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ABSTRACT. We study the boundary value problem —div((|Vu|P*(®)=2 4 |Vu|P2®)=2)Vy) = A|u|9®) 2y in Q,

u = 0 on 02, where Q is a bounded domain in RY with smooth boundary, X is a positive real number, and the

Npa(x)
N—p2(=z)

x € Q. The main result of this paper establishes the existence of two positive constants \g and A\; with g < \;

continuous functions p1, p2, and ¢ satisfy 1 < pa(2) < ¢(z) < pi(z) < N and max 5q(y) < for any
such that any A € [A1,00) is an eigenvalue, while any A € (0, o) is not an eigenvalue of the above problem.
2000 Mathematics Subject Classification: 35D05, 35J60, 35J70, 58 E05, 68T40, 76A02.

Key words: p(x)-Laplace operator, eigenvalue problem, generalized Lebesgue-Sobolev space, critical point,

electrorheological fluids.

1 Introduction and preliminary results

In this paper we are concerned with the study of the eigenvalue problem

—div((|Vu[Pr®)=2 4 |VuP2(®)=2)Vy) = N\|u|?®) 2y, for z€Q W
u =0, for x €09,

where Q € RY (N > 3) is a bounded domain with smooth boundary, A > 0 is a real number, and py,
P2, q are continuous functions on Q.

The study of eigenvalue problems involving operators with variable exponents growth conditions
has captured a special attention in the last few years. This is in keeping with the fact that operators
which arise in such kind of problems, like the p(z)-Laplace operator (i.e., div(|Vu[P®®)=2Vw), where p(x)

is a continuous positive function), are not homogeneous and thus, a large number of techniques which
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can be applied in the homogeneous case (when p(x) is a positive constant) fail in this new setting. A

typical example is the Lagrange multiplier theorem, which does not apply to the eigenvalue problem

—div(|Vu[P®)=2Vu) = Mu|?®) =2y, for z€Q @
u=0, for x €00,

where Q C RY is a bounded domain. This is due to the fact that the associated Rayleigh quotient is
not homogeneous, provided both p and ¢ are not constant.

On the other hand, problems like (f) have been largely considered in the literature in the recent
years. We give in what follows a concise but complete image of the actual stage of research on this

topic.

e In the case when p(z) = q(x) on Q, Fan, Zhang and Zhao [§] established the existence of infinitely
many eigenvalues for problem (f]) by using an argument based on the Ljusternik-Schnirelmann critical
point theory. Denoting by A the set of all nonnegative eigenvalues, Fan, Zhang and Zhao showed that
A is discrete, sup A = +o00 and they pointed out that only under special conditions, which are somehow
connected with a kind of monotony of the function p(x), we have inf A > 0 (this is in contrast with the

case when p(z) is a constant; then, we always have inf A > 0).

e In the case when min, g ¢(z) < min 5 p(x) and ¢(x) has a subcritical growth Mihailescu and
Rédulescu [[[J] used the Ekeland’s variational principle in order to prove the existence of a continuous

family of eigenvalues which lies in a neighborhood of the origin.

e In the case when max g p(z) < min, g q(x) and g(z) has a subcritical growth a mountain-pass
argument, similar with those used by Fan and Zhang in the proof of Theorem 4.7 in [Iﬂ], can be applied

in order to show that any A > 0 is an eigenvalue of problem ().

e In the case when max g ¢(x) < min_ g p(7) it can be proved that the energy functional associated
to problem (f) has a nontrivial minimum for any positive A large enough (see Theorem 4.7 in [{]).
Clearly, in this case the result in [[L2] can be also applied. Consequently, in this situation there exist

two positive constants A* and A** such that any A € (0, \*) U (A\**, 00) is an eigenvalue of problem (f).

In this paper we study problem (f]) under the following assumptions:

1 < pa(x) < ming(y) < maxq(y) < pi(z) <N, Yz e€Q (3)
yeQ yeN
and Nps()
p2\Z re}
max < ——", Vze. 4
yeQ 1) N —pa(z) @

Thus, the case considered here is different from all the cases studied before. In this new situation we
will show the existence of two positive constants Ao and A; with Ay < A\; such that any A € [\, 00) is
an eigenvalue of problem ([l) while any X € (0, ) is not an eigenvalue of problem (f]). An important



consequence of our study is that, under hypotheses () and (), we have

/ v @ do + / 9@ g
inf o Pi(7) o p2(x)

uew, 1 @)\ {0} / %|u|q(w) dx
O qT

> 0.

That fact is proved by using the Lagrange Multiplier Theorem. The absence of homogeneity will be
balanced by the fact that assumptions (f) and (f]) yield

/ ! |V Pr (@) dx—i—/ ! |Vu[P2@) dz
Q a P2(2)

lim pi() P2 % = 00
lllpy (2)—0 / L |u[?") da
()
and 1 1
/ V@ da + / 1 vup® da
lim o p1(z) a p2(z) — o0
lullpy ()0 / L1 gy
o ()
where | - ||, ) stands for the norm in the variable exponent Sobolev space Wol’pl(m)(Q).

We start with some preliminary basic results on the theory of Lebesgue—Sobolev spaces with variable
exponent. For more details we refer to the book by Musielak [[[4] and the papers by Edmunds et al.
[, B, A], Kovacik and Rékosnik [I(], Mih&ilescu and Radulescu [[, [[3], and Samko and Vakulov [L§].

Set

C(Q) ={h; he C(Q), h(z) > 1forall z € Q}.

For any h € C (Q) we define

h* = sup h(z) and h™ = inf h(z).
e z€eQ

For any p € C(Q), we define the variable exponent Lebesgue space

LP@)(Q) = {u; u is a measurable real-valued function such that / lu(z)[P®) da < oo} .
Q

We define on this space the Luxemburg norm by

p(z)
\u]p(x):inf{,u>0; / dmgl}.
)

Let Lpl(m)(Q) denote the conjugate space of LP(*)(Q), where 1/p(z) 4+ 1/p (z) = 1. For any u €
LP@)(Q) and v € LP ®)(Q) the Holder type inequality

/uv dz
Q

7

1 1
< (— T —,> [l 0] o) (5)
p D

3



holds true.
An important role in manipulating the generalized Lebesgue-Sobolev spaces is played by the modular
of the LP(*)(Q) space, which is the mapping Pp(a) : LP@)(Q) — R defined by

Pp(a) (1) = /Q ju?*) da.

If (u,), u € LP®)(Q) then the following relations hold true

- +
ulpey) > 1 = Julp ) < Py (W) < ful),, (6)
+ —_
|y, — u\p(m) -0 & pp(x)(un —u) — 0. (8)

Next, we define VVO1 P (x)(Q) as the closure of C§°(€2) under the norm
el ey = [Vilyoy

The space VVO1 P (gﬁ)(Q) is a separable and reflexive Banach space. We note that if s € C;(Q2) and
s(z) < p*(x) for all z € Q then the embedding Wol’p(m)(Q) — L*@)(Q) is compact and continuous,
where p*(x) = A],V_plga) if p(z) < N or p*(z) = 400 if p(x) > N.

For applications of Sobolev spaces with variable exponent we refer to Acerbi and Mingione [fl],

Chen, Levine and Rao [, Diening [J], Halsey [{], Ruzicka [[[§], and Zhikov [[[g]).

2 The main result

Since pa(z) < p1(z) for any x € Q it follows that Wol’pl(x)(Q) is continuously embedded in Wol’m(x)(Q).
Thus, a solution for a problem of type (fl) will be sought in the variable exponent space VVO1 P 1(gc)(Q).
We say that A € R is an eigenvalue of problem ([} if there exists u € Wol’pl(x)(Q) \ {0} such that

/(]Vu\p1($)_2 + |Vu[P2 @ TuVo dr — )\/ [u|9®) =240 dz = 0,
Q Q

for all v € VVO1 P 1(gc)(Q). We point out that if A is an eigenvalue of problem ([ll) then the corresponding
eigenfunction u € Wol’pl(x)(Q) \ {0} is a weak solution of problem ([l).

Define 1 )
/ |Vu[Pr@) dz —|—/ —— | VulP2@) dg
A = inf o p1(z) a p2(2)
ueWy ™) @)\ {0} / @) g
0 q(@)

Our main result is given by the following theorem.



Theorem 1. Assume that conditions ([}) and ({}) are fulfilled. Then Ay > 0. Moreover, any X € [A1,00)
is an eigenvalue of problem ([1). Furthermore, there exists a positive constant Ao such that \g < A1 and

any X € (0, o) is not an eigenvalue of problem ().

Proof. Let E denote the generalized Sobolev space VVO1 P 1(JC)(Q). We denote by || - || the norm on
Wol’pl(m)(Q) and by || - ||; the norm on Wol’m(x)(Q).
Define the functionals J, I, Ji, I1 : E — R by

1 1
J(u :/ V[P ®) dm—i—/ Vu|P?®) dg,
W= J @V o
1

w) = [ ——|ul"® dx
) = [ = da,

Ji(u) :/ |Vulpr@) dx—i—/ |VulP2@®) dz,
Q Q

L (u) = / 1) da,
Q
Standard arguments imply that .J, I € C'(E,R) and for all u, v € E,

!

@) = [Vl (a7 da,
Q

(I' (u),v) :/ [u|9®) =240 dx.
Q

We split the proof of Theorem [ into four steps.
e STEP 1. We show that A; > 0.
Since for any z € Q we have p1(z) > ¢* > q(x) > ¢~ > pa(x) we deduce that for any u € E,

2(| V(@)@ + [Vu(@)[P2®) 2 |Vu(@)|?" + [Vu(a)|”

and
(@)1 + Ju(@)]9 > u(z)]1@),

Integrating the above inequalities we find

2/(|vu|p1<x> V@) dg > /(|vu|q+ F VU ) dz, YucE )
Q Q

and

/(|u|q+ +|u|?) da > / u|® dz,  YuekE. (10)
Q Q

By Sobolev embeddings, there exist positive constants A,+ and A - such that

/Q|vu|q+ dz > A+ /Q w7 de, Yue W (Q) (11)



and
/Q|vu|‘f dz > A~ /Q | dz,  Yue Wy (). (12)

Using again the fact that ¢~ < ¢ < p1(x) for any x € Q we deduce that F is continuously embedded
in I/Vol’q+ (©) and in Wol’( (Q). Thus, inequalities ([L1]) and (LJ) hold true for any u € E.
Using inequalities (), (L) and ([L0) it is clear that there exists a positive constant y such that

/(!Vu\q+ +|Vul? ) dz > ,u/ u|9®) da, VuekE. (13)
Q Q
Next, inequalities ([[3J) and (f) yield
/(|w|m<x> + |VulP2®)) dz > %/ wd® dz,  VuekE. (14)
Q Q
By relation ([[4) we deduce that
o Ji(v)
Ao = f >0 15
T weBvo) (v) (15)
and thus,
Jl(u) > Aofl(u), Yué€E. (16)
The above inequality yields
pi - J(u) > Ji(u) > Xolq(u) > Nl(u) Vu€eE. (17)

The last inequality assures that A; > 0 and thus, step 1 is verified.

e STEP 2. We show that \; is an eigenvalue of problem ([I]).

Lemma 1. The following relations hold true:

IO/
e T (u) (18)
and 7 ()
o T(w) — O 19)

Proof. Since E is continuously embedded in Lt () it follows that there exist two positive constants
c1 and ¢y such that
Jull = 1 - Julys, VueE (20)

and
lu|| > e - |u|q_, Vuek. (21)

For any u € E with ||ul| > 1 by relations (), (L0), (B0), (R1) we infer

J) o pf Py
F) ™ 2+ - G ull” + e Jlul
q- T



Since p; > ¢t > ¢, passing to the limit as ||u|| — oo in the above inequality we deduce that relation
([8) holds true.

Next, let us remark that since p;(z) > pa(z) for any = € Q, the space WO1 P 1(gc)(Q) is continuously
embedded in Wol’m(x)(Q). Thus, if ||ul| — 0 then ||ul|; — 0.

The above remarks enable us to affirm that for any v € F with ||ul| < 1 small enough we have
Jully < 1.

On the other hand, since ([]) holds true we deduce that I/VO1 P 2(gc)(Q) is continuously embedded in
Lqi(Q). It follows that there exist two positive constants d; and dy such that

fully > dy - fulgs, ¥ue Wy @ Q) (22)

and

lully = dz - July-, ¥ ue Wy (). (23)
Thus, for any u € E with |Jul| < 1 small enough, relations (ff), ([0), (B9), (BJ) imply

+
Jo | VulP2@® d 2
+ +
i(u) > +Pz S p— +192 — .
) ™t ulfs A ul)? 4 dy |l
q- ‘

Since p; < ¢~ < ¢*, passing to the limit as [Ju|| — 0 (and thus, ||u[; — 0) in the above inequality we
deduce that relation ([[9) holds true. The proof of Lemma [ is complete. O
Lemma 2. There ezists u € E \ {0} such that % = A1
Proof. Let {u,} C E\ {0} be a minimizing sequence for A1, that is,

lim I (un)

=X >0. (24)

By relation ([L§) it is clear that {u,} is bounded in E. Since E is reflexive it follows that there exists
u € E such that u,, converges weakly to v in . On the other hand, similar arguments as those used
in the proof of Lemma 3.4 in [[L1]] show that the functional J is weakly lower semi-continuous. Thus,

we find
liminf J(u,) > J(u). (25)

n—oo
By relation () it follows that E is compactly embedded in L1®)(Q). Thus, u, converges strongly in
LI®)(Q). Then, by relation () it follows that

lim I(up) = I(u). (26)
Relations (PF) and (PF) imply that if u 2 0 then
J(u) _
Iw ~



Thus, in order to conclude that the lemma holds true it is enough to show that u is not trivial. Assume
by contradiction the contrary. Then u, converges weakly to 0 in £ and strongly in LQ(x)(Q). In other
words, we will have

lim I(u,)=0. (27)

n—oo

Letting € € (0, A1) be fixed by relation (P4) we deduce that for n large enough we have
| (up) — A1 (up)| < €l(uy),

or

(M — ) (un) < J(up) < (A + ) (uy).

Passing to the limit in the above inequalities and taking into account that relation () holds true we
find
lim J(u,)=0.

n—oo

That fact combined with relation (f) implies that actually wu, converges strongly to 0 in E, i.e.

limy, oo ||un || = 0. By this information and relation ([[9) we get
lim I (tn) = 00,
and this is a contradiction. Thus, u # 0. The proof of Lemma } is complete. O

By Lemma [l we conclude that there exists u € E \ {0} such that

0 W
T ~ ™M= webtioy Tw) (28)

Then, for any v € E we have
d J(u + ev)

GAUTE) ) i =0.
deI(u—Fev)’ 0

A simple computation yields
/ (|VuPr@=2 4| vuP2@=2)vu Vo de - T(u) — J(u) - / @2y de =0, YveE.  (29)
Q Q
Relation (9) combined with the fact that J(u) = A\jI(u) and I(u) # 0 implies the fact that A; is an

eigenvalue of problem ([]). Thus, step 2 is verified.
e STEP 3. We show that any A € (A1, 00) is an eigenvalue of problem (fl).
Let A € (A1, 00) be arbitrary but fixed. Define T) : E — R by
T\(u) = J(u) — M (u).

Clearly, Ty € C(E,R) with

/ ’

(T;\(u),v> = (J (u),v) = X (u),v), Yuc€E.



Thus, A is an eigenvalue of problem ([ll) if and only if there exists uy € E \ {0} a critical point of T}.

With similar arguments as in the proof of relation ([[§) we can show that T) is coercive, i.e.
1m0 T\(u) = co. On the other hand, as we have already remarked, similar arguments as those
used in the proof of Lemma 3.4 in [l1] show that the functional T} is weakly lower semi-continuous.
These two facts enable us to apply Theorem 1.2 in [[7] in order to prove that there exists uy € E a
global minimum point of Ty and thus, a critical point of 7. In order to conclude that step 4 holds true
it is enough to show that uy is not trivial. Indeed, since A\; = inf,ep\ (0} % and A > A it follows that
there exists vy € F such that

J(UA) < )\I(v)\),

or
Th(vy) < 0.
Thus,
infT) <0
E

and we conclude that wu) is a nontrivial critical point of Ty, or A is an eigenvalue of problem () Thus,

step 3 is verified.

e STEP 4. Any )\ € (0, \g), where )\ is given by ([LJ), is not an eigenvalue of problem (fl}).
Indeed, assuming by contradiction that there exists A € (0,)g) an eigenvalue of problem ([)) it
follows that there exists uy € E \ {0} such that

/

(J (uy),v) = XTI (uy)),v), VveE.

Thus, for v = uy we find

! !

(J (un);un) = M (up), ur),

that is,
Jl(U)\) = )\Il(u)\).

The fact that uy € £\ {0} assures that I;(uy) > 0. Since A < Ag, the above information yields
Jl(U)\) > )\OII(U)\) > )\Il(uA) = Jl(U)\).
Clearly, the above inequalities lead to a contradiction. Thus, step 4 is verified.

By steps 2, 3 and 4 we deduce that Ay < Ay. The proof of Theorem [I| is now complete. O

Remark 1. At this stage we are not able to deduce whether A\g = A1 or A\g < A1. In the latter case
an interesting question concerns the existence of eigenvalues of problem (fl) in the interval [\, A1). We

propose to the reader the study of these open problems.
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