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Abstract

This study focuses on the determination of the fraction of vegetation cover (fCover) based on the inversion of a four-parameter model
combining the reflectances in the Red (R) and Near Infrared (NIR) domains. This model is semi-empirical since it is based on radiative transfer
modeling, but requires parameter calibration related to SAIL simulations (Verhoef). As shown by Yoshioka et al., if the multiple soil/vegetation
interactions are smaller than the first order ones then the fCover isolines can be approximated by straight lines in the (Red, Near Infrared) plane.
Each isoline is completely defined by its slope a and its intersection point y (with the soil line), that have been related to fCover using SAIL
simulations and optimization either by the Simplex (local optimization) or the SCE-UA (global optimization) algorithms. The results are
compared to classical vegetation indices for both simulated and actual data. The method shows an improvement in most of cases. Moreover, when
using the SCE—UA algorithm, our approach proves its robustness relative to high noise level.

© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Estimation of vegetation features from space is a great chal-
lenge for agronomist, hydrologist and meteorologist communi-
ties. For example, land cover during winter in agricultural regions
strongly influences soil erosion processes and water quality
(Dabney et al., 2001). Therefore, the identification and monitor-
ing of vegetation cover constitutes a prior approach for the moni-
tory of water resources. For such studies, the physical parameter
used is the vegetation cover fraction (fCover). Now, the use of
vegetation indices (Rondeaux et al., 1996) to estimate vegetation
characteristics is very popular. They are empirical combinations
between Visible (generally Red, R) and Near Infrared (NIR)
reflectances that show good correlation with plant growth, vege-
tation cover, and biomass amount. Besides, theoretical methods
based on radiative transfer model inversion allow vegetation
feature retrieval like the Leaf Area Index (LAI), leaf area dis-
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tribution, pigment concentration, or water content (Jacquemoud
& Baret, 1990). Two Kkinds of inversion models are distinguished,
those dealing only with one parameter (Baret et al., 1995; Kuusk,
19914, 1995; Verstraete et al., 1990) and those dealing with many
canopy parameters (Baret & Buis, 2007; Combal et al., 2002;
Kimes et al., 2000). In this study, we propose to derive a semi-
empirical method allowing the inversion of the fCover. Note that
LAl is the vegetation biophysical parameter widely used by the
empirical models described below. However, the canopy
reflectances saturate for LAI values higher than values around 3
which makes the inversion too imprecise. Besides, in this study,
the researched physical parameter is the fCover (used in the TNT-
2 pollutant transfer mode (Durand et al., 2002)). Therefore, we
propose to do the inversion directly in terms of fCover values, not
using LAI as an intermediate variable (which would decrease the
accuracy of the method).

In our study, the adding method (Cooper et al., 1982; van de
Hulst, 1981) and the SAIL model (Verhoef, 1984, 1985) were
combined to approximate the canopy reflectance, allowing its
inversion. The well-known SAIL model, largely used in the
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remote sensing community, allows the calculation of the canopy
Bidirectional Reflectance Distribution Function (BRDF). Based
on the adding method approximation, a simple relationship
between the R and NIR reflectances is derived in the case of
homogeneous canopies (i.e. for a given field, vegetation density
is assumed constant at any subscale). Then, as theoretically
shown by Nilson (1971), assuming that the vegetation is a
turbid medium, a one to one relationship exists between LAI
and the gap fraction (allowing the incident flux to reach the soil)
and then between LAI and fCover.

Having defined the direct model, the model inversion consists
in determining the direct model input (fCover in our study) versus
its observed outputs (reflectances). As a first step, vegetation
isoline parameters are retrieved, that is similar to the approach of
Yoshioka et al. (2002, 2003). In the case of non linear models,
many inversion methods are based on Artificial Neural Network
(ANN) simulations (Rumelhart et al., 1986) with applications
such as function modeling, dynamic filtering, prediction and
anomaly detection (Anderson, 1995). In our case, the main
drawback is the important size of the learning or training data set
required for ANN satisfying result (Anderson, 1995). Moreover,
at the present time, no real mathematical justification has been
provided for these approaches. In this study, our purpose is to
assess the relationships between the fCover and the bidirectional
reflectances in the R and NIR domains, having at our disposal a
small database with noised observations and the direct radiative
transfer model (SAIL and the adding method). Our problem is
then reduced to the inversion of a four-parameter model for which
classical optimization methods are sufficient.

In the following, we firstly present the theoretical bases
(physical modeling and mathematical properties) of our semi-
empirical inversion method: radiative transfer approximation,
isoline set modeling. Secondly, we describe the proposed inver-
sion method. Finally, the obtained results in terms of fCover are
compared with those derived from classical vegetation indices.

2. Theoretical study

In this section, based on the SAIL model and the adding bidi-
rectional reflectance approximations, we present an approximation
of the fCover isoline as a segment of straight line. An isoline set
parametrization is then empirically derived using SAIL simulations.

2.1. Vegetation isoline parametrization

The adding method (Cooper etal., 1982; van de Hulst, 1981)
allows to model the radiative transfer between different
vegetation layers and soil background as operators. Conversely,
the SAIL model (Verhoef, 1984, 1985) allows the radiation flux
modeling under a vegetation sublayer. In this subsection, we
propose to simplify the bidirectional reflectance given by SAIL
model using some adding method assumption.

Assuming the canopy is composed by a vegetation layer
covering the soil, the flux reaching the top of the canopy is partly
reflected without reaching the soil, and partly transmitted to the soil
that will scatter it. Then, the flux is partially transmitted upward
and partially reflected again to the soil, and so on (as illustrated on

Solar flux Ru1

T, vegetation To1 To1

Rtz - Rb1 Rtz

A A A A RS T

Fig. 1. Adding method operators: T 4;; T 1 are respectively the downward and the
upward vegetation layer transmittance operators, Re1; Ry, the top and the bottom
vegetation layer reflectance operators and Ry, the soil reflectance operator.

Fig. 1). The Adding method assumes that the total reflectance of
canopy is the sum of the reflectance by the vegetation layer and the
reflectance by the soil after a given number of interactions between
the soil and the vegetation layer. The reflectance of the soil after a
number n N 1 of soil-vegetation interactions is weakened due to
the absorption by the leaves and the soil. The global reflectance
operator of the canopy, notedr can then be modeled as a function
of the reflectance and the transmittance operators of the vegetation
layer and the reflectance operator of the soil:

Re ¥ Rea T u1 0 81 — Rz o Ryt ™t o Rez o T ga: d1b

If the contribution of the multiple scattering between the
vegetation and the soil is small relative to the single one
(‘Yoshioka, 2004; Yoshioka et al., 2000a,b, 2002, 2003):

R[CRt;l b T ul © Rt;z oT d;1: 62b

The SAIL model developed by Verhoef (1984, 1985) deals
with the interactions between the radiation fluxes and the leaves.
The bidirectional reflectance (Rso) is given by integrating the
interactions between the fluxes and the vegetation over all kinds
of leaves, knowing their geometric distribution and the depth of
the vegetation layer. We assume that the canopy is composed of
one vegetation layer covering the soil (Verhoef, 1985):

Rso Va so b Sssls0Soo
6sssrsd b Ssdl'ddpSdo b assd b Sssrsdqddbrdosoo .
; o
1 — r4qyq

where the p_, 7. terms are respectively the different components
of vegetation reflectances and transmittances depending on the
vegetation parameters (the leaf reflectance and transmittance
(o, 1), LAI, leaf distribution) and the source and observation
orientations, rs the soil bidirectional reflectance, rqo the soil
directional reflectance of hemispherical incidence, rs the soil
hemispheric reflectance for direct incidence and rqq the soil
hemispherical reflectance for hemispherical incidence (Verhoef,
1985). Note that, 7ss and 7o, are two extinction terms depending
only on the vegetation architecture. Physically these terms
represent respectively the gap fractions in the direction of the
source and the observation: when the source (respectively the
observation) zenithal angle equals 0, s (respectively 7o)
equals the gap fraction observed on the nadir direction (Pgap).
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Fig. 2. Comparison between bidirectional reflectance of the canopy estimated by
the SAIL model (continuous line) and its approximation (dashed line)
(simulation parameters are given in Table 1).

Now, for our version of SAIL, the distribution of the leaf area
is assumed ellipsoidal, with mean leaf inclination angle, noted
ALA, that varies between 0 and 90°, from planophile vegetation
to erectophile one (Campbell, 1990). Then, from the relation-
ship of Nilson (1971) between LAI and Pgsp, and having fCover

equal to 1 — Pgap:
fCover ¥4 1 — exp/a—K,0ALAP:LAI]: o4p

where K is the extinction factor that depends on and only on ALA.
Eq. (4) is used in the following to link the canopy bidirectional
reflectance (that depends on LAI in SAIL model) to the fCover.

Following the adding method approach (2), the SAIL model
BRDF (3) is approximated at first order eliminating the terms
depending on the soil reflectance rso, rsq, rdo and rqq at high
orders (r" for nN1):

RSOCqso b Sssl's0So0 b asssrsd b ssdrddbsdo b SsdldoSoo:

In the Lambertian case, rso="rsq=rdo="rdd= Rsoit, and so:
Rso % CIso b 6555 b SsdbRsoiIbSdo b $oob: 65'3

Fig. 2 illustrates the good fitting of approximation (5) in the
NIR case that is the more unfavorable case relative to visible
one (Gausman et al., 1970; Jacquemoud & Baret, 1990) where
in addition to NIR case 7sq and 1q40 are negligible compared to
Tss and Too (Suits, 1972):

RSOCqso b Sss Rsoilsoo: 06p

The expressions (5) and (6) will be used as first order
approximations of the reflectances in the NIR and R domains,

respectively. In this study, we use the inputs listed in Table 1 that
appear correct and for which change does not affect the
interpretation of the results (Jacquemoud & Baret, 1990). Note
that for simulations, the non simplified SAIL version is used.

Now, a couple of reflectance measurements for R and NIR
spectral bands gives a point in the space (R, NIR). A set of
points having the same fCover is called fCover isoline in the (R,
NIR) space. The empirical linear relationship between the soil
reflectances in R (Rsoitr) and NIR (Rsoit,nir) domains is called
the soil line (Baret et al., 1989, 1993; Huete et al., 1984). It is
defined through two parameters ao and bo:

RsoitNIR ¥4 0Rsoitr P bo; d7b
From (5)—(7), for a homogeneous vegetation layer and for a
given fCover, reflectances in R (Rso,r(fCover)) and NIR (Rsonir

(fCover)) are linearly linked:

Reo:nirOfCoverbs  adfCoverbRy:z0fCoverbp bofCoverb; 08b

where:

055 b Ssa:nirPOSao;NIR P SeoP

ayfCoverp, a ; %h
SSSSOO

bdfCoverb% qg,.nir — adfCoverbgg,r b bodsss b SsanirP

X bsdo,-Nm bsoobi o10p

Whatever the source and the observation directions, Rs,r(0),
Rsonir(0) are respectively equal t0 Rsoilr, Rsoitnir, a(0) = ao
and B(0)=ho.

Also, note that the property that the vegetation isolines are
straight lines was also shown previously by (Huete, 1989;
Yoshioka, 2004; Yoshioka et al., 2000a,b, 2002, 2003) and in
(Yoshioka et al., 2000b) this property was extended to the
heterogeneous canopy case.

Straight line parametrization from the SAIL parameters is
complex and requires the knowledge of a priori information about
the vegetation such as leaf distribution, pigment concentration,
and water content. As an alternative, here we propose to search
empirical relationships between the isoline parameters that will be
used as a priori knowledge simplifying the model inversion.

2.2. Isoline set parametrization

A set of isolines is obtained by sampling the fCover. Fig. 3
shows a simulation of the SAIL model in (R, NIR) space
corresponding to different values of fCover varying from 0
(bare soil) to 0.98 (very dense vegetation). Using the linear

g?ntiflition parameters and figure numbers where they are involved
Parameter Vegetation layer Leaf Soil Scene angles

ALA fCover Step (o, DNk (o, Nr (a0, bo) [min, max]r 6 (6o, o)
Value 45° [0, 0.98] 0.1 (0.47, 0.49) (0.1, 0.09) (1.1, 0.07) [0.02,0.32] 30° (50°, 0°)
Figure number 2,3,6,7 3,7 3,7 2,3,4,6,7 3,4,6,7 3,6, 7 3,7 2,3,4,6,7 2,3,4,6,7
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Fig. 3. SAIL simulation of fCover isoline set (simulation parameters are given in
Table 1).

approximation for the fCover isolines, the average quadratic
error remains lower than 5 - 10~ 5. From Fig. 3, we note that the
fCover isoline slope increases with vegetation density.

In the (R, NIR) space, the intersection of fCover isolines (8)
and the soil line (7) is noted yicover (Fig. 3)). Vrcover is & function
of a and B (Yoshioka et al., 2000b):
g v _b—bo;aob—abo :

fCover
a—a

011b
a — a

Lets change the coordinate plan such that X-axis becomes the
soil line. The slope relating to this new coordinate plane is a’:

a—ao
— 1
1|:>aoa azp

Fig. 4 shows different simulations of SAIL for three ALA
values. Fig. 4a shows the variations of a" versus fCover confirm-

aV%

(a)

09 r

08} —— ALA=27°
—6— ALA=45°
071 | —— ALA=63°

0.6
05F

0.4t

slope o

03

02}

01t

0

0 0.2 0.4 0.6 0.8
fCover

ing the previously mentioned increase, particularly the relation-
ship between a’ and the fCover appears quasi-linear. Fig. 4b
shows the variation of ya, X-coordinate of y versus fCover: the
curves are about linear, with a slope depending on ALA value.

Previous observations on Fig. 4 are formalized mathemat-
ically by:

aV Y 01 — 81 — fCoverb*bp gs; 313b
ga ¥4 gsfCover p g4;

where n;, i €{1, .., 5} are the isoline parameters. Taking into
account the fact that when fCover = 0 the isoline coincides with
the soil line,

g5 ¥4 0: 014b

Note that for fCover negligible relative to one, 1 - (1 - fCover)™
is approximated by (n.fCover) and so a'(fCover) is a linear

function. For n; greater than one, the slope saturates for fCover
close to 1, that is the case of erectophile vegetation. In Section 3,
a derivation of € = {n1, N2, N3, N4} from a learning data set will
be proposed. Then using Egs. (13) and (14), (a’, y.) are obtained.
In the following, we call ‘direct model’ the model that simulates
(R, NIR) values knowing &. To inverse this model, the next
subsection provides some mathematical properties.

2.3. Inverse problem: existence and unicity

For a homogeneous canopy, the inverse problem consists in
deriving for each point of the (R, NIR) space the corresponding
fCover value. It is shown below that a solution always exists
and can be defined in a unique way.

Let G be the subpart of the (R, NIR) space formed by the
envelope of the points corresponding to the ideal unnoisy
spectral values in the (R, NIR) domain. We note the subpart of
(R, NIR) located between the soil line and any possible isoline.
The isoline corresponding to a vegetation density fCover is
called Dscover. Fig. 5 shows, for an assumed soil line, the isoline
set and the (R, NIR) subparts gnd . E

Let M(xw, ym) be a point in the (R, NIR) plane. By definition
of E, MaE if and only if ym > aoxm +bo and IfCover® such as

(b)

0.05

—*— ALA=27°
—e— ALA=45°
—»— ALA=63"

-0.05

Ya

-0.1

-0.15

01 02 03 04 05 06 07 08 09
fCover

Fig. 4. SAIL simulations of planophile, extremophile and erectophile vegetation (simulation parameters are given in Table 1): (a) Isoline slope a” versus fCover, (b) va

(X-coordinate of y) versus fCover.
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NIR

Intersection between

different isolines <

Isoline R...=0

Fig. 5. Soail line, isoline set, G and E repartition in (R, NIR) space. Some
intersections between isolines are shown in subpart G Dycover and Dicover are
two isolines, M and M’ are two points respectively of Dicover and Drcover’s

corresponding to null soil reflectance value in R band.

yu < a(fCover®)x,, + B(fCover®). Let g, be the function defined
by:

gw 0fCoverb% yu — adfCoverbxy — bdfCoverb:

On the one hand, gu(fCover®) <0, and on the other hand,
gm(0) > 0. The isoline parameters a’ and ya. are continuous
functions of fCover on [0, 1], consequently a and 8 are also
continuous functions of fCover on [0, 1]. Finally gu being a
linear function of a and 8, gwm is a continuous function of
fCover. Therefore, JfCover* such as g(fCover*)=0 and

IR TQRy Vo5, rcoreiig, eflietige PORTE VP BeortESENEhs
to a vegetation density value fCovery, then M€ Dicover,,

Since Dscover,, belongs to E, then MakE. Therefore, G is in-
cluded in E.

Slope Values

From Fig. 5, several isolines can intersect at M. Calling S the
set of fCover values whose isolines interﬁect at M, we now show
that the actual M fCover value, called fCo ver, is the S lowest one:

fCo ver % minf f=gud f PY 0g: d15b

For this demonstration, it is sufficient to prove that any point
in gorresponding to vegetation density fCover is higher
(belonging to the mid-high plane) than any Dscover SUCh aS
fCover’ bfCover. We have to show that each actual point of
the Dscover line is higher than Dicover'. As the parameter a is an
increasing function of fCover (Eq. (9) and Fig. 4), the slope of
Drcover IS greater than the slope of Drcover, and it is sufficient to
show that the point of Dscover With the lowest x-coordinate is
above Drcover. Since this point corresponds to the lower value
of the R soil reflectance that is higher than 0, it is sufficient to
show this property for a point corresponding to a null soil
reflectance value in R band (called M(r, nir)). Let M'(r’, nir’)
be the point of Dscover With null value of soil reflectance in R

band (Fig. 5)h In order to show that M is above Dicoyer, it is
sufficientto show that the slope of the line (M'M), i.e. ™="rV |
higher than the slope of D ,Le.a A

fCover’ fcover. We have then to

point out that:
RsonirOfCoverb— RsonirOfCover Vb
Rso;rBfCoverb— Rz OfCover Vb

; d16pb
fCover V

ORsoNIR ORsoR -t ; FNERE

Lets V4 S derived by dividing Eq. (16)
left member numerator and denominator by fCover—fCover’ and
making fCover’ converge towards fCover. s is the slope of varia-
tion of M versus fCover whereas a is the slope of variation of M
versus the soil reflectance. Assume that sNa:

ORsonirOfCoOVerb ORsorOfCoverb

fCaver
7 ofCover 7 fCOverafCover

fCover JR 1= DtP ORso,ROtP,.
OReyedP N a LReoROBy;.
fCover V fCover ot
fCover OR 6“3
fCover DRy mgOLP dt N Grcoverv _%QT_ dag

fCover.

{Coverv
RenrdfCoverb— Rso-NIRafCOVGI'\?%ve;\I .
Rso pOfCoverb— Rso gOfCover VP fCoverV:

sOfCoverbNa scover ()

z

So, to show Eq. (16), it is sufficient to show that sNa.

0 0.2 0.4 0.6 0.8
fCover

0 0.2 0.4 0.6 0.8
fCover

Fig. 6. (a) Variation of s and a versus fCover, (b) Variation of y versus fCover. The simulation parameters are presented in Table 1.
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Using the SAIL model, we find as illustrated on Fig. 6a that s is
always larger than a. Moreover, due to the saturation of the Red
reflectance, the difference increases while increasing fCover.
Roughly, this means that, when the soil reflectance is equal to O,
the variation of the reflectances in the (R, NIR) plane versus the
fCover is higher than their variation versus the soil reflectance.

We now show that the cardinal of S is lower than 2. For this
purpose, it is sufficient to show that the intersection between
three isolines is the empty set. According to Appendix A, it is
sufficient to show that:

0%b oa ob 0%a bo:
ofCover- grcover orcover giCover- '

i e i Y
w

017p

Fig. 6b presents the variation of w versus fCover. y is a
decreasing function of fCover with w(0) b 0. Thus, Eq. (17) is
true and therefore in each actual point in (R, NIR) intersects at
maximum two different isolines. This property will be used in
Section 3 to optimize the derivation of the fCover based on the
isoline parametrization.

3. Method implementation

The previous section presented the ideal case where data were
unnoised and model is exact. Now, for actual inversion, G

G E (estj B arei - GcG E
g%%%rtv g’fj thg %ggder(segtil?haet% a%es!%oedbjgg\gious prosggtigs%re

still true provided that COF, o _
This section first d eals with the estimation of & using a

learning data set and secondly with the inversion method.
3.1. Parameter estimation

Assuming that the soil line parameters are known, the
remaining isoline parameters (i.e. € set) are estimated using a
learning data set, formed by Nieam points M;, i €{1, ..., Nieam},
in G, for which the fCover value is known. The optimization of &
is done according to the Root Mean Square Error (RMSE)
minimizing criterion and the fCover; isolines. For this, we define
the distance between M; and the associated fCover; isoline as
equal to &&ER Then noting gi=gm,and ai=arcover, L() the

1P Georer

functional to minimize,

Nlea 2
bl gidfCoverip
il 1 b ai2 ’

The use of an optimization technique is justified since:

LOnbY4 018b

= the presence of both polynomial and exponential terms in L(¢)
makes the analytical inversion of L impracticable;
= approximately, the domain of variation of (N1, N2, N3, N4) is

0.2, 1.2]x]0.9, 1.5]1x[0.0, 0.55] x[— 0.4, Q], and the aime
Lrecmo S {or fhese] pa[rameters 11[’8[ respect(ﬂ/el%/ 10*9, 10*9,

10-3 and 10-%. Therefore, an exhaustive search corresponds
to a number of configurations to test of about 1.32 x 10%°.

Distinction between optimization methods occurs generally in
terms of deterministic or stochastic features. Deterministic ap-
proaches are efficient for linear problems or convex functions
presenting one and only one extremum. In the case of local extrema,
the optimization result depends on the initialization making not sure
the convergence towards the global optimum. For such cases, only
stochastic approaches can reach the global optimum, even if math-
ematical convergence has been proved only for few algorithms (e.g.
simulated annealing). In other cases, heuristics allow the obtention
of ‘good’ solutions without warranting the global optimum. In our
case, the solution space of L is not convex and simulation tests
showed the existence of many local optima. We compare the result
of a deterministic method the Simplex (Dantzig et al., 1955; Nelder
& Mead, 1965), and a heuristic, the Shuffled complex algorithm
(SCE—UA) (Duan et al., 1992; Sorooshian et al., 1992) which uses
many Simplex simultaneously and in competition.

The Simplex has been developed by Dantzig et al. (1955) for
numerical resolution of linear problems and extended to the non
linear case by Nelder and Mead (1965), in order to reach the
global optimum in convex spaces. Assuming the solution space
is of dimension Ns, the researched optimum O* will be
surrounded by a polytope P of Ns + 1 vertices (corners), by
displacing these vertices until being sure that O* is inside P and
that the size of P is in agreement with required precision on O*.
The method evolution is done by the Algorithm 1.

In order to overcome the local minima, SCE—UA is a heuristical
technique using many Simplex simultaneously. SCE—UA uses p
subsets called complex of 2N + 1 points (in our application, we
choose p=12). Each complex evolves (independently to the others)
during a few number of iterations. Following a probabilistic law
(function of the cost), aset of points (Ns+ 1) is extracted that evolves
asa Simplex during #ititerations (in our case #it=2Ns+1). After
evolution, the complexes are merged: all elements are sorted
before redistribution into new complexes, allowing the local
minima to ‘go out’. The processes (complex evolution, complex
merging and complex distribution) are repeated until convergence.

Algorithm 1. Simplex Method

1. Selection of Ns+ 1 vertices {vi, V2, ..., Vn +1} as initialization
of the Simplex;
2. Sorting the vertices according to their cost ct(vi) <ct

(V2) <... < Ct(Vne+1);
3. Comqugaéion of the centroid of the Ns lowest cost vertices
N

Va = o
4. g&eﬁé&ion‘bf\{he worse vertex through the centroid r=g —v

NS+1'
If the cost is decreasing: ct(r) <ct(vy +1), do the update:
Un+1 < T, else go to step 6;

5. Expending of the reflection by factor 2: e=g — 2vy, +1. If the cost
decreases: ct(e) <ct(r), do the update: vy +1—¢, go to step 8;

6. Contraction: t V4 &;’“Sm. If ct(t) <ct(vn +1), do the update:
Vn,+1 < t, go to step 8;

7. Shrinking the whole Simplex: update the vertices {vi, i {2, ...,
Nﬁl}}\;/,’ﬁxvrlnoving them halfway between their location and
Vil VipT

8. Test of convergence: based on the ‘size’ of the Simplex
(distance between vertices).
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Fig. 7. Sets of isolines actual and derived by the SCE—UA method (the
simulation parameters are presented in Table 1).

Fig. 7 shows both the actual set of fCover isolines and
those derived by the SCE—UA method. For higher fCover
values, the isoline estimation is the less accurate due to the
added complexity for dense vegetation (saturation in the red
spectral domain).

3.2. Model inversion

Having defined the set of isolines, the model inversion
attributes to each point M of ( a vegetation density value

fCover corresponding to the first fCo ver which makes gM
null (15). From Section 2.3 and as illustrated by Fig. 8, gw can have

either one or two zeros. As gm(0) > 0 (all points are above the soil
line), then~fCo~ver is before the unique interval such as gw is

ne%?tive: f €[f1, f2] with 0=fibf,<1, M(lfl >0 and gm( fz& <0.
In The case of one zero, we can choose f=1. Otherwise, an ad hoc

initialization of f; in the interval [0, 1] has to be performed. Then, f
is derived using a dichotomic search between [f;, f] with an
accuracy of about 10—* (in our case).

Note that, because of noise and the model imperfection, the
two unexpected situations may be encountered:

= gw(0)b0: we set fCo ver ¥ 0;
= gw( f)NO Vfe[0, 1]: we set fCover ¥ 1.

4. Validation data

In this section the proposed method is compared to the
fCover estimation with the other widely used vegetation indices
(VI), both considering simulated and actual data. In the last
decades, many vegetation indices combining the R and NIR
spectral bands have been developed (Rondeaux et al., 1996).
Those used here are listed in Table 2. Experimental and
theoretical studies showed the correlation between them and
vegetation features such as LAI, fCover and vegetation health.

Now, according to Clevers (1989) and Baret and Guyot (1991),
a vegetation index is linked to LAI by:

VI Vi Via p 8VIs — VI n bexpd—Ky LAID;

with VIs and Vi the vegetation indices respectively for bare

soil (LAI=0) and very dense vegetation (LAl=c0). From Eq. (4
and the previous equation, the relationship between fCover an

VI is (Baret et al., 1995):

fCover VI—=Vig * 19

v — Vig ob
P v —

Practically, VIs and Vi~ are the average values of the
vegetation indices over the points respectively of the bare soil

and with fCovers 1. The factorx? is derived as the value
minimizing the estimation RMSE (18) over the interval [0.5, 5]
with a step equal to 102,

4.1. Simulated data

The simulated data have been derived using both the SAIL and
PROSPECT models (Fourty & Baret, 1997, 1998; Jacquemoud &
Baret, 1990). Varying the soil and the vegetation features, many
simulations have been carried out. Such simulations allow both
the intercomparison between the fCover retrieval methods and
the study of our model sensitivity to different parameter variation
and noise.

The PROSPECT model is a radiative transfer model
allowing the derivation of the hemispherical reflectance and
transmittance of leaves from the knowledge of different matter
concentrations and features which absorb the radiation. In the
Visible domain, absorption is mainly due to pigment concen-
tration (chlorophyll a + b) Ca + ». In the NIR domain, the ab-
sorption is lower, and it is due to the mesophyll leaf structure,
in particular the number of sublayers, N. The SAIL input
parameters are the leaf reflectance and transmittance simulated
by PROSPECT, the vegetation density (fCover), leaf area
distribution (ALA), the sun and observation geometry: sun
zenithal angle (6s), observation zenithal and azimuthal angles
(6o, ©o), hot spot parameters (hs) (Andrieu et al., 1997; Kuusk,
1985, 1991b), and the soil reflectances (Rsoilr, Rsoitnig) that
are entirely determined by Red soil reflectance variation
[ming_, maxr ] and the soil line equation (ao, bo). Following

0,R

Huete et al. (1984) and Baret et al. (1993), the soil type

one zero

NO Zerc

fCover, iCover

Fig. 8. gm versus fCover for the two cases: 1 and 2 zero function.
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Table 2

Vegetation indices

Index Abbreviation Formulation
Perpendicular vegetation index (Richardson & Wiegand, 1977) PVI INIR — 80fR — bo

Weighted infrared—red vegetation index (Clevers, 1989)

Ratio vegetation index (Pearson & Miller, 1972)

Normalized difference vegetation index (Rouse et al., 1974)

Soil-adjusted vegetation index (Huete, 1988)

Transformed soil adjusted vegetation index (Baret & Guyot, 1991; Baret et al., 1989)

Modified soil adjusted vegetation index (Qi et al., 1994)

]
apl

WDVI Mnir — @l
RVI I'NIR
I'r
NDVI 'R — IR
iR P e
SAVI 3 b e bre ) o5
rirprrbL
TSAVI _ _
apdrnir — agfr — boP X 1,008
Aok b 'R — aobe p X 01 p atp
MSAVI qfif il

1 2
3 2rep1— d2rrp 16° —80rr—r NI

variability is simulated by an additive noise (€s) on the soil
line equation:

Rsoil:NIR Va aoRsoil:R b by b sso

In this section, for all experiences, (ao, bo) and [ming,,,,
maxg_].are assumed fixed and equal respectively to (1.1, 0.07)
and [0.02, 0.32].

Table 3 shows the set of simulations which will be used to
compare the performance of the proposed method to classical
vegetation indices and evaluate the robustness of the method to
parameter inaccuracy (spatial and/or noise). The three first sets
of simulations (scenarii 1 to 3) test the impact of LAD variation,
the scenarii 4, 5 and 6 deal with the leaf features, the scenario 7
tests the effect of the hot spot and finally the scenario 8 tests both
the effect of noise inaccuracy over all parameters and on the hot
spot effect. Table 4 presents the RMSE obtained considering the

Table 3

Set of simulations used to evaluate the performance of the method

Test Casb N hg fCover ALA 0, 6, @a
M 2agv M Sdv. M Sdv Sdv

1 30 0 1.5 0 03 0 0 45° 30° 50° 0°

2 30 0 1.5 0 03 0 0 27 30° 50° O°

3 30 0 1.5 0 03 0 0 63°  30° 50° °

4 20 0 2 0 03 0 0 459 30° 500 Q°

5 30 6 1.5 0 03 0 0 459 30° 50° °

6 30 0 1.7 03 03 0 0 45°  30° 50° 0°

7 30 0 1.5 0 03 005 0 45°  30° 30° 0°

8 30 6 1.7 03 03 005 0.04 45* 30° 30° 0°

aMean value.

°Standard deviation.

The isoline set is obtained varying fCover from 0 to 0.98 (sample step equal to 0.1).
When ‘Sdv =0’ (by default for the 4 last parameters), the parameter value is given in
first (or unique) column, else it is a random value generated following a normal

distribution N dM; Sdvb. Grey cells point out differences with first test configuration.

different tests and the different methods. Tests 1, 2 and 3 show
that the variation of ALA (planophile, extremophile and
erectophile) of the vegetation has small influence on the
estimation performance. We also see that MSAVI and TSAVI
give accurate results for respectively small and large ALA
values. Test 4, which corresponds to the presence of more
senescent vegetation, shows that the variation of vegetation
features does not have important effects on the performance of
the method. Tests 5 and 6 point out that the uncertainties over the
pigment concentration affect more the results than the
uncertainties over mesophyll leaf structure. Test 7 shows that
the hot spot effect (when the source and the observation have the
same solid angle), even in the case of uncertainty over its value,

Table 4
RMSE obtained using different methods, in the different cases of test, and for
training (top value, 100 points) and validation sets (bottom value, 120 points)

Test  Simplex SCE- PVI ~ WDVI RVI  NDVI SAVI TSAVI MSAVI

number UA
1 0.017 0.011 0.044 0.044 0.071 0.068 0.028 0.026 0.02
0.017 0.012 0.044 0.044 0.081 0.079 0.028 0.028 0.019

2 0.017 0.017 0.039 0.039 0.068 0.082 0.027 0.026 0.02
0.018 0.018 0.034 0.034 0.076 0.084 0.025 0.025 0.02
3 0.022 0.018 0.039 0.039 0.077 0.071 0.024 0.018 0.03
0.021  0.018 0.042 0.042 0.069 0.063 0.024 0.018 0.033
4 0.02  0.019 0.039 0.039 0.075 0.091 0.025 0.02 0.028
0.019 0.016 0.043 0.043 0.062 0.081 0.023 0.017 0.027
5 0.042  0.043 0.047 0.047 0.135 0.128 0.052 0.067 0.054
0.04  0.035 0.045 0.045 0.122 0.117 0.044 0.058 0.05
6 0.02 002 0047 0047 0.101 0.086 0.025 0.026 0.024
0.022 0.022 0.044 0.044 0.097 0.082 0.027 0.03 0.025
7 0.017 0.008 0.038 0.038 0.117 0.089 0.022 0.033 0.015
0.017 0.008 0.036 0.036 0.106 0.085 0.019 0.029 0.012
8 0.061 0.057 0.068 0.068 0.1 0.099 0.059 0.064 0.062
0.049 0.052 0.064 0.064 0.103 0.104 0.054 0.061 0.057

Per line, the dark grey cell shows the best result, and the light grey one the
second best result.
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Fig. 9. Robustness tests: fCover estimation variation versus canopy parameters. The solid (resp. dashed) curves correspond to the learning (resp. validation) set.

has no significant impact on the fCover estimation accuracy. Test
8 shows the results assuming an accentuation of the hot spot
effect and both uncertainties over the soil line, concentration of
chlorophyll, mesophyll leaf structure and hot spot. The relatively
large error is mainly due to the strong influence of the Ca + 1
concentration inaccuracy (as in test 5), and the influence of the
mesophyll (N) variability (as in test 6).

About the respective performance of the different vegetation
indices, it is shown that SCE—UA and Simplex perform better.
Moreover, due to the non convexity of L(£) over the solution
space, SCE—UA gives often more accurate results than the
Simplex. In our application, the Simplex algorithm was run many
times to lead to sufficiently accurate results. Only considering

—#*— SCE-UA
——— Simplex

(@)

0.35

0.4 0.6

fCover

classical vegetation indices (Table 2), we note that for unnoised
data (tests 1 to 4), TSAVI performs often better, whereas MSAVI
and SAVI are more robust to noised data (tests 5 to 8). The fact that
PVI and WDVI give the same result is consistent since they are
linearly dependent. Finally, note that there is no significant
difference between training and validation sets. This result is very
satisfying and means that using a set of 100 elements for training,
as we did, is statistically sufficient.

Supplementary simulations are shown in Fig. 9 which
presents three robustness tests in case of: variation of soil line
slope, noise added on soil line and ALA. Fig. 9a shows the
robustness to the slope variation. SCE—UA and Simplex show a
small degradation of performance versus the slope value. Since

—*— SCE-UA|
——— Simplex
—PVI
—— WDVI
RVI
NDVI
SAVI
—— TSAVI
—— MSAVI

4100

s \
S
LR

#Field

0.6

0.4 :
fCover

0.8 1

Fig. 10. Ground fCover distribution (grey rectangles) and RMSE distributions versus fCover: (a) 2003, (b) 2006. The solid (resp. dashed) curves correspond to the

learning (resp. validation) set.
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it takes into account the effective soil line, TSAVI is the more
robust, conversely to SAVI and MSAVI whose performance
decreases dramatically versus the slope value. Fig. 9b shows
that the increase of the soil line noise affects quasi-linearly the
fCover estimation performance. Fig. 9¢c shows that the increase
of ALA variation domain does not affect significantly the
results. In summary, for all these tests the developed method
gives accurate estimation results, better that those obtained
using any classical vegetation index.

4.2. Actual data

Now, in order to validate the proposed method, both remote
sensed data and reference field data (ground truth) measure-
ments acquired simultaneously over the Yar watershed
(61 km?), located in a fairly intensive farming area in northern
Brittany in France has been carried out for several years
(Corgne et al., 2002).

4.2.1. Ground truth data

In 2003 and 2006, ground truth measurements corres onde
respectively to 244 and 155 fields have been acquired. The field
average area is 1 ha. For each visited field, an estimation of the
fCover was derived with a 5% precision for low fCover values
(fCover < 25%) and a 10% accuracy for high fCover value
(fCoverN25%). On Fig. 10, the gray rectangles show the
distribution of fCover ground measurements. Since the majority

of fields are covered in winter, we observe a pick for fCover=1.
Fields with mean vegetation are few, since the leaseholders are

EAREy respecting ey pisffyeraoe) ornot respecting it ut

The actual soil line parameters were determined from the
analysis of six soil samples collected from six agricultural
fields. Having dried the samples, they were wetted again
progressively, measuring the soil reflectance (with a spectrom-
eter) to plot the NIR reflectance versus the R one. Table 5 shows
the soil line parameters obtained from each sample. For the
following of our study, the slope ao is set equal to the mean
slope, and the intercept by equal to zero.

4.2.2. Remote sensing data

Two satellite images have been acquired over the Yar basin.
The first one is a high resolution SPOT 5 image (pixel size equal
to 10 mx 10 m, 4 frequency bands: Green (500—590 nm), Red
(610—680 nm), NIR (780—890 nm) and Mean Infrared (1580—
1750 nm)) acquired on 01/24/2003, and the second one a very-
high resolution Quickbird image (pixel 2.8 mx 2.8 m, 4 frequency
bands Blue (450—520 nm), Green (520—600 nm), Red (630—
690 nm) and NIR (760—900 nm)) acquired on 03/22/2006.

Table 5
Soil line parameters: for samples (1 to 6) and the used values in the following

gampte 17 £67 368 7162 156 0148 Ded vaues RYSE
bo 0.008 0.015 0.005 —0.02 —0.011 —0.02 0 0.016
The RMSE are calculated between the samples and the used values.

Now, for each frequency band (fb) and in the absence of
atmospherical corrections, the data measurement is the
reflectance top of atmosphere (TOA), noted R{°A, which is a
linear function of the reflectance top of canopy (TOC), noted

RIC (Tanré et al., 1990; Vermote et al., 1997):

RIS V4 AgRECA b Bp: 320p

In our study, RECC values are required. To derive the couple
(Am, Bf) for each image and for R and NIR bands, the
following processing was performed:

= Spatial low frequency filtering (field level): since the ground
truth measurement is equal to the more frequent vegetation
density on the considered field, a remote sensing value at field
scale is derived accordingly as the mode (more frequent value)
of the distribution of the pixel values over the considered field.
= Determination of the TOA soil line: using TOA reflectances
measurement, the soil line derived from these measurements
is different from the ground truth soil line (computed in
A SPERR R L B R,
is derived as follows: a linear regression between the R and
NIR values is made for the points (M'(R';NIR") i1 . g
corresponding to the lower R values for each NIR value in
the (R, NIR) space, and the points (MP(RP, NIRP))i=¢1, . N3
corresponding to the fields with null fCover value:
Ni | | 2
Oaroa; btoaP Vs argmin bl X 3NIR; — aR; — bp
° NI a?pl
P P 2

b&%aNlRi a2 Rl — b p:

0
p

Note that the normalization by N; =~ 10° and N, ~ 10 gives
the same weight to the two sets of points respectively derived
from ground truth and image histogram analysis.

= NIR reflectance calibration: NIR channel calibration was
done from a priori knowledge about specific targets: water
and forest. On the one hand, the water reflectance (R") in
NIR band is assumed null. Therefore from Eq. (20):

021b

AnirREEYY b Bir ¥4 0

On the other hand, one can assume that the dense coniferous
forests keep a constant bidirectional reflectance (R') all along
the year and are Lambertian reflectors (Holben & Kimes,
1986). Then assuming that the atmospherical effects are
negligible in summer (RTA ~ RT9C), the forest reflectances
have been estimated from an additional summer image used
to constraint the winter NIR TOC reflectances (20):

AnigR O b Bnir Y4 RTOCH, 022p
TOCf
Egs. ) and (22) giV& Awr %4 —P“E—TOAW and Bnir Y4
RORSES e
TRIA R
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= R reflectance calibration: after NIR calibration, linking the
TOA soil line to the TOC one, the R reflectance calibra-
tion is:
RIO% ¥4 ARRIGMR b Br;

soil;R

Aniraoh
ao

where AR 14 and Br Y 7A“'RQTOAat;B“'R_b° :

Table 6 shows the fCover estimation RMSE using the
developed method and classical vegetation indices. Fig. 10
shows the distribution of the RMSE versus fCover
superposed to the fCover histogram. In general, the obtained
RMSE are large. Firstly, a part of this error can be explained
by the ground measurement ‘weak’ accuracy especially for
dense fields (ground fCoverx 5%). Secondly, the diversity of
biophysical features, especially the senescent vegetation,
influencing the radiative properties. Less concentration of
chlorophyll (Ca + ) leads to the increase of the red vegetation
reflectance. Conversely, in the NIR domain, the senescent
leaf internal structure is increasing the equivalent number
layers (N), the leaf absorption and decreasing the whole
vegetation reflectance. Senescent vegetation is found both
for fields having low cover only due to the remainder of crop
(Fig. 10 shows a relatively high RMSE for low fCover) and
for covered meadow fields affected by cattle trod on and
grazing. Due to this latter case, in the (R, NIR) space, the
isolines corresponding to the fCover values close to 1 are
spread out abnormally in comparison with SAIL simulation
(2). Now, considering the more significant points of (Fig. 10)
curves, i.e. modes of the fCover histograms: values about 0.1
and 1, SCE-UA and Simplex RMSE are lower than the
classical vegetation index ones.

A more surprising observation is the closeness of the results
(Simplex, SCE—UA, classical vegetation indices) since the
soil line slope is rather high, and according to the simulations
(cf. Fig. 9a), the indices which do not take into account the
soil line provide less accurate results. We explain this
absence of soil line sensitivity by the fact that in winter, the
soil is very wet (almost saturated) due to the abundant rains,
therefore the surface reflectance spatial variability is too low
to let appear the soil line dependence.

Finally, although a larger ground truth data set is available
for 2003, the fCover estimation results of 2006 are more

Table 6

Actual data RMSE for different methods for training (top value) and validation
sets (bottom value) having the same number of points (the half of the total
number of fields)

Test Simplex SCE- PVI  WDVI RVI NDVI SAVI TSAVI MSAVI

number UA

SPOT5 0.052 0.05 0.069 0.069 0.086 0.082 0.072 0.075 0.069
0.078 0.074 0.093 0.093 0.116 0.112 0.094 0.102 0.09

Quickbird 0.06 0.059 0.083 0.083 0.085 0.084 0.085 0.083 0.085
0.061 0.06 0.088 0.088 0.091 0.088 0.089 0.088 0.089

Per line, the dark grey cell shows the best result (smallest RMSE value), and the
light grey cell shows the second best result.

consistent between the learning and validation set results. This
can be explained by (i) the fact that, the Quickbird image is a
high resolution image allowing the extraction of ‘pure’ pixels by
elimination of the field edges and lanes, and (ii) the fact that, for
the Quickbird image the number of pixels per field is almost 13
times greater than for the SPOT 5 image making the statistical
estimation of modal value more accurate.

5. Conclusion

Neglecting the high order interactions between vegetation
and soil background in the SAIL model, the parameters of
fCover isoline in the (R, NIR) space, which are segments of
straight lines, are analytical functions of the SAIL scattering
parameters. Using SAIL simulations, the relationships between
the fCover and the isoline slope and between the fCover and the
x-coordinate of the intersection between the isoline and the soil
line have been derived. These relationships allow the
parametrization of the isoline set, for which the existence and
the unicity of fCover solution for any (R, NIR) actual point has
been demonstrated. Using a learning data set, the isoline
parameter calibration was done both by Simplex and SCE—UA
methods. Compared to classical vegetation indices, the method
leads to better results in terms of fCover inversion and
robustness against noise level. Moreover, due to its global
optimization, the SCE—UA algorithm performs a little better
than the Simplex method. The two limitations of the proposed
method are (i) a priori knowledge (ground truth or simulated
data) is needed to calibrate the 4-parameter direct model and (ii)
its computation is more complex than the vegetation index
method.

Next studies will then try to derive other empirical relation-
ships between the isoline parameters and other vegetation
density descriptors like the LAI or other vegetation features like
the fraction of absorbed photosynthetically active radiation
(FAPAR), the hot spot coefficient, ALA, Cap and N. Also
heterogeneous kinds of canopy can be tested (Yoshioka et al.,
2000b). In these cases, a larger number of spectral bands is
required since the number of independent parameters would be
higher (in particular the one-to-one relationship between LAI
and fCover is no more valid). Assuming the existence of soil
line between all couples of bands, a parametrization of the
reflectance isolines in each plane of band couple can be adapted
to solve such an inverse problem.
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Appendix A. Condition of non concurrence between three
isolines

In this appendix, we show a sufficient condition of non
concurrence between three different isolines.

Definition 1. We note F the set of F line sets parameterized by
LI P g A R L e G et
B). VT, a(ffN 0 and a(f) is a strictly increasing function of f.
Property 1. Vf;, f2€ [0, 1] such that f; #f, Dy and D, are not
parallel.

Definition 2. FaF, f;, f€[0, 1]. Mr s (X5, Yrr) iS the
intersection between Dr and Dr. Lo
Definition 3. Mo(Xo, Yo) being a point of R? and D: y=ax+Ba line
in R?, we say that MoN D if yo N ax.+8, and Mob D if yob ax,+8.

Definition 4. Mi(x1, y1) and Mz(xz, y>) being two points in R?,
we say that MoN My if xaNx; and yiNvys..

Property 2. Let FaF, Di€F and Ma(xz, Y1), Ma(X2, y2) € Dx.

X2Nx1 < y2Ny; & MaNMs. (Proof: use a(f) NO)

Definition 5. We say that Fa Fverifies the increasing property,

noted F 7, if Vfo, f1, f2 € [0, 1] such that fobf b, Mg 1, b M, £,
Fig. A.L. shows such a configuration: My s bM; ¢ b Mg 1,

and Mfl,fszfl,g.

Definition 6. We say that FaF verifies the increasing property
restrictively to the interval [a, b], noted F[ap, if Vo, fa,
f, € [a, b] such that fobfibfs, Mty 1,0 Ms, 1,

Property 3. Let FaF. F/ o < Yo, f1, o€ [a, b]/fobfibfy,
Mfof p Mf,foc; it k?) rfl,f Cg_z b%]ﬁb—ba foby b0 le;—bb ;!]b

ad fib—ad fy ad f;p—ad fob

b
faPely £ 8RR g FID AL e atalp HF o
Ds NDs NDs =

Property 5. FaF, fo, f1, f3 € [0, 1], such that fob fi b f,,A € Dra.
Then, AND; < ANM; 1 and ANDy < AbM; 1, (Fig. Al

illustrates the A configuration relative to Dy and Dy, ).

Lemma 1. FaF, fo, f1, [0, 1], such that fob f1 b fo. If qu,fz

N Mfo £ then Mfl,f2 N Df0 ,Mf1,f2 N Mfo 1 and Mfl f N ME 5 .Recip-

rocally, if My ! !\lDf 0,then Mt f !\le S

Proof. direct sense h Let Ac Ds and B&Ds such that AN Dy
1 2

and BN Dy, (cf. Fig. A.1):

0

~Se T ST e T e

aAMfoFfl; BMfoifz p uaAMfoifl; Mfoifleoifz P b beo:ﬁMfo;fz; BMfo:fz WZZkk];
UkpdMTL AN M. .. PbKbOMET. My.¢ ; M1 B Di2kK];
PR A Mt PR OMET, My i BT B 2k

fofi  forfa fo; f1 ffi  foif2 foi f2
Since (Mfo,szfo,f), (Mfo,flA) and (Mfo,sz) are respectively
collinear to Dy, and D, and Dy, and a(f) is an increasing
function of f, then k — BMgy; 1, Mry; 1, NAM,; 1, Mty 1,

e T~

2kkb — 6Mf0;f1 Mfo;fz; Mfo;f1Abb 0
b 2kk:

~— T~
My; 1,

M, 1,5 Myy; 1, BPDK

Then, 2kkbdAT™ 7.1, ; BYM7, Pbk b 2kk. Therefore the inter-
section between (AMfdf) and (BMs O,f) is situated in the half

plan above Dy :Mr ¢ NDs (see Fig. A.l).

Now; Mg;,aDy,  Z Mg;q, N My,

MrforoNDr,

P:5
By the same wa, we obtain My | 2N Mt o
reciprocal sense §
fobfy fobf,
Mfl;fZan 1 7 fh fo; t©Z Mt},‘ﬁ an1
Mfl;szDf0 gPZSM M Mr,.t, DM, 1,
fobf
7 MfO;fl Nszz Mfo;flanO Z
M oy,

fof NMofi: o

P:5 M

Lemma 2. FaF, fo, fi, f;, [0, 1] and Dr, such that fob

fibf,bfs. If Mfo,f 2N Mfo,fl, and Mfl,faN |\/|f1,f2 then MfoyfaN |\/|fo,f2
(cf. Fig. A.1).
Proof

fo bf1 bfz L:1 NM&_ §
M p NM; p gz Mty 1,

9

; WMo NDy 2 T fof
Mfz;faNM



z Mfz,' fa NMfo; f2
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N Mf1; fa

2 f2; f3
fo; f2

fibhbfs ., "

Mi;s NMese 5 v
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fibf,
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g P:5'vI ND

L:1r
rabx fobfabfs g
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AeDs and Be Dy such that AND; and BN Dy . 1] such as fxbfss. If Mt f bMs ¢ bMr ¢ then Mr ¢ bMs ¢ .
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Proof
g fibfabfss "M  bM
M ¢ bM
fufe  faifs .
22,33 0
My .1 bMg ;¢ gz
Z Mfzz;fza NMfuifzzZ Mfzz?faz anzz
T22ifa3 fo;fz
Miy;1, M1,

Z Mf f NDf Z
2232 0L My . NDy g Z M, bMy 1.0

fobflbfzbfzz L:2

122 133

f bf bf L1

02 13 03

Mfo;flef“;fz z Mfo;f1be0;fzzz

g V4 Mfl;fzzNan;fzz

N2 uz fobf2z

Proof. Let naN*, such that n>1, Vie{

_ _ 2n—1}
aj¥a =1 and b; ¥4 1P
2n 2n

8iafl;2n — 1gjb — ajVeZFc
Lemma 4. Let FaF and a, b [0, 1], such that abb, a and 8

(see Definition 1) are C* functions. Then F/ if Vi, f €[a, b]

O%aVabbVabb Na bb Vb %1

1 2 1 3 2 2n—1 2n—2 2n—1 Pr:1



.

L:ar
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i hai; bi]
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Theorem 2 (The increasing property). Let FaF, suchthat a,
B are C? functions, and o” and 8" exist. Then F if Vf€[0, 1]:

Rt oty

b—epeA
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Mfoo; f1 beoo; fsz Cit,; fz]p z Mfoo; f2 beoo; f22 z Mfoo;fubeoo;fzz
b ol P
Mfoo,’ fubeoo; fszG fo; fz]IJ

ecase3:f <f f f f f <f:

00 22 00 11 00 22

00 1 00 2 0 2
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d bdfib—bdfep
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01 2 3 0 1 2 adfb—adb  DO: dA:1b
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wf oot Proof. ¥ (f!f9b0 then ba ! t’—_a 9 fgb is a strictly increasing

show that Mr b M in any of the six cases:
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adfb—adf bb_abf b—adf bz FCian:
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MlefszfL‘fzszC i f
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0 00b lb llb 2b 22 3
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w(f)b0. Then aeaR*, such that wb—¢.
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b
foobfr1bfabf2o Let fo, f1 €[0, 1], such that fobfy:
Moo; t1s DMtoo; 1,0F €y, 1,1P Wofy; fobb0 () bV® f1bdadfib— adfobb — aVd fibdbd f1b— bd fobbho;
Mfu; f2 beu,’ fzzaF Ciy; fa]IJ 0 M wd fobp 0B f1 — f,p°b0;
L:2

z Mfoo;fn beoo;fzz

Mf ’f:Mf'fb M f o f
e case 4: fo<foobfibfii=f,
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b

foo, f2

bfyz<f3 : as in case 2, M C Wd fobb 0B f, — f2pb0;

where O verifies: aAaRp=8f al0; 1]; 09 f bbfA
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Mt bM¢

’

; f hf;f
] Z M1, DMy 1,
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wd fobb 0 0f —fob b—epd fr —fiPA;
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0
Mr,; ,bM,; 1, DM, 1,0F C 1, 1P b
e case 6: fobfi <foobfiibfn <f3: then foo, f11, fzzE[fl, f3],
F [ f1, fs] by assumption. ]
Proposition 1. Let FaF; naN*, ay, ..., an, by, ..., by € [0, 1]

suchthat 0=ai<a,bb;<asbb,<asbbs<as...a,-1bby2
Sanbbn—lﬁ bn:].. If VIG{l, caay n}, F/[a b1 then F/

Proof. Use the Theorem 1 and a recurrence over the total
number of intervals n. O
Proposition 2. Let FaF. If 3eNOsuchthat V& [0, 1] F /(1 t+q),
then F.

0 :

Then, Vi, fie[ f, f+eo]/fobfi, W (f1, fo)b0. Then, V&]0, 1]
F [ f, f+&)]. Therefore, according to the Proposition 2 F . O
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