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RADIUS AND PROFILE OF RANDOM PLANAR MAPS WITH FACES
OF ARBITRARY DEGREES

GREGORY MIERMONT AND MATHILDE WEILL

ABSTRACT. We prove some asymptotic results for the radius and the profile of large
random rooted planar maps with faces of arbitrary degrees. Using a bijection due to
Bouttier, Di Francesco & Guitter between rooted planar maps and certain four-type
trees with positive labels, we derive our results from a conditional limit theorem for
four-type spatial Galton-Watson trees.

1. INTRODUCTION

This paper is devoted to the proof of limit theorems for random planar maps with no
constraint on the degree of faces. This work is a natural sequel to the papers [2, €, 8, T2 [T1],
which dealt with such limit theorems with an increasing level of generality, starting from
the case of planar quadrangulations and moving to invariance principles for the radius and
the profile of bipartite, then general, Boltzmann-distributed random planar maps.

Our main goal is to obtain invariance principles for certain functionals of planar maps
with no constraint on the face degrees, of the same kind as those obtained in [I1]. However,
while this work focused on rooted and pointed planar maps, with distances measured from
the distinguished vertex, we focus on maps that are only rooted and measure distances
from the root edge. Similar “rooted” results where obtained in [I2] building on the “rooted-
pointed” results of [§].

The basic tools we rely on — the Bouttier-Di Francesco-Guitter bijection [I] and meth-
ods derived from Le Gall’s work H] — are quite close to those of [I2]. However, there
are some notable differences which make the study more intricate. One of the key differ-
ences lies in a change in a re-rooting lemma for discrete trees, which is considerably more
delicate in the present setting where multiple types are allowed (see Section BII).

Our approach in this paper will be to focus essentially on these differences, while the
parts which can be derived mutatis mutandis from [4, [12] will be omitted.

2. PRELIMINARIES

2.1. Boltzmann laws on planar maps. A planar map is a proper embedding, without
edge crossings, of a connected graph in the 2-dimensional sphere S?. Loops and multiple
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edges are allowed. The set of vertices will always be equipped with the graph distance :
if @ and o’ are two vertices, d(a,a’) is the minimal number of edges on a path from a to
a’. If m is a planar map, we write Fy, for the set of its faces, and Vy, for the set of its

vertices.

A rooted planar map is a pair (m, €’) where m is a planar map and € is a distinguished
oriented edge. The origin of € is called the root vertex. A rooted pointed planar map is a
triple (m, 7,€) where (m,€’) is a rooted planar map and 7 is a distinguished vertex. We
assume that the vertex map, which is denoted by T, is a rooted pointed planar map.

Two rooted maps (resp. two rooted pointed maps) are identified if there exists an
orientation-preserving homeomorphism of the sphere that sends the first map to the second
one and preserves the root edge (resp. the distinguished vertex and the root edge). Let us
denote by M, (resp. M, ;) the set of all rooted maps (resp. the set of all rooted pointed
maps) up to the preceding identification. In what follows, we will focus on the subset M,JF »
of M,.,, defined by :

M,Jf,p ={(m,7,€) e M, d(r,es) =d(r,e-) + 1} U {T}.

Let us recall some definitions that can be found in [IT]. Let q = (g;,7 > 1) be a sequence
of nonnegative weights such that goxt1 > 0 for at least one x > 1. For any planar map
m # f, we define Wy (m) by

Wa(m) = [] daeg(s)s
f€Fm
where we have written deg(f) for the degree of the face f, and we set Wq(f) = 1. We
require q to be admissible that is

Zgq= Z Wq(m) < oo.
meM; ,
Set also
Zi= > Wq(m).
mer-,p

For k, k' > 0 we set No(k,k') = (2k2—f’1+1) and No(k, k') = (%;kl). For every weight
sequence we define

. / k+ K
fq(xay) = Z xkyk NO(kak/)< k >q2+2k+k’7 z,y > 0
k,k'>0
/ k+ k'
e = % Fr N (U7 s, w20
k,k>0

From Proposition 1 in [I1]], a sequence q is admissible if and only if the system

2t -1 N
_ . &
Z+ - fq(Z 72 )
2= [, 29,



has a solution (27, 2%) € (0,400)? for which the matrix Mq(zT, 2¢) defined by

0 0 2zt —1
Mq(z+,z<>) = j—g@mf(?(zﬁzo) ayfqo(er,zO) 0
Ch0.fa(24,2%) Z250,f4(7,2%) 0
has a spectral radius ¢ < 1. Furthermore this solution is unique and
2T = Z(J{,
20 = fo,

where (Zg )2 =Zq— 2Z(J1r + 1. An admissible weight sequence q is said to be critical if the
matrix I\/Iq(Zglr , Zg ) has a spectral radius o = 1. An admissible weight sequence q is said
to be regqular critical if q is critical and if f&(Z(J{ + e, fo +¢) < oo for some € > 0.

Let q be a regular critical weight sequence. We define the Boltzmann distribution IB%(J{
on the set Mﬂ:p by

B ({m)) = o)

Let us now define Z((f) by

z8 = 3" Wo(m).
meM;
Note that the sum is over the set M, of all rooted planar maps. From the fact that
Zq < oo it easily follows that Z((lr) < 0o. We then define the Boltzmann distribution B
on the set M, by
_ Wg(m)

B (mp) = =27

2.2. The Brownian snake and the conditioned Brownian snake. Let z € R. The
Brownian snake with initial point z is a pair (b,r”), where b = (b(s),0 < s < 1) is a
normalized Brownian excursion and r* = (r”(s),0 < s < 1) is a real-valued process such
that, conditionally given b, r* is Gaussian with mean and covariance given by

e E[r?(s)] = x for every s € [0,1],
e Cov(r®(s),r*(s')) = <1£1<f  b(t) for every 0 < s < s’ < 1.

We know from [3] that r* admits a continuous modification. From now on we consider
only this modification. In the terminology of [3] r” is the terminal point process of the
one-dimensional Brownian snake driven by the normalized Brownian excursion b and with
initial point x.

Write P for the probability measure under which the collection (b,r”);¢cr is defined.
As mentioned in [I2], for every x > 0, we have

P < inf r*(s) > 0) >0.
s€[0,1]
We may then define for every x > 0 a pair (Ex,Fx) which is distributed as the pair (b, r")
under the conditioning that inf g 1 r(s) > 0.
3



We equip C([0, 1], R)? with the norm ||(f, )|l = [|f]l« V |lg]l« Where ||| stands for the
supremum norm of f. The following theorem is a consequence of Theorem 1.1 in [7].

Theorem 2.1. There exists a pair (EO,FO) such that (b, T%) converges in distribution as
x| 0 towards (b, T°).

The pair (Bo,fo) is the so-called conditioned Brownian snake with initial point 0.

Theorem 1.2 in [[7] provides a useful construction of the conditioned object (EO, r¥) from
the unconditioned one (b,r?). In order to present this construction, first recall that there
is a.s. a unique s, in (0,1) such that

0 : 0
%) = f
r(sy) 8611[%)71}1' (s)

(see Lemma 16 in [9] or Proposition 2.5 in [7]). For every s € [0,00), write {s} for the

fractional part of s. According to Theorem 1.2 in [7], the conditioned snake (EO,FO) may
be constructed explicitly as follows : for every s € [0,1],

b'(s) = b(ss)+b({ss+5})—2 inf b(t),

sA{sx+s}<t<sV{s«+s}
™(s) = r'({s. +s}) —1r%(s:).

2.3. Statement of the main result. We first need to introduce some notation. Let
m € M,. We denote by o its root vertex. The radius Ry, is the maximal distance
between o and another vertex of m that is

Rm = max{d(o,a) : a € Vi }.
The profile of m is the measure Ay, on {0,1,2,...} defined by
Am({k}) = #{a € Vi : d(0,a) =k}, k> 0.

Note that Ry, is the supremum of the support of Ay,. It is also convenient to introduce
the rescaled profile. If m has n vertices, this is the probability measure on Ry defined by

Am(n'/*A)
n

A (4) =
for any Borel subset A of R..
Recall from section that (b,r%) denotes the Brownian snake with initial point 0.

Theorem 2.2. Let q be a regular critical weight sequence. There exists a scaling constant
Cq such that the following results hold.

(i) The law of n=/* Ry under Bg (- | #Vm = n) converges as n — oo to the law of
the random variable

cq< sup r’(s) — inf r0(3)>.

0<s<1 0<s<1



(n)

(i) The law of the random probability measure Ay’ under Bg (- | #Vm = n) converges
as n — oo to the law of the random probability measure I defined by

@)= [ o(ca(s0- it ) o

(iii) The law of the rescaled distance n=*d(o,a) where a is a vertex chosen uniformly
at random among all vertices of m, under By(- | #Vm = n) converges as n — oo
to the law of the random variable

Cq sup r(s).
0<s<1

Theorem Z2is an analogue to Theorem 2.5 in [I2] in the setting of non-bipartite maps.
Beware that in Theorem maps are conditioned on their number of vertices whereas in
[12] they are conditioned on their number of faces. However the results stated in Theorem
2.5 in [I2] remain valid by conditioning on the number of vertices (with different scaling
constants). On the other hand, our arguments to prove Theorem do not lead to the
statement of these results by conditioning maps on their number of faces. A notable
exception is the case of k-angulations (q = ¢dy for some k > 3 and appropriate g > 0),
where an application of Euler’s formula shows that #Fm, = (k/2 — 1)#Vm + 2, so that the
two conditionings are essentially equivalent and result in a change in the scale factor Cg.

Recall that the results of Theorem 2.5 in [I2] for the special case of quadrangulations
were obtained by Chassaing & Schaeffer [2] (see also Theorem 8.2 in [4]).

Last observe that Theorem EZ2is obviously related to Theorem 1 in [IT]. Note however
that [T1] deals with rooted pointed maps instead of rooted maps as we do and studies
distances from the distinguished point of the map rather than from the root vertex.

2.4. Multitype spatial trees. We start with some formalism for discrete trees. Set

u=|Jnm,
n>0

where by convention N = {1,2,3,...} and N = {@}. An element of U is a sequence

u=u'...u" and we set |u| = n so that |u| represents the generation of u. In particular

|| =0. Ifu=u'...u" and v = v'...v™ belong to U, we write uv = u!...u"v!... o™
for the concatenation of w and v. In particular @u = u@ = u. If v is of the form v = uj
for u € U and j € N, we say that v is a child of u, or that u is the father of v, and we write
u = . More generally if v is of the form v = uw for u, w € U, we say that v is a descendant
of u, or that u is an ancestor of v. The set U comes with the natural lexicographical order
such that u < v if either u is an ancestor of v, or if v = wa and v = wb with a € U* and

b € U* satisfying a! < b, where we have set U* = U \ {@}. We write u < v if u < v and
u # 0.
A plane tree t is a finite subset of U such that
e Jct,

e uct\{g}=uct,
e for every u € t there exists a number ¢, (t) > 0 such that uj € t & 1 < j < ¢, (t).



Let t be a plane tree and let £ = #t — 1. The search-depth sequence of t is the sequence
Ug, U1, ..., Uz of vertices of t wich is obtained by induction as follows. First ug = &,
and then for every i € {0,1,...,2§ — 1}, u;41 is either the first child of u; that has not
yet appeared in the sequence ug, u1, ..., u;, or the father of u; if all children of u; already
appear in the sequence ug, u1, ..., u;. It is easy to verify that uss = @ and that all vertices
of t appear in the sequence wug,u1,...,ug (of course some of them appear more that
once). We can now define the contour function of t. For every k € {0,1,...,2¢}, we let
C(k) = |ug| denote the generation of the vertex u;. We extend the definition of C' to
the line interval [0,2¢] by interpolating linearly between successive integers. Clearly t is
uniquely determined by its contour function C.

Let K € N and [K] ={1,2,...,K}. A K-type tree is a pair (t,e) where t is a plane
tree and e : t — [K] assigns a type to each vertex. If (t,e) is a K-type tree and if i € [K]
we set

t'={uct:e(u) =1}
We denote by T5) the set of all K-type trees and we set

7% = {(t,e) e T ; o() = z} .

7

Set
Wi = | JIK]",
n>0
with the convention [K]® = {@}. An element of Wy is a sequence w = (wy,...,w,
and we set |[w| = n. Consider the natural projection p : W — Z& where p(w) =

(p1(w),...,pr(w)) and
pi(w) =#{j € {1,...,[wl} : w; = i}.
Let v € U and let (t,e) € T5) such that u € t. We then define w,(t) € Wk by
wy(t) = (e(ul), ... e(ucy(t))),
and we set z,(t) = p(w,(t)).
A K-type spatial tree is a triple (t,e,£) where (t,e) € T5) and £ : t — R. If v is
a vertex of t, we say that £, is the label of v. We denote by TUS) the set of all K-type

spatial trees and we set

T — {(t,e,ﬁ) e T : e(@) = z}

)

If (t,e,£) € T¥) we define the spatial contour function of (t,e,£) as follows. Recall
that wug,u1,...,us denotes the search-depth sequence of t. First if & € {0,...,2£}, we
put V(k) = £,,. We then complete the definition of V' by interpolating linearly between
successive integers.

2.5. Multitype spatial Galton-Watson trees. Let ¢ = (((?,i € [K]) be a family of
probability measures on the set Wy. We associate with ¢ the family pu = (u¥,i € [K])



of probability measures on the set Zf in such a way that each p( is the image measure
of ¢ under the mapping p. We make the basic assumption that

K
max,u() zEZf:sz#l >0
1€[K] =

and we say that ¢ (or p) is non-degenerate. If for every i € [K]|, w € Wk and z = p(w)
we have
“({z})

¢ ({w 7,
) = @)
then we say that ¢ is the uniform ordering of w.

For every i,j € [K], let

my =Y zp({z}),
ZEZK
be the mean number of type-j children of a type-i individual, and let M,, = (m;;)1<i j<k-
The matrix M, is said to be irreducible if for every i,j € [K| there exists n € N such
that m(;L) > 0 where we have written m( ") for the ij-entry of Mj;. We say that ¢ (or p)
is irreducible if M, is. Under this assumptlon the Perron- Frobemus theorem ensures that
M, has a real, positive eigenvalue ¢ with maximal modulus. The distribution ¢ (or p) is
called sub-critical if o < 1 and critical if p = 1.

Assume that ¢ is non-degenerate, irreducible and (sub-)critical. We denote by Pc(i) the
law of a K-type Galton-Watson tree with offspring distribution ¢ and with ancestor of
type i, meaning that for every (t,e) € TZ-(K),

PO{(t,e)}) = [T ¢ (wa(t)),

uct
The fact that this formula defines a probability measure on TZ-(K) is justified in [T0].

Let us now recall from [T0] how one can couple K-type trees with a spatial displacement
in order to turn them into random elements of T¥). To this end, consider a family v =
(Viw,i € [K],w € Wy) where v; , is a probability measure on RW!. If (t,e) € T(5) and
z € R, we denote by R, ,((t,e),d€) the probability measure on R* which is characterized
as follows. For every i € [K] and u € t such that e(u) = i, consider Y, = (Yu1, .- -, Yyw|)
(where we have written w,(t) = w) a random variable distributed according to v; v, in
such a way that (Y,,u € t) is a collection of independant random variables. We set
Ly =z and for every v € t \ {@},

> v,

u€ |@,v]

where [@,v] is the set of all ancestors of v distinct from the root @. The probability
measure R, ;((t,e),d€) is then defined as the law of (L,,v € t). We finally define for
(1)

every x € R a probability measure PC .. on the set ']TZ(-K) by setting,

P) (dtdede) = PL)(dt, de) Ry ([t €), o).



2.6. The Bouttier-Di Francesco-Guitter bijection. We start with a definition. We
consider the set Thy C T: 1(4) of 4-type trees in which, for every (t,e) € Ty; and u € t,

1. if e(u) =1 then z,(t) = (0,0, k,0) for some k > 0,
2. if e(u) = 2 then z,(t) = (0,0,0,1),
3. if e(u) € {3,4} then z,(t) = (k, k',0,0) for some k, k' > 0.

Let now Tys C TYL) be the set of 4-type spatial trees (t,e,£) such that (t,e) € Tys and in
which, for every (t,e,£) € Ty and u € t,

4. L, € Z,

5. if e(u) € {1,2} then £, = £,; for every i € {1,...,¢,(t)},

6. if e(u) € {3,4} and c¢,(t) = k then by setting u0 = u(k +1) = @ and z; =
Ly — Ly(i—1) for 1 <i <k +1, we have
(a) if e(u(i — 1)) =1 then z; € {-1,0,1,2,...},
(b) if e(u(i — 1)) = 2 then x; € {0,1,2,...}.

We will be interested in the set Ty; = {(t,e,£) € Tys : {g = 1 and £, > 1 for all v € t'}.
Notice that condition 6. implies that if (t,e,£) € Ty then £, > 0 for all v € t.

We will now describe the Bouttier-Di Francesco-Guitter bijection from the set Tj; onto
M,.. This bijection can be found in [I] in the more general setting of Eulerian maps.

Let (t,e,£) € Ty Recall that ¢ = #t — 1. Let up, U1, ..., U be the search-depth
sequence of t. It is immediate to see that e(uy) € {1,2} if k is even and that e(ux) €
{3,4} if k is odd. We define the sequence vg,v1,...,ve by setting v = ugy for every
ke {0,1,...,&}. Notice that vg = ve = @.

Suppose that the tree t is drawn in the plane and add an extra vertex 0, not on t. We
associate with (t, e, £) a planar map whose set of vertices is

ttu {9},
and whose edges are obtained by the following device : for every k € {0,1,...,& — 1},

o if e(vy) = 1 and £,, = 1, or if e(vy) = 2 and £,, = 0, draw an edge between vy,

and 0 ;
e ife(vy) =1 and £, > 2, or if e(vy) = 2 and £,, > 1, draw an edge between vy, and
the first vertex in the sequence vg41,...,ve with type 1 and label £, — 1 ¢(y,)=1}-

Notice that condition 6. in the definition of the set Tj entails that Loir = Loy — Lie(u)=1}
for every k € {0,1,...,£ — 1}, and recall that min{£,; : j € {k+1,...,&} and e(v;) =
1} = 1. The preceding properties ensure that whenever e(vy) = 1 and £(vg) > 2 or
e(vy) = 2 and £(vy) > 1 there is at least one type-1 vertex among {vgi1,...,v¢} with
label £,, — Lie(y,)=13- The construction can be made in such a way that edges do not
intersect. Notice that condition 2. in the definition of the set TM entails that a type-2
vertex is connected by the preceding construction to exactly two type-1 vertices with the
same label, so that we can erase all type-2 vertices. The resulting planar graph is a planar
map. We view this map as a rooted planar map by declaring that the distinguished edge
is the one corresponding to & = 0, pointing from J, in the preceding construction.



It follows from [I] that the preceding construction yields a bijection ¥, between Tj; and
M,.. Furthermore it is not difficult to see that W, satisfies the following two properties :
let (t,e,£) € Ty and let m = ¥, ((t, e, £)),

(i) the set Fi, is in one-to-one correspondence with the set t3 U t*, more precisely,
with every v € t3 (resp. v € t*) such that z,(t) = (k, ¥’,0,0) is associated a unique
face of m whose degree is equal to 2k + k' + 2 (resp. 2k + k' + 1),

(ii) for every ! > 1, the set {a € Vi : d(0, a) = [} is in one-to-one correspondence with
the set {v € t': £, =1}.

2.7. Boltzmann laws on multitype spatial trees. Let q be a regular critical weight
sequence. We associate with q four probability measures on Zi defined by :

1

k
(1) 1
0,0,k,0 = 1 k>0
Mq ({( s YUy vy )}) Z(-:;_ < Za.) ) — Y

ng ({(0,0,0,1)}) = 1,
(ZM(ZE)¥ Nu(k, k') () gopom i

(3) / /
K ({(k‘,k‘,0,0)}) = , kK >0,
! (28, 2§)
(Zch)k(Zéf)k/NO(k% k') (k—};k,)QI-ﬁ-%—l—k’

(4) / /
K ({(k7k7070)}) = , k k> 0.
’ 1825, 23)

We set prgq = <ugl),ug2),ug3),ug4)> and My, = (mij)1<ij<4. The matrix M, is given by

0 0 Zi—1 0
0 0 0 1
_ Z4)2 N 2378 o
Mg = | Zolioufs(2d.29) 27540,05(25.25) 0 0
Z+
éaxf(?(z(—{azg) 8yqu(Z(—f7Z(?) 0 0

We see that M Hq is irreducible and has a spectral radius ¢ = 1. Thus p is critical. Let
us denote by a = (a1, as, a3, aq) the right eigenvector of M Hq with eigenvalue 1 chosen so
that a1 +as +az +aq4 = 1.

Let ¢, be the uniform ordering of p,. Note that if w € W, satisfies w; € {1,2} for
every j € {1,...,|w]|}, then, by setting k = p;(w) and k¥’ = pa(w), we have

(Z;)k(Zc?)k,N-(ka k/)Q2+2k+k’

(3) W _
Ca ({w}) [ (28 28) :
C(4)({W}) _ (Z;—)k(Zg)k/NO(k7 k/)QI+2k+k’ .

1§24, 28)
Let us now define a collection v = (v; w,? € {1,2,3,4}, w € Wjy) as follows.

e For i € {1,2} the measure v;  is the Dirac mass at 0 € RIWI,



e Let w € W be such that p(w) = (k,k,0,0). Then vs, is the distribution of the
random vector (Xl, Xi+Xo,... . Xh+Xo+.. -+Xk+k’)a where (Xj"i']l{wj,l:l}’ 1<
j <k+k +1) (with wg = 1) is uniformly distributed on the set
Ak,k’ = {(nl, co ,nk+k/) S Zl_f_kl—i_l ny+ ...+ Nk+k'+1 = k+ 1} .

e Let w € Wy be such that p(w) = (k,k',0,0). Then vy is the distribution of the
random vector (X1, X1+ Xo,..., X1+ Xo+. ..+ X)), where (Xj—l—]l{wj%:l}, 1<
Jj<k+k +1) (with wg = 2) is uniformly distributed on the set

Bk,k’ = {(’I’Ll, PN ank—l—k’) € le_+k,+1 nmi1+...+ Npyk'r1 = k‘} .

o If i € {3,4} and if w € W, does not satisfy pz(w) = ps(w) = 0 then v;y is
arbitrarily defined.

Note that # Ay 11 = Ne(, k') and #By, 1 = No(k, K.

Let us now introduce some notation. We have P,(f;i(#t1 =n) > 0 for every n > 1 and
i € {1,2}. Then we may define, for every n > 1, i € {1,2} and z € R,

Py (dtde) = P (dtde|#t' =n),
Pl o(dtdede) = Py . (dtdede|#t! =n).
Furthermore, we set for every (t,£,e) € T®,
£=min {€, : v th\{g}},

with the convention min & = co. Finally we define for every n > 1, ¢ € {1,2} and = > 0,

P, ,.(dtdede) = P ,.(dtdede|£>0),

Hq VT

B (dtdede) = P, (dtdede|#t' =n).
The following proposition can be proved from Proposition 3 of [I1] in the same way as
Corollary 2.3 of [12].

Proposition 2.3. The probability measure By (- | #Vm = n) is the image of @S):ZJ under

q

the mapping V..
3. A CONDITIONAL LIMIT THEOREM FOR MULTITYPE SPATIAL TREES

Let q be a regular critical weight sequence. Recall from section 27 the definition of the
offspring distribution p, associated with q and the definition of the spatial displacement
distributions v. To simplify notation we set p = pg.

In view of applying a result of [I0], we have to take into account the fact that the
spatial displacements v are not centered distributions, and to this end we will need a
shuffled version of the spatial displacement distributions v. Let i € [K] and w € W. Set

10



n = |w|. We set W = (wp, ..., w;) and we denote by 71-7“, the image of the measure v; w

under the mapping S, : (z1,...,%y) — (Tpn,...,x1). Last we set
— Viw(dy) + 7 (dy)
Viw(dy) = 5 .

We write U = (Viw,i € [K],w W) and V' = (Vi w,i € [K],w € W).

If (t,e,£) is a multitype spatial tree, we denote by C' its contour function and by V' its
spatial contour function. Recall that C([0,1],R)? is equipped with the norm ||(f, )| =
| fllw V 1|g]lw- The following result is a special case of Theorem 4 in [I0].

Theorem 3.1. Let q be a regular critical weight sequence. There exists two scaling con-
stants Aq > 0 and Bq > 0 such that for i € {1,2}, the law under IP’E?% o of

converges as n — oo to the law of (b,r?). The convergence holds in the sense of weak
convergence of probability measures on C([0,1],R)?.

Note that Theorem 4 in [I0] deals with the so-called height process instead of the
contour process. However, we can deduce Theorem Bl from [I0] by classical arguments
(see e.g. [B]). Moreover, the careful reader will notice that the spatial displacements v’
depicted above are not all centered, and thus may compromise the application of [I0,
Theorem 4|. However, it is explained in [II, Sect. 3.3] how a simple modification of
these laws can turn them into centered distributions, by appropriate translations. More
precisely, one can couple the spatial trees associated with 77 and its centered version so
that the labels of vertices differ by at most 1/2 in absolute value, which of course does not
change the limiting behavior of the label function rescaled by n=1/4.

In this section, we will prove a conditional version of Theorem Bl Before stating this
result, we establish a corollary of Theorem Bl To this end we set
Qu(dtde) = PV (dtde|co(t) =1),
1
Q.5 (dtdeds) = PUL (dtdedt|co(t) =1).

Notice that this conditioning makes sense since 11 ({(0,0,1,0)}) > 0. We may also define
for every n > 1,

Qu(dtde) = Qu(dtde|#t' =n),
Q). (dtdede) = Q5 (dtdede|#t' =n).

The following corollary can be proved from Theorem Bl in the same way as Corollary 2.2
in [12].

Corollary 3.2. Let q be a reqular critical weight sequence. The law under QZ? of

((Aq W)oqq ’ <Bq W)o«ﬂ)

11



converges as n — oo to the law of (b,r?). The convergence holds in the sense of weak
convergence of probability measures on C([0,1],R)2.

. =—0 e . R
Recall from section ZZthat (b , ) denotes the conditioned Brownian snake with initial
point 0.

Theorem 3.3. Let q be a reqular critical weight sequence. For every x > 0, the law under

—(1)n
<<Aq W) 0<s<l (Bq W)oqq)

PMQ,T’@ of
converges as n — 0o to the law of (EO,TO). The convergence holds in the sense of weak
convergence of probability measures on C(]0,1],R)2.

In the same way as in the proof of Theorem 3.3 in [I2], we will follow the lines of the
proof of Theorem 2.2 in [4] to prove Theorem

3.1. Rerooting spatial trees. If (t,e) € Ty, we write 0t = {u € t : ¢,(t) = 0} for the
set of all leaves of t, and we write 1t = dt Nt! for the set of leaves of t which are of type
1. Let wy € t. Recall that U* =U \ {&}. We set

t(00) = ¢\ {wou € t : u € U*},
and we write e(®0) for the restriction of the funtion e to the truncated tree t(%o).
Let vo = ul...u* € U* and (t,e) € T)s such that vy € t1. We define k = k(vg, t) and

I = l(vo, t) in the following way. Write { = #t — 1 and ug, u1, . .., ug¢ for the search-depth
sequence of t. Then we set

k= min{i € {0,1,...,2¢} : u; = vo},

I = max{ie {0,1,...,26} : u; = v},
which means that k is the time of the first visit of vy in the evolution of the contour of t

and that [ is the time of the last visit of vyg. Note that [ > k and that [ = k if and only if
vo € Ot. For every s € [0,2¢ — (I — k)], we set

C)(s) = O (k) + C([k — s]) — 2 inf C(u),

(s) = C(k) + C([k = s]) . S (u)

where C' is the contour function of t and [k — s] stands for the unique element of [0, 2£)
such that [k — s] — (k —s) = 0 or 26. Then there exists a unique plane tree t(*0) whose
contour function is C'*0). Informally, t(*0) is obtained from t by removing all vertices that
are descendants of vy, by re-rooting the resulting tree at vy, and finally by reversing the
planar orientation. Furthermore we see that 7y = 1u??...u? belongs to t(0). In fact,
o is the vertex of t(*0) corresponding to the root of the initial tree. At last notice that
Cg(t(vo)) =1.

12



We now define the function €). To this end, for u € [@,vg] \ {vo}, let j(u,vy) €
{1,...,¢cyu(t)} be such that uj(u,vp) € [&,vo]. Then set

[2,v]3 = {ue[2,v]Nt*:e(uj(u,v)) =2}
[2,0]F = {ue[z,v]nt*:e(uj(u,v))=1}.

For every u € t("), we denote by u the vertex which corresponds to u in the tree t. We
then set 6(*0) (u) = e(), except in the following cases :

(1) if 7 € [@, v0]3 then &) (u) = 4,
if @ € [@,vo]} then 8 (u) = 3.

Since vy € t! we have #[@,w]3 = #[2,v0]}. Indeed, if 1 = eg,e1,...,e9, = 1 is the
sequence of types of elements of [@,vg] listed according to their generations, then this
list is a concatenation of patterns of the form 13241, where by 24 we mean an arbitrary
(possibly empty) repetition of the pattern 24. If at least one 24 occurs then the second
and antepenultimate element of the pattern 13241 correspond respectively to exactly one
element of [@,v]3 and [@,vo]}, while no term of a pattern 131 corresponds to such
elements.

Notice that if (£(0),8()) = (7 ,e), then (t(0) e(0)) = (7 @) &@)) Moreover, if
u e T\{@,0} then we have ¢,(T) = cz(7 ®)). Recall that if w (

W = (wp,...,w1). To be more accurate, it holds that w,(7)
following cases :

it 7 € [2,v0] \ ([, w0]3 N [2, vo]d) then wu(T) — i) el (T o)),
(2) if 7 € [@, v0]3 then wy(T) = Wi™w0) H(T @),

if 7 € [@, vo]* then wy(T) = W ™W0)2(T(@0)),

where for w € W, n = |w|, and 1 < j < n, we set

wi, ..., W,) we write
(T® )) except in the

—
A%

IS

1 .
Wj-z_ (Wjt1,. .oy wn, Liwy, .. wj—1),
W‘]’ :(wj_l_l’...,wn,27w17“"wj_1)'

In particular, if u € [@,v]3 (resp. [F,v0]]) with p(wi(T@))) = (k,k,0,0) then
p(Wo(T)) = (k+1,k' —1,0,0) (resp. (k— 1,k +1,0,0)), while p(wz(7 ©))) = p(w,(T))
otherwise.

Recall the definition of the probability measure @,,.
Lemma 3.4. Let vg € U* be of the form vy = 1u?...u*? for some p € N. Assume that
Qu (vo € t') > 0.

Then the law of the re-rooted multitype tree (£(v0), €(*0)) under Qu(- | vo € t1) coincides
with the law of the multitype tree (t0), e(0)) under Q. (- | to € t').

Proof: Let (7,e) € Ty such that 9y € 9;7. We have
Qu ((809.8) = (T.0)) = Qu (), e)) = (T, ).

13



V0 Vo

S [[@, UO]]%

S [[@, ’UQ]B

Figure 1: The branch leading from @ to vy, and the corresponding branch in the tree t(vo).
the branch is put upside-down and the vertices of [@,vo]3 and [@, vo]]} interchange their
roles.

And
Qu ((t(vw’e(vo)) = (?(%),g@o))) = I O (w (T,
ueT @0\{@,v0}
Qu (6™, e™) = (T.)) = ] O (wu(D).
weT\{,50}
By the above discussion around (@), the terms corresponding to u, @ in these two products
are all equal, except for those corresponding to vertices u € [@, vo]5 U [@, vo] .

Let k> 0 and k¥’ > 1. We have Ny (k + 1,k — 1) = Ng(k, k') which implies that

pW(k+ 1,k —1,0,0) _ (ZHFUZOF TN (k + 1, K — 1)g1as1)r—1
(1) 1§(24,23)

231824 28) u® (k,K',0,0)
Z315(24.28) (M)
Zg =1 4®(k, K ,0,0)

z$H2 (M)
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Likewise let £ > 1 and k' > 0. We have Ng(k — 1,k" + 1) = Ny (k, k") which implies that

p®(k -1,k +1,0,0) _ (ZHEHZOM TNk = 1K 4+ 1) aasa06-1) k41
(%) fa(zg,23)

ZQFNZE,Z28) W (k, K ,0,0)
Zafa 2,28 (M)
(Z$)? ™ (k,K',0,0)

Zg =1 ()"

Using the relation between p(wg(7 @))) and p(w, (7)) discussed above for elements of
[2,v0]3 U [2,v0]], we obtain

0 (1,6 - (79, )

< ) #[9,00]3 —#[2,v0l

= Qu t<”° ™) = (7,0)),

Qu <(t(ﬁo)7e(ﬁo)) — (T, e))

implying that

(3) Qu ((8),80) = (T,¢)) = Qu (™), &™) = (T,¢)) .
To conclude the proof we use ([B]) to get that
Qulvpet) = Z Qu ((t(Uo)je(UO)) = (7, e)>

{(7,e)€Trr:v0€01 T}

- 3 Qu (@(vw’g@o)) _ (f(vo),g(vo))>
{(T,e)eTrr:v0€01 T}
= 3 Qu ((t(ﬁo)’e(ﬁo)) — (T, (vo))>
{(7T,e)€Trr:v0€01T}
= > (e = (7))
{(T",e/)ET a1 00€O T}
= Quvy et).
]
If (t,e,£) € Ty and vg € t!, the re-rooted multitype spatial tree (75\(”0),3(”0),2(”0)) is
defined as follows. If u € t(*0), recall that @ denotes the vertex which correponds to u in
the tree t and that @ denotes its father (in the tree t(*0)).

o 1£ 800 (u) € {1,2} then 2.° = £ — £,
o 1£600) () € (3,4} then 2.°) = 0.
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Let n = ¢, (t(*)). Observe that when @ ¢ [@, vo], then the spatial displacements between

u and its offspring is left unchanged by the re-rooting, meaning that
(B -2 1 <i<n) = (£ -6 1<i<n).

Otherwise, if w € [&,v], set j = j(u,vp), and define the mapping

Onj (@1, ) = (o1 — T, B — T, —Tj, Ty — Ty ..., Tjgl — Tj)
Then observe that the spatial displacements are affected in the following way:
(4) (Eﬁ)—if“Jggign):H@M<<4§)—£§@;L§¢§7Q>.

If (t,e, £) € Ty and wy € t, we also consider the multitype spatial tree (t(“")), e(wo) E(wo))
where £(%9) is the restriction of £ to the tree t(w0).

Recall the definition of the probability measure Q,, 4.

Lemma 3.5. Let vg € U* be of the form vy = 1u® ... u?P for some p € N. Assume that
Qp, (’U(] € tl) > 0.

Then the law of the re-rooted multitype spatial tree (f(m),a(vo),i(”“)) under the measure
Quw( v € t1) coincides with the law of the multitype spatial tree (£() e(@0) g(®0))
under the measure Q,, (- | o € t').

This lemma is a simple consequence of Lemma B and our observations around (@) on
the spacial displacements 7, combined with the discussion of how the set of children of
various vertices are affected by re-rooting, see ([Il) and ().

Lemma 3.6. Let w € W such that p3(w) = pa(w) = 0. Setn = |w| andlet j € {1,...,n}.

(i) The image of the measure <73,w under the mapping ¢n ; 18
(a) the measure V'3 win if wy =1,
(b) the measure V4 yiz if wy = 2.

(ii) The image of the measure <74,w under the mapping ¢n ; 18
(a) the measure V'3 yin if wy =1,
(b) the measure V4 yiz2 if wj = 2.

Proof: We first suppose that w; = 1. Set k = pi(w), k' = pa(w) and wy = 1. Define

¢n,j = Sn 0 ¢n j, where as before S, stands for the mapping (z1,...,2,) — (zp,...,21).
We consider a uniform vector (X; + L, ,—1},1 <1 < n+ 1) on the set Ay ;s and we set

X0 = (Xj41,--+, Xnt1, X1,..., Xj). Since wy = wj = 1, the vector
() ,
(X7 + 1 1 <1<n+1)
is uniformly distributed on the set Ay and the measure v3 ;.1 is the law of the vector

(X0 xP +xP,. . xP 4 XD
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Furthermore we notice that X1 + Xo + ... 4+ X,41 = 0. This implies that
(X9 XD+ X, XD 4 X)) = Gy (X0, X+ Ko X+ X),

which means that the measure v5 ;1 is the image of v3w under the mapping <;~5n] Since
®n,j 0 Sp = Sp o Gnn—jt1, we obtain together with what precedes that the measure
?37‘v_vn—j+1,1 is the image of ?37‘\»7 under the mapping ¢, ;. Thus (73,“,]-,1 is the image

of ?37“, under the mapping ¢, ;. Hence, it is the image of the same measure under ¢, ;,
being invariant under the action of S,,. Thus we get the first part of the lemma. The
other assertions can be proved in the same way. O

If (t,e, £) € Ty, we set
£=min{¢, : v th\{g}},
Alz{vetl :Zv:min{ﬁw:wetl}}.
We also denote by v, the first element of Ay in the lexicographical order.

The following two Lemmas can be proved from Lemma in the same way as Lemma
3.3 and Lemma 3.4 in [4].

Lemma 3.7. For any nonnegative measurable functional F' on Ty,
Dom) a(vm) pm)
w,'v (F (t( )7e( )7£ ) 1{#A1:1,Um€a1t}> = Qu,? (F(t7eae)(#alt)]l{£>0}) .

Lemma 3.8. For any nonnegative measurable functional F' on Ty,

Q| X F(E(“O),a(W),Z(”O)) = Q7 (F(t,e,£)(#01t)Lig>0}) -

voEA1NOLt

3.2. Estimates for the probability of staying on the positive side. In this section

we will derive upper and lower bounds for the probability Pl < (€ >0)asn— oo We

first state a lemma which is a direct consequence of Lemma 6 in [I0).

Lemma 3.9. There exist two constants cog > 0 and ¢; > 0 such that
n3/2PM (#tl = n) — g,

ng/QQM (#tl = n) — 1.

n—oo

We now establish a preliminary estimate concerning the number of leaves of type 1 in
a tree with n vertices of type 1. Write 0 € R*.

Lemma 3.10. There exists a constant 3 > 0 such that for all n sufficiently large,
P, (]#81‘5 — D {0})n| > n¥* #t! = n) <e.

Proof: Let (t,e) € Ty. Recall that £ = #t — 1. Let v(0) = @ < v(1) < ... < v(§)
be the vertices of t listed in lexicographical order. For every n € {0,1,...,£}, we define
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R, = (Ru(k))k>1 as follows. For every k € {1,...,|v(n)|}, we write v(n, k) for the ancestor
of v(n) at generation k and we let

vi(n,k) < ... < vp(n,k)

be the younger brothers of v(n, k) listed in lexicographical order. Here younger brothers
are those brothers which have not yet been visited at time n in search-depth sequence.
Then we set
R, (k) = (e(vi(n,k)),...,e(vm(n, k)))

if m > 1 and R,(k) = @ if m = 0. For every k > |v(n)|, we set R,(k) = &. By abuse
of notations we assimilate R, with (R,(1),...,R,(Jv(n)|)) and let R, = & if |v(n)| = 0.
Standard arguments (see e.g. [6] for similar results) show that (R,,e(v(n)), [v(n)|)o<n<e
has the same distribution as (R}, e),, k!, )o<n<17—1, Wwhere (R}, e}, hl,)n>0 is a Markov chain
starting at (&, 1,0), whose transition probabilities are specified as follows :

o ((ry,...,rp),0,h) = ((r1,...,th, 150, ), tay1(1), h+1) with probability ¢D{rna})
where r;+1 = (rh+1(2)7--- arh+1(|rh+l|))v for rp41 € Wi \ {@}7 (S {172’374}7
ry,...,rp € Wyand h >0, '

e ((r1,...,rp),i,h) = ((r1,...,t_1,17 ), 1(1), k) with probability ¢ ({2}), when-
ever h > 1and {m>1:r, # &} # &, and where k = sup{m > 1:r,, # o}, for
i€{1,2,3,4}, ry,...,rp € Wy, '

e ((@,...,9),i,h) — (@,1,0) with probability ¢ ({@}) for i € {1,2,3,4} and
h >0,

and finally
T'=inf{n>1:h, =0}.
Write P’ for the probability measure under which (R}, €/, k] )n>0 is defined. We define a

n»-n’ n
sequence of stopping times (7]);>0 by 7 = 0 and 7/, ; = inf{n > 7} : ¢;, = 1} for every
7 > 0. At last we set for every j > 0,

X! —
j = 1 {hTJ/-"rl < hTJ’} :
Thus we have,

P, (]#81‘5 — uV{0o})n| > n¥1 #t! = n)

n—1
= P ([ X O oyn] s ¥ <1 <
§=0
n—1
< P[> X - uO(ohn| > n¥t
=0

Thanks to the strong Markov property, under the probability measure P'(- | e}, = 1),
the random variables X ]’ are independent and distributed according to the Bernoulli dis-

tribution with parameter ¢V ({@}) = pM({0}). So we get the result using a standard
moderate deviations inequality and Lemma O
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We will now state a lemma which plays a crucial role in the proof of the main result of
this section. To this end, recall the definition of v, and the definition of the probability
measure QZ -

Lemma 3.11. There exists a constant ¢ > 0 such that for all n sufficiently large,

Q. o (v € D1t) > ¢

Figure 2: The events F' (left) and I' for £ = 2 (right)

Proof: We first treat the case where gor,1 1 = 0 for every k > 2 which implies that g3 > 0.
Consider the event

E= {z@(t) = (0,0,1,0), 21 (t) = (0,1,0,0),z11(t) = (0,0,0,1), 2111 (t) = (0,2,0,0),
z1111(t) = z1112(t) = (0,0,0,1),z11111 (t) = Z11121(t) = (1,0,0,0),
z111111(t) = Z111211 () = (0,0, 1,0)}-
Let u € U and let (t,e,£) € Ty such that u € t. We set ti = {v € U : uv € t} and for
every v € t14 we set el (v) = e(uv) and £ (v) = £(uv) — £(u). On the event E we can
define (t1,e1,£1) = (t[“ﬂ,e[uﬂ,e[“ﬂ) and (to,ez,£€2) = (t[“ﬂ,e[“ﬂ,e[“ﬂ), where we have
written u; = 111111 and us = 111211. Let F' be the event defined by
F=FEn {fl =£11 = £111 = L1111 = L1z = G = £anior = Linnnn = 0,8111011 = 1}-

We observe that Q,, 7 (F) > 0 and that under Q,, (- | F'), the spatial trees (t1,e1,£1)
and (to, ey, £y) are independant and distributed according to @uf?" Furthermore

{#t! =n, v, €01t} D FN{vmy € 01t1} N {ly > 0} N {#t] + #th =n—1},
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where v, 1 is the first vertex of t1 \ {@} that achieves the minimum of £;. So we obtain
that

(5) Q, H(#tlznvmeal)

Z@% (#t' =j,om €01t) Qo (#t' =n—1-4,£>0).

Let us now turn to the second case for which there exists £ > 2 such that gor+1 > 0.
Let K = 2k — 1. On the event

A= {Zg(t) = (0,0,1,0), 21 (t) = (0, K,0,0), 211 (t) = ... = z1(t) = (0,0,0,1),
lel(t) = ...= lel(t) = (k,0,0,0),lell (t) = Z1112(t) = (0,0, 1,0)}

we can define ((t[“iﬂ,e[“ij],E[“”]))lgiSKJggk where we have written u;; = 1i1j. Let I' be
the event

AN {El = 0} N ﬂ {eli =€ = 0} N {Ellll = 0} N ﬂ {Ellli = 1} N ﬂ {Euij = 1}.
1<i<K 2<i<k 2<I<K,1<j<k

We observe that Q,, <»(I') > 0. Furthermore, under the probability measure Q,, (- | T'),

the spatial trees ((t[“”’],e[“ij},f[“”]))lgiSKJggk are independant, (t[ulﬂ,e[“ll],f[ulﬂ) and

(tlm2] elmz] plwel) are distributed according to Q,, <, and ((t[is], elwis], Z[uiﬂ))lgigK,lggk

are distributed according to P, 5> . Last

{#tl =n,v, € 81t} > I'n {v#}l S alt[““]} N {ﬁ[“m} > 0}

N {#t[“lﬂ’1 SRETRICRIR P k:K} n N {t[“ﬁ] = {@}} :

[TA7E

So we obtain that
6) Q. (#t1 =n,v, € 811:)

n—kK
> €Y Qup (#t'=jvm € Ot) Qo (#t' =n+1— kK —j,£>0)
j=2
where we have written C' = (D ({0})F(K Q& (D).

We can now conclude the proof of Lemma BTl in both cases from respectively () and
@) by following the lines of the proof of Lemma 4.3 in [4]. O

We can now state the main result of this section.

Proposition 3.12. Let M > 0. There exist four constants v1 > 0, v > 0, 71 > 0 and
Y2 > 0 such that for all n sufficiently large and for every x € [0, M],

Noe Quoe>0 <2
n n
N pr (£>0) < 2
n M, VT n
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Proof: We prove exactly in the same way as in [4] the existence of 7, and the existence
of a constant y3 > 0 such that for all n sufficiently large, we have

n Y3
Qu,‘ﬁ (ﬁ > 0) > E

Let us now fix M > 0. Let k£ > 1 be such that gox11 > 0. We choose an integer p such
that pk > M. First note that 7’3 ({0}) = 1/(2k — 1) if w = (0,2k — 1,0,0) and that
Viw{k,k—1,...,1}) = 1/(24#A0) if w = (k,0,0,0). For every [ € N, we define 1! € U
by 1 =11...1, |1}| = I. By arguing on the event

E = {zg(t) = .. =21 (t) = (0,0,1,0),21 (t) = ... = zyp-3(t) = (0,2k — 1,0,0),
z11(t) = ... = zy-1)(t) = ... = Z10p-31(8) = ... = Zyap-3(9% 1) = (0,0,0, 1),
lel(t) =...= Z1(2k‘—l)l(t) = ... = Z14p—311(t) = ... = Z14p—3(2k_1)1 == (k:,O, 0,0)}
p—1 p—12k—1 k
N ﬂ {Z14i139(t) = ... = Zyairsy, = 0} N ﬂ ﬂ ﬂ{z14i+1j11 = 0},
=0 i=0 j=2 I=1

we show that

p
Q”,‘F’ (ﬁ > 0, #tl = n) 2 C(l"’a v, k)

p1({(0,0,1,0)})

P, ook (£>0,#t" =n —pk(2k — 1)),

where C'(u, v, k) is equal to
p({(0,0,1,0) )™ ({(0,2k —1,0,0)}) (u™ ({(k, 0,0,0)}))** " p ({0} ))*CF—D 1
(2k — 1) (2# Ap0) %1 .
This implies thanks to Lemma that for all n sufficiently large,

2™ ({(0,0,1,0)})7%
C(p,v,k)n ’

Z',?,Pk (ﬁ > O) <

which ensures the existence of ,.

Last by arguing on the event

F= {Zg(t) = 241 = (0,0,1,0),21 (t) = (0, 2k — 1,0,0),

z11(t) = ... = zy(21-1)(t) = (0,0,0,1), 2111 (t) = ... = zy (911 (t) = (k‘70=070)}
k %1 k
N[ Hzez;(t) =030 (1) [ {zaa;(t) = 0},
=2 i=2 j=1

we show that
P50 (£>0, #t' =n)
> C(p, v, k)pM({(0,0,1,0))Q, 5 (£ > 0, #t" = n—k(2k — 1)),

which ensures the existence of ;. We get the existence of 7; by the same arguments. [
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3.3. Proofs of Theorem and of Theorem To prove Theorem from what
precedes, we can adapt section 7 of [4] in exactly the same way as in the proof of Theorem
3.3 in [I2]. A key result in the proof of Theorems 2.2 in [] and 3.3 in [I2] is a spatial
Markov property for spatial Galton-Watson trees. Let a > 0 and (t,e,£) € Ty;. As in
section 5 of [] let v1,. .., vy denote the exit vertices from (—oo, a) listed in lexicographical
order, and let (t%, e, £%) correspond to the multitype spatial tree (t, e, £) which has been
truncated at the first exit from (—oo, a). Let v € t. Recall from section the definition

of the multitype spatial tree (t M,eM,EM). We set Z[uv - &[f Iy 2, for every u € tlv.

Lemma 3.13. Let x € [0,a) and p € {1,...,n}. Let ny,...,n, be positive integers such
that ny + ... +mn, < n. Assume that

M, VT

pin (M —p, = gl = np) > 0.

Then, under the probability measure pln (| M = p, #tlbl = pny 0 #lell = np),

v,z
and conditionally on (t*,e%, £%), the spatial trees

(t[m],e[m],z[”ﬂ) L (t[vplje[vp},z[vz)l)

are independent and distributed respectively according to @(eg)%’m, . ,F(e(ﬂ’)‘?’"ﬁ .
l"7 V7 vl ”7 V: Up

Beware that in our context, if v is an exit vertex then e(v) € {1,2}. This is the reason

why Theorem is stated under both probability measures ]P’SZ; , and ]P’(Z)%ﬁ .- Thus the

statement of Lemma 7.1 of [ (and of Lemma 3.18 of [12]) is modified in the following
way. Set for every n > 1 and every s € [0, 1],

C0s) = A D)
V(”)(s) _ qu((itl/z 1)3).

Last define from section 2], on a suitable probability space (£2, P), a collection of processes
X

(B 7Fm)x>0'

Lemma 3.14. Let F : C([0,1],R)? — R be a Lipschitz function. Let 0 < ¢ < ¢". Then

fori e {1,2},
=(2),n —Bqy/n'/ B
E(H,);J,y (F (C(n)7 V (n))) —E <F <b ay/ ' 471- qy/n1/4>>

In the remainder of this section we derive Theorem from Theorem in the same
way as Theorem 2.5 in [I2] is derived from Theorem 3.3. We first state a lemma, which
is analogous to Lemma 3.20 in [I2] in our more general setting. To this end we introduce
some notation. Recall that if t € Ty, we set £ = #t — 1 and we denote by v(0) = @ <
v(1) < ... < v(§) the list of the vertices of t in lexicographical order. For n € {0,1,...,¢},
we set as in [10],

— 0.
n—oo

sup
c’n1/4§y§c”n1/4

Ab(n) = # (81 0 {0(0), v(1), .., v(n)})
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We extend At to the real interval [0, &] by setting AY(s) = A([s]) for every s € [0,£], and
we set for every s € [0, 1]

*t Ab(€s)
Recall that wug,u1,...,us denotes the search-depth sequence of t. We also define for

ke {0,1,...,2¢},
Kek)=1+#{le{l,....k}:C(l)=C(l—1)+1and e(yy) = 1}.

Note that K¢(k) is the number of vertices of type 1 in the search-depth sequence up to
time k. As previously, we extend Ky to the real interval [0, 2£] by setting Kt (s) = K¢(|s])
for every s € [0,2¢], and we set for every s € [0, 1]

Kt(QSS)
#tl

Lemma 3.15. The law under ]P’ 1 of < 1(5),0< s < 1) converges as n — oo to the

Ft(s) =

Dirac mass at the identity mappmg of [0,1]. In other words, for everyn >0,

m(1)n
(7) P ‘A —s‘>77 — 0.
H, vV 71 SE[O 1] 1 n—oo
Consequently, the law under IP’( w1 of (Kt( ),0<s< 1) converges as n — oo to the
Dirac mass at the identity mappmg of [0,1]. In other words, for every n > 0,
w(1)n
(8) P.o1 ( sup |Kt —s‘ > 17) — 0.

Proof: For t € Ty, we let v1(0) = @ < v1(1) < ... < v1(#t! — 1) be the list of vertices
of t of type 1 in lexicographical order. We define as in [10)
Gik)=#{uet:u<v'(k)}, 0<k<#t'—1,

and we set Gt (#t') = #t. Note that v!(k) does not belong to the set {u € t : u < v!(k)}.
Recall from section X7 the definition of the vector a = (ai,as,as,as). From the second
assertion of Proposition 6 in [I0], for every s € [0, 1], there exists a constant € > 0 such
that for all n sufficiently large,

2 <|G§(Lnsj) —ay'ns| > n3/4> <e ™,

Thus we obtain thanks to Lemma B3 and Proposition BI2 that for every s € [0, 1], there
exists a constant ¢/ > 0 such that for all n sufficiently large,

Byt (16 (Ins) = ap 'ms| = n?/t) < e,
Let us fix n > 0. We then have for every s € [0, 1],

—=(1),n _

PUL | (In'GY(|ns)) —ay's| =) — o.

n—oo
In particular for s = 1 we have
(1) -1 1
P (] #t —aj ]>n)n?000
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which implies that for every s € [0, 1],
L) -
P, (I#t) 7 Gi(lns]) — s = n) — 0.

Let us now set k, = [%n} and s,, = mk;gl for every m € {0,1,...,k,}. Since the mapping
s €[0,1] = n~1GY(|ns]) is non-decreasing, we have
t t
B2 up Gillns)) _ |, <P gup Gi([nsm)) _Sm‘ AN
Ho¥o \ selo,1) #t Vo0 \ o<m<ky #t 2

implying that
—=(1),n _
S ( sup |(#6) " G4(|ns)) 5| m) .0

€[0,1] n—oo
We thus get () in the same way as (32) is obtained in [I2]. Then we derive () from ()
in the same way as (33) is derived from (32) in [12]. O

We can now complete the proof of Theorem Recall that Ry, denotes the radius of
the map m. Thanks to Proposition 23l we know that the law of Ry, under By (- | #Vm = n)

=(1 .
]P’EL)an Furthermore we easily see (compare [IT],

Lemma 1]) that the law of sup,c¢1 £, under ﬁg)ynl is the law of sup,¢¢1 £, under R 1

12204
We thus get the first assertion of Theorem
Let us turn to (ii). By Proposition and properties of the Bouttier-Di Francesco-

Guitter bijection, the law of A under By (- | #Vm = n) is the law under @S)an of the
probability measure Z,, defined by

<ng> = ﬁ g(O) + Z g (n_1/4ev) )

vet!

which coincides with the law of Z,, under @S); - We thus complete the proof of (ii) by

following the lines of the proof of Theorem 2.5 in [T2]. Last assertion (iii) easily follows
from (ii).

coincides with the law of sup,¢¢1 £, under
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