N
N

N

HAL

open science

A convergent adaptive finite element method with
optimal complexity
Roland Becker, Shipeng Mao, Zhong-Ci Shi

» To cite this version:

Roland Becker, Shipeng Mao, Zhong-Ci Shi. A convergent adaptive finite element method with optimal

complexity. 2007. hal-00158888v1

HAL Id: hal-00158888
https://hal.science/hal-00158888v1
Submitted on 1 Jul 2007 (v1), last revised 16 Jan 2008 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00158888v1
https://hal.archives-ouvertes.fr

A CONVERGENT ADAPTIVE FINITE ELEMENT METHOD WITH
OPTIMAL COMPLEXITY

ROLAND BECKER*, SHIPENG MAOTf, AND ZHONG-CI SHI*

Abstract. In this paper, we introduce and analyze a simple adaptive finite element method for
second order elliptic partial differential equations. The marking strategy depends on whether the data
oscillation is sufficiently small compared to the error estimator in the current mesh. If the oscillation
is small compared to the error estimator, we mark as many edges such that their contributions to
the local estimator is at least a fixed proportion of the global error estimator (bulk criterion for the
estimator). Otherwise we reduce the oscillation by marking sufficiently many elements, such that the
oscillations of the marked cells is at least a fixed proportion of the global oscillation (bulk criterion
for the oscillation). This marking strategy guarantees a strict reduction of the error augmented by
the oscillation term. Both, convergence rates and optimal complexity of the adaptive finite element
method are established, with an explicit expression of the constants in the estimates.

Key words. Adaptive finite element method, a posteriori error estimator, convergence rate,
optimal computational complexity.

AMS subject classifications. 65N12, 65N15, 65N30, 656N50

1. Introduction. The analysis of adaptive finite element methods has made
important progress in recent years. Up to now, a large amount of work has been
performed concerning AFEMSs based on a posteriori error estimation for finite element
methods, which typically consists of successive loops of the sequence

SOLVE — ESTIMATE — MARK — REFINE. (1.1)

We refer to the review articles of Eriksson et al [19] and the books of Ainsworth [1],
Babuska [2], Verfiirth [27] and the references therein.

On the other hand, while these adaptive finite element methods have been shown
to be very successful computationally, the theory describing the advantages of such
methods over their nonadaptive counterparts is still not complete. Apart from the
well-known results in the one dimensional case by Babuska and Vogelius [4], the
convergence of AFEMs in the multidimensional case was an open issue before the work
by Dorfler [17], which was later extended by Morin, Nochetto and Siebert [23, 24], and
more recently by Carstensen and Hoppe for mixed FEM [11] and for nonconforming
FEM [12], by Mekchay and Nochetto for general second order linear elliptic PDE [21].
Especially, the importance and necessity of controlling data oscillations and inner
nodes are pointed out in [23] and [24].

Another important break through in the theoretical understanding of AFEMs is
the estimation of the dimension of the adaptively constructed discrete spaces, first
achieved by Binev, Dahmen and DeVore [9] who showed the optimal computational
complexity. The key to prove the optimality was the introduction of an additional
so-called coarsening step. A further significant improvement has been achieved by
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Stevenson [25] who shows that the additional coarsening step is not necessary in
order to prove optimal complexity, and recently similar results are extended to Stokes
problem [20] by Kondratyuk and Stevenson, to mixed FEMs [15] by Chen, Holst
and Xu. The importance of the above mentioned results lays in the fact that they
show optimal complexity of adaptive algorithms in the following sense: if the exact
solution can be approximated by a given adaptive method at a certain rate (quotient
of accuracy to number of unknowns), the iteratively constructed sequence of meshes
will realize this rate up to a constant factor.

In this paper, we present a simple adaptive finite element method for second order
elliptic partial differential equations, which is a modification of the MNS algorithm of
[23] and [24] by Morin, Nochetto and Siebert. Our modification is motivated by the
idea that if the data oscillation term is small compared to the error estimator, it is
sufficient to mark elements such that the sum of the local error indicators amounts to
a fixed proportion of the global error estimator, otherwise we only need to perform a
similar marking strategy for the oscillation term. The adaptive algorithm consdiered
here can simplify the MNS algorithm in some sense, but its convergence proof is not
obvious. Since in one refinement step we mark elements either according to the error
estimator or according to the oscillation term, one cannot expect the oscillation term
to be reduced in every iteration as is the case in the MNS algorithm. Therefore,
in order to prove convergence of our algorithm, we need to couple the error and
oscillation term by an argument similar to [23]. As a novel theoretical result, we
prove a contraction property of the error augmented by the data oscillation term.
In addition, both convergence rates and optimal complexity of the adaptive finite
element method are established by a detailed analysis in the spirit of [23] and [25].

An outline of the remaining parts of the paper is as follows. In Section 2, we
introduce the set-up and discretization of the model problem, an a posteriori error
estimate for the finite element method and the adaptive algorithm AFEM along with
some notations and preliminaries for subsequent use. In Section 3 we present some
useful lemmata concerning the a posteriori error estimator and prove the convergence
rates and optimal complexity of the adaptive finite element method by a detailed
analysis. Finally, some comments and extensions of the results conclude the paper in
Section 4.

2. A simple adaptive finite element method. We start this section with
some useful notations. Throughout this paper, we adopt the standard conventions for
Sobolev spaces (see, e.g. [16]), the norms and seminorms of a function v defined on
an open set G:

1 1
2 2
e = { [ 32 D% | felbne= | [ 30 10
G G la=m

la|<m

Let 2 C R™ be a bounded polygonal (polyhedral) domain. We consider the
following second order elliptic equations : Find u € Hg () such that

{Auf, in

2.1
u =0, on 01, (2.1)

where f € L*(1).
We denote by (-,-)g the L?(G) inner product, and if G = Q, we drop the index
Q) for simplicity. For any f € L?(2), the weak formulation of the problem (2.1) reads
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as follows:

Find v € H}(Q), such that
{ 1) 0

a(u,v) = (f,v), Yv e Hy(Q)

with a(u,v) = [, Vu - Vodz.

Let 7y be a conforming regular triangulation of 2 and let Vy denote the finite
element space of piecewise linear functions over 7. We denote by V' the space of
continuous piecewise linear functions over 7z, and let Vi be the subspace of functions
of VH that vanish at the boundary 9€2. Let uy denote the solution of the discrete
problem

Find ug € Vi, such that
( (2.3)
a

ug,vg) = (f,vg), Vvg € VOH.

We shall not discuss the step SOLVE which deserves a separate investigation.
We assume that the solutions of the finite-dimensional problems can be generated to
any accuracy to accomplish this in optimal space and time complexity. Multigrid-like
methods are well-known to achieve this goal, cf. [7, 29].

We denote by Ex the set of edges (or faces in 3D) of the triangulation 7y that
do not belong to the boundary 992 of the domain Q. For E € £y, Hg denotes the
diameter of E' and the domain wg is the union of the two elements in 7y sharing E.
For any K € Ty, Hi stands for its diameter and the domain wg is the union of the
adjacent elements in 7.

Subtracting (2.2) for (2.2) and integrating by parts yields

a(u—ug,v)= Y (f,v—Tyv)+ Y /EJE(%sz)ds,WEHg(Q), (2.4)

KeTy Ecéy

Here and after, Jg = [[Vupgl]g - v represents the jump of flux across side E which
is independent of the orientation of the unit normal v, and Zy denotes the Clément
interpolation operator [14]. It plays an important role in the analysis of the reliability,
which is well established in the literature [13, 28].

Let ng be the local error indicator associated with edge F € £y which is defined

as
1
1 9 2
ne(um) = ( > IHkfIfx + ||H§JE||0,E> ~ (2.5)
Kewg
For any given subset Fy C £y and Sy C Ty, we define
1
2
n(um, Fu) = ( > n?;(tm)) (2.6)
EcFu
and

=

osc(f,Su) = ( > ”HK(f_fH)”aK> ; (2.7)
KeSu
3



where fg denotes a piecewise constant approximation of f on 7y. If f € L%(), its
value on K is the mean value of f over K.
The following upper and lower bounds are well known, see e.g., [1] and [27].

Lemma 2.1 (upper bound) There exists a constant C; > 0 depending only on
the minimum angle of My such that

lu—upliq < Cin*(um, Tn). (2.8)

Lemma 2.2 (lower bound) There exists two constants Ca,Cs > 0 depending only
on the minimum angle of My such that, for any E € g,

n%(uH) < Oy Z lu — UHE,K + CgOSCQ(f, wE). (2.9)
Kewg

Summing up all £ € £y in (2.9) we have
" (up, Em) < (n+1)Colu — uHﬁQ + (n +1)Cs08c2(f, T ). (2.10)

We note that we can assume without loss of generality Co > Cs.

In practice, both the local error estimator n(ug,Fg) and the oscillation term
osc(f, Sy ) should be used in the MARK step of the algorithm. The precise way they
are used in the MARK step influences the convergence of the AFEM, see [23] and
[24]. What is more, it also influences the optimality of the AFEM. Therefore, the
MARK step plays a key role in AFEMs and should be designed properly.

As for the REFINE step, we need to carefully choose the rule for dividing the
marked triangles such that the family of meshes obtained by this refinement rule is
conforming and shape regular. In addition, we need to control the number of elements
added in order to ensure the overall optimality of the refinement procedure. In this
article, we shall use the newest vertezx bisection technique. We refer to [9, 22, 25] for
details of this algorithm and restrict ourselves to list the following properties used
lateron.

Lemma 2.3. Let T, be a refinement of a shape reqular triangulation Ty using
the new vertex rule and let M be the collection of all triangles refined in going from
T to Ty,. Let N(T) denote the number of elements of a triangulation T. Then T,
is uniform shape reqular with respect to h and the shape reqularity of T, only depends
on that of Ty and furthermore,

N(Th) < N(Tg) + CoN(M). (2.11)

Remark 2.1. The result (2.11) was first proved by Binev, Dahmen and DeVore [9]
in the 2D triangular case and generalized by Stenvenson [26] to the case of n-simplices.

Another important rule which appears in the REFINE step is the interior node
property. Let 7;, be a refinement of the triangulation 7. We say that the refinement
satisfies the interior node property if each element of the marked set My, to be refined,
as well as each of its edges, contains a node of 7, in its interior. In fact, the interior
node property is also a necessary condition for the error reduction of adaptive linear
finite element methods, see [23] for an example which shows that if the refinement
does not produce interior nodes, the error may not change.

We are now in the position to present our adaptive algorithm AFEM.
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Algorithm 1 AFEM

(0) Select parameters 0 < «,0,v < 1 and an initial mesh 7y, and set k = 0.

(1) Solve the discrete system (2.3) on 7y, for the finite element solution w.

(2) Compute the a posteriori error estimator 7(ug, 7% ) and oscillation term osc(f, 7).
If n(uk, 7) < €, then stop.

(3) i) Ifosc(f,Tx) < vn?(uk, T) mark the minimal edge set Fy, of & such that

nQ(uk,fk) > anZ(uk,Ek). (2.12)

Define the marked elements My, = Upc s, wE-
ii) Otherwise choose the marked elements set My, of 7y to be set of elements
with the minimal cardinality such that

osc?(f, My) > 0 osc®(f, Tr,). (2.13)

(4) Let Tg41 be the refinement of 7y (in the case i), the refinement should satisfy
the interior node property).
(5) Set k:=k+1 and go to step (1).

3. Convergence and optimality of AFEM. In this section we shall prove the
convergence and optimality of the algorithm developed in Section 2. The techniques
are adapted from [9, 23, 21, 25]. For completeness we include some results established
in the mentioned references without proofs.

The convergence analysis starts from the orthogonality relation between u — ugy
and up, — ug, the so-called Pythagoras equality, which follows immediately from the
Galerkin orthogonality.

Lemma 3.1. (Galerkin orthogonality) Let 7, be a refinement of the triangulation
Ty such that VH C VP, suppose up,up, are then the discrete finite element solutions
over Ty and Ty, respectively. Then the following relation holds:

lu—unlf g = lu—unli g —un —umli o (3.1)

The following local bound for the estimator in terms of the local difference be-
tween two Galerkin solutions up to a local oscillation term plays a key role in the
convergence analysis of AFEM.

Lemma 3.2. Let T;, be a refinement of the triangulation Ty such that VH c V7,
if for any E € &g, both E and K € wg satisfy the interior node property, then we
have

ne(up) < Cy Z lup, — uHﬁK + Cs0sc?(f,wp). (3.2)
Kewg

As mentioned in the previous section, a successful convergent AFEM should in-
clude the so-called oscillation reduction. This idea has been developed by Morin,
Nochetto and Siebert [23, 24], and is stated as follows.



Lemma 3.3. (oscillation reduction) Let 0 < o < 1 be the reduction factor
of element size associated with one refinement step. Given 0 < 0 < 1, let a =
1—(1—02)0. Let My be a subset of Ty such that

0sc*(f, M) > 0osc®(f, T ). (3.3)

If Ty, is a triangulation obtained from Ty by refining at least every element in My,
then the following data oscillation reduction occurs:

0sc®(f, Tp) < @osc®(f, Tu). (3.4)

The following lemma deals with a localized version of the upper bound for the
difference between two Galerkin solutions with respect to two different partitions,
which was proved by Stevenson [25].

Lemma 3.4. Let C; be the constant in Lemma 2.1. Then there exists a subset
Fu C Ex, such that

lun —unl? o < Cin*(um, Fu) (3.5)
and
N(Fr) < C6(N(Tn) — N (Tw)). (3.6)

Based on Lemmata 2.1, 2.2 and Lemmata 3.1, 3.2, 3.3, we are now in a position
to prove the convergence of Algorithm 1 developed in the last section.

Theorem 3.5. (Convergence of AFEM). Let {V*}>0 be a sequence of nested
finite element spaces generated by algorithm AFEM and let {ux}xr>0 be the cor-
responding sequence of finite element solutions. Assume that 0 < v < ~* with
v o= (n+1)cg[(n+a1)clcs+ac3]' Then there exist constants # > 0 and 0 < p < 1,
depending only on the shape regularity of meshes, the data, the dimension n, the
parameters «, 6,y used by AFEM, such that for any two consecutive iterates k£ and
k 4+ 1 we have

=i} g + Bose(f, Tir) < p(lu = wnf2 o + fosc*(£. 7). (3.7)
Therefore, algorithm AFEM converges with a linear rate p, namely
u = up |3 o + Bosc®(f, Te) < C*p", (3.8)

where C* := |u — ug|} o, + Bosc?(f, To).

Proof. We treat the two possible cases of the algorithm. First consider the case
osc?(f, Ty) < vn*(ug,&). By Lemma 2.1, Lemma 3.2 and the marking strategy
(2.12), we have

C
lu—ul? o < Crn?(u, E) < — 02 (up, Fr)
@]
(3.9)
<

+1)C
nT)l <C4\Uk+1 —up [} o + Cs053(f, Ef))’
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which implies that

9 « 2 Ch 2
— > |y — - — f . .
‘uk+1 ’LL]C|1}Q ( 1)0104 "LL ’U,k|1’Q 04 OSC ( ,'Tk) (3 10)

Let 8 > 0 be a constant to be chosen in the subsequent analysis. Thanks to the
Galerkin orthogonality (3.1), one can prove

lu — UkHE,Q + Bosc®(f, Te41)

< Ju—uklio — luk — uks1l3.g + Bosc®(f, Tn) (3.11)

Y N w2 G5\ 2
< (1 (n+1)0104> |u uk‘l,Q_F (ﬂ—i_ 04) OS¢ (faﬂ)

Introducing another constant 0 < b < 1 and using the lower bound (2.10), we get

u = ugiali o + 50862(f, Tii+1)
+ b( C5> 2 (ug, &) 1b)(5+c5>osc2(f7)
K Gy ) 1 () Ca Lk (3.12)
C
< (1 T f; + (n+ 1)bCay <5+ C'i)) lu— uglf g
+ ((1 —b) (64- C) + (n+ 1)bCsy (64— %)) osc?(f, Tr).
4 4

In view of (3.12), in order to prove (3.7), we select the two constants 8 and b such
that

(-4 (5+ gf;) + (n+ 1bCay (m gz)

< (1 - m + (n+ 1)bCary <ﬂ + gi>> 3 .
and
(1— m—i—(n—&-l)b(/‘w (6+ gi)) <1. (3.14)

For the sake of our analysis, we can select another parameter u € (0,1), and b is
chosen such that

b— pa , (3.15)
(n+1)2C1CoCiy (6 + &2 )

which implies that the error reduction rate is

p;:1—(n(1+_1)"c)1o‘c4. (3.16)

Substituting (3.15) into (3.13) and after a proper arrangement, we obtain

e Cs J1%e" 1
ThrnaaGt TP T e <(n+ 00 C‘”’) ’
7




which implies

—(n + 1)0105 + joze’ <m — Cg)
(1= pe

B < Bip) = (3.17)

if we choose p such that
(n+1)C1C5
’ .
o (Gt — Os)

Note that pj < 1 under the assumption that 0 <y < v*.

Now, let us consider the case osc?(f, i) > vn*(ux, ), then the marking strategy
(2.13) will be adopted. Let 0 < a < 1 be a constant to be chosen suitably. By Lemma
3.3 and Lemma 2.1, we have

u — ups1]? o + Bosc®(f, Trt1)

= (1= a)lu —upt1[i g + alu — w1 [§ o + Bosc® (f, Trt1)

< (1= a)lu—uri1[] o + aCin?(ux, &) + Baosc®(f, ) (3.19)
C ~

< - alu-wfa+ (%4 6a) o1,

We will choose the constant a such that the error contraction in the second case is
also p, that is to say,

_ (A =-pa
e TN (3.20)

Then in order to prove (3.7), it is sufficient that if the constant 3 satisfy

§%+ﬁ&sa—am, (3.21)

which implies

B = Pap) = 2= pa (3.22)
=W T TR+ D0 — (1 — p)a ‘
under that assumption that

> py=1— (1=&)(n+ 1)0104. (3.23)

(07

Now let us discuss the selection of the value of u. If we select a fixed value for p and
set 8 = max{0, B2}, (3.7) will be obtained. In view of (3.17) and (3.22), the proper
value of 3 can be reached if and only if

Ba() < Br(p), (3.24)
which is equivalent to

F(i) = Xp® + dap+ A3 > 0, (3.25)
8



where

1 010[
e ( ) G
L=\ Dy~ 3 ¥

N = a <M _ 03> (1 -@)n+ 1) —a)

—(n+1)C1Csa + )

s = (n+ 1)C1Cs (a —(1—a)n+ 1)0104) -
It can be checked that

F1) = (1= @)(n+1)C1Cy (a <1)Cﬂ - 03> . 1)clc5> S0, (3.26)

(n+1

By the continuity of the function f we know that there must exist a constant 0 <
wh < 1 such that f(p3) > 0. Then the value of u can be selected such that

max{py, 3, p3} < p < 1.

Thus we have proved (3.7). Since (3.8) is a direct consequence of (3.7), the proof of
the theorem is completed. O

For the sake of the proof of the optimal complexity of algorithm AFEM, we
introduce some notation from nonlinear approximation theory, developed in [9, 10,
17, 25]. Let Hy be the set of all triangulations 7 which are obtained by refinement
of a regular initial triangulation 7y and the cardinality of which satisfy N(7) < N.
For a given triangulation, the associated finite element approximation of the problem
(2.3) is denoted by ur. Next we define the approximation class

W= {(u. f) € (H}(Q), L) : [|(w, f)llwe < +o0}. (3.27)
with
I Dllwei= sup N int (ju—urftq +osc?(£.7)).

We say that an adaptive finite element method realizes optimal convergence rates if
whenever (u, f) € W?, it produces the approximation uy with respect to the triangu-
lation 7; such that

lu —ukl1,0 < CN(T)~%. (3.28)
First, we estimate the number of elements added in one single refinement step.

Lemma 3.6. Let {V*} k>0 be a sequence of nested finite element spaces produced
by algorithm AFEM and let {u} >0 be the corresponding sequence of finite element
solutions. Assume that 0 < vy < ~*,

1
C,C. C: _ 3.29
1020 + 37<n+1’ ( )

9



and (u, f) € W?*. Then there exists a constant C7, depending only on the shape
regularity of the initial mesh, the data, the dimension n, the parameters «, 6,y used
by AFEM, and N (7p), such that

—1/s
N(Ti) = N(T) < Cf (Ju— ul g + 0s*(£, T3)) (3.30)
with
C7 = Chmax{(n+1)CaA; *, 25 " ) (3.31)

where A; and ) are defined by (3.38) and (3.45), respectively.

Proof. We split the proof into two cases as in the proof of Theorem 3.5. Let
us consider the first case, i.e., osc?(f,7x) < v9*(ug, ). Suppose A\; € (0,1) is a
fixed constant to be chosen appropriately in the subsequent analysis. Let 7," be a
triangulation refined from 7y with minimal number of elements such that

fu—uze o < A (lu = wll g+ osc3(£, 7). (3.32)

Then by the definition of the norm || - ||yys,

1 1

NE) <7 (lu =l g+ os (£, 7))l ws Dy (3.33)

Let us choose 7} as the refinement of 7; with minimal number of elements such that
Vi C V/ and thus

fu—uzgBo < lu—urg o < A (lu = wili g +0se(f, T0) ). (3.34)

Note that by the definition of 7,/ and the property of newest vertex bisection (2.11),

there holds
N(T;) = N(Ti.) < CoN(Ty))
-1 (3.35)

(u, )[505.

In the following we shall bound N (7j41) — N(7) by N(T})) — N(7}) to obtain
the desired results. In view of Lemma 3.4, there exists a subset F}; C & such that

< CoAy (Ju— il o + ose*(£,T0))

ug, — uTk’E,Q < Cin?(u, Fiy) (3.36)
and
N(FR) < CsN(Ti) = N(T)).- (3.37)
Then by the Galerkin orthogonality (3.1), (3.34) and (2.10), we have

lup —urf g lu—uklig—lu—ugliq
2 *) > k'L — 5 k'L
n (ukvj:k)— el Ch
- (1- )\1)|u—uk|§)9 — Aosc?(f, Ty)
= Ol
Bl R S VA E)— | A
> & {(n+1)0277 (ug, Ek) 1+

0% (ug, Ex) { 1

(1 — )\1)03

G ) osc2<f,7k>]

Y]

1
SOy — A [ —— - .
Gy |nt1 @M (n+ 1 t(C 03)”

10



then if the value of A1 is chosen as

A o n+1 037 01020[ (3 38)
b TH—CS’V+02’Y . '

The denominator in (3.38) is positive due to our former assumption Cy > C3. As-
sumption (3.29) leads to A; < 1.
With the choice of A; (3.38) we get

0 (ug, Fi) > an®(uk, E)-

Since in the marking strategy we choose the minimal edge set Fp C & such that
(2.12) holds, then we conclude that

N(Ti1) = N(Ti) < CoN (My) < (n+ 1)CoN (Fi) < (n + 1)CoN (FF)
< (n+ 1)COCG(N( ’) - N(Tk))

< (TL—|— 1)0006 1/5 (339)

(lu = unl3 g + osc*(f, m)

s

Next we turn to the case osc?(f,7x) > vn*(uk,E). Similar to the first case,
suppose that Ay € (0, 1) is a fixed constant and 7, be a triangulation refined from 7
with minimal number of elements such that

0se?(f, 7)< No(Ju — unf3 o + 05¢*(f, Th) ) (3.40)
and

w, PV (3.41)

N(T) <25 (lu = w0+ os®(£. 7))

Let 7/ be the refinement of 7, with minimal number of elements such that V;* C V/
and then

0se?(f, T) < 05¢*(f, T') < Ao Ju — ugl} g + 05¢*(f, T ) (3.42)

and

1
s

N(T) = N(Ti) < Cory * (|u ukﬁ’g—l—oscg(f,?'k)) (u, f)[[505- (3.43)

Let M3 :={K|K € T;; K € T/}. Then by Lemma 2.1, we have

1
0se?(f, Ty) > . (05 (/, T) = Nelu = el )

> (o5 — MaCurf (. £0))

> (Al C;) osc?(f,T})) (3.44)
> (5= D)o Mio

_ (; - C;) (osc3(£, Tic) = 05®(f, Tic \ M) ).

11



then if the value of Ay is chosen as

1—-46

1+ C1(1 o)’

)\2 = (345)

we get
osc?(f, T \ M) > Qosc?(f, Ti).

Since in the marking strategy we choose the minimal edge set M C 7 such that
(2.13) holds, then we conclude that

N(Tiy1) = N(Ti) < CoN(My) < CoN (T \ M)
< Co(N(Tk') —~ N (7))

u. )l (

which, together with (3.39) implies the desired result. 0
Now, we can prove the optimality of the algorithm AFEM.

(3.46)

_1
s

<N (1)

Theorem 3.7. (Optimal complexity of AFEM). Let {V¥};>¢ be a sequence
of nested finite element spaces produced by algorithm AFEM and let {uy}r>0 be
the corresponding sequence of finite element solutions. Further assume that 0 < v <
7", C1Cea+ C3y < + 1 and (u, f) € W#. Then there exists a constant C3, such that

=gl o + 053 (f, i) < G5 (N(T) ~N(T)) (3.47)

with C5 := max{1, 8} M .

pos—1

In addition there exists another constant C'5 such that for any e > 0 the following
holds. Let N be the first index such that n(uy,En) < €. Then we have

N(Tn) = N(To) < Cie /s (3.48)

. * * . 1 _% 1— P];] mln{l ng B
with 3 := C{ min {17 *} P (n+1)02 ’

Proof. In view of (3.30) in Lemma 3.6, for any 0 < i < k, there holds

_.l 1

s

N(Tin) =) < Crmin {15} (je- wili + dosc?(f 7)) " (349

together with

: 1
(lu—wlto+Bose?(£. )~ <o (Ju—uil} g + Bosc*(f,T3)) (3.50)
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obtained from (3.7) in Theorem 3.6, we have

k—1

N(T) = N(T) = Y- (N (Ti) = N(T)
i=0
1 7é k—1 _1
< Cf min {17 /3} Z(W —uilf g+ 50502(f77i)) !
) i:’il (3.51)
< Cf min {1, ;} ’ 2 pk;i (|u — ukﬁg + Bosc?(f, Tk))7g
1175 1-pt -1
<Cfmin{1,ﬂ} ﬁil(|u—uk|f’ﬂ+50562(f,77€)> ,

which implies (3.47).

The proof of (3.48) is obvious. In fact, the lower bound (2.10) gives

_1

1 min {1, ch,@} :
2 2 < < 5
(lu = s +Bose*(1. 7)) < | i

_2
s

n (’U,k, gk), (352)

then the desired result can be obtained by (3.52) and (3.51). O

4. Conclusions. We have presented a new adaptive finite element method,
which is a variant of the algorithm of Morin/Nochetto/Siebert. The difference lies
in the treatment of the data oscillation term, which is only used for refinement if it
is big compared to the error estimator. We have proved geometrical convergence of
the error augmented by the data oscillation term and optimal complexity in the sense
of nonlinear approximation theory. The dependence of our results on all involved
constants is worked out.
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