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Abstract Consider two média separated bya piane interface, a Gme- dcpcndent socurce I(t) ata point §
in the first medium (of the lower celenty), receivers in the second medmm located at a large radial
distance from the source. Thanks to a diffusion-like behaviour of the transrmtted wave, we are able to
retrieve the term F(t), under high frequencies hypothesis in an elementary way,

1. About homogeneity and cancellation

We begin with the Poisson semi-group of operators

Py =G-YA N
wherey >0 and A="Y- A, acting on L2 (R?). Then, we define
d
Qy=-vy 3 Py.
y

Because of the fact that Py is an approxirhation of the identity, which means that

I=lm Py, and O= Hm Py
y-30 Y—3toa

in the strong topology of L2 (RN, we deduce the following decomposition of the identity :

PR
r=d[ o F (1)
This formula is known as the Littlewood-Paley decomposition, and has extensively been studied in
harmonic analysis since the 30's. See for example the classical treatise by Zygmund {4]. For the

* amaleurs, we mention that is in fact the ancestor of :hc so-called wavelet transform, But we do not wart
to go further into this matier,

What we would like to point out here is that analogous formulas to (1) can be obtained, and may be
useful, in some physical situations which a priori have nothing to do with diffusion,

Before stating what we have in mind, let us have a closer look at (1), on the Fourier side.

{1) may be interpreted as a way of analysing signals with a continuous chain of filters associated to
the operators Qy. More precisely, if we denote these filters by Qy(te), then :
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Qulw) =ylwle Yol

Now, it becornes apﬁa}ent why (1) is,lf[:t.l_c. I; is because of the following two basic properties of

Qylw):

a. an homogeneity property : Qy{a) depcmﬁ effectively on the product y lel. It is centered around the

sphere in R? of radius Slf“ , with a bandwidth AQy = C?“, where ¢p is a constant (varying with your

aormalisadon). Notice that (—?- is the dilation-invariant measure on R+,

b. a cancellation property : Qy{t) cancels at the origin. Such a propcrfy is necessary in order to insure
the convergence at y = 0 of the integral in (1). A contrario, the same integral with Py instead of Qy would
soongly diverge.

We now wm our atiention o a seemingly very different problem : the propagation through a plane
interface. ’
1. An asymptotic formula for retrieving a time-dependent source

The physical sitwation is the classical one : two infinke homogeneous and isowcpic media are
separated by a plane interface. We think to air and water for numerical and experimental purposes [31. An
acoustical point source is emiming in the first mediam (ait), at height h, and receivers are located in the

second one (water), at a large radial distance r from the source, and on a vertical sraighs line SIAITtng
from the interface at the poini Ry .

Py
gl =m~ 800 {densiries)
R 4 . ..
. o : o n-~0.23 (celeries)
o| m, :
1 .
| receivers B =arcsinn ~13°  (crineal angle)
i
!
P2.C2 | 1
|
z !
Fig. 1

Here, "large radial distance” means that 8 = arcthr- is greater than the critical angle 8, (that is to

>a)

T
say,
Y ¥ r2+h?

[£ (1) is the acoustc potential of the source, and if w3 {r,z.t} is the vansmitted potengal at a peint

{r,z), z > (}, and at time ¢, the associated pressure Py (r,z.0) is
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P2 (rnzt)=p; f—- Y2 (rz,n) .
y

We recall that (see Landau and Lifshitz 2n:

oo

¥ (rz,0) = f oot fey) EJ eilkibekaz) 1oy mk:+k2 k dk do
R .

where kj =1\ / (:’—})2 k2,

. ; o

We suppose that the source is of a high frequency nature : F(w) = 0 only if fwi2 @iy, and

fWmin
cy

>> 1.

Then, we have the following asymptotic formula ;

4oo

J Py (rzty dz ~ Cr(nh) Flen) + Ca(rh) Fliyg) + Ca(rh) #HE (1) (2y

where

2 is the Hilbert wansform ,

(o= Y 1-nZenr
= -_Cl .
M

€l

=

Cj {r,h) arc consrants depending only oa the positions of the source and the receivers,

11 is the time for a way to ravel over the path § My R, with velocity ¢ on § Mg and ¢5 on s R,
and 1y corresponds 1o the path § R with velocity ¢ (see fig. 1),

The presence of the Hilbert wansform is due to the conditior, J‘ir““_z > n. It disappears in the
resh

Opposite case, where a similar (and much less interesting, at least for an air-warer interface) formula
holds :

=
J Py (rztydt ~ C(rh) F(t - ). (2
if we 1ake into consideration the fact that m = %— = 800, we have for the constants in {2) the
fellowing simptified €Xpressions ;
i i
Ci (rh) = l +0 (%), Ca@h) =0 (L)
(19 (e 102 - hoy}l/2 ”‘) 2 () (m)

Ci{rh) = —-2—-—&—— +0 (r}]—) .

L .aZ]1/2
[r+hn] r
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We are not going to cnter;i_}} the details of the proof of the formula (2}, which is sraightforwarg
and typical of asymptotic arguments (one could ask whether such a kind of argument is necessary or not

the answer is yes, for the result is simply false for arbitrary sources),
We prefer 1o conclude with a comparison between forraulas (1) and (2.

Let us remark however that, once (2) is valid and the position of the source is known, it is easy to
retreve the source term F(t). Maybe it is also possible to find the coordinates of the point source from
(2}, but this is still under investigations,

3. Link between the formulas (I} and (2)

sin By=n 5in'62

Fig. 2

Looking at Pz (r,z,t) as the result of a fillering process applied on F(t}, we denote by IN(r,z,w) the

associated impulse regponse.

I'(r,z,w) is nothing but the transmitted pressure at the point R(r,z) when the source is harmonic.
with frequency @. Itis usual, following Brekhovskikh [1), to decompose it in two conmibutions, under

asymptotic conditons :

[{rz.0) = Tpeq (6,2,0) + i (rz.@).

[geg is given by the approximation of the geomerrical acoustics (see fig. 2):

. i 2, -"’5_5} :
Fgeo {rz.00) = Yeeo (nzhYiwe @1 @, (3
while T is specific of the case whenn 22—; <l:
. ¥rlep? z
iw L -alel=
Diar (7,2.0) = N {th) € U iwe a, 4

r
—_—n .
s24n?
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Looking at these expressions, we may understand why (2} is valid.

Consider at first g, which is the main termn, at least near the interface (see Saracco {3}). It is
usually said that Ty corresponds to a wave propagatng in the air along the path S Re and then diffusing

calol = . @ Nr2en?
in the water (fig. 2). The term e €1 in (4) is typical of a diffusion process, while e ¢l is

only a delay term, [y {r,2,00) appears to be very much like Qy(t0) in §1, with gf;— playing the role of y.

What about Igeo ? It is different in nature from Iy, and associated to a wave propagating in air and
in water along the-path SMR (fig. 2). But it still has the properties of homogeneity and cancellation we
described in § 1, at least again near the interface. [n fact, if?— is small, we have

' " nY 1.n2+m ; w22
Lyeq (r,z.0) ~ cho(r,h) e c ioze cif | (5)

h

1-n

_ where £ =—;— - . The cancellation property is already clear in (3), and the homogeneity is apparent
in (5).

These remarks explain why the formuias (1) and (2) are analogous.
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