section [[.6. Let By and Bz be two bounded subsets of G(RY),
g e Cg’o(Rd) and v € N?. We want to prove that

(i) {m1 g m2|m1 € By, w2 € By} is a bounded subset of HM(Rd),

(ii) {m1 *g0 ma|m1 € By, T € Ba} is a bounded subset of H(R?).

The functions 7 *4 4 T2 depend on (s,t,x,y). We shall proceed differently depending
on s is small or large with respect to t. The main trick is to integrate by parts in the latter
case, so that the derivatives should always rest on the regularizing part of the integral.
This is analogous to V. BALLY and D. TALAY’s use of Malliavin calculus integration by
parts formula [[[. This is the reason why we partition the unit triangle 77 into 7;” =
{(s,t) € T1]0 < s < t/2} and ;" = {(s,t) € Ti|t/2 < s < t}, and, for ¢ = £, we
define (1 *g~ m2), (5,1, 2,y) = 11e(5,t) (71 %9 T2) (5,1, 7,y). We then have 7y %y, ma =
(71 %9,y T2)— + (71 #g,5 T2) 4.

Before proving Proposition fj and for the sake of clarity, let us state apart the following
technical lemma, whose proof is a straightforward application of Lebesgue’s dominated
convergence theorem:

Lemma 15. Let | € Z, (x;,i € I) be a family of measurable functions mapping Ty x R% x
R? x R? into R such that
o forallic I, (s,t) € Ty and ¢ € RY, x;(s,t,-,-,C) is infinitely differentiable,
o for all o, 3 € N, there exists two constants ¢; > 0 and co > 0 such that for all
icl, (s,t) €T and x,y,¢ € RY,

(48) 6585Xi(85t,xaya 4)‘ < Clt_(|a|+ 1Bl +d+1)/2 exXp <_C2 HCE - yH2 /t — C2 H<H2> )

and let us define I(x;)(s,t,z,y) = [ga Xi(s:t,2,y,¢) d(. Then {Z(x;)|i € I} is a bounded
subset of H;(RY).
Proof of Proposition [}-(i). It is enough to show that both B = {(1 %4 72)e|m1 € By, T2 €

Bs} are bounded.
Step 1. Let us first treat B_, i.e. the case when s is small. After the change of variables

z = x4 /5, we get (m1 g T2)— = T(Xr, x,) With
X;177T2 (87 ta z,Y, C) = 1’]’1_ (87 t)sd/Qg(x + C\/g)ﬂl(‘s? T, T+ C\/g)agT‘—Q(t - 5T+ C\/§7 y)
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It is enough to check that the family (X;l,m? (m1,m2) € By x By) satisfies the assumptions
of Lemma [[ with [ = ||. The first point is obvious. In order to check the second one, let

us fix o, f € N¢. According to Leibniz’s formula, (9%(95)(”177@(5, t,x,y,() can be written as
a weighted sum of terms of the form

X, ,0,9,0) = 1= (5,570 g 0+ CV)

822 (my (s, 2, + C/5)) B3 T O mo(t — 5,2 + C\/5, ),

with |og |+ |ag| +|as| = |al, so that in order to check (Bg) it is enough to show that for
each such (a1, ag,as) one can find ¢; > 0 and ¢p > 0 such that for all (w1, 72) € By x Ba,
(5,t) € Ty and x,y,¢ € RY |xa 52 (s,t,2,5,¢)| is less than the r.h.s. of (), with
I = |y|. Now, B; and Bs are bounded subsets of G(R?) so that from ([[F)-([[§) one can find
c3,¢5 > 0 and ¢4 > 0 such that for all (71, 72) € By x B, (s,t) € 7y and z,y,( € RY,

|3§2 (mi(s, 2,2 + C\/E))| < c3s Y exp <—C4 HCH2>

and
L) |0 0 malt — 5.+ Vo)
< 1y (s, t)ea(t — )50 0y (e 2=y + (VI /(0 - )
< 1T1,(8’t)c5t*(|a\+\ﬁ|+|v|+d)/2 exp <_C4 |z —y+ C\/EHZ /t)

where, for the last inequality, we have used the fact that when (s,t) € 7,7, t/2 <t —s <

t < 1. Now, using the fact that |z — z||* > ||z|* /2 — ||z||* for all z,z € R?, we see that
_ 2 .

for all (5,2) € Ty, G2+ llz — 5+ CI2 /¢ 2 (= yl? /e + [CIP)/2. Since g € Co(RY),

we can eventually find ¢; > 0 and ¢ > 0 such that for all (71, m2) € By X Be, (s,t) € Ty

and z,y,¢ € R?,

‘Xi,al,amag(sat’xvya 4)‘ < Clti(‘a|+|6‘+d+|f\/|)/2 €xXp (_62 ||$ - yH2 /t —C2 ||<||2) )

1,72

which completes Step 1.
Step 2. Let us now treat By, i.e. the case when s is large. After || integrations by
parts, we have

(7T1 *g,y 7T2)+(S,t,£6,y) = ]"]‘17L (S?t) /d (3;’(9(,2)771(5,3:, Z))WQ(t - S, Zay) dz.
R

Using Leibniz’s formula and making the change of variables z = y — {1/t — s, we get that
(71 %4~ 2)+ is a weighted sum of terms of the form Z(x;%;7?) with

N (3,1 ,9,C) = Ly (5,0)(t — 8) 207 gy — (V= 5)
0 (s, @,y — CVE — s)ma(t — s,y — (Vi — 5,9)
and |v1|+ |v2| = |7/, so that we are now in the position to apply the same arguments as

in Step 1 and get that the family (x;;747%, (1, m) € By x By) satisfies the assumptions of
Lemma [1§ with [ = |7|, which completes the proof. O

Proof of Proposition [B-(ii). From (i), we know that {m %, ma|m1 € Bi,m € Ba} is a
bounded subset of Ho(RY). It remains to prove that (L9) holds for p = 7 #40 m2 with
constants ¢; and ¢y which do not depend on (m,72) € By X By. As in the proof of
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Proposition f-(i), we treat (my *40m2)— and (w1 %40 m2) separately but analogously. That
is, after integrating by parts, the term (m; %40 m2)4 can be treated in the same way as
(m1%g,0m2)—. Thus we shall only deal with the latter term. We have (m1%40m2) -~ = Z(Xr, x,)
with

Xrima (86, 2,9,C) = 17— (5,0)s7 g (@ + (Vo)mi (s, 0 + (Vo) ma(t — 5,2 + (/5. y).

Then we write 0% (X7_r1,7r2 (s, t,x,x + yVt, C)) as a weighted sum of terms of the form

)2;1’537‘327042,@3(3715,.73,];,() = 1,1,1_ (37t)sd/23alg(x + C\/g)
02 (mi(s, w2+ (Vs)) 05 <772(t — 5,2+ (Vs x + y\/f)) :

with |og| +|as| + |as| = |a|. Then we use ([Lf) twice and the same arguments as in the
preceding proof to get ¢; > 0 and c¢o > 0 such that for all (7w1,m2) € By x Ba, (s,t) € Th
—1,02,(3

and 2.y, ¢ € RY, [{ni % (s, 6,2, , O] < e1t~4/2 exp(—cs [ly|[2 —e2 ||C|I), and an obvious
adaptation of Lemma [[§ completes the proof. O

3.2. Proof of Theorems f| and B. In this section, we assume (B) and (C). We first
want to prove Theorem [f. We recall that statement (i) is already known, see [, theorem
7, page 260. The next lemma is statement (ii).

Lemma 16. Under (B) and (C), for allt € (0,1], n > 1 and = € R, X;"* has a density
pu(t,z,-) and (p,,n > 1) is a bounded sequence in G(R?).

Proof. Tt is known that for all n > 1, k € {1,...,n} and 2 € R?, X&;”C has a density

Pnk(z, ) such that p,j is infinitely differentiable and satisfies ([8))-([d) with ¢ = ¢} and
two constants ¢ and ¢ which do not depend on n and & (see the proof of theorem 1.1, page
278, in [[]). Since |nt]/n > t/2 for all t > 1/n, this shows that the sequence (j,,n > 1)
defined by pn(t,7,y) = 1{n>11Pn, |ne) (7, y) is bounded in G(R?). If we denote by I'(t,x, )
the density of x + b(z)t + o(x)B; (t € (0,1]), we observe that when k& € {1,...,n — 1}
and t € (¢}, ), 1), X;"" has the density p,(t,z,-) = [ga Puk(z, 2)T(t =1}, 2,-) dz = (Pp *1,0
) (t7,t,7,-). Hence, for all t € (0,1], n > 1 and z € R%, X;"* has the density

Pk (T ) if t=1t% ke{l,...,n},
pn(t7x7 ) - F(taxa ) it S (07t?)7
(Pn *1,0 D)L}, 8, ,-) if te (), ke{l,...,n—1}

Observing that I' € G(R?%) and applying Proposition (i), we get that (p,,n > 1) is a
bounded sequence in G(R?). O

We shall now prove statement (iii) of Theorem f]. Recall (). We want to make explicit
Cy and R} as integral operators on R?. To this end, note that, applying recursively
Lebesgue’s dominated convergence theorem, we have that for all ¢ € (0,1], f € C(R?),

pol
z € R? and o € N,
(19) 0P@) = [ F0p(tw0) dy

The next lemma explicits C; as an integral operator. The function m which appears
there should be thought of as the kernel of C.
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Lemma 17. Under (B) and (C), there exists m € G1(RY), given by (21), such that for all
€ (0,1], f € C(R?) and = € RY,

pol

Cif(a /f w(t,2,y) dy

Proof. Using ([I0) for the first equality, (R9) for the third one and ({9) for the fourth one,

we have

t
20, f(z) = / P3P, f () ds

_ // (5,2, 2) L3Py f(2) dzds

- > [ [ gseets. 100 s 2 des

- Z / /]Rd /]Rd Y)95 .o (2)p(s, 7, 2)05p(t — s, 2,y) dydzds.

1<]a|<3

Using Fubini’s theorem, we see that to complete the proof it is enough to show that the
function 7 defined by

(50) w(t,x,y) = Z /p*gQ, )(s,t,x,y) ds

1<\a\<3
belongs to G1(R%). Now, p € G(R?) and, from Remark [T, P50 € Cp°(R9) so that we can
apply Proposition f(i): p *gx oD € H|a|(]Rd). In particular, fo (P *gs _aD)(s,0) ds €
Gla|—2(RY). Since |a] < 3 and by monotonicity of (G;(RY),l € 7Z), we finally get that
7 € G1(R?). To complete the proof, note that (5d) can be rewritten as (R1]). O

We have a similar representation for AY ,, recall (E1]). We say that a sequence (7", n > 1)
O(1/n%) in Gy(R?) if (nfn™,n > 1) is bounded in G;(R?).

Lemma 18. Under (B) and (CO), there exists a O(1/n?) sequence (7,n > 1) in G3(RY)
such that for all t € (0,1], f € C%(RY) and = € R?,

pol

A7 f( /f (y)r2 (¢, 2, y) dy.

Proof. Recall (if)). From Remark [[T], there is a family (g‘?';7E o 1 < Jal <4) in C°(RY) such
that L? = 21§|a\§4 gfaaa, so that, using (f9), we have

(P L5Prgp — PsL3Pry) f(

Z / / / g3 J(2)p(u, x, 2)05p(t — u, 2,y) dydzdu.
Rd

1<|al<4
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Using (1), we get A}, f(z) = [pa f(y)77 (L, 2, y) dy with 7} = 7} ) + 775 and

\_nt]—l tn s
1 k+1
it x,y) = ~5 E E /t /t” (p *F o p) (u,t,z,y) duds,
" ,

n
1<|aj<4 k=0 "'

n 1 !
WI,Q(taxay) = _% Z /LtJ/ (p*gé"a,ap)(‘s?taxay) ds.

1<|a|<3

Now Proposition [-(i) states that p *infa . b and p *g5 g P belong to HM(Rd). Hence

(Jer

k
(ft'n_J/n(p*ggmap)(s, )ds,m >1)is O(1/n) in g‘a|(]Rd). As a consequence, (7‘(‘?71,’11 >1)
is O(1/n?) in Go(RY) and (T72,n > 1) is O(1/n?) in G3(RY). Eventually, (77,n > 1) is
O(1/n?) in G3(RY). O

et ftzl(p *# a p)(u, -+, -) duds,n > 1,k € {0,...,n —1}) is O(1/n?) in QM(Rd) and

We shall now prove an analogous lemma for A7 ,.

Lemma 19. Under (B) and (CO), there exists a O(1/n?) sequence (75, n > 1) in G3(RY)
such that for all t € (0,1], f € C2(RY) and x € R?,

pol

40w = [ )ty du

Proof. Since Pt%LEPt_tZ = Py L3Py when k =0, (#2) reads

[nt]—1

2n2A3’tf(x) = Z ( trib - PtZ)LSPt—tgf(x)
k=1

YD / (9n — DI 7, 2) .0 ()0 Proip (=) diz

1<[al<3 k=1 ‘R
[nt]—1
= 3 S [ o= 602058~ 12y dy
1<[al<3 k=1 JR¢JR?
where we have used (RJ) for the third equality and () for the fourth one. From Remark
[, Po € C’g’o(Rd) so that to complete the proof it is enough to show that whenever
g € C°(R?) and o € N?, the sequence (7, n > 1) defined by

[nt]—1 [nt]—1
T(ta,y) =Y /Rd(pn—p)(tﬁmZ)g(Z)aé’p(t—tZ,z,y)dz= Y ((Pa=p)*gap)(t}: 1,2, y)
k=1 k=1

is bounded in QM(Rd). And to do so, it is enough to show that the sequence (p?z,n >
2,k e {1,...,n—1}) defined by

p?Z(t,x,y) = 17—1 (tz’t) ((pn _p) *g,a p) (tz,t,x,y)
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isO(1/n)in Gy +o(RY). Let us write ,0?2{7(25, z,y) = 1r- (ty, t)p;% (t,z,y) and p?zfr(t, x,y) =
Lr+ (tg,t)p% (t,z,y) so that p?z = p&f + p&fr.

Let us first prove that (p&f,n >2ke{l,...,n—1})is O(1/n) in Q‘QHQ(Rd). The
sequence (mp,n > 2,k € {1,...,n — 1}) defined by mn (¢, z,y) = 1r- (ty,t)g(x)0sp(t —
ti,z,y) is bounded in Gy (RY), since ¢ — ) > t/2 when (t,t) € T;". Now note that
p%{_ = %th — Ppmp = A?ZMZ (see (1)) in the appendix for the definition of P'm, Pyr
and A"m when 7 € G;(R?)). Thus, from (B§)-(B9) and (B7) applied with j = 1,

k—1 1/n S1 9

,— __ . F

p =2 / / P, @1 n it oy dsadsy.
m=0"0 0

Proposition P4 in the appendix states that the family (P& @Z’metg,tgnﬂmg,n > 2,k e
{1,....n—=1},m e {1,...,k—1},s € [0,1/n]) is bounded in G4 +4(R?). Since k < [nt]
when (t7,t) € 77, this implies that (pZ:f,n >2.ke{l,...,n—1})isO(1/n) in Q|a‘+2(Rd).

Let us now prove the same for p™*. After |a| integrations by parts and after setting
z =y — (t—s, we get that ((p, — p) *g.a P)+ is a weighted sum of terms of the form

T(xwtas) - see Lemma [[ - with

X oo (5, 1,2,9,0) = L (s,6)(t = 9)720™ g(y — (VE—s)

05 (pn = p)(s, 2,y = (VL = s)p(t — s,y — (Vi = 5,y)
and |aq |+ |az| = |a]. Now, from Corollary P2 in the appendix, (p, —p,n > 1) is O(1/n) in
Go(R?) so that, using the same arguments as in Step 2 of the proof of Proposition f}-(i), we
get that ((pn — p) #g.a P)+ is O(1/n) in Hiq| y2(R?). Since i (t,2,y) = L+ (17, 1) ((pn —
P) *g.a D)+ (3, t,x,y), we conclude that (pf;cﬁ,n > 2,k € {l,...,n—1}) is O(1/n) in
g\a| +2(Rd)' U

Lastly, starting from ([iJ), Lemmas P and PJ with j = 2 imply
Lemma 20. Under (B) and (C), there exists a O(1/n?) sequence (7%,n > 1) in G4(R?)
such that for all t € (0,1], f € C%(R?) and x € RY,

pol

jof@) = [ f)m ) dy.

Statement (iii) of Theorem [f is now proved: it follows from ([i5), (i) and Lemmas [[7,
1§, [[4 and P4,

We now also have all the tools to prove Theorem f. Indeed, note that (Bg) combined
with Lemmas P and PJ imply that we have an expansion of arbitrary order j for p, — p:

(P =p)(t, ) = Z ilni Z gl () + 7™t ) + Z #1#7\;’1%/71(75’ )
i=2 k=0 i=2 ’

Since (1™, n > 1) is O(1/n) in Go;(R?) and (wl%’j,n > 1,k € {0,...,n}) is bounded in
G2 (RY), this gives (B) with (74,7 > 1) bounded in Go;—2(R?) and (Tpm > 1) and
(7" .,n > 1) bounded in Go;(R?).

n,i?
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4. APPENDIX
4.1. Kernel of R™J. Here we make explicit the kernel of the remainder R} . recall B9):
Lemma 21. Under (B) and (C), for each j € N*, there exists a O(1/n/) sequence
(r™,n > 1) in Goj(RY) such that for all t € (0,1], n > 1, f € C3(RY) and x € RY,
Ry f(@) = [ fly)™(t,y) dy.
R

Proof. From (B9) and (B7), R}’ = Ri’tj + ng’tj where

[nt]—1 1/n  ps1 S5
o= PRo™t P ds; dsod
Rl,t = tn P 1l bty @841 dS2dsT,
o 70 0 0

nj t—|nt]/n  ps1 s; . il
RZ:t — /0 /O e A PLntJ/n¢8;+l7t7LntJ/n d8j+1 e dSstl-

Let us first deal with R?tj . Using the fact that k& > 1 for the first equality, (BJ) for
the second one, the fact that P/, Pi4p = Prtp_s for the third one, and (@) and

k+1

Fubini’s theorem for the last one, we have for all f € CS5(R?), z € R, ¢t € [0,1], n > 1,
ke{l,...,|nt] —1} and s € (0,1/n),

PRt P f(x)

I
s,1/n k+1

= /Rd pn(tz, x, Zl)‘l)z’f/npt,terlf(zl) dz1
mja

= S [l 0P i Py iy, T o)
1<]a<2;5 1=1

Mj,o

- > Z/d/dpn(tz,l“,Zl)gj,a,l(zl)Pn(S,Zl,Zz)hj,a,l(Zz)(?aPtt;;sf(22)d22d21
R JR

1<]al<2j 1=1
= [ F)e sty dy
where go?zlj =D 1<|al<2j e go%;{a,l with
<p?2;{a’l(s,t,x,y) =1(0,1)(8) L, 1))
L0 50000 P 5.2 s (2) 5= = 5,20.9)

Now, setting q&;jal(u,x,z) = Lip 1) (W) (Pn *g; 0.0 Pn)(t, u, 2, 2), it follows from Propo-
sition (i) that (q&{jal,n > 1,k € {1,...,n}) is a bounded sequence in G(R?). Since
@?ﬁj’ml(s,t,x,y) = 1(0,%)(5)1[152“,1](15)(‘1%?@71 *h, e D)t + s,t,2,y), Proposition f-(i)
shows that (90?;5]@1’” > 1,k € {1,...,n}) is bounded in H|a‘(Rd), so that (gp?;{],n >

1,k € {1,...,n}) is bounded in Ha;(R?).
When k£ = 0, we have in the same way for all f € Cgﬁl(Rd)

¥4 P @) = [ P (s t0) dy
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where 900 =D 1<|al<2j > 900 4 with
@0:047[(85 t, xz, y) = 1(07%) (5)1[%71} (t)g],a,l(x)(pn *hj,a’l,oz p)(S, t, €, y)
Again Proposition f-(i) imply that (gpg’j, n>1)is bounded in HQJ( ),
Eventually, for all f € C25(R?), we have Ri’t = Jga [( I(t,z,y) dy with
|_ntJ 1

1/n
(t Zz y / / / (Ptr{j+ 8]+1, t,x, y) d8j+1 -+~ dsodsy,

and since the family (gotyi]Jrl n>1,k €{0,...,n}) is bounded in Ha;;2(R?), the sequence

(X n > 1) is O(1/n7) in Go;(RY).
As for Rg,’t] , similar arguments lead to

Pl gl @) = [ P06 st dy

,' m;j 7.7
where ¢™7 =371 2| 1<0; 204" Bg With

J [nt] [nt]
gbg,‘l](sa t, xZ, y) = 1[%71} (t)l(oﬂf—%) (S) /Rd (pn *gj,ot,lyo pn) < o s " + S, T, 29
o [nt]
hj,oz,l(z2)82p t— T —S5,22,Y dZQ + 1{0<5<t<%}gj,a’7l(x) (pn *hj’aJ,Oé p) (57 t’ €, y)
We can treat QSZ’ZI exactly as we have treated gp?’j i and get that (¢™7,n > 1) is bounded
in Ha;(R?), so that ng’tj has a kernel (ry” > 1) defined by
. t—|nt]/n  prs1 j )
T;’J(taﬁﬂay) = / / / ¢"’]+1(5j+1,t,x,y) d8j+1 "'dSQdSl
0 0

0
which is O(1/n7) in Goj(RY). ‘ '
Eventually, putting r™J = r1? + ry* completes the proof. O
In particular we have
Corollary 22. Under (B) and (C), (pp — p,n > 1) is O(1/n) in Go(R%).
Proof. From (Bg) applied with j = 1 and Lemma RI], we have for all f € C(R?)

@@ —p)(tay) dy = AL f(0) = B @) = | F)r ¢ ay) dy

so that p, — p = r™!, and Lemma R1] gives the result. O

Eventually, we have kernels for the operators Pt% LiP gy

Lemma 23. Under (B) and (C), for each j € N*, there exists a bounded sequence
(wtn ,n>1,k€{0,...,n}) in Goj(R?) such that for allt € (0,1], n > 1, k € {0,..., |nt|},
f € CX(RY) and x € Rd,

pol
P Li P f (2 / F@)UE (¢, 2, y) dy.

The proof is omitted since it copies the arguments of the proof of Lemma P1] - it is even
a bit simpler.
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4.2. Operators on G;(R%). When 7 € G(R?), n(t,-,y) € L®(R?) so that for s € [0, 1]
and n > 1 we can define two functions Pym and P*m on (0,1] x R? x R? by Pyx(t,-,y)

l{sgt}PS(W(t7 K y)) and Psnﬂ-(ta " y) = l{sgt}Psn(Tr(t? K y))a Le.

(51) PST"(t? Z, y) = 1{S§t}E [7T (tv X§7 y)] and Psnﬂ'(ta €T, y) = l{sgt}E [7T (t7 X;WC’ y)] :
We also write Ar = PPt — P,m. For j € N* we denote by ® the family (@Z’f/n,n >
1,5 € [0,1/n]) of operators on G;(R?) defined as in (BI) by

tI)Z’f/nw(t,x,y) =E [L?Pl/n_sﬂ' (t,Xg’x,y)] ,

i.e., using (B0),

mjya
(52) V= Y Y Ghaal (e Piyn) -
1<[al<2j =1

Denoting by Ly(G;(RY), Gy (R?)) the space of all morphisms mapping any bounded subset
of G;(R?) into a bounded subset of Gy (R?), we then have

Proposition 24. Under (B) and (C), (Ps,s € [0,1]) and (Pl,s € [0,1],n > 1) are
bounded families in L,(G(RY)), and ®7 is a bounded family in L,(Gi(R?), Gi1a;(RY)).

Proof. Let us first deal with (Ps). Let 7 € G;(R?). P is measurable. Moreover, Lebesgue’s
dominated convergence theorem shows that Psm(t, z,-) is infinitely differentiable and that

for all § € N¢
85P87T(t7 €T, y) = 1{s§t}E |:8gﬂ- (t7 X;Ba y)] :

Hypothesis (A) ensures that a version of X* can be chosen such that for each ¢ > 0, the map
r +— X7 is infinitely differentiable (see, for example, [[[0]). Since agw(t, LY) € ngl(Rd),

it follows from Theorem 3.14 page 16 in [LT]] that 65 Pyn(t,-,y) is infinitely differentiable
and that for all a € N there exists universal polynomials (Il,,,, || < |a|) such that

(53)  OONPr(tny) = Lpacy Y. B [0500m (1, X2 y) Moy (94XF, || < |a])|
1l<le

with

(54) sup  E[M,, (95X, V] < |a])’] < oo
s€[0,1],z€RY

for all || < |a|. As a consequence, Psm(t, -, -) is infinitely differentiable and using Cauchy-
Schwarz’s inequality, ([[4) and (F4), we see that for all bounded B C G;(R%) and «, # € N¢,
there exists two constants ¢; > 0 and ¢ > 0 such that for all 7 € B, s € [0,1], t € (0,1]
and z,y € R,

1/2
(55)  |00g Pt w,)| < erlpueyt (9 HIIHEDRE fexp (—cp X3 -y )]

Now, partitioning Q into {|| X2 — y|| < ||z — y|| /2} and {|| X — y|| > ||z — y|| /2}, we have

(56) E [exp (—eo X3 = yl* /1) | < P(IX; =yl < llz =il /2) +exp (—es 2 =yl /at) -
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Using ([[6) for p € G(R?) for the fourth inequality, we can find c3,c5 > 0 and c4,c6 > 0
such that for all s € (0,1] and =,y € R?,

P(|IXT —yl| < |lz—yll/2) < P(IXT—z||>|z—y|/2)
B /Rd L{j—al|2lla—yll /23 2(8; T, 2) dz
= /Rd Lje)zlle—yll /2v53P(S: 2, @ + £/3)s%? dg
< o /Rd L{jigli>[le—y] /2/5} €XP(—C4 1€]1%) de

(57) < csexp (—colle—yl?/5).-

Eventually, from (pq) and (1), we can find ¢; > 0 and cg > 0 such that for all s € [0, 1],
t €(0,1) and z,y € RY,

1< B [exp (—2 X3 = yl? /)| < esexp (s llz =yl /t) + exp (—ea |lz =yl /4¢)

(58) < crexp (—08 |z —y|? /t) )

IN

It is enough to inject (Bg) into (F) to complete the proof for (Ps).

This proof naturally extends to the case of (P"). Indeed, (5J) holds with (X", P")
instead of (X, P). Moreover, from Lemma P6, (54) holds uniformly in n with X™ instead
of X. Eventually, (57) holds with X instead of X, uniformly in n because (p,,n > 1) is
bounded in G(RY).

As for @7, it is enough to use (f3), the boundedness of (Ps) and (P?), Remark [ and
the facts that multiplication by a function in B belongs to Eb(gl(Rd) G(R%)) and that
35 € L(GI(RY), Gryja)(RY)). O

4.3. Moments for the Euler scheme and its derivatives. Let us assume (A). Then
it is known that X;"* has bounded moments of any order and that for all ¢ € N, one can
find ¢ > 0 such that for all 2 € R¢,

(59) sup B[ X)) < e (1 + [l]h)
t€[0,1],n>1

(see [[3]). From ({f), z — X" is infinitely differentiable and we shall see that analogous

upper bounds hold for its derivatives. Following [L]], for m > 1, we denote by Xt(m)’n"'r
the m-th derivative of z — X;"* at point z. It should be thought of as a d x d™ matrix.

),n,x

For instance, Xt(1 is the jacobian matrix of x — X;"*. Differentiating ([]), we have

t
(1),n,a: _ ( ) n,xr 1),n T n,x (1)7n T _]
(60) Xt =1+ /0 b (XLnsJ/n ns|/n ds + Z/ X |ns|/n X[nsJ/n dB
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where I stands for the identity matrix and o; is the j-th column of o. Besides, by induction,
there are for each m > 2 universal polynomials P, ;, j € {0,...,7}, such that

t
(m)nz _ (1) (m),n,z (m),n,z j
(61) Xt _/0 b (XLWSJ/")X [ns|/n ds +Z/ nsJ/n XLnsJ/n dB

/QmO nsJ/nd5+Z/ Q m,J, LnSJ/" S

where

n,x n,T n,T 1),n,x m—1),n,x
(62) { QTY{,O,t = Pm,o(b(Q)(Xt ),,b( )(Xt )aXt( ) ’--'aXt( ) )a

Qe = Paalo)? (X000 O, X0 X0,
This is analogous to (1.8) page 4 in [[L1l]. Then we have

Lemma 25. Under (A), for allm > 1 and q € N, there exists ¢ > 0 and ¢’ € N such that

for all x € RY,
q /
(63) sup E [th(’”)“ } <c <1 + quq) .
Proof. We give a proof by induction on m. Let us first assume that m = 1. Let ¢ € N.

te[0,1],n>1
From (B(), and observing that (A) states that b(!) and all the Uj(»l) are bounded, Jensen’s
and Burkholder-Davis-Gundy’s inequalities lead to the existence of ¢ > 0 such that for all

t€10,1], n > 1 and 2 € RY,
q n||?
} §c<1+/ |:HXL111?97J/11 ] ds).

o[
Taking this inequality at time |nt|/n and applying Gronwall’s lemma, we get that
sup H‘X )

t€[0,1],n>1,z€R4

From (), one easily checks that the same holds at time ¢ instead of |nt|/n, so that (6J)
holds for m = 1 with ¢’ = 0.
Let us now assume that (B3) holds for the m — 1 first derivatives. Let ¢ € N. From

(F1), and observing again that (A) states that b() and all the O'](~1) are bounded, Jensen’s
and Burkholder-Davis-Gundy’s inequalities lead to the existence of ¢; > 0 such that for
allt €[0,1], n > 1 and = € RY,

] s

q} <a / [HXWW d5+/ ZE HQ el

Using (BY), the induction hypothesis, (A) and (pd), we find co > 0 and ¢’ € N such that
for all s € [0,1], n > 1 and 2 € RY,

ZE @ ey

Thus, taking (64) at time LntJ /n and applying Gronwall’s lemma, we find ¢ > 0 such that
for all z € R?,

o] < oo

(64) E[|ximne

T<e(1+1a0).

X(m n,r

I [
J,;n>1 [nt]/n

e+ hal”).
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From ([, one easily checks that the same holds at time ¢ instead of |nt|/n, which completes
the proof. O

Observe that, under (B), the above proof holds with ¢’ = 0 so that we have
Lemma 26. Under (B), for allm >1 and q € N,

sup E H’Xt(m)’n’m
te[0,1],n>1,x€RE

q
]<oo.
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