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ON THE TAUTOLOGICAL RING OF A JACOBIAN
MODULO RATIONAL EQUIVALENCE

BAOHUA FU AND FABIEN HERBAUT

ABSTRACT. We consider the Chow ring with rational coefficients of the
Jacobian of a curve. Assume D is a divisor in a base point free g; of the
curve such that the canonical divisor K is a multiple of the divisor D.
We find relations between tautological cycles. We give applications for
curves having a degree d covering of P! whose ramification points are
all of order d, and then for hyperelliptic curves.

1. INTRODUCTION

1.1. For an abelian variety X of dimension g, we denote by CH(X) =
EBgZOCHp(X) the Chow ring of X with rational coefficients. Let k : X — X
be the morphism x — kz for any k € Z. It turns out that all the pull-backs
k* and push-forwards k, on the level of Chow rings can be diagonalized
simultaneously, which gives the following decomposition ([BZ)):

P
_ P
(1) CHP(X) = A@ CH{,(X),
i=p—g
where CH?. (X) consists of elements o € C HP(X) such that k*a = k?P~iq

(@) .
(which is equivalent to k.o = k2g*2p+la) for all k£ € Z.

1.2. When (X, #) is a principally polarized abelian variety, we may identify
X with its dual. Let p; : X x X — X,7 = 1,2 be the two projections and
m : X x X — X the addition map. The Poincaré line bundle on X x X
is represented by the divisor P := pj60 + p50 — m*0. The Fourier transform
F:CH(X) — CH(X) is defined by F(a) = (p2)«(pja-ef’). The morphism
F turns out to be an automorphism of the Q-vector space CH(X). We refer
to [B1] and [BZ] for a detailed study of the fundamental properties of F.

1.3. The particular case of the Jacobian J of a smooth projective curve C
of genus g > 2 has been studied by several authors. For any point xzg € C,
we have a natural map: ¢ : C' — J given by z — O¢(z — ). We denote by
7 the smallest subring of C'H(J) containing the class [¢(C)] = ¢,[C] which
is closed under the pull-backs k£* and push-forwards k. for all £ € Z and
under the Fourier transform F, which will be called the tautological subring
of CH(J). Notice that this ring depends on the choice of the base point
xg € C.
1
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Let us consider the decomposition of [¢(C')] given by ([]) (note CH, (9:11) (J) =
0):
(2)  [UO)] =Co)+Cpy+...+Cy1) where Cgy € CHE().
Let 6 be a symmetric theta divisor on J. As in [PJ], we define
pi=F(Cu_1y) € CH(Z'Z;U(J) fori>1, q; = F(C;-0) € CH(ii)(J) for i > 0.

Let ~%9 be the algebraic equivalence. Note that ¢; ~*9 0 for i > 1.
Beauville proved in [BJ] that the ring 7/ ~9 is generated (as a subring
under the intersection product) by the classes (p;)i>1. Recently, Polishchuk
proved in [PJ] (Thm 0.2 and Prop. 4.2) that 7 is generated by the classes

(pi)i<g/2+1 and (Qi)i<(g+1)/2-

1.4. The influence on 7/ ~%9 of the gonality of the curve C' has been
firstly studied by Colombo and van Geemen in [Cv(]. They proved that if
C admits a gcll, then p; is algebraically equivalent to zero if i > d. Recently
the second named author computed some relations between the cycles p; in
T/ ~9 for a curve admitting a base point free gy. In [GK], van der Geer
and Kouvidakis gave another proof of the main result in [Hel], by using the
Grothendieck-Riemann-Roch theorem. They gave simpler but equivalent
relations as Don Zagier proved it. Note that Polishchuk has found universal
relations in 7/ ~%9 (cf [P1]) and in 7 (cf [P2)).
We will denote by A(r,d, g) the Castelnuovo number, which is:

r—1 i . .
(=1 f(i+tg+r—d-2\/d—2r \[(d—r+1—i
Alr,d,g) =y ———— .
(r,d.9) ;d—zwrz i r—1—i r—i
It was explained in [Het] that if A(r,d, g) # 0 one can deduce from Colombo

and van Geemen’s Theorem that p; ~*9 0 when i > d—2r+2. In particular,
the ring 7/ ~%9 is generated by (p;)i<d—2r+1-

1.5. Our aim in this note is to generalize the above results to 7. More
precisely we shall prove the following;:

Theorem 1. Let C' be a smooth projective curve which admits a base point
free g}, with D being a class in g;. Let K be the canonical class of C. If K
is a multiple of D in CHY(C)q and if A(r,d,g) # 0, then the tautological
ring is generated by (p;) and (¢;) with i < d —2r + 1.

We present two proofs : the first follows the method in [[GK]] and uses
an argument in [Heq]. The second one follows the methods of [[Heq]. In
the two proofs we use the operator defined in [PJ]. In both approaches, we
encounter the same difficulty which can be overcomed by assuming that K
is a multiple of D. This condition is satisfied for example for curves which
are complete intersections. In this case our result is much sharper than the
aforementioned result of Polishchuk.
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Some applications and refinements of this theorem are given in the last
sections, where we show (see Thm. [) that if C is a curve admitting a
degree d map C — P! whose ramification points are all of order d, then
the tautological ring is generated by (p;)i<a—1 and ¢i. In the case of a
hyperelliptic curve, we obtain a precise description of 7 (Prop. [J), which
generalizes a result of Collino ([Cd], Thm. 2) on the validness of Poincaré’s
formula under rational equivalence.

2. PRELIMINARY RESULTS

According to Cor. 24 in [Md] or to Thm. 4 in [Hel], if p; ~9 0 then
Dj ~9 ( for j > i. We generalize this to the case of rational equivalence
in this section, which will be needed in the proof of Theorem [[. Recall the
following operator D introduced in [P3]:

1 m-4+n
5D Dl ()

m,n>1
m+n—1
m,n>1 n>1

Let Z, C Q[p, q] be the ideal generated by the elements (¢;)i>1, so Z, ~alg
0. By the expression of D, we have D(Z,) C Z,.

Proposition 1. Let n be an integer such that 2 < n < g — 1. Suppose that
Pn € Zq, then

i) for any m such that n < m < g, py, is contained in the ideal generated
by (¢i)1<i<m—1 5

ii) the tautological ring T is generated by (pi)i<n—1 and (¢;)i<n—1-

Proof. To prove i) we use an induction on m. Assume m > 2 and p,, € I,
then pop,, € Z,. We apply the operator D, which gives D(papy,) € Z,. Note
that D(papm) = ("3 °)Pm+1 = @1Pm — Gm-1P2, thus poy1 € Ty, If we write
Pmt1 = D ;1 6Ai with A; € T, then A; = 0 for i > m+1, since ¢; € CH(Zi),
Pm+1 € CHZ?)J and A; € @jZOCH(j).

To prove ii), we just need to prove that for any m such that n < m < g,
the class g, is contained in the ideal generated by (¢;)i<n—1. Assume this
is true for all m < k, we shall prove it for m = k. By i) and the hypothesis
of induction, we have py = Z;le q;jAj with A; € T. Now the claim follows

from the following relation in [PJ]:

n—1

a = D(qpr) + (1qe-1 = ZD(qu]'Aj) + q1qk-1-
=
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3. FIRST PROOF OF THE THEOREM

We shall follow the method of [[GK]] coupled with arguments in [Hei] to
prove our main theorem.

Let C be a smooth projective curve with a base-point-free linear system
gy, which gives arise to a morphism: v : C' — P". Let Y C C x P" be the
subvariety {(p,y)|v(p) € y}. The projection ¢ : Y — C is a P"~!L-bundle.
More precisely if we denote by E := ~v*(T*P"), then Y = P(F) as a projective
bundle over C'. Recall that we have the following relative Euler sequence:

0— Oy — ¢"(E)® Oy(1) = Ty — ¢"Tc — 0.

This gives td(Ty) = td(¢*Tc) - td(¢* (E) ® Oy(1)) = (1 — %gb*K) td(¢*(F) ®
04(1)), where K is a canonical divisor of the curve C.

Let us denote by @ : Y — P7 the second projection, which is a finite
morphism of degree d. Note that ¢1(¢*(E)) = ¢*(v*(c1(T*P"))) = —(r +
1)¢* D, where D is a divisor in the linear system g);. Furthermore the higher
Chern classes of ¢*(F) vanish, as it is the pull-back from a vector bundle
over a curve. This gives that td(¢*(E£) ®Oy(1)) is a linear function in ¢*(D)
with coefficients in &*C H (P").

From now on, we will identify P™ with P" and make use of the following
self-explaining notations:

Pr—2 PrxJ—2—YvVYxJ "5y -2

g oLl

J <——q—C><J——7~r——>C

]P)T’

By the precedent discussions, the relative Todd class td(a) = 7*td(a) is
of the form (1 — 37*¢*K)(A(z) + B'(z)7*¢*(D)) = A(z) + B'(z)7*¢*D —
%A(w)ﬂ*qﬁ*K , for some polynomials A, B’ of degrees at most r — 1, where
x = o*(€) and £ = v*(h) for a hyperplane h C P".

Let us denote by II the divisor of the Poincaré line bundle on C x J and
[ :=¢*(II). Let L be the line bundle on Y x J associated to [. As in [GK],
we apply the Grothendieck-Riemann-Roch formula to Vj, := a, (L®F):

ch(Vi) = an(eMtd () = a (M A(z) 4+ M B! (z)n*¢* D — %eklA(ﬂ:)ﬂ'*gb*K).

The following Lemma can be proved in a similar way as in [GK](Lemma

3.3).

Lemma 1. In CH(P" x J), we have the following relations for v > 0:

(I 2"y = { Zg(ﬂ;)i:; ¢ (1" & D)E", if p1 > 0,
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For any divisor Dy on C, we have

g (I - @ Do) if 11> 0,
deg(Do)&" ™, if = 0.

Using these formulae, one can easily obtain

a (" - 2¥ -7 ¢*Dy) = {

(€ A(w)) = (A(@) + 3 2 (0. (T)EAE) + .1 - D)A(E)
p=1""

= dA(E) + g (¢"EA(E) + (- T D)A(€) — ¢ (7" D) A(€)
= ¢u("EA(E) + g (M- T D) A(€).
In a similar way, one obtains . (e¥! B'(x) - 7*¢* D) = q.(e’! - #*D)¢B'(€)
and ay (eMA(z) - ¢ K) = qu (M- 7 K)EA(E).
Recall that we have fixed a base point zg € C and considered the natural

map ¢: C — J.

Lemma 2. For any k € Z and any cycle D' € CH(C)q, we have F (k. D') =
q*(ekn X 7~T*D/).

Proof. We have a Cartesian diagram:

OxJ —Y '\ gxJ

frl pll

c — J
Let ¢’ : J x J — J be the second projection and P the Poincaré divisor
on J x J. We have F(ketsD') = ¢.(piksts D' - eF') = ¢, (Kipj1. D' - ef) =
LKL (p5e D eFP) = gL (LL7* D' -l = g, (eM-7*D'). Here k' : I x J — JxJ
is given by (z,y) — (kx,y). O

Finally we obtain the following:

eh(Vi) = F(kut.[CDEAE) + Flkutn D)(A() +EB(©) — 3 F (ks K)EA()

Note that modulo algebraic equivalence, this gives exactly the formula in
Prop. 3.1 in [GK]. From now on, we assume furthermore that X = 1D in

CHY(C)q for some s € Q. Let B(£) = sA(£) + sEB'(€) — 2€A(€), then we
get a simpler formula for ch(V}) as follows:
ch(Vi) = F (ke [CEA(E) + F (ki K)B(E).

Recall that F (k.. [C]) = Y9_; k' p; and F (ki K) = (29—2)+2 "7, kg,
Let us write £A(E) = Z;& a;& and B(€) = Y7o b;&%, then a direct cal-
culus shows:

j—1

Ch](vk) = QSkJJL]j + Z(kjiHlai,lpj,i + 2kjilbiqj',i)£z + (29 — 2)bj£J.

i=1
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To simplify the notations, we will put ch;(Vy) = >27 _( Ap ()€™, where
A (7) is of codimension j — m.

Note that modulo Z,, the expressions of A,,(j) are the same as those in
[GK]. By the proof of Prop. 3.6 and that of the main Theorem in [GK]|] we
obtain the following generalization of the main result in [[GK]:

Theorem 2. If C admits a base point free g, with D € g}, and K 1is
a multiple of D in CHl(C')Q, then Za1+,,,+ar:M_2r+1(a1 + D (o +
D!'Par+1 - Par+1 is contained in I, for all M > d.

When r > 2, we recall the Castelnuovo number:

r—1 i . .

(=1 (i+tg+r—d-2\/d—2r \[(d—r+1—i

Ard,g) =S ——2 .
(r,d.9) ;d—zwrz i r—1—i r—i

Consider the case M = d in the precedent theorem. Then the argument
in section 6.2 [Her] shows that ps_o,12 is contained in Z, (here we note that
Cor. 0.3 in [P1], which is used in Section 6.2 [Heif], holds in fact in 7 modulo
7, instead of 7/ ~9). This concludes the proof of the Theorem [l by Prop.

i

Remark : i) The condition in the theorem on the relationship between K
and D can be weakened to that F(t.D) — deg(D)[J] is contained in Z,.

ii) This method also gives a way to compute the terms in Z,, which in turn
gives relations in the tautological subring 7.

Examples : Let C C P" be a smooth curve which is a complete inter-
section of hypersurfaces of degrees (di,...,d,—1). One shows easily that
K¢ = Opr(3_di — r — 1)|¢ which is a multiple of D := C N H € g}, with
d = []d; and H is a hyperplane in P". If dy,...,d,_1 are sufficiently big,
then A(r,d, g) > 0 and Theorem [[] applies. We note that in this case d—2r+1
is much smaller than 4 + 1 because g = M + 1, thus this result is
sharper than that in [PZ].

4. ANOTHER PROOF OF THE THEOREM

In this section we give the sketch of a proof of Theorem [l based upon the
method described in [Her]. Although this approach is different, we encounter
the same difficulties as above, i.e we need a relation between D and K to
proceed.

We will note C,, for the n-th symmetric product of C. Suppose that C
carries G a base point free g); which contains D = o1 + ... 4+ 04. Theorem 3
in [Het] gives the class G in CH(Cy) in terms of the classes of the diagonals
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52‘17___7“ = {ilxl + ...+ irxr\(xl, - ,.’L‘T) € CT} :

G- Y (T (vt von

1<i1 <o <ip u=1
1<G1<..<js<d

where s =d — > 7%_, ij.

Consider the morphism ug : Cyg4 — J which maps D onto the class
of the divisor D — dxg. It contracts G onto a point in the Jacobian, so
ug,[G] = 0. Moreover, ug[di, . i, + 01 + ...+ 04_y;,] is a multiple of

(i1 % C) % ...k (ip x C) x [o1 + ... + 04-y 4, — (d — D ia)w0]. Then we use
the same arguments as in the begining of section 5 in [He], this is the
decomposition (B), the relations 1xCq) = ia+2(§’(a) and the projection onto

C’H(J)?;)T for s > 0. We get :

(3) Z Cla) *--- % Clq,) ¥ B(d,ay,...,a:)4 =0 where

0<ai,...,ar,t
a1+...fart+t=s

d d

B(d, a, ... ,CLT) = Z . Z(—l)i1+"'+i’"i1al+1 .. Z'rar—’—lad_il_____” ,

and where
Qy = g [0k, + ...+ 0, —u x0].
1<k <ka<...<ky<d

We do not know if the cycles «, are in 7 in general. As in the previous
section, we only know how to obtain relations in 7 when D is a multiple of
K, which we will suppose from now on. In this case ay is a multiple of ¢, K
and thus belongs to 7. Then we use an induction and the relations

(i+1) i1 = agx(oq)—ai_1%(2,00)+- -+ (=1) Lap*(iyon )+ (=1 (i+1)s

to prove that a,, € T for 0 < u < d. Now let us apply F to (f) and deduce
relations modulo Z,. As the elements F(c,,) are Fourier transforms of 0-
cycles, they belong to @320(7 N C’H(J)fs)) = Q[qgo,q1,---,qy) and we have
F(aw) = F(aw) ) (mod Z,). Then, F(B(d,a1,...,ar)4) € Zgif t > 0. As

Fado = X 0= (3w

1<k1<...<ky<d

we obtain the relations

Z y(d,a1,...,ar) Pay41---Pa+1 = 0 (mod Z,) where

0<ai,...,ar
a1+...+ar=s

d

d
N d
d,aq,... :E E — 1)t o+l oartl
M ar, o) = (=1) (z‘1+...+ir)“ br

i1=1 ir=1
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Now according to the appendix of Don Zagier in [GK]] these relations are
the same as those in Theorem P Then using Prop [, a similar argument as
that in the precedent section concludes the proof.

5. CURVES ADMITTING A PURE RAMIFICATION

We begin with the following easy result.

Proposition 2. Let C' be a smooth projective curve of genus g and z € C
a point such that K¢ = (29 — 2)z in CHY(C)q. Then the tautological ring
T on J is generated over Q by the classes (pn)p<g/2+1 and qi.

Proof. Let [¢] be the image of the canonical divisor of C' in J and write
[c] = [0o] +¢1 + -+ + ¢4 the decomposition after ([]). By the proof of Prop.
4.3 in [Pol], we have F([c]) = exp(2q1), which gives F(cr) = (2¢1)F/k! =
F(c1)*/k!. As a consequence, we obtain a Poincaré-type formula: c; = f—f

Now suppose that there exists a point « € C such that K¢ = (29 — 2)x
in CH(C)g. Then t,K = 2(g — 1)[z — m0], which gives that (29 — 2).t. K =
2(g — 1)[¢]. Let n = 1.K/2 + [0] and 7, the component of 7 in C’H(gn).
By the formula on page 4 of [P3], we have ¢, = F(n,). The precedent
discussions give that ¢ = 2(2¢g — 2)¥~1y,. This gives 2(2g — 2)" g =
Flep) = F(&F) k! = F(e)F k! = (28 /k!) gk, which gives

N

W= g — )1
By Prop. 4.2 of [Pol], we obtain the claim. O
Remark : Similar argument can be applied to more general cases. For

example, if K = (g — 1)(z + y) for some points x,y € C. Then we have
K = (g —1)([ — 0] + [y — 0]) = [& +y— 20) (- 1)ate K. Apply (g 1),
to both sides, we obtain (g — 1)+(2n — 2[0]) = [c] * (1 — g)«(2n — 2[0]). This
gives that

o] +> (g =1 = (lo] + ) ei) * (lo] + Y (=1)"(g = 1)' ')
i=1 =1 i=1

The first non-trivial relation is 2(g — 1)?n3 = c3 —m1 * co + (g — 1)m2 * c1.
Applying the Fourier transformation, we obtain: 2(g — 1)%2¢3 = —2/3¢} +
2(g — 1)g2q:. Similarly we obtain expressions of ¢s,q7---. This gives that
the tautological ring is generated by (pn)n<g/2+1, q1 and (QQk)2k<g/2+1.

We say that a curve C' admits a pure ramification of degree d if there
exists a degree d map C' — P! whose ramification points are all of order d.
In this case, if we take x to be a ramification point, then by the Hurwitz’s
formula, we have K = (29 — 2)x in CH'(C)g. Combining with Theorem i,
we obtain
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Theorem 3. Let C' be a smooth projective curve of genus g which admits
a pure ramification of degree d, then the tautological ring T on its Jacobian
is generated by the classes (p;)i<da—1 and q.

For example, let f;(x,y) be a homogeneous polynomial of degree d such
that the plane curve C' : (2% + fy(x,y) = 0) is smooth. The map C' — P!
given by [x :y : z] — [x : y] gives a pure ramification of C, thus Theorem
applies.

6. THE CASE OF A HYPERELLITPIC CURVE

When C' is a hyperelliptic curve, we can obtain a more precise description
of T as follows:

Proposition 3. Let C' be a hyperelliptic curve of genus g and a the smallest
integer such that ¢f = 0, then we have

T Qlp1, ¢1]
P apd, T )

Note that according to the proof of Proposition J| the integer a is the
dimension of 7 N CHY(J).

—a+2

Proof. By the precedent Theorem, 7 is generated by p; and ¢;. We present
another direct proof of this as follows. We will use Proposition [] and prove
that po € Z,. Note p for the hyperelliptic involution, and D for the divisor
2x0— (p+ wu(p)) for any p € C. Then —C is the translated of C' by D in the
Jacobian. In terms of cycles we get (—1),[C] = [D] x [C]. Let us consider
x1 a ramification point of C' and 3 the class of the divisor &1 — zg. We get
D = (-2).. But we also have (. K = 2(g—1)3. Recall that 1. K = 2(n—[0])
and apply F to get :

(4)
1

(=Du(prtp2t...+pg) = g_—l(—Q)*((g—l)[J]+q1+qz+---)*(p1+p2+...+pg)-

The relation we obtain in CH(QI)(J) is po = gfllplql, so p2 € 1.

We claim that for any integers (m,n) such that m < a and m+n < g+1,
we have ¢"p} # 0. In fact, otherwise we can use an induction and the
following formula

n—1

D(qi"py) = n(m+n—g—1)q"py
to deduce that ¢i* = 0, which is a contradiction. U

Remark : The relation py = ﬁpﬂh is coherent with the relation ps = p1q1

given as an exemple of Prop 4.2 in [PZ for (hyperelliptic) curves of genus
a—1 (=2)!

2. Note that equation ([]) also gives the relations p, = > 7 T Pa—ili
when a is even, and Zf:_ll (%Qilpa_iqi = 0 when «a is odd.

If we choose the base point xy to be one of the ramification points, then
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gt = 0and 7T = (Sg[ﬁll]), so in this case, Poincaré’s formula holds modulo
1

rational equivalence, which has been firstly proved in [[Cd] (Theorem 2).
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