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Abstract

The objective of this article is to build up a general theory of geometrical optics
for spinning light rays in an inhomogeneous and anisotropic medium modeled on a
Finsler manifold. The prerequisites of local Finsler geometry are reviewed together
with the main properties of the Cartan connection used in this work. Then, the
principles of Finslerian spinoptics are formulated on the grounds of previous work on
Riemannian spinoptics, and relying on the generic coadjoint orbits of the Euclidean
group. A new presymplectic structure on the indicatrix-bundle is introduced, which
gives rise to a foliation that significantly departs from that generated by the geodesic
spray, and leads to a specific anomalous velocity, due to the coupling of spin and
the Cartan curvature, and related to the optical Hall effect.

Keywords: Presymplectic manifolds, Geometrical spinoptics, Finsler structures
Mathematics Subject Classification 2000: 78A05, 70G45, 58B20
Preprint: CPT-P29-2007

*mailto: duval@cpt.univ-mrs.fr
TUMR 6207 du CNRS associée aux Universités d’Aix-Marseille I et II et Université du Sud Toulon-Var;
Laboratoire affilié & la FRUMAM-FR2291



Contents

[l Introduction| 2
2 Finsler structures: a compendium 7
P.1 Finsler metricd . . . . . . . . ... 7
.1.1 Anoverview. . . . . . . . ... 7

P.1.2  Introducing special orthonormal framed . ... .. ... ... 8

R.1.3 The non-linear connectiof . . . . . . . ... ... ... ... .. 10

R.2 Finsler connectiond . . . . . . . . ... .. 12
R.2.1 The Chern connection| . . . . . .. ... ... ......... 12

P.2.2  The Cartan connectior] . . . . . . . o oo v v v it 15

B Geometrical optics in Finsler spaces 17
B.1 Finsler geodesicd . . . . . . . ... 17
B.2 Geometrical optics in anisotropic medial . . . . . . .. .. ... ... 19
B.2.1 The Fermat Principld . . ... ... ... ... .. ...... 19

B.2.2 Finsleropticd . . . . . . . . ... 21

B.2.3  The example of birefringent solid crystald . . . .. ... ... 23

U  Geometrical spinoptics in Finsler spaced 24
#.1 Spinoptics and the Euclidean groug. . . . . . . . .. ... ... ... 25
#.1.1 Colored light rayd . . . . ... ... .. ... ... ...... 26

g.1.2  The spinning and colored Euclidean coadjoint orbity . . . . . 27

.2  Spinoptics in Finsler-Cartan spaced . . . . . . . . . . . .. ... ... 29
g.2.1 Minimal coupling to the Cartan connection| . . . . . ... .. 29

[.2.2  The Finsler-Cartan spin tensoq . . . . . . . o v v v v v oo . 32

#.2.3 Laws of geometrical spinoptics in Finsler-Cartan spaced . . . 33

5 Conclusion and outlook 38

1 Introduction

Geometry and optics have maintained a lasting relationship since Euclid’s Optics
where light rays were first interpreted as oriented straight lines in space (or, put in
modern terms, as oriented, non parametrized, geodesics of Euclidean space). One
can, withal, trace back the origin of the calculus of variations to Fermat’s Principle
of least optical path. This principle has served as the basis of geometrical optics in
inhomogeneous, isotropic, media and proved a fundamental mathematical tool in
the design of optical (and electronic) devices such as mirrors, lenses, etc., and in the

understanding of caustics, and optical aberrations.



Although Maxwell’s theory of wave optics has unquestionably clearly superseded
geometrical optics as a bona fide theory of light, the seminal work of Fermat has
opened the way to wide branches of mathematics, physics, and mechanics, namely,
to the calculus of variations in the large, modern classical (and quantum) field
theory, Lagrangian and Hamiltonian or presymplectic mechanics.

It should be stressed that Fermat’s Principle has, in essence, a close relationship

to modern Finsler geometry, as it rests on a specific “Lagrangian”

F(x,y) = n(x)y/dij y'y? (1.1)

where y = (y') stands for the “velocity” of light, and n(x) > 0 for the value of the
(smooth) refractive index of the medium, at the “location” z in Euclidean space.
(Note that Einstein’s summation convention is tacitly understood throughout this
article.) As a matter of fact, the function ([[.1)) is a Finsler metric, namely a positive
function, homogeneous of degree one in the velocity, smooth wherever y # 0, and

such that the Hessian g;;(z,y) = (%Fz)y . is positive-definite (see Section P.1]). Al-

iy
though, this is a very special case of Finsler metric — it actually defines a conformal-
ly flat Riemannian metric tensor, viz., g;j(z) = n?(x) §;; —, this fact is worth noting
for further generalization. The geodesics of the Fermat-Finsler metric ([L.1) are a
fairly good mathematical model for light rays in refractive, inhomogeneous, and non
dispersive media — provided polarization of light is ignored!

It has quite recently been envisaged to consider a general Finsler metric F'(z,y)
to describe anisotropy of optical media, as the Finsler metric tensor, g;;(z,y), de-

pends, in general non trivially, on the direction of the velocity, y, or “élément de

support” in the sense of Cartan [[[§. This enables one to account for the fact
that [, g
In an anisotropic medium, the speed of light depends on its direction,

and the unit surface is no longer a sphere. (Finsler, 1969)

The Fermat Principle has also been reformulated in the presymplectic framework

in [[16], and generalized in [L7] to the context of anisotropic media. By the way,
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the regularity condition imposed, in the latter reference, amounts to demanding a
Finsler structure.

One thus takes for granted that oriented Finsler geodesics may describe light
rays in anisotropic media.

A Finslerian version of the Fermat Principle now states that the second-order
differential equations governing the propagation of light stem from the geodesic
spray of a (three-dimensional) Finsler space, (M, F'), given by the Reeb vector field
of the contact 1-form

w = w3, (1.2)

where w3 = F: dz' is, here, the restriction to the indicatrix-bundle, SM = F~1(1),
of the Hilbert 1-form. See Section [, and also [23].

Now, geometrical optics is, from a different standpoint, widely accepted as a
semi-classical limit [I4] of wave optics with “small parameter” the reduced wave-
length X (or A/L, where L is some characteristic length of the optical medium, see,
e.g., [[J]). It has, however, recently been established on experimental grounds that
trajectories of light beams in inhomogeneous optical media depart from those pre-
dicted by geometrical optics. See, e.g. [[L0, 13, ], and [BZ, BJ], for several approaches
to photonic dynamics in terms of a semi-classical limit of the Maxwell equations in
inhomogeneous, and isotropic media, highlighting the Berry connection [f]. See
also [P4]. The so-called optical Hall effect for polarized light rays, featuring a very
small transverse shift, orthogonal to the gradient of the refractive index, has, hence,
received a firm theoretical explanation.

From quite a different perspective, a theory of spinning light in arbitrary three-
dimensional Riemannian manifold has been put forward as an extension of the
Fermat Principle to classical, circularly polarized photons, in inhomogeneous, (es-
sentially) isotropic, media. This theory of spinoptics, presented in [R]], and [3],
relies fundamentally on the Euclidean group, E(3), viewed at the same time as
the group of isometries of Euclidean space, E?, and as the group of symmetries of

classical states of free photons represented by FEuclidean coadjoint orbits. Straight-
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forward adaptation of the general relativistic prescription of minimal coupling [B(,
B9, iJ) readily yielded a set of differential equations governing the trajectories of
spinning light in inhomogeneous, and isotropic media described by a Riemannian
structure. Also did this formalism for spinoptics help to put the optical Hall effect
in proper geometrical perspective, in agreement with [@]

The main purport of the present article is, as might be expected, to try and
provide a fairly natural extension of plain geometrical optics — in non-dispersive,
anisotropic, media described in terms of Finsler geodesics — to spinoptics, i.e., to
the case of circularly polarized light rays carrying color and helicity in such general
optical media. In doing so, one must unavoidably choose a linear Finsler connection
from the start (see ([.3)), the crux of the matter being that there is, apart from
the special Riemannian case, no canonical Finsler connection at hand. The chal-
lenge may, in fact, be accepted once we take seriously the Euclidean symmetry as
a guiding principle, a procedure that can be implemented by considering the dipole
approximation to ordinary geometrical optics, namely the spinning coadjoint orbits
of the Euclidean group. This is the subject of Section | which contains the main
results of this article, where the Finsler-Cartan connection prevailed definitely over
other Finsler connections, as regard to the original, fundamental, Euclidean sym-
metry of the free model. Let us, however, mention that all resulting expressions,
for the foliations we end up with, ultimately depend upon the Finsler metric tensor,
the Cartan tensor, and the Chern curvature tensors only.

The hereunder proposed principle of Finsler spinoptics (see Axiom [L.5, which can
be understood the prescription of minimal coupling to a Finsler-Cartan connection)

thus amounts to consider, instead of ([.9), the following 1-form
w:wg—i-)\@lg, (1.3)

where X is the (signed) wavelength, the Oy, with a,b = 1,2, 3, representing the
components of the Cartan connection associated with a three-dimensional Finsler

manifold (M, F). The 1-form ([.3) might be considered as providing a deformation



of the Hilbert 1-form driven by the wavelength parameter, A. See Remark [I.§ below.

The characteristic foliation of the novel 2-form ¢ = dw is explicitly calculated,
and leads to a drastic deviation from the Finsler geodesic spray, dictated by spin-
curvature coupling terms which play, in this formalism, quite a significant role, as
expressed by Theorem [.12. Of course, the equations of spinoptics in a Riemannian
manifold [RI]] are recovered, as special case of those corresponding to a Finsler-
Cartan structure. We assert that this foliation can be considered a natural extension
of the Finsler geodesics spray to the case of spinoptics in Finsler-Cartan spaces.

The paper is organized as follows.

Section | provides a survey of local Finsler geometry. We found it necessary
to offer a somewhat technical and detailed introduction of the objects pertaining
to Finsler geometry, in particular to the various connections used throughout this
article, to make the reading easier to non experts. Emphasis is put on the Chern
and Cartan connections, as these turn out to be of central importance in this study.
This section relies essentially on the authoritative Reference [ff].

In Section [, we review the principles of geometrical optics, extending Fermat’s
optics to the area of Finsler structures characterizing anisotropic optical media.
Then, special attention is paid to the Hilbert 1-form in the derivation of the Finsler
geodesic spray. The connection of the latter to the Fermat differential equations
associated with conformally related Finsler structures is furthermore analyzed.

Section | constitutes the major part of the article. It presents, in some details,
the basic structures arising in the classification of the SE(3)-homogeneous symplec-
tic spaces, which are interpreted as the seeds of spinoptics, namely the Euclidean
coadjoint orbits labeled by color, and spin, according to the classic [B§]. The core of
our study consists in the choice of a special Finsler connection, namely the Finsler-
Cartan connection, to perform minimal coupling of spinning light particles to a
Finsler metric. This is done and explained in this section, in which the derivation of
the characteristic foliation of our distinguished presymplectic 2-form dew, see ([.3),

is spelled out in detail. This completes the introduction of Finslerian spinoptics.



Conclusions are drawn in Section [, and perspectives for future work connected

to the present study are finally outlined.

Acknowledgments: It is a great pleasure to thank J.-C. Alvares Paiva, S. Tabach-
nikov, and P. Verovic, for useful correspondence and enlightening discussions. Thanks

are also due to P. Horvathy for valuable advice.

2 Finsler structures: a compendium

2.1 Finsler metrics

2.1.1 An overview

A Finsler structure is a pair (M, F') where M is a smooth, n-dimensional, manifold
and F : TM — RT a given function whose restriction to the slit tangent bundle
TM\M = {(z,y) € TM|y € T,M\{0}} is smooth, and (fiberwise) positively
homogeneous of degree one, i.e., F(z,\y) = AF(x,y), for all A > 0; one furthermore

demands that the n x n Hessian matrix with entries

gij(x,y) = <%F2> N (2.1)
y'y?
be positive-definite, (g;;(z,y)) > 0, for all (x,y) € TM\ M.
The quantities g;; defined in (R.1]) are (fiberwise) homogeneous of degree zero,

and

g = gij(r,y)dr’ ® da? (2.2)
defines a sphere’s worth of Riemannian metrics on each T, M parametrized by the
direction of y. See [f]. We will put (g%) = (g;;)~'. If 7 : TM\M — M stands for
the canonical surjection, the metric (or fundamental) “tensor” (2:9) is, actually, a
section of the bundle 7*(T*M) @ n*(T*M) — T M\ M.

The distinguished “vector field” (the direction of the the supporting element)

u= uiﬁ, where u'(z,y) = F(i,y)’ (2.3)
is, indeed, a section of 7*(TM) — T M\ M such that
g(u,u) = gijule! = 1. (2.4)



There is, at last, another tensor specific to Finsler geometry, namely the Cartan

tensor, C = Cyji(w, y)dx' ® da? ® dz¥, whose components are given by
Lo
Ciju(z,y) = ZF . (2.5)
yiyiy*
As in [f], we will also use ad lib. the quantities
Lemma 2.1. The Cartan tensor enjoys the following fundamental properties
Aijk = Aijis (2.7)
where the round brackets denote symmetrization, and
Agpu® = 0. (2.8)

Proof. The tensor A;j, = %F 0gij /OyF, is totally symmetric in view of the defini-
tion (R.5). Equation (R.§) follows from the fact that the g;; are, indeed, homogeneous

of degree zero, ykagij/(?yk = 0. O

There is a wealth of Finsler structures, apart from the well-known special case
of Riemannian structures (M, g) for which F(z,y) = \/gij(x)y'y’. For instance, let
a = a;j(z)dz’ ® dz’ be a Riemannian metric, and b = b;(x)dz’ a 1-form on M; put

then o = \/a;j(x)y'y7 and 3 = b;(z)y’. Then
Fla,y)=a+p (29)

is, indeed, a Finsler metric, known as the Randers metric, if a”(z)b;(z)b;(z) < 1,
for all z € M. See, e.g., [, [I, Bl for a survey, and for a list of examples of Finsler
structures. We will give below, see (B.11), another example of Finsler structure

associated with optical birefringence [f].
2.1.2 Introducing special orthonormal frames

Having chosen a coordinate system (z¢) of M, we denote — with a slight abuse

of notation — by 9/0x! (resp. dz') the so-called transplanted sections of m* (T M)
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(resp. 7 (T*M)), Accordingly we will denote by 3/0y" (resp. dy') the standard,
vertical, sections of T(TM\M) (resp. T*(TM\M)).

Introduce now special g-orthonormal frames (eq,...,e,) for 7*(T'M), such that
g(€as €p) = dap, (2.10)

for all a,b =1,...,n, with, as preferred element, the distinguished section
en = u. (2.11)

Recall that each e, lies in the fiber 7*(T M) above (x,y) € TM\M.

(z,y)

The local decomposition of these vectors is given by

ea =€ ai)ci’ (2.12)

foralla = 1,...,n, where the matrix (¢!, defined at (z,y) € TM\M, is nonsingular.
We thus have
el = u'. (2.13)

The dual frames, for 7*(T*M), which we denote by (w',...,w™), are such that

w?(ep) = o, for all a,b=1,...,n. Accordingly, we have the local decomposition
W = widz', (2.14)
for all a =1,...,n, where (w?) = (e}) L.

Definition 2.2. The 1-form dual to e, is called the Hilbert form,
wg =w". (2.15)
Resorting to (R.d), we obtain in a straightforward way the
Proposition 2.3. The Hilbert form reads
wy = u; dz’ (2.16)

with u; = giju! = F,i, where the gi; are as in ([2.1).



The following proposition introduces the principal bundle of orthonormal frames

above the slit tangent bundle of a Finsler manifold.

Proposition 2.4. The manifold, SO,,_1(TM\M), of special g-orthonormal frames
for m*(T M) is endowed with a structure of SO(n —1)-principal bundle over TM\M .
If GLi(M) stands for the bundle of positively oriented linear frames of M, it is
defined by SO,_1(TM\M) = ¥~1(0) where ¥ : 7*(GL,(M)) — Rz D)  Rr—1
s given by

\Il(x’ Y, (ea)) = ((g(x,y) (eaa eb) - 6ab)a Yy—= F(xa y)en) (217)

where a,b=1,...,n.

Proof. The differentiable mapping ¥ has 0 € R2(*+3n-2) 54 5 regular value, whence
the manifold structure of SO,,_1(T'M\M). The constraints ¥(z,y, (e,)) = 0 indeed
correspond to (2.10), (R.3) and (R.11)). One easily checks that W—1(0) is preserved
by the subgroup of GL, (n,R) of those matrices M € SO(n) such that M,* = 6,

i.e., M € SO(n—1), whose right-action is given by (z, v, (e4)) — (x,y, (e M,2)). O

Corollary 2.5. Let SM = F~Y(1) denote the indicatriz-bundle of a Finsler man-
ifold (M, F), and v : SM — TM\M its embedding into the tangent bundle of M.
The pull-back SO,_1(SM) = *(SOp—1(TM\M)) is a principal SO(n — 1)-bundle
over SM.

Proof. The bundle of special orthonormal frames, SO,,_1(SM) = (¥ o ¢)~1(0), is,
indeed, a principal SO(n — 1)-bundle over SM since the metric tensor, g, ), in the
right-hand side of Equation (R.17) is homogeneous of degree zero in the supporting

element, y. O
2.1.3 The non-linear connection

Let us recall that the Finsler metric, F', induces in a canonical fashion a splitting of

the tangent bundle of the slit tangent bundle 7 : TM\M — M of M as follows:
T(TM\M)=V(TM\M)® H(TM\M), (2.18)
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where the vertical tangent bundle is V(T'M\M) = ker m,. The fibers, V| of that

TY)s
subbundle are spanned by the vertical local basis vectors 9/9y", with i = 1,...,n.

Those, H,,), of the horizontal subbundle H (T M\M) are spanned by the horizontal

local basis vectors

0 0 ;0
—=— N 2.19
Szt Oxt "oyd’ (2.19)
with ¢ = 1,...,n, where the Nij are the coefficients of a mon-linear connection
defined by
. 10G!
Nt =~ — 2.20
T2 0y ( )

in terms of the spray coefficients G/ = 1gi* ((F?) g y' — (F?),x). Let us denote
by Vijk = %gil (8gkl/8:6j + agﬂ/axk — agjk/&rl) the Christoffel symbols of the fun-

damental tensor, then Equation (R.2() retains the form

5=y = Ol imy'y (2.21)
and, in view of (.§), we moreover have

G =7y = Ny (2.22)

Proposition 2.6. The horizontal vectors, §/6x, see (@), and the vertical vectors,
0/0yt, transform under the tangent lift of a local change, (z*) — (2%), of coordinates
of M according to

o &rii
62 929 ot

2000
037~ 93 oy’

(2.23)

respectively. They form a local natural basis for T, (T M\ M) whose dual basis is

given by dz' and 8", where
Syt = dy' + Nijdacj. (2.24)

We now introduce, following (R.13), (R.14), and resorting to Proposition P.g, the

g-orthonormal frames that will be needed in the sequel.
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Definition 2.7. We will call hv-frame any frame for T(TM\ M), compatible with

the splitting (-13), namely [B]

. S0 R .0
€q — 62@, €g — efl a_yi’ (225)
where a = a +n, with a =1,...,n. The associated dual basis reads then
. _ Syt
w = wj da’, w? = wy - (2.26)

with a = 1,...,n; see (.14) and ([2.2)).

Let us mention that, in view of the properties of the non-linear connection (R.2(0),

the Finsler metric, F, is horizontally constant,

F
5—0

- = 2.2
dxt ’ (2.27)

foralli=1,...,n.

This yields dF = (§F/dz%)dx* + (OF /0y*)dy’ = Fu; 0y /F = F §,"w?®, hence the
Lemma 2.8. The vertical 1-form w™ is exact,
w" = dlog F. (2.28)

2.2 Finsler connections

Unlike the Riemannian case, there is no canonical linear Finsler connection on the
bundle 7*(T'M), which is required as soon as one needs to differentiate tensor fields,

i.e., sections of the bundles 7*(T'M)®P @ 7*(T* M)®4.
2.2.1 The Chern connection

A celebrated example, though, is the Chern connection wji = Fijk(ac, y)dw’l‘C which is

=

uniquely defined by the following requirements [§]: (i) it is symmetric: Fij p =TI i
and (ii) it almost transports the metric tensor: dg;; — wikgjk - wjkgik = 2C,~jk5yk,

where the 6y* are as in (2:29).
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The Chern connection coefficients turn out to be given by the following expres-
sion, I‘ijk = fyijk — g”(lemN,’f + Cklmij — CjpmN/™), implying, see (2.§), (2.21)),

and (B.29), the alternative expression of the non-linear connection, namely,
. _—
NG, y) = T (2.29)

The covariant derivative V : I'(n*(TM)) — T'(T(TM\ M) @ n*(TM)) associ-
ated with the Chern connection is related to the coefficients wji via Vx0/0x7 =
wji(X)a/axi, for all X € Vect(TM\M). In terms of the special g-orthonormal

frames, we can write V ye, = w,*(X)ep, for all X € Vect(T'M \ M) where
w = w(de} + wjieg) (2.30)

denote the frame components of the Chern connection. The following theorem

summarizes the defining properties of the Chern connection.

Theorem 2.9. [4/ There exists a unique linear connection, (wy), on m*(TM),

named the Chern connection, which is torsionfree and almost g-compatible, namely

Q% =dw® — WP Aw® =0 (2.31)
and
Wab + Whe = _2Aabc ng (232)
where a,b,c =1,...,n. The corresponding connection coefficients are of the form
; Ly (0gk | 08 O8jk
I =g | =+ 22— 228 2.33
ik = 28 (5&01 ol T ol ) (2:33)

foralli,j,k=1,...,n.

Proposition 2.10. 4/ The curvature, (Q3), of the linear connection, (w,2), is de-

fined by the structure equations
Q = dwy —wy ANw. (2.34)
It retains the form
Q= %R,ﬁcd W Aw? 4+ P yw Aw?, (2.35)
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where Rjikl =e! w;? wfwd R . reads

o'y, ol

Ry = 5ok sal T RN Bl ) R (2.36)

and, accordingly, ‘
p; Pl 2.37
= —F 5o (237)

Lemma 2.11. The hv-curvature enjoys the fundamental property

Pigul =0. (2.38)

Proof. Equation (B.37) and the fact that the Chern coefficients Fij 1. are homogeneous

of degree zero lead to the desired result. O

Using Cartan’s notation [[[§] (see also [B3, ), we write the covariant derivative

of, e.g., a section X of 7*(T'M) as

, ‘ o o - 6yl

where i,j7 = 1,...,n. In particular, it can be easily deduced from (2.29) that the

covariant derivative of the unit vector u is given by

, 4 Sy
(Vu)' = —uidlog F + % (2.40)
so that (P-27) leads to
ulij =0, ulilj = 5; — uiuj, (2.41)

foralli,j =1,...,n.
Let us deduce from (R.4Q) a formula highlighting the properties of some particular

components of the Chern connection.

Proposition 2.12. There holds
wyt = hy WP, (2.42)

where the hgy = dqp — 00, with a,b = 1,...,n, are the frame-components of the

“angular metric”.

14



Proof. We note that w,® = w@(del, + wji el) = w?(Vu)? since u = e,. Then Equa-
tion (2:40) yields w,? = w@(—u'dlog F + §y'/F) = wi(—u'w™ + dy*/F), in view
of (2:2§). The result follows then from (R.24). O

We end this section by a useful lemma (see Section 3.4 B in [] for a proof).

Lemma 2.13. The first Bianchi identities for the Chern connection imply
Akl = Aijiety (2.43)

where the square brackets denote skew-symmetrization.
If we define the covariant derivative of the Cartan tensor (2.4) in the direction,

u, of of the supporting element by
Agjie = Agjrp (2.44)
then, the same Bianchi identities lead to
P = u'Pyji, = — Ajp.. (2.45)
2.2.2 The Cartan connection

The Cartan connection is another prominent Finsler linear connection on 7* (7'M )

which is related to the Chern connection in a simple way.

Definition 2.14. [j, [d] Let (M, F') be a Finsler structure with Cartan tensor (Agpe),
and let (wqp) denote its canonical Chern connection. The frame components of the

Cartan connection of (M, F) are defined by
@ab = Wap + Agbe wé, (2.46)
where ¢ = c+n, with a,b,c=1,...,n.

The fundamental virtue of these connection 1-forms is the skewsymmetry

Wap + Wpg = 0, (2.47)
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that guarantees that the fundamental tensor is parallel, ﬁg = 0, where V¥ stands for
the covariant derivative associated with the Cartan connection. In contradistinction
to the Chern connection, the Cartan connection is not symmetric. Its torsion tensor
0% = dw? — Wb A Wy, is nonzero. Indeed, Q=00 —whA Agpe w®, and, since Q% = 0,
it retains the form

00 = —A% Wb A WS (2.48)

Theorem 2.15. There exists a unique linear connection, (@y), on @ (T'M) whose
torsion, (Qa), is given by (2.48), and which is g-compatible, §g = 0, as expressed
by [2.47). This connection is the Cartan connection (2.44).

~

Proof. Let us start with the observation that for a given linear connection, V, we
have (%g)ab = (dgij — gik &3;“ — gjk @f) efleg = —(Wap + Wap). This entails that the
condition (R.47) is, indeed, equivalent to @g = 0. Let us now posit in quite general
terms Wap = Wap + Agpe wC + A\abc w®, where (wgp) is the Chern connection, while
the Agp. and A\abc are otherwise arbitrary. From (2.4§) and (R.31)) we easily deduce

Aupe = Ager and Agp. = Agpe. This entails, with the help of (-37), and (:47), that

Agpe + gbac = 0. At last, the gabc being symmetric in the last two indices, and
skew-symmetric in the first two, necessarily vanish. We have, hence, just proved

that Ogp = wap + Agpe WS, i.e., that (@) is the Cartan connection. O

Proposition 2.16. The torsion of the Cartan connection is such that
0" =0. (2.49)
Proof. The result trivially follows from (R.4§) and Lemma P.1. O

Other characterizations of the Cartan connection can be found in the literature,
e.g, in [[l, . It has also been shown [[f] that the Cartan connection is related to the
Levi-Civita connection of the Sasaki-Finsler metric on TM\ M.

From now on, and whenever possible, we will use frame indices, a, b, ¢, ..., rather

than local coordinate indices, %, j, k, . . ..
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Proposition 2.17. [j/ The curvature of the Cartan connection is given by
ﬁab = Qap + Aape ny + Aabd\c w® A wJ + AeadAbce wE A wJ (250)

where (%) denotes the Chern curvature 2-form (£.34) with ([2.34, -37), and (Aape)

the Cartan tensor ([2.4). The curvature tensor is therefore of the form

~ 1~ ~ ;7 1A ~ 7
Qba = §Rbacd (A)c A (A)d + Pbacd wc A wd + §Qbacd (A)c A wd, (251)
with
Rya = Ry'eq+ A% R (2.52)
By = Blat A%y — A%A%, (2.53)
Qbacd = 2Aae[cAed}b’ (254)

where we use the notation R, = R° ., and Agpe = Agpein (see 244)).

Proof. The expression (2.50) of the Cartan curvature follows directly from the struc-
ture equations

ﬁba - d@ba - @bc AN @Ca (255)
and the relation (R.46) between the Chern and the Cartan connections. The proof

of (R.54)—(R.54) is straightforward and uses nothing else but the consequences of the

first Bianchi identities of the Chern connection given in Lemma P.13. U

3 Geometrical optics in Finsler spaces

3.1 Finsler geodesics

Following Souriau’s terminology [Bg], we call evolution space the indicatrix-bundle
SM = F~(1) (3.1)

above M, as it actually hosts the dynamics given by a presymplectic structure; the

latter will eventually be inherited from the Finsler metric on 7'M\ M.
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Denote, again, by ¢ : SM — T M\M the canonical embedding. The fundamental

geometric object governing the geodesic spray on SM is the 1-form
w = "wy, (3.2)

ie., the pull-back on SM of Hilbert form wy, (see (B.15)). Let us emphasize that
the direction of this 1-form actually defines a contact structure on the (2n — 1)-

dimensional manifold SM, since @ A (dw)" ! # 0. See [P3, [9, BT
Lemma 3.1. The exterior derivative of the Hilbert 1-form is given by

dog = 5ABwA/\wB (3.3)
with A,B=1,...,n—1.

Proof. Choose to work with the Cartan connection. The structure equations for the
torsion read Q¢ = dwa—wb/\@ba, foralla =1,...,n, so that on = dw"—wb/\@b" =0,
by virtue of (49). Using (2:47), and &, = w,?, we then get dw" = WP A wp,

where B = 1,...,n — 1, hence, dw™ = > pgw,B A wB. Resorting to (2.43), we find

de:dw":(SABwA/\wB. O

Remark 3.2. The exterior derivative of the Hilbert 1-form is independent of the

choice of a linear connection; it depends only on the non-linear connection (R.1§).

The fundamental result regarding Finsler geodesics can be stated as follows. See

also 23] for a full account on the geometry of second order differential equations.

Theorem 3.3. The geodesic spray of a Finsler structure (M, F) is the vector field X
of SM uniquely defined by

o(X) =0, w(X) =1, (3.4)
where o = dww.

Proof. Write X € Vect(SM) in the form X = X4Aeq + X"é, + X265+ X" é5,

see (R-25), using dummy indices A and A = A +n, where A =1,...,n — 1. Since
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X € Vect(TM\M) is tangent to SM iff X (F) = w™(X) = 0, as clear from (2.29), we
have X € ker(o) iff dwy(X) + Aw™ = 0 where X € R is a Lagrange multiplier. The
latter equation readily yields, with the help of (B-3), a5 (XA wB-XB wA)+Awﬁ =0,
hence X4 = X4 = 0, and A = 0. Then X = X"¢, + X" ¢é; is actually tangent

to SM if w"(X) = X™ = 0, which leads to
X eker(o) <= X =X"g, (3.5)

for some X™ € R. Thus, (SM,o) is a presymplectic manifold. The quotient
SM/ ker(o) is the set of oriented Finsler geodesics, which (if endowed with a smooth
structure) becomes a (2n — 2)-dimensional symplectic manifold, see [F].

We then find that w(X) = X™, and the constraints (B.4) express the fact that X
is the Reeb vector field, and retains the form X = é,,, which, in view of (R.11)), we
can write

0

U (3.6)

The vector field (B.6) of SM is the geodesic spray [f] of the Finsler structure. [

3.2 Geometrical optics in anisotropic media

The geodesic spray, X, given by (B.6), integrates to a Finsler geodesic flow, ¢4, on
the bundle SM via the ordinary differential equation dyy(z,u)/dt = X (pi((x,u))

for all t € I C R. The latter translates as

dx’ ;
= u
dt (3.7)
W~ G
= —G'(z,u
dt
for i = 1,...,n, where the acceleration components, G = szkuiuj , are given

by (.23). The geodesic flow then defines geodesics per se, x; = m(p(x,u)), of

the base manifold, M, with initial data (z,u) € SM.

3.2.1 The Fermat Principle

Definition 3.4. A Finsler-Fermat structure is a conformal class of Finsler struc-

tures, (M, [F]), where F ~ F iff F(z,y) = n(z)F(z,y) for some n € C®(M, R*).
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If F' is a Riemannian structure, then F is a Riemannian structure conformal-
ly related to F, since their metric tensors are such that g;;(z) = n*(z)g;;(z). In
this case, the geodesics of (M, F ) may be interpreted as the trajectories of light
in a medium, modeled on the Riemannian manifold (M, F'), and endowed with a

refractive index n. This is, in essence, the Fermat Principle of geometrical optics.

Proposition 3.5. Let (M, F) and (M, F) belong to a Finsler-Fermat structure,
i.e., be such that F(z,y) = n(z)F(z,y) for somen € C®(M, R%), called the relative
refractive index. Their geodesic sprays are related as follows:

Y ~ 1 .94 1 .. ... 0On O
— _ 1 ] 7
X=u 50 & X = ~u S + 3 (g — 2u'u )—xj i

(3.8)

where u' =yt /F, fori=1,...,n. Putting i’ = nX(z%), and ' = nX (y'), we obtain

the equations of the geodesics of (M, ﬁ) in the following guise:

= u

OxI

where V,, is the covariant derivative with reference vector u, defined, for all vector

Vulnu)t =

field, v, along the curve with velocity u, by V(v)! = ¢ + F;k(x,u)ujvk.

Proof. The Hilbert 1-forms are related by Wy = nwyr, and their exterior derivatives
by ¢ = no 4+ dn Awpg. In other words o = n5ABwA AwB +ngwd A w"™, where
ny = ef4 o;n.

Reproducing the proof of Theorem B.3, we will decompose X e Vect(gM ) as
X = x4 éa + Xn én + XA i+ X7 ér, with the same notation as before. Again
X € ker(d) iff dog(X) + A\&"™ = 0 for some A € R. (Note that, in view of (2:2§),
we have @" = w™ + dn/n.) This equation readily leaves us with X4 = 0, and
XA =pA )?", forall A=1,...,n— 1, together with A = 0.

At last, X is tangent to SM if 3™(X) = 0, i.e., if X™ = —(n"/n)X"™. Then, X
is the Reeb vector field for F if @H()Nf) =1, ie., if X" = 1/n. The geodesic spray
of the Finsler structure (M, F ) is thus

~ 1 nA n"

X=|n+—é5——én
n n n
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while that of the Finsler structure (M, F') reduces to X = é, by letting n = 1.

We thus recover (B.§) via (2.2§) and (B.1J), and also by the following fact,
viz., nhéq —n"é, = (51436%6% - eﬁle%)ajn FO/0yt = (g9 — 2u'u?)(9;n/n)0 /0y,
since F=nF=1on SM.

Let us now derive Equations (B.9); we first notice that & = nX (z!) = u’, and
also that % = nX (y') = —N]Z: w +(F/n)(g¥ —2u'u’)9;n. Defining, as in, e.g., [f], the
covariant derivative of the vector field v, with reference vector u, by the expression
Vu(v)t = ®i+1“§kujvk = @i—l—N]Zf v/ /F, see (R.29), enables us to compute the “geodesic
acceleration” V,(nu). Since (nu)! = (n?y)?, we get V,(nu)’ = 2nay’ +n2V,(y)! =
2nuw/djny’ + (Yt + N]’f w) = 2nwd;ny’ + n?(F/n)(g¥ — 2uiu’)d;n = g 9d;n, and

we are done. O

Remark 3.6. The differential equations (3.9) generalize, to the Finsler framework,
the Fermat equations ruling propagation of light in conformally flat Riemannian

manifolds.
3.2.2 Finsler optics

It has originally been envisioned by Finsler himself (see, e.g., [}, B]) that the in-
dicatriv S;M = {u € T,M|F(x,u) = 1} of a Finsler structure (M, F') might
serve as a model for the geometric locus of the “phase velocity” of light waves at a
point € M. The fact that, in anisotropic optical media, the velocity of a (plane)
light-wave specifically depends upon the direction of its propagation, prompted him
to put forward a classical (as opposed to field-theoretical) model of geometrical
optics in anisotropic, non dispersive, media ruled by Finsler structures. Finsler
geodesics have therefore consistently received the interpretation of light trajectories
in such optical media. Let us mention, among many an example, an application of
Finsler optics to dynamical systems engendered by Finsler billiards [P{].

When specialized to Riemannian structures, e.g., to Fermat structures presented
in Section B.2.1], Finsler geodesics are nothing but plain Riemannian geodesics, re-

garded as light rays in (non homogeneous) isotropic media. See, e.g., [L6, [L7, R1], RJ].
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This justifies the following principle of Finsler geometrical optics.

Definition 3.7. The light rays in a non-homogeneous, anisotropic, optical medium
described by a Finsler structure (M, F') are the oriented geodesics associated with

the geodesic spray (B.8) of this Finsler structure.

For example, birefringent media (solid or liquid crystalline media) can be de-
scribed by a pair of Finsler metrics, namely, the ordinary (resp. extraordinary)
metric F, (resp. F.) attached to a (three-dimensional) manifold, M, representing
the anisotropic optical medium. Those are respectively given, in the particular case
of uniazial crystals, in terms of a pair of Riemannian metrics a = a;j(x) dr’ @ da’,

and b = b;;(r) dz’ ® da’ on M, by

Fo(z,y) = 1 aij(x)y'yl, (3.10)

- Lod
Fe(z,y) = @YY (3.11)

Vbij(z) y'y?
This example is discussed in depth —and quite methodically justified— in [B, B§].
The geodesics of the metric F, are meant to describe extraordinary light rays,

whereas those of the Riemannian metric, F,, will merely lead to ordinary rays.

Remark 3.8. Let us emphasize that (M, F,), where F, is as in (B.11]), is a Finsler
structure if its fundamental tensor

2aij bz‘j 4CiCj
gt = [2 - + : 3.12
9 ) dww) T b 12

where ¢; = a(y,y) bij (x)y? — b(y,y) a;j(x)y’, is positive definite. This is, indeed, the

case if the quadratic forms a and b verify b/v/2 < a < b+/2, everywhere on TM\M.

The more complex case of biazial optical media is also studied in [{], and gives
rise to a pair of specific Finsler metrics
aij(z) y'y

F*(2,y) = ———
bi; (z) y'y?

(3.13)

where a,b", and b~ are Riemannian metrics characterizing the optical properties of

the anisotropic medium. (Let us note that Remark B.§ applies just as well for the
metrics (B.13)).
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3.2.3 The example of birefringent solid crystals

Let us review how Finsler metrics of the form (B.13), or (B.1() and (B-I1)), arise

in the particular case of anisotropic solid crystals. To that end, we will revisit the
original derivation [§ of the Minkowski norms that account for the propagation of
light in anisotropic dielectric solids with principal (positive) velocities vy, va, v3.

In the framework of Maxwell’s wave optics, the Fresnel equation of wave normals
ai(lul® —o3)([ll® — o) + a3 ([ull® — of) (lu)® - of) + a3 (|[ul® - of)(Jul* —v3) = 0

expresses the dependence of the phase velocity, u, of a plane wave upon its direction
of propagation, @ = u/||ul|, in such a medium; we denote, here, by || - || the norm
on standard Euclidean space (R3, (-, -)).

- Assuming, e.g., v1 > vy > w3, one solves the Fresnel equation for the norm
of the phase velocity, viz., |[ul|> = A + Bcos(§’ £ 0”) where 6’ and ¢” are the
angles between the direction of propagation, @, and the (oriented) optical axes
whose directions we denote € and e”, respectively; the scalars A = %(v% + vg), and
B = %(v% —v3), as well as the vectors €', and e”, are physical quantities which

are characteristic of the crystal. (The angle, «, between the two optical directions

is given by tanta = /(v? —v2)/(vZ —v2).) See [[4] for a detailed exposition.

As emphasized in [[], the Minkowski norm, F', associated with one of the above
solutions of the Fresnel equation is easily found using Okubo’s trick that amounts
to the replacement u ~» y/F(y), insuring that F'(u) = 1. Easy calculation leads us

to [lul® = [ly|?/F(y)* = A+ Bllyl 7 [{¢, y)(e",y) F |l x y[[[le” x y]]], that is, to

2
F(y) = Iyl : (3.14)
Al 12+ Bl y)eny) + e x vlller < ]

where x denotes the standard Euclidean cross-product. This expression admits
straightforward generalizations to the case of fluid crystals, Faraday-active media,
etc., where the quantities A, B, €, and €” become position-dependent; it ultimately

leads to the expression (B.13) of a pair of Finsler metric for general biaxial media.
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- The case of uniaxial media is now treated by assuming, e.g., v = vy > v3,
which therefore implies ¢ = €”(= e) since @« = 0. The Minkowski norms (B.14)

admit a prolongation to this situation and read

Fy) = & (3.15)

U1

o ME
F(y) . (3.16)
Va2 + @ - )e.y)

Those correspond, respectively, to an ordinary Euclidean metric, £, = F~, and to an
extraordinary Minkowski metric, F, = F'*, again generalized by (B.10), and (B-11)).

- The last case, for which v; = vy = w3, clearly leads to a single Euclidean
metric, namely F(y) = |ly||/v1, that rules geometrical optics in isotropic media

with refractive index n = 1/v;.

4 Geometrical spinoptics in Finsler spaces

So far, the polarization of light has been neglected in the various formulations of
geometrical optics. We contend that spinning light rays do, indeed, admit a clear
cut geometrical status allowing for a natural extension of plain geometrical optics
to the case of circularly polarized light rays, i.e., Euclidean photons, traveling in
arbitrary (non dispersive) optical media.

The touchstone of our viewpoint about geometrical optics for spinning light is
the Fuclidean symmetry of the manifold of oriented lines in (flat) Euclidean space.
This fundamental symmetry will be taken as a guiding principle to set up a model
that could describe the geometry of spinning light rays in quite general, crystalline
and liquid, optical media. See [BI] and [PJ] for a first approach to geometrical
spinoptics in inhomogeneous, isotropic, media.

We will therefore start by some elementary facts about the symplectic structure
of the space of oriented lines in Euclidean space. The consideration of the generic
coadjoint orbits of the Euclidean group will then be justified on physical grounds.

Let us recall that, if we denote by Ad the adjoint action of a Lie group, and by
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Coad, its coadjoint action, then the orbits of the latter action inherit a canonical
structure of symplectic manifolds. These homogeneous symplectic manifolds play a
central role in mechanics and physics, where some of them may be interpreted as the
elementary systems associated with the symmetry group under consideration [Bg].

The following construction is standard.

Theorem 4.1. Let G be a (finite-dimensional) Lie group G with Lie algebra g. Fix

o € g° and define the following 1-form
T Ja, (4'1)

where Vg is the left-invariant Maurer-Cartan 1-form of G. Then, 0,, = dw,,, is
a presymplectic 2-form on G which flows down as the canonical Kirillov-Kostant-

Souriau symplectic 2-form on the G-coadjoint orbit
Ouo = {p = Coadg(po) | g € G} = G/G, (4.2)

where G, is the stabilizer of po € g*.

4.1 Spinoptics and the Euclidean group

From now on we will confine considerations to three-dimensional configuration
spaces to comply with the physical principles of geometrical optics.

An oriented straight line, ¢, in Euclidean affine space (E3, (-, -)) is determined
by its direction, a vector u € R? of unit length, and an arbitrary point Q € &. Having
chosen an origin, O € E3, we may consider the vector q = Q — O, orthogonal to u.

The set of oriented, non parametrized, straight lines is thus the smooth manifold
M = {£ = (q,u) € R’ xR’ (u,u) = 1,{u,q) = 0}, (4.3)

i.e., the tangent bundle M = T'S? of the round sphere S? C R3, which has been rec-

ognized by Souriau [Bf] as a coadjoint orbit of the group, E(3), of Euclidean isome-

tries, and inherits, as such, an E(3)-invariant symplectic structure. See also [27].
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Consider the group, SE(3) = SO(3) x R?, of orientation-preserving Euclidean

isometries of (E3, (-, -),vol), viewed as the matrix-group whose elements read

g=<§ T) (4.4)

where R € SO(3), and x € R3.

The (left-invariant) Maurer-Cartan 1-form of SE(3) is therefore given by

0w w
Usg(3) = (0 0> ; (4.5)

where @ = R™'dR, and w = R~ ldx.

Let i = (S,P) denote a point in e(3)* where e(3) = o(3) x R? is the Lie algebra
of SE(3). We will use the identification o(3) =2 A2R? (resp. (R3)* = R3) given by
St = 8% (resp. P, = P%), where

5% 4 5% =0, (4.6)

for all a,b =1,2,3. The pairing e(3)* x e¢(3) — R will be defined by

~ 1 ~
1 ab ~ a

= §S Wap + P, % (4.8)
The coadjoint representation of SE(3), viz., Coadgp = p o Ady-1, is given by
Coady(S,P) = (R(S+x AP)R™1 RP). Clearly, C = (P,P) and C’ = (SAP)/vol
are coadjoint SE(3)-invariants. These are the only invariants of the Euclidean co-

adjoint representation, and fixing (C,C’) or (C' = 0,C"), where C" = %S“bSab,

yields a single coadjoint orbit [R5, B1], Bg].
4.1.1 Colored light rays

Specializing the construction of Theorem [L]] to the case G = SE(3), with C' = p?
and p > 0 together with C’ = 0, we can choose g = (0,Pg) and Py = (0,0,p). The

Q

invariant p is the color [Bg] of the chosen coadjoint orbit.
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The 1-form ({.])) then associated, via the pairing (.§), and the Maurer-Cartan

1-form (L), with the invariant p is thus w,, = (Po,w), or

Wy = P, w® (4.9)

= pud. (4.10)

Straightforward calculation yields w,,, = puida’, with u; = 0ij uw?, where u = e3 is
the third vector of the orthonormal, positively oriented, basis R = (e1, e, e3).

The 1-form (§.1(]) is, up to an overall multiplicative constant, p, equal to the
canonical 1-form (B:3) on the sphere-bundle SE?, associated with the trivial Finsler
structure (B2, F), with F(x,y) = \/W Proposition B.j just applies, with n = 1,
and conforms to Euclid’s statement that light, whatever its color, travels in vacuum
along oriented geodesics of E3. Indeed, the exterior derivative of the 1-form @y, of

SE3 reads Ouy = pdu; A dxz'. Its kernel, given by

X €ker(o,,) <= X = \u' (4.11)

oxt’
with A € R, yields the (flat Euclidean) geodesic spray (A = 1). We will resort to
generalizations of this particular construct of the geodesic foliation.

The integral invariant, o,,, flows down, as a symplectic 2-form, to the quotient
M = SE3/ker(o,,) described by ¢ = (q,u), where @ = x — u(u,x). This is the
content of Theorem [L.1] insuring that M =2 T'S? C e(3)* is endowed with a canonical
symplectic structure, namely (M, pdu; A dg?).

We note that the SE(3)-coadjoint orbit O, is an E(3)-coadjoint orbit.
4.1.2 The spinning and colored Euclidean coadjoint orbits

The generic SE(3)-coadjoint orbits are, in fact, characterized by the Casimir in-
variants C = p?, with p > 0 (color), and C’ = sp where s # 0 stands for spin. We
call helicity the sign of the spin invariant, & = sign(s).

The origin, g, of such an orbit can be freely chosen so as to satisfy the constraints

S%®p, =0, for all @ = 1,2,3, and %Sab Sap = s2, together with P,P® = p?. One
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may posit

0 —s 0
So=[s 0 0 and Py =(0,0,p). (4.12)
0 0 0

The coadjoint orbit, O, passing through po = (So,Po) € e(3)* is, again, dif-
feomorphic to T'S%. It is endowed with the symplectic structure coming from the

1-form ({J)) on the group SE(3), which now reads

~

1
Wy = Paw®+ 3 S b (4.13)
= pw’+ s, (4.14)

where @ (resp. w) stand for the flat Levi-Civita connection (resp. soldering) 1-form

on the bundle, SE(3) & SO(E?), of positively oriented, orthonormal frames of E3.

Remark 4.2. The 1-form ({.13) is the central geometric object of the present study.

SE(3)

|

O,y 2 TS5? <— SR3 ——R3
Figure 1:

Straightforward computation then leads to w,, = p(es,dx) — s(ei,des). The

exterior derivative of @, is found BY, 4, B, Rl to be given by
0o = pdu; Adz' — geijk uldu? A duF, (4.15)

where, again, u = e3, and also ¢;j;, stands for the signature of the permutation
{1,2,3} — {i,7,k}. This 2-form conspicuously descends to SR? = R3 x §2. Its
characteristic foliation is, verbatim, given by (f.11): spinning light rays in vacuum
are nothing but oriented Euclidean geodesics. As shown in the sequel, things will

change dramatically for such light rays in a refractive medium.
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Remark 4.3. Actually, “photons” are characterized by |s| = h, where h is the
reduced Planck constant; right-handed photons correspond to s = +h, and left-
handed ones to s = —h, see [BY]. We will, nevertheless, leave the parameter s

arbitrary when dealing with “spinning light rays”.

The manifold of spinning light rays, O, = SE3/ker(o,,) = TS? (see Fig. ) is,
just as before, parametrized by the pairs £ = (q,u) and endowed with the “twisted”
symplectic 2-form w,, = pdu; A dq* — S€ijk uldud A du®.

Note that the union of two SE(3)-coadjoint orbits defined by the invariants (p, s)

and (p, —s) is symplectomorphic to a single E(3)-coadjoint orbit.

Remark 4.4. The SE(3)-coadjoint orbits of spin s, and color p, are symplectomor-
phic to Marsden-Weinstein reduced massless SE(3, 1)g-coadjoint orbits of spin s, at
given (positive) energy E = pe, where ¢ stands for the speed of light in vacuum,
see [BJ]]. This justifies that the color, p, of Euclidean light rays corresponds, via re-
duction, to the energy of relativistic photons, or to the frequency of their associated

monochromatic plane waves [BS, B9, B9].

4.2 Spinoptics in Finsler-Cartan spaces

With these preparations, we formulate the principles of geometrical spinoptics, with
the premise that (i) Finsler structures should be considered a privileged geometric
background for the description of inhomogeneous, anisotropic, optical media, (ii) the
original Euclidean symmetry which pervades geometrical optics should be invoked

as a guiding principle in any formulation of spin extensions of geometrical optics.
4.2.1 Minimal coupling to the Cartan connection

Axiom 4.5. The trajectories of (circularly) polarized light, originating from an
FEuclidean coadjoint orbit O, C €*(3) with color p > 0, and spin s # 0, in a three-
dimensional Finsler manifold (M, F), are governed by the following 1-form on the

principal bundle SO2(SM) over evolution space SM = F~1(1), namely
D = i 0, (4.16)
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where ¥ = (W,w) is the “affine” Cartan connection, @ = (0,") denoting the Cartan
connection (B48), and w = (w®) the coframe (2-13). The characteristic foliation of
the 2-form o, = dw,, yields the differential equations of spinoptics in a medium

described by the considered Finsler structure.

The 1-form ([.14) corresponds, mutatis mutandis, to the Euclidean 1-form ([.13).
(In (4.16), and from now on, we simplify the notation and denote by ¥ the pull-
back ¢*9 on SO2(SM) of the corresponding 1-form of SO9(TM\M).) In Axiom .3,
the replacement of the Euclidean group SE(3), see Fig. [, by the principal bun-
dle SO2(SM), see Fig. |, and of the Maurer-Cartan 1-form by the affine Cartan
connection is akin to the so-called procedure of minimal coupling. We refer to [B(]
where the minimal coupling of a spinning particle to the gravitational field was

originally introduced in the general relativistic framework. See also [B9, []].

SO,(SM)

SM ——TM\M —“— M

Figure 2:

The choice of the Cartan connection is impelled by the fact that the group
underlying Finsler-Cartan geometry is the Euclidean group, E(n), which is precisely
the fundamental symmetry group of the symplectic model of free photons, for n = 3.
Indeed, the “flat” n-dimensional Finsler-Cartan structure defined by both conditions
Q% =0, and ﬁb‘l =0, for all a,b=1,...,n, is (locally) isomorphic to the Euclidean
space, (E™, (-, -)): torsionfreeness yields A = 0, see (B.48), hence that (M, F) is
Riemannian; zero curvature then entails local flatness, via (R-51)), and (2.3¢). The
Euclidean group, E(n), is then the group of automorphisms of the flat structure.

Let us emphasize that the Cartan connection has been originally referred to as the

“connexion euclidienne” in [Lg].
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The 1-form ({.16) of SO2(SM) thus reads
a 1 ab ~
Wyo = Paw® + 3 S Wap. (4.17)
In view of the choice ({.19) of the moment py = (S, P) € e(3)*, viz.,
5P = 5eABse oY and P, =pd, (4.18)
for all a,b=1,2,3, where ¢48 = 25£A55}, for all A, B =1,2, we find
@y = pw® + D12 (4.19)

Remark 4.6. The 1-form @, differs from the Hilbert 1-form, wy = w3, by a spin-
term, W1o. This term, canonically associated to a generic Euclidean coadjoint orbit,
is new in the framework of Finsler geometry, and akin to the Berry connection [§].
See, e.g., [, BJ). Putting, in ({.19), s = eh for photons (where e = £1 is helicity),
and p = hk, where k = ¢/ is the wave number, we observe that s/p = A, so that

Formula (§.19) indeed corresponds to ([L.3)), up to an overall constant factor.

Proposition 4.7. The exterior derivative, dw,,, of the 1-form (f.17) on SO2(SM)

descends to the evolution space, SM, as

= 1~ 1 = 5
Tpo = P hap W AW + 3 QS) — 3 Sapw? AP, (4.20)

where the hgp = Ogp — 5252 denote the frame-components of the angular metric, and

SAZ(S) = Qup, 5% the spin-curvature coupling 2-form.

Proof. Let us start with the expression (f.19) of the 1-form w,,. We have found,
see (B-9), that dw? = §4p wA A wB. With the help of the structure equations of the
Cartan connection, we obtain do = Q1Q+@1a/\@ag = Qu—i—@f’/\@gg = @12—@31/\@32,
using the property (.47). We then resort to (B.49), and to the property (B.§) of the
Cartan tensor (that is Agg = 0, for all a,b = 1,2,3), to find &33‘4 = wA. This yields
dwrg = ﬁlg — Wl A wi, or, equivalently, doap = (A)AB —WAA wB, for A,B =1,2.
Thus

_ 1~ _
dw,, =poaB wi AwP 4 2 Q(S) - g eapw’ A w?, (4.21)
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where Q(S) = sQpp = %s eap Q4B In order to prove ([.20), we simply use the
frame components, S%, of the spin tensor given in (f1J).
To complete the proof, it is enough to verify that dw,,, given by ([.21)), is an

integral invariant of the SO(2)-flow generated by

Z=el— —ebh—. (4.22)
This is, indeed, the case since dw,,(Z) = 0. O
4.2.2 The Finsler-Cartan spin tensor

Let us now give a construction of the spin tensor on the indicatrix-bundle, SM,

that will be useful in the sequel.

Lemma 4.8. The following 3-form of SO2(SM), viz.,
Vol = w! Aw? Aw? (4.23)

is an integral invariant of the flow generated by the vector field, Z, given by (.23).

It descends to SM as vol = %Volijk(:c, u) dx® A dad A da®, with

volijk(z,u) = v/det (g (z,u)) €k, (4.24)

where 1,7, k,l,m =1,2,3.

(]

Proof. In view of (2.2), we clearly have Vol(Z) = 0. Using, for example, the
Chern connection, we find, with the help of the structure equations (R.31)) that
dVol = —w® A Vol. Then, Equation (£.33) readily implies dVol = A%y w? A Vol.
Again, (R.2d) entails that (dVol)(Z) = 0, thus Z € ker(Vol) N ker(dVol), proving
that Vol is an SO(2)-integral invariant.

Locally, we have vol = det(w?) da! A dz? A dz® = /det (g;;) da' A da? A da?,

since (R.I0) can be rewritten as wfw;? dab = gi;. This proves Equation ([£.24). O

Let us now regard the S, as the frame-components of a skew-symmetric tensor,

S, on SM, with components S;; = Sy w?w;?. Then, owing to (4.1§), we easily find
Sij = S€AB szw]B = 2s w[liw?}; those turn out to be nothing but the components of

the tensor S = svol(é3) = sw! A w?. Whence the
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Lemma 4.9. If we call spin tensor, associated with the moment ({f.13), the tensor
S = svol(u), (4.25)
where @ = é3, see ([2.23), then
Sij = svolyji, uF, (4.26)
for all i,5 =1,2,3, where the vol;;;, are as in W-23).

4.2.3 Laws of geometrical spinoptics in Finsler-Cartan spaces

We are now ready to determine the explicit expression of the characteristic foliation
of the 2-form ({.2() that will provide us with the differential equations governing

the trajectories of spinning light in a Finsler-Cartan background.

Lemma 4.10. The spin-curvature coupling term for the Cartan connection retains

the form
~ 1 ~ 7 1a = 7
Q5) = §R(S)cd W Aw? + P(S)eqw’ Aw + §Q(S)cd w® A Wl (4.27)

where E(S)Cd = ﬁabcd S ete., and

R(S)ea = R(S)ca. (4.28)
ﬁ(s)cd = P(S)cd = 2(Acda|b - Aace Aid)sab’ (4'29)
Q(S)eg = —2A,., A%, 5% (4.30)

Proof. The frame-components }?E(S)cd, and ZB(S)cd, for the Cartan connection ex-
actly match their counterpart for the Chern connection with curvature tensors R ji Kl
and Pjikl given by (B-3d) and (P-37) respectively; indeed, the equations ([£2J),
and ([.29) are derived, in a straightforward way, using (P-59), and (P.53), together
with the total skew-symmetry (resp. symmetry) of the spin tensor, (resp. the

Cartan tensor), i.e., S = Sl (resp. Agp. = Aabe))-
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The constitutive equation (Equation (3.4.11) in [fl]) for the hv-components of the
Chern curvature in terms of the covariant derivatives of the Cartan tensor (see (R.41)),
and ())7 reads Pypeq = Aacd\b - Abad\c - Acbd|a + A A AacmAbd + A Am

bam*“cd bem*tad®
We readily deduce that P(S)eq = Papeq S = 2(A —A Abd)S“b, proving the

cdalb ace
last part of Equation (4.29).
The last equation ([£30) is a trivial consequence of (2.54). O

Lemma 4.11. There holds P(S)a3 = P(S)3q =0, for all a =1,2,3.

Proof. We have P(S).3 = 0, because of (R.3§). Likewise, the relation P(S)3, = 0
stems from ([.29) since Au3. = 0 (see (R.§)), and (eg)fj =0 (see (R41))). O

We can now proclaim our main result.

Theorem 4.12. The characteristic foliation of the 2-form o, of SM, given by #.24),

1s expressed as follows, viz.,

X € ker(oy,)

)

: 5 (4.31)
_ 3 - 7 k -
N (R
PR S, 5’—1PS) S, FR(S), Lum 9
252AY% 2 ( Jm Oul
for some X3 € R, where the S;' = svol ;" u* are as in [.24), and
1 -
y o=+ L) P(S)ij 8 + —5 P(S) P(S)j1 S5%
= AP——p (5)ij &' T 32 (S)ir P(S);i
1
—l—g R(5)(S), (4.33)

with R(S)(S) = R(S)i; 59, and Q(S)(S) = Q(S)i; 5.

The 2-form o, endows SM \ (A71(0) UXY(0)) with a presymplectic structure
of rank 4; the foliation ) leads to a spin-induced deviation from the geodesic
spray (5.4), and, according to Axiom [[.§, governs spinoptics in a 3-dimensional

Finsler-Cartan structure (M, F').
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Proof. Using Lemmas and [L11], we can rewrite our 2-form (f20) of SM, in
the guise of ({:21), as

_ s _ _
Oy = +p5ABwA/\wB—§eABwA/\wB

1 1
+ZR(S)AB wA AwP + §R(S)A3 wh A w? (4.34)

1 5 1x O:
+5P(S)anw! Aw +2Q(S)apw AP,

The proof of Theorem B.J is adapted to the new 2-form ([£.34) we are dealing with.
In particular, the vector fields X € Vect(SM) will be written in the following form,
X =XA¢s+ X3+ X4e54+ X3é3. Then X € ker(ay,) iff 0,,(X) + M’ = 0,

where A € R is a Lagrange multiplier associated with the constraint F' = 1 defining

SM — TM\M.
We find
oo (X) + A = —i—péAB(XAwB — XBwA) — seapX WP + Aw?
+%megrm3+33wmgxﬁﬁ_x%ﬁ)
43 P(S)ap(XAw® — XPu) 1 2 (8)an X P,
so that X € ker(o,,) iff
0 = P%-%P@ﬁ4xﬂ+%m$;XB+§m&fxi (4.35)
= [p5§ - %P(S)BA] XP+ [3 5 — % QS)5'| X7, (4.36)
= R(S)a3X4, (4.37)
= A (4.38)

Put R(S)(S) = Rapeq S5, and Q(S)(S) = Qupea S5, and consider (1)

to readily get

R(S)ap = 5 R(S)(S)eap  and @&w:%@&mmﬁ (4.39)
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for all A,B = 1,2. Note that we also have R(S)(S) = s?Rapcp ¢*Pe?P, and
Q(S)(S) = —252AucpAppr ¢*PeCP6PT (see (B5A)).
Plugging ([£.39) into (£:30), we easily find

XA = %eBA [p s& — %P(S)CB} X©, (4.40)

for all A =1,2, where

1 ~
A=s [1 — 4 Qancp ABLP | (4.41)

We then find, with the help of (.40), and ([.35), the following relationship
1
S xP = = R(S);4X3, (4.42)

where 51 = A7 [pog — 2 P(S)%5] e P [p05 — 3 P(S), ] + 3 R(S) 5. We clearly

have X2 + Xpa =0, hence X a5 = Y eap, and find, with some more effort,

1 1 1
Y = X 2 5P P(S)ap 648 + gP(S)AC P(S)pp PP
1
+8 Rapcp PP, (4.43)

where A is as in ({L.41).

Let us point out that Equation (f37) trivially holds true in view of the skew-
symmetry of ¥ 4p; indeed, (}£.49) implies R(S)gAXA =Y XAXE =0.

At this point, Equation (f.42) leaves us with

X4 = % ext R(S),5 X3, (4.44)

for all A = 1,2. Let us recall that the latter equation for X4 completely deter-
mines X A, via (f4Q), the components X 3 and X3 remaining otherwise arbitrary.
Now, X € Vect(SM) if X(F) =0, i.e., w3(X) = X3 = 0. We are, hence, left with
only one arbitrary parameter, X?, to define the direction ker(c,,) wherever A # 0,
and ¥ # 0. Thus X = X4é4 + X3¢, —}—XAéA, where X4, and X4 are as in ([44),
and (f.40) respectively, with X3 € R.
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Introducing the unit supporting element, (u® = 0%), as well as the spin tensor,

(S,% = seg'6467), given in ([E1§), we find
X € ker(oy,)

)

1 A (4.45)
— Y3 A
X=X [ 282(5R(S)u) éa.+ €3
1 A

for some X3 € R.

To complete the calculation, we express ([.45) in terms of the coordinates u® = €}
of the distinguished element u = e3, and those, S = gi*gi! Sy, of the spin tensor S,
see (f£25), where the S;; are as in (.24). We also bear in mind that é, = €, §/dz,
and é; = €% 0/0u’, for all @ = 1,2,3, as given by (2:25), on the principal bundle
SO2(SM) above the evolution space SM. The upshot of the computation is that
the characteristic foliation (f.45) can be recast in the form ([.31); Equations ({.33),
and (f.33) also provide alternative expressions for ([.41)), and ([.43).

At those points (xz,u) € SM where A = 0, or ¥ = 0, singularities of the
foliation (J£45) do occur; they must be discarded to guarantee a well-behaved pre-

symplectic structure of (generic) rank 4. The proof is now complete. O

Remark 4.13. Let us choose, e.g., X2 = 1 in (.31)) to define the generator, X,
of the foliation ker(c,,). The latter significantly deviates from a spray since the
velocity, &, given by the horizontal projection of X, differs from the direction, u, of

the supporting element, namely

i L oo ik
T =u'+ QS—ESj R(9), u", (4.46)

where & = X (2%), for all i = 1,2,3. The occurrence of this anomalous velocity in the
presence of curvature can be classically interpreted (see [R1], P3]) as the source of the
optical Hall effect. Moreover, the vertical components of the generator X, namely
those of the geodesic acceleration, depend linearly on the helicity, € = sign(s). They,

notably, lead to a splitting, a la Stern-Gerlach, of light rays with opposite helicities.

37



Let us finish with the following corollary of Theorem which help us recover

the simpler equations of spinoptics in the Riemannian case, derived in [R]].

Corollary 4.14. If the Finsler structure, (M, F), is Riemannian, the characteristic

foliation of the 2-form o, is spanned by the vector field

A 1 . , ) 1 .0
— 7 K J .k _ i,.]
X <u + 557 5 R(S) >—W S R(S); o (4.47)
with
1
Y =p’+ 7 B(9)(S), (4.48)

where the R;;; are the components of the Riemann curvature tensor.

Proof. Suffice it to note that the Cartan tensor vanishes iff the Finsler structure
is Riemannian, hence Pjji; = @ijkl = 0. The curvature tensor R;;x; in (E31) then
reduces to the Riemann curvature tensor, see (2.3¢f). The proof is completed by

noticing that S;5S% = s?(u'u; — 5;), a direct consequence of ({.26). O

5 Conclusion and outlook

We have proposed a generalization of the Fermat Principle enabling us to describe
spinning light rays in a general, non dispersive, optical medium, namely an in-
homogeneous and anisotropic medium modeled on a Finsler manifold. The guideline
for this extension has been provided by the Euclidean symmetry of the free system,
viewed as a generic coadjoint orbit of the Euclidean group, SE(3). Interaction with
the optical medium has been justified in terms of a minimal coupling of the model
to the (affine) Cartan connection of the Finsler structure; the gist of the procedure
lies in the fact that the affine Cartan connection takes, indeed, its values in the
Lie algebra e(3) and, thus, couples naturally to the moment uy € e(3)* defining
the original coadjoint orbit (the classical states of the free Euclidean photon). The
resulting presymplectic structure on (an open submanifold of) the indicatrix-bundle
has been investigated. In particular the characteristic foliation of this structure has

been worked out, and shown to yield a system of differential equations governing the
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trajectories of spinning light rays, associated with a vector field departing from the
usual Finslerian geodesic spray. The geodesic acceleration of spinning light rays is
due to the coupling of spin with the Finsler-Cartan curvature, which also engenders
an anomalous velocity. The latter, already present in Riemannian spinoptics [R1], RJ]
has proved crucial in the geometrical interpretation of the brand new optical Hall
effect, see, e.g., [EI, @] The consubstantial nature of this effect with the geometry
of Euclidean coadjoint orbits is precisely what prompted the present study, and
our endeavor to depart from the case of isotropic media by taking advantage of
Finsler-Cartan structures. Although the characteristic foliation (4.31]) of the above-
mentioned presymplectic structure is of a formidable complexity, it is nevertheless
a mandatory consequence of a minimal, geometrically justified, modification ([L.3)
of the Hilbert 1-form ([[.2) of central importance in Finsler geometry.

The future perspectives opened by this work are manifold.

It would be desirable to linearize the differential equations of Finsler spin-
optics in the case of weakly curved Finsler-Cartan manifolds, to account for weakly
anisotropic optical media. This should lead to substantial simplifications, suitable
for an explicit calculation of the geodesic deviation in several non trivial examples,
such as those given by (B.1(0), and (B.11)). Also, would it be of great importance
to compare this linearized set of differential equations with the outcome of the
calculations performed by a (short wavelength) semi-classical limit of the Maxwell
equations in weakly anisotropic and inhomogeneous media [[[3].

The Fermat Principle has, most interestingly, been generalized, via a novel
variational calculus, to the case of lightlike geodesics in Finsler spacetimes with
a Lorentzian signature [B4]. It would be worth investigating how that relativistic
version of geometrical optics extends to spinoptics in relativistic Finsler spacetimes.
Let us note that Randers metrics (see (R.9)) play, as discussed in [[5], a prominent
role in such a framework, corresponding to induced (instantaneous) Finsler metrics
on the material body of the optical medium.

At last, specific applications of the equations of Finsler-Cartan spinoptics should
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be explored in a number of other directions such as the Kerr, the Faraday effects,
and the Cotton-Mouton effect responsible for plasma birefringence, see, e.g., B4,
as well as the photonic Hall effect [[I]] in the presence of a magnetic field.

In truth, the present study of Finsler spinoptics was a challenge, taken up from
a purely geometric standpoint; one may, conceivably, expect it will provide further

insights into modern trends of geometrical optics of anisotropic media.
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