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RATE OF CONVERGENCE OF SPACE TIME APPROXIMATIONS
FOR STOCHASTIC EVOLUTION EQUATIONS

ISTVAN GYONGY AND ANNIE MILLET

ABSTRACT. Stochastic evolution equations in Banach spaces with unbounded
nonlinear drift and diffusion operators are considered. Under some regularity
condition assumed for the solution, the rate of convergence of various numerical
approximations are estimated under strong monotonicity and Lipschitz conditions.
The abstract setting involves general consistency conditions and is then applied
to a class of quasilinear stochastic PDEs of parabolic type.

1. INTRODUCTION

Let V. — H <— V* be a normal triple of spaces with dense and continuous
embeddings, where V is a separable and reflexive Banach space, H is a Hilbert space,
identified with its dual by means of the inner product in H, and V* is the dual of
V. Thus (v,h) = (v,h) for all v € V and h € H* = H, where (v,v*) = (v*,v)
denotes the duality product of v € V, v* € V* and (hy,hy) denotes the inner
product of hy, hy € H. We assume, without loss of generality, that |v|g < |v|y for
all v e V. Let W = {W(t) : t > 0} be a d;-dimensional Brownian motion carried
by a stochastic basis (2, F, (F¢)i>0, P). Consider the stochastic evolution equation

u(t) = ug + /0 A(s,u(s))ds + Z/o By (s, u(s)) dW¥(s), (1.1)

where ug is a H-valued Fyp-measurable random variable such that E|ugl?, < oo,
A and B are P ® B(V)-measurable mappings from [0,00[x2 x V' into V* and
H% = H x ... x H, respectively, where P denotes the o-algebra of predictable
subset of [0, 00[xQ and B(V') is the Borel o-algebra on V.

It is well-known, see [I(], [[3] and [[[§], that this equation admits a unique solution
on any interval [O,T |, if the following conditions are met: There exist constants
A>0,K>0,K; >0, Ky >0 and (F;)-adapted non-negative locally integrable
stochastic processes f = {f(t) :t > 0} and g = {g(¢) : t > 0} such that

/f dt+E/ g(t) dt < oo,
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2 I. GYONGY AND A. MILLET
(RO) (i) (Strong monotonicity)  Almost surely for all ¢ € [0,T], u,v € V,
2(u—v, A(t,u) = A(t,0)) + ) | Bu(t, ) = Bi(t, ) g+ Alu—vll}; < Klu—vlf, (1.2)
k

(ii) (Growth conditions on A and B) Almost surely for all ¢t € [0,T], u € V|

At w)[fe < Kallullf + £, ) IBu(tw)liy < Ksllully +9(1). (1:3)
k

(iii) (Lipschitz conditions on A and B)  Almost surely for all ¢ € [0, T}, u,v € V,

|A(t,u) — A(t, v)

2o < Ku—vl?, S [Bultu)— Bult,v)ly < Kollu—olf. (14)
k

In [[ it is shown that under these conditions the solutions of various implicit and
explicit schemes converge to u. In [§ the rate of convergence of implicit Euler ap-
proximations is estimated under more restrictive hypotheses: A and B are Lipschitz
continuous in v € V, satisfy a strong monotonicity condition, and the solution u
satisfies some regularity condition. Then Theorem 3.2 from [[] in the case of time
independent operators A and B reads as follows. For the implicit Euler approxi-
mation u” corresponding to the mesh size 7 = T'/m of the partition of [0,7] one

has
Emax |u(it) — u” (i7)|} +7F Z |u(it) —u(iT)||} < CT*
i<m i<m
with some constant C' independent of 7.

In this paper, we study space and space-time approximations schemes in a general
framework. In order to formulate the space discretizations we consider a normal
triple V,, — H,, — V* and a bounded linear operator II,, : H — H,, for each n > 0,
such that II,, : V' — V,, is also continuous. We have in mind wavelets, finite elements
and discrete Sobolev spaces as examples for the spaces V,.

The space discretization scheme is defined by equation ([[.])) with some operators

A" [0,00[xQ x V,, = V¥ B":[0,00[xQ x V,, — H™

in place of A and B, respectively, such that A", B™ are Lipschitz in v € V,,, satisfy
a strong monotonicity condition, and are related to A and B via a consistency
condition, (Cn) below. Then assuming also a regularity condition, (R1), on the
solution u of ([L.1]) we prove the existence of a constant C' such that for all n > 1

T
B sup [ILu(®) ~ u,(®)ff, + E [ [Tu(t) - (0]}, de < 23
0<t<T 0
where u,, is the solution of ([L1]) with A", B™ in place of A, B, and the sequence
€, — 0 is from the consistency condition.
We define the space-time implicit and the space-time explicit approximations,
u;"" and u?,, on the time grid {t; = i7: 0 <4 < m} by uy” = u}'y = IL,up, and

respectively

ully = T AR () + D Bl (ulT) (W) — W),
k
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U:,i+1 = UZZ +7 AZ”(U?Z) + Z Bl::LzT(u:'Lz) (Wk(tz‘+1) - Wk(tz‘))a
k

for i =0,...,m — 1 with some operators
AT QxV, =V BT QxV, — H"

which are Lipschitz continuous in v € V,,, satisfy a strong monotonicity condition
and are related to A and B by a consistency condition. Then if u is sufficiently
regular, we prove that

E sup [Muu(t;) —ul"[3, +E Y [[Mu(t) — w75, < C(™ +&).

Osism 0<i<m

We have the same estimate for the explicit space-time approximations if as in [[], a
stability relation between the time mesh 7 and a space approximation parameter is
satisfied.

Finally, we present as examples a class of quasi-linear stochastic partial differ-
ential equations (SPDEs) and linear SPDEs of parabolic type. We show that they
satisfy the conditions of the abstract results, Theorems B.1], .3 and p.9, when we use
wavelets, or finite differences. In particular, we obtain rate of convergence results
for space and space-time approximations of linear parabolic SPDEs, in particular,
for the Zakai equation of nonlinear filtering. We would like to mention that as far
as we know, discrete Sobolev spaces are applied first in [[[§] to space discretizations
and explicit space-time discretizations of linear SPDEs, and it inspired our approach
to finite difference schemes. Our abstract results can also be applied to finite ele-
ments approximations. To keep down the size of the paper we will consider such
applications elsewhere.

We denote by C' and M some constants which, as usual, can change from line to
line. Given a € R¥, let C(a) denote a constant which depends on a.

2. CONDITIONS ON EQUATION ([[]) AND ON THE APPROXIMATION SPACES

2.1. Conditions on equation ([.1]). Let (Q,F, (F;):i>0, P) be a stochastic basis,
satisfying the usual conditions, i.e., (F;):>0 is an increasing right-continuous family of
sub-o-algebras of F such that Fy contains every P-null set. Let W = {W(¢) : t > 0}
be a d;-dimensional Wiener martingale with respect to (F;)i>0, i.e., W is an Fi-
adapted Wiener process with values in R such that W (t) — W(s) is independent
of F, for all 0 < s < t. We use the notation P for the sigma-algebra of predictable
subsets of [0,00) x Q. If V is a Banach space then B(V') denotes the sigma-algebra
generated by the (closed) balls in V.

Let V' be a separable Hilbert space embedded densely and continuously into a
Hilbert space H, which is denoted by V — H. Let V* denote the dual space of V
and suppose that H is embedded continuously in V*. The triplet V — H — V*
is called a normal triplet, where H is identified with its dual H* by the help of the
iner product in H, and |v|g < |v|y holds for v € V.

Consider the initial value problem

du(t) = At,u(t)) dt + > Bu(t,u(t) dWH (), u(0) = ug (2.1)
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on a fixed time interval [0,7], where wuy is a H-valued Fjy-measurable random
variable, A and B = (By,) are P ® B(V)-measurable mappings from [0,7] x 2 x V
into V* and H%, respectively such that the conditions (i)-(iii) from (RO) hold:

Definition 2.1. An V-valued progressively measurable process u = (u(t))icjo,r) 45 @
solution to equation (2.1) on [0,T] if almost surely

u(t) :u0+/0 A(s,u(s))ds+2/0 By (s, u(s)) dWk(s)

holds for dt-almost every t € [0,T].

Note that it V' <— H < V* is a normal triplet, then the following theorem is
well-known (see [[0], [[3] and [Id]).

Theorem 2.2. Let A and B satisfy (RO) from the Introduction. Then for every
H -valued Fo-measurable random variable uy, (B-) has a unique solution u. More-

over, u has an H-valued continuous stochastic modification, identified with u, and
if E|lu(0)|% < oo then

T
E sup [u(®)f} + E [ Ju(s)} ds
0

te[0,7
T
< CEJuglt, + CE/ (F(8) + g(t)) dt < oo, (2.2)
0

where C' is a constant depending only on the constants \, and K from the conditions
(1)—(iii).

Instead of borrowing the conditions of this theorem, we simply assume that prob-
lem (B.0]) has a solution u, and that it satisfies the regularity properties formulated
below.

Let K and M be some constants, V and ‘H be separable Hilbert spaces such that
YV — H — V and let us make the following assumptions.

(R1) The solution u takes values in V for dt x P-almost every (t,w) € [0,T] x Q
such that

(i)
T
E/ lu(t)|3, dt =: 1 < oo.
0
(i) w has an H-valued stochastic modification such that
sup Elu(t)|3, =:ra < o0.

t€[0,T]

We assume the following regularity conditions on the operators A and B.
(R2) (Linear growth in the triplet V — H — V') Almost surely
1A O < Kol + €1, Y I1Bu(t,v)|5 < Klof3, +n(?)
k
for all t € [0, T] and v € V, where £ and n are non-negative processes such that

T
E/ E(t)ydt <M, sup En(t) < M.
0

te[0,7
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When we discretise problem (B.]]) in time we use the following Hoélder condition
required from A and B in t.

(R3) There exists a constant v €]0, 1] and a non-negative random variable 1 such
that En < M, and almost surely
(i) (Time regularity of A)
|A(s,v) — A(t,0)[} < (K vy, +n) |t —s[* forveV,
(ii) (Time regularity of B)

> " [Bi(s,v) = Byt 0)[} < (K [vl3, +n) [t — s|* for v e H,
k

forall0<s<t<T.

Remark 2.3. Let u be a solution of (BAl) on [0,T] such that Elju||?, < oo and
condition (1) from (R1) and condition (R2) are met. Then the following statements
hold.
(i) w has a V-valued continuous stochastic modification, denoted also by u, such
that
E sup. lu()I} < 3E|luolly, + C(ry + M).

t€[0,T
(i) If (i) from (R1) also holds, then for s,t € [0,T],
Elu(t) —u(s)|ly, < Clt = s|(ry + 72 + M), (2.3)

where 11, ro and M are from (R1) and (R2), and C is a constant depending only
on T and on the constant K from (R2).

Proof. Define
t
F(t):/ A(s,u(s))ds and G(t Z/ B (s, u( de( ).
0
Notice that

T T T
E/o ||A(s,u(s))||%/ds§KE/ |u(s)|$,ds+E/0 E(s)ds = M; < oo,

0
T T T
Z/ E||Bi(s,u(s))|3 ds < KE/ |u(s)|${ds+E/ n(s)ds =: My < oo.
— Jo 0 0

Hence F' and G are V-valued continuous processes, and by Jensen’s and Doob’s
inequalities

T
Esup |[F(t)[;, <TM,, Esupl G < 4ZE/ | Bi (s, u(s))[[} ds < 4Mo.
t<T t<T . 0

Consequently, the process ug+ F(t) + G(t) is a V-valued continuous modification of
u, and statement (i) holds. Moreover, if (R1) (ii) holds, then

sup ZEHBk (s,u(s)|? < K sup Elu(t)|3,+ sup En(t) = Mz < +o0,
te[0,7 te[0,7 te[0,7

and
E|F(t) — F(s)|3 < [t — s|My,



6 I. GYONGY AND A. MILLET

E|G(t) - G(s)ly = Z/ B Bi(r, u((m)Iy dr < |t — s|M;

for any 0 < s <t < T, which proves (ii). O

2.2. Approximation spaces and operators II,. Let V,, — H,, — V* be a nor-
mal triple for each n > 0 and let II,, : V' — V,, denote a linear continuous operator.
Suppose that
sup [[Inolly, <p (2.4)
l[oflv=1
for some constant p independent of n. Note that we do not require that the maps
IT,, be orthogonal projections on the Hilbert space H.

We denote by (v, w),, the duality between v € V,, and w € V* and similarly by
(h, k), the inner product of h, k € H,. To lighten the notations, we will denote by
|v]| :== ||v]]v the V norm of v € V', ||v||,, := ||v||v, the V,, norm of v € V,,, |u| := |u|g
the H norm of u € H, |u|, = |u|g, the H, norm of u € H,, and finally |y|, := |y
the V* norm of y € V* and |y, := |y|v: the V¥ norm of y € V.

For r > 0 let Wy denote the space of Borel functions ¢ : R? — R whose derivatives
up to order r are square integrable functions. The norm ||, of ¢ in W is defined

by
o= > [ D) dn

[vI<r

V*

In particular, W3 = Ly(R?) and |¢lo := |@|f,wra)-
The following basic example using wavelets will be used in the sequel. It describes
spaces Vj,, H,, and V* and operators II,, such that condition (P.4) is satisfied.

Example 2.4. Wavelet approximation We refer to [J] for a more detailed account
on the subject; all the references in this example are taken from this book which
will not be mentioned to lighten the statements.

Let ¢ : R — R be an orthonormal scaling function, i.e., a real-valued, compactly
supported function, such that:

(i) there exists a sequence (hy)rez € [*(Z) for which ¢(z) = >, hep(22 — k) in
LA(R) |

(i) [ p(z —k)p(z — )dx = b, for any k,l € Z.
We also suppose that there exist constants 0 < C; < (5 such that for any finitely
supported sequence (x,)nez, C1 Y., 22 < ||, ap(. — n)||%2(R) < Cyy, a2 We
assume that the scaling function ¢ belongs to the Sobolev space H*(R) := W3 (R)
for sufficiently large integer s > 0.

Ford > 1,2 = (z1, -+ ,2q) € R% set ¢(z) = ¢(z1) -+ ¢(zq) and for 5 > 0 and
ke 74, set ¢ (x) = 2% (2x — k) € H* := W§(R?). For any integer j > 0, let V;
denote the closure in L?(R?) of the vector space generated by (¢;x, k € Z%) and for
any f € L*(R?), let IL,; f denote the projection defined by

H]f = Z (f7 (bj,k)(bj,ka
kezd

where (, ) denotes the L?(R?) scalar product. We also assume that (¢;,j > 0,k €
Z) is a complete orthonormal system of L*(R?), so that lim; || f — IL; f|| p2ra) = 0.
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Set H := L?(R%), V := H* = W§(R?) for some s > 0, and identify H with its dual
H* by the help of the inner product in H. Then V — H = H* — V* is a normal
triple, where H* — V* is the adjoint of the embedding V' — H. In particular,

(IL.f,9) = (IL.f, g) = (f, ng) = (f, ,g)

for f € V and g € H, where (, ) denotes the duality between H* and H~*. This
equality extends to the case f € V and g € V*. Fix s > r > 0, let p € H?® be
an orthonormal scaling function defined as above. The following inequalities give
approximation properties:

(Direct) If =T fllar < C279C | fllgs VS € HY, (2.5)
(Converse) T, fllas < C 22 fllgr, Vf € H (2.6)

Furthermore, for any r € [0, s|, I, is a bounded operator on W with norm uniformly
bounded in j. The operators II; are clearly contractions of Ly = WP (R?).

Example 2.5. Finite differences — Discrete Sobolev spaces. Consider for
fixed h € (0,1) the grid

G = hZ® = {(kih, kah, ... kgh) 1 k = (ki ko, ..., kg) € 27},

where Z denotes the set of integers. Use the notation {ey, es, ..., ¢4} for the standard
basis in R?. For any integer m > 0, let W, be the set of real valued functions v on

G with
2 21d
[l = Y Y 1050(=)Ph < o0,
|a|<m z€G
where 49, is the identity and 6¢ = 63152 ... 0% for multi-indices o = (o, a2 . .., aq) €

{0,1,2,...} of length |a] := a; + -+ + a4 > 1 is defined for by

00(2) == £ (v(z £ he;) — v(2)).
We write also 6% and 4; in place of 6§ and dy4, respectively. Then W;T, with the
norm |- |, is a separable Hilbert space. It is the discrete counterpart of the Sobolev
space Wi(R9). Set I/Vh_21 = (W), ,)", the adjoint of W), ,, with its norm denoted by
|+ |n,—1. It is easy to see that W}, — W,T{l is a dense and continuous embedding,

|v|h,m—1 S |U|h,m7

K
|v|h,m S ﬁ|v|h,m—17 (27)

for all v € Wj, m > 0 and h € (0,1), where & is a constant depending only on d.
Notice that for m > 1

(v,u) :== Z Zéavéau < Co|pm-1|tu|pm+1 forall v,u € W}T;I

la|<m z€G

extends to a duality product between W,T;l and W,TQH, which makes it possible to
identify W, with (W)5H)*.
Assume that m > g. Then by Sobolev’s theorem on embedding W3" := Wi (R?)

into C(R?), there is a bounded linear operator I : Wi*(R%) — C(R?), such that
Iu = u almost everywhere on R?. Thus, identifying u with Ju, we can define the
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operator Ry, : W3"(R?) — W}, by restricting the functions u € W3" onto G C R
Moreover, due to Sobolev’s theorem,

sup [u(x)[* h* < p*luliyp,
z2eG z€1(2)

where Z(2) == {r € RY: 2, <, < 2+ h, k= 1,2...d} and p is a constant
depending only on m and d. Hence obviously

|Rpulj o < p|u|12/V2m for all u € WJ". (2.8)
Moreover, for every integer [ > 0
| Ruulng < plulyymn for all u e Wyt (2.9)
with a constant p depending only on m, [ and d. Thus setting
V=W Hy =Wt vre=wrie?
IL, := Ry,

for any sequence {h,}:>, C (0,1) and any integers m > ¢, 1 > 0 we get examples
of approximation spaces.

When approximating differential operators by finite differences we need to esti-
mate D;u — d4;u in discrete Sobolev norms. For d = 1 we can estimate this as
follows. Let [ > 0 be an integer and set 2z, := kh for k € Z. By the mean value
theorem there exist z, and z} in [z, 2z + [h] such that §'Du(z;,) = D™ tu(z,) and
§'0u(zy,) = D™ u(zy)), where D := <. Hence

le 9
5 (Dul) ~ s = D) - D) = | [ D () dy
%

Zk+lh
< I / ID*u(y)P dy

2k

for u € C3°(R). Consequently,
| Du — dhulng < Uhfulyyieeg, (2.10)

for u € Cg°(R), and hence for all u € Wi*(R). For d > 1 by similar calculation
combined with Sobolev’s embedding, we get that for m > [+ 2 + d;zl

for all w € W3, h € (0,1), where C' is a constant depending on [, m and d.

3. SPACE DISCRETIZATION

3.1. Description of the scheme. Consider for each integer n > 0 the problem

dun(t) = At () dt+ S Bt u () dWE(H), um(0) =u,  (3.1)
k

where u( is an H,-valued Fy-measurable random variable, and
A" [0, T)x Qx V, = V5 B":0,T]| x QxV, — H"
are P ® B(V,,)-measurable mappings such that the following conditions hold.
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(C1n) (Strong monotonicity) There exist constants A > 0 and L such that for all
n > 0 almost surely

2(u — v, A"(t,u) — A"(t,v))n + Z |Bp(t,u) — BE(t,v)|7, + Au—v||3

< L|u —vl},, forallte0,T)], u,v eV,
(C2n) (Growth condition on A™, B™) Almost surely
A" ()5 < KJolly, + (1), 1Bt 0)lh, < KW]F, +9"(1)

for all t € [0,T], v € V,, and n > 0, where K is a constant, independent of n, and
f™ and ¢g" are non-negative stochastic processes such that

T T
supE/ fr(t)dt =: My < o0, supE/ g"(t)dt =: My < 0.
n 0 n 0
(C3n) (Lipschitz condition on B™) Almost surely

> I1Bitu) = Bp(tv)lg, < Lellu—olf,
k

for all t € [0, T] and u,v € V,,.

(C4n) sup, Elugl|7, < co.

(C5n) (Hemicontinuity of A™) For every n > 0, the operators A™ are hemicontinuous
inv €V, ie., almost surely

hI%<An(t, v+ eu),w), = (A"(t,v),w),

for all t € [0,T], v,u,w € V,.
Notice that (C1ln) - (C3n) imply the coercivity condition

2(v, A"(t,v) +Z |BE(t ), + 51, < C (vl + () +9"())

with a constant C' depending on A and Lp. It is classical (see e.g. [[0], [[J and
[[d]) that (C1ln)—(Cb5n) ensure the existence of a unique solution u" to (B.J]). It
has an H,,-valued continuous stochastic modification and

T
B sup [0, + B [ ()1}, di
0

0<t<T
T
< C sup <E|u8\fqn + E/ (f*@) + 9" (1)) dt) < 00, (3.2)
n 0
where C' is a constant depending only on A\, K and Lg.

3.2. Rate of convergence of the space discretization. Recall that if (R1)(i)
and (R2) are satisfied, for every ¢t € [0, 7] and v € V, A(t,v) € V and By(t,v) € V;
hence 11, A(t,v) € V,, and I1,Bi(t,v) € V,. In order to estimate the norm of the
difference I1,,u — u"™, we need to relate the various operators A, A", B and B", which
is done with the following consistency condition.
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(Cn) (Consistency condition) There exist a sequence (&,),>0 of positive numbers
and a sequence (£"),>¢ of non-negative adapted processes such that

T
supE/ M (t)dt < M < +o0,
n 0

and almost surely

At 0) — A™ (¢, TLw) [3.+ > [T, Bi(t,v) — By (£, TL0) |3,
k

< en(llvlly + (1)) (3.3)
for all t € [0,T] and v € V.

Theorem 3.1. Let (R1) (i), (R2), (Cln)—(Cbn) and (Cn) hold. Then for
e™(t) = Myu(t) —u™(t),

T
E sup |e"(t)[, +E/ le* @13, dt < C1E[e™(0)[3, + Co(ri + M)e, — (3.4)
0

0<t<T
holds for all m > 0, where C; = C1(\, L, T) and and Cy(\, L, Lp,T) are constants.
Proof. From equation ([L.1) we deduce that for every n > 0,
t t
I,u(t) = ,ue + / HnA(s, u(s)) ds + Z/ I1,, By, (s, u(s))de(s).
0  Jo

Using 1t6’s formula

e ()], = |6"(0)|i+zfi(t), (3.5)
where )

L) = 2 /O (€"(5) , TLA(s, u(s)) — A (5, 0"(s)))ndls
L(t) = 2) /0 (e(s) , T, Bi(s,u(s)) — By (s, u"(s))), dW*(s),

I(t) = Z/o ’Han(s,u(s))—B,Z(s,u"(s))}ids.
We first prove

T
sup E\en(t)li+3/ le*(@)l[ndt < C1E|e™(0)[5, + Ca(r1 + M)ey, (3.6)
0

0<t<T

where C; = C1(\, L, T) and Cy = Cy(\, L, Lp, T) are constants. The strong mono-
tonicity condition (Cln) implies

L(t) + Iy(t) < —A / e (s)]2 ds + L / )2ds+ S R, (37)

i=1,2

where

Ri(t) = /0 2(e"(s), I, A(s,u(s)) — A" (s, L u(s)))n ds,
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5 [ Bt uts)) — Bits. )

~ By (s, Tyu(s)) — By (s, u"(s)) 2] ds.

Schwarz’s inequality, then the consistency condition (Cn) and (R1) (i) imply that
for every n >0 and ¢ € [0,T],

|Ri(t)] < 2 / le™(s)||2 ds + 3 / L, A(s, u(s)) — A™(s, Myu(s)) |2, ds

< / len ()12 ds + 32 (r + M).
0

Schwarz’s inequality, the consistency condition (Cn), (R1) (i) and the Lipschitz
condition (C3n) yield that for every a > 0,

Ry(t)] < Z/O 10, By (5, u(s)) — By (s, Tyu(s)) 2
+ 2<Han (s,u(s)) — Bp (s, Hyu(s)) , Bi (s, Dau(s)) — By (s,u"(s)))
(1+2 /Z‘H By (s,u(s)) — B (s, Iyu( ))}ids
+ a/o Z |Bi (s, au(s)) — By (s, u"(s)) ‘i ds

t
g(1+g)(r1+M)gi+aLB/ le(s)12 ds. (3.9)
0

| as

n

Thus, for aLp < 3, taking expectations in () and (B7)-(Bg), we deduce that
t t

Bl O +3E [ ") ds < LE [ e (o)ds + EL(O) + Clri + M)22,
0 0

where C' = C'(\, Lp) is a constant. Since by (B.2) and (B.9)

sup Ele™(t)]2 < +oo,
0<t<T

Gronwall’s lemma gives

sup Ele"(t)[; < e (C(r1 + M)ey + Ele"(0)]7) ,

0<t<T

which in turn yields (B.6). We now prove (B.4). From (B.6)—(B.§) we deduce

T T
E suwp (L(t)+ (1) < LE / e (s)2ds + 2 E / e (s)|2ds + Calery + M)e2
0 0

0<t<T
< C1E[e™(0)]2 + Co(ry + M)e2. (3.9)
By Davies’ inequality, (2.3), (C3n), (Cn) and (R1)(i),
E sup |L(1)] < 6E / Z‘ 1L, By (u Bg(ﬂ))

0<t<T

2 1
ds) ’
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1

§6E{ sup \e"(t)\n</0TZ|Han(u)—B/?(un)|ids)2}

0<t<T

1
< SF swp |0

0<t<T

T
1368y / (10, By (1) = B () 2 + | By (u) — By (u”) 2] ds
k 0

T
<1E sup \e"(t)\i+36LBE/ e (s)[2ds + 36(r1 + M)e2, (3.10)
0

where the argument s is omitted from most integrands. Thus, inequalities (BH),

(B9), (B-10) and (B-9) yield
%E sup |e"(t)]2 < C1E|e™(0)]2 4 Co(ry + M)e2,

0<t<T

with some constants C; = Cy(L,T) and Cy = (A, L, Lg,T), which completes the
proof of (B-4). O

3.3. Examples. Let 7 > 0 be an integer, V = H = WJ(R?), H = L*(R?), V* =
W, "(RY) denote its dual with respect to the L2-inner product, and for [ > 0 let
V =W RY). Let A and B be operators which satisfy the conditions (R0), (R2)
and (R3). Let ¢ be an orthonormal scaling function in W3 (R); for any n > 0 let
V,, and II,, be defined as in Example .4, We denote by H, and II, the subspaces
of H and the orthogonal projections defined in Example R.4, V,, = I1,,V the Banach
space endowed with the topology induced by that of V', and V" denotes its dual.
Then the operators 1I,, are bounded from V to V,,, H to H, and from V* to V*;
furthermore, given u,v € V', and resp. u,v € H,

(I, u,v) = (u,[I,v), andresp. (Il,u,v)= (u,Il,v). (3.11)
Fort € [0,T],k=1,---,d;,n >0 and u € V,, set
A"t u,w) =1L, A(t,u,w), Bp(t,u,w) =11, B(t, u,w). (3.12)

Then it is easy to see that the operators A" and B™ satisfy the condition (Cln).
Indeed, for u,v € V,, C V, ¢t € [0,T], (RO) and (P-4) yield

2(u— v, A"(s,u) — A"(s,0))n + > _ |By(s,u) — B (s,v)|%,

< Al ol + Kfu - ol
Furthermore, conditions (RO) (ii)-(iii) and (.4) imply (C2n)-(C3n) and (C5n).
Finally, if p is the constant defined in (£.4), (B.5), (R0) (ii) and (iii) imply for u € V,

At u) — A (6, T,u) 3. + Y T, Be(t,u) — By (t, w3,
k
< p? (K + Ko) [lu — Tl < Cp? (K1 + K2) 272 [[ull3,

which yields (Cn) with €, = 27 and h, = 0. In the last section, we will give
examples of operators such that condition (R1)(i) holds.
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4. IMPLICIT SPACE-TIME DISCRETIZATIONS

4.1. Description of the scheme. For a fixed integer m > 1 set 7 := T'/m and
t; = i1 for i = 0,--- ,m. Let V,, — H, — V* satisfy the conditions in section P.3.
Consider for each n the system of equations

u = u; AszrTl( szrTl) + Z BZzT (u;”) (Wk(tiﬂ) - Wk@l)) (4.1)
k

for V,,-valued F; -measurable random variables u;”" for i = 1,2,...,m

)

Here ug” is a given V,,-valued Fyp-measurable random variable, while
AT QxV,— V' and BZ’Z:QX V, — H,, for k=1,---,dy,

are given F;, ® B(V,,)-measurable mappings for i = 0,1,--- ,m, such that the fol-
lowing conditions hold.
(Clnr) (Strong monotonicity) There exist constants A > 0 and L > 0 such that
almost surely

2(u — v, AP (u) — AP (v)) + Z | BT (u) — By (v);

[,

< —AHU — vy, + Llu—vlg,

forallv,ueV,,i=1,2,---,m,m>1and n > 0.
(C2n7) (Growth condition on A" and B;"") There is a constant K such that
almost surely

n,7 2 n,T n,T 2 n,T
AP (W), < Kllully, + 77, B ()], < Kllully, + 977,
forall w € V,, n >0, m > 1and i = 0,1,---,m, where f"" and ¢."" are non-

negative random variables, such that

sup sup Z TEf"" < M < 400, sup sup max Eg"" < M < 4o0.
n m 1Siem n 0<i<m
(C3nr) (Lipschitz condition on A" and B;"") There exist constants L; and Ly

such that almost surely
2

(A7 () = AP ()], < Laflu =l (4.2)
n,T n,T 2
Z ‘Bk,i (u) — By; (U)‘Hn < Lofju— U”%/n
k
forall u,v €V,,n>0, m>1andi=0,1,---,m.

(Cdn7) sup, ,, Ellug” |7, < M.
Remark 4.1. Conditions (Clnt)-(C2n7) imply that almost surely
2(u, A7 (u +Z|B w)lh, < =3 lully, + Llufg, + OO +g77)

forallu € V,,, n, i andm, where C' = C(\, K) is a constant. The Lipschitz condition
on A;"" from (C3nt) obviously implies that A;"" is hemicontinuous.

Proposition 4.2. Let (Clnt)—(C4nrt) hold. Then for 7 < 1/L equation (1) has

a unique Vy,-valued solution (u;"")™,, such that u,"" is F;,-measurable and E||u;""||?
n 7 =07 ) i 7 Vn

is finite for each i, n. (Here 1/L =00 if L =0.)
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Proof. Equation (f]]) can be rewritten as
Dy (uiy) = u™ + 3 Bl (u)™) (WH(tign) — W), (4.3)
i

where D; : V,, — V* is defined by D;(v) = v — 7A""(v) for each i = 1,2,---m.
Due to (Cln7)-(C3n7) and Remark [I]] the operator D; satisfies the assumptions
(monotonicity, coercivity, linear growth and hemicontinuity) of Proposition 3.4 in [f]
with p = 2. By virtue of this proposition, for 7 < 1/L, equation (f.J) has a unique
V,-valued F;,, -measurable solution w;}; for every given V-valued F;,-measurable
random variable u;"", and

)

Blaily, < CB(L+ 7+ + | 30 Bt i) (W i) - Wh(e)
k

< C(1+EBfT+Bg + Y rEIB (i ))
k

< C(1+Ef" +Eg"" + KTE|u!"|]}, + 7 Eg""),
where C' = C(\, 7) is a constant. Hence induction on ¢ concludes the proof. U

4.2. Rate of convergence of the implicit scheme. Assume that (R1) and (R2)
hold. To approximate II,u by u™7 we have to relate the operators II,, A(t;,.) and
A" o1, as well as the operators I, Bx(t;, .) and BZ: oll, on V.

(Cnt) (Consistency condition) There exist constants v €]0, 3], ¢ > 0, a sequence of
numbers ¢, > 0, such that almost surely
Ve < clllully + &) (7 +en),

T, A(t;, u) — A" (IL,u)
n, 2 n, 7 v
S Bt ) — BT (), < ellully +57) (7 + <2)
k

foralli =0,---,m —1and u € V, where " and n,”" are non-negative random
variables such that

supZTEﬁf’T <M, supZTEn;” <M.

Theorem 4.3. Let (R1)-(R3) hold. Assume (Clnt)-(C4nt) and (Cnt). Set
e;" =T,u(t;) —u;”". Then for 7 <1/L andn > 1

E max |73 + > T E|elT|}, < CiE|ey [}, +Co(r +el) (ri+ra+ M), (4.4)

0<i<m
1<i<m

where C1 = C1 (N, L, T) and Cy = Co(\, L, K, T, p, ¢, L1, Ly) are constants.

Proof. We fix n, 7, and to ease notation we write e;, A; and By ; in place of "7, A™"
and B,"], respectively. Similarly, we often use u; in place of u;"" for i = 1,2,--- ,m.
Then for any ¢ =0,--- ,;m — 1,

tit1
leial2 — lesf2 =2 / (eir1, MuA(s,u(s)) = Aspr(wirn)), ds
t

i

+2Z/ti+l (ei41, Fi(s)), dW*(s)

k @
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t1+1

tit1
’/ HASU ))—A,Hulﬂ d$+Z/ de()
i+

5 /t e TLoA(s, u(s)) — A (i), ds

tz+1

+‘Z/ (5) dW*(s)|

| / [T (s, u(s)) = Aipa (wi41)] ds

2

where for kK =1,---,d; one sets
Fi(s) = Han(&U(S)) — Bri(w""), s €ltitipl, =01, ,m~—1

Summing up for ¢ =0,---, [ — 1, we obtain

el < ol 2 3 [ et oA 0(6) = A ds + Q)+ 1(0), (15)

0<i<i”ti
where
tit1
=Y |3 [ R are)|.
0<i<l k vt "

First we show

sup Elels +E Y 7leills < CiEleols + Co(r™ + &) (r+ 1o+ M), (4.6)

0<i<m 1<i<m

where C; = C1(\, L, T) and Cy = Co(\, L, K, T, p,c, L1, Ly) are constants. To this
end we take expectation in both sides of ([.J) and use the strong monotonicity
condition (Clnr), to get

Elef? < Eleols +2E ) 7(eisr, Ay (Myu(tinn) — A (wirn)),

0<i<l!
+L Z ZT‘Bk,iJrl(Hnu(tiH)) Biita( Uz+1 Z S
0<i<l—1 k 1<5<3
< Eleoy =AY TE|ley +L > TEleli+ > S, (4.7)
1<i<i 1<i<l 1<5<3
forl=1,---,m, where
S = 2% F / (ei T A(s, u(s)) — Ai(TLyu(t)))n ds,
1<i<i ti—

A / TR — [ Bra(Tu(t) — B 2] ds,

ko1<i<l ti
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E T|F(s)|ids.
pef

For any € > 0
Si1<e Y rE|el?+ 1R,

1<i<l
where

R=Y"F / ML AGs, u(s)) — Ad(Tau(t) 2 ds <3 37 R;,

1<i<l ti— 1<5<3

Ri=> E / L, A(s, u(s)) — I, A(t:, u(s)) 2. ds,

1<i<l

Ry=> E / L, At u(s)) — Ay (Iu(s))|?. ds,

1<l ti—
Ry=S B / A (TLyu(s)) — As(TLu(t))[2. ds.
1<i<l ti-1

Due to (R3) (i), (:4), (Cn7), (C3n7) and (2.3)

T
Ry < pE / (K Ju(s) + ) ds,
0

T
Ry < (7 +2)(cB / uls)ds + 3 T EET),

1<i<m

Ry < Lip? Z/ E||lu(s) — u(t;)||* ds < TLip* M.

1<i<1

(4.8)

(4.9)

(4.10)

(4.11)

with My := C(ry + 72+ M). By (B-4), the growth conditions (R2), (C2n7) and by

condition (C4nr) on the initial values

Sy < 22/ BT, B(s, u(s))2 ds +2 3 7E| Beo(u) )2
k70 k
< 2rp?(K swp Elu(t)l},+ sup En(t))
t€[0,T te[0,T7]

+27 (K sup Ellug™ |2 + sup Egq ’T) :

Using the simple inequality [b|2 — [a|? < ]al? + (14 1)|b — a|? with
a = Bkl(Hnu(t)) — B,“(uz) b= Fk<8),
for any € > 0 we have Sy < eP; + (1+ )P2 with

P o= Z EZT‘BIM' (Tnu(ts)) = Bra(ua)l3,

1<i<1

po= Y /ZHZ\H Bu(s, u(s)) — Bua(TLyu(t:)? ds.

0<i<l ti

(4.12)

(4.13)
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By the Lipschitz condition (C3n7) on By; we get Py < LoE Y, 7|leills. Clearly,

Q= S F /MZ\H Ba(s, u(s)) — T By(ts, u(s)) 2 ds,

0<i<l ti

Q= S F /MZ\H Be(ts, u(s)) — Bia(Thu(s))[2 ds

0<i<li ti
i+1

Qi = Y E / 3 1Builys) = Bus(Ihu(t) ds
0<i<li ti

Due to (ii) from (R3), consistency (Cnr), Lipschitz condition (C3nr), (E.3) and
(249)

T
Q1 < ™ 2<KE/ |u(s)|31ds+TE77),

T
Q@ < o4 2)(E [ o) ds s 3 g7,
0 n7

™ o<i<l

Q; < L2p2T sup FEl|u(t) — u(s)||2 < TLgpzTMl.

[t—s|<T

Hence

1
Sy < els FE AP+ C(1+ =) (% 2
2 > &ln Z 7'”6 Hn_'_ ( _'_8)(7- _'_gn)

1<i<l
T
X E/ |u(s)|$,ds+TEn+supZ7’Enin’T+M1>, (4.14)
0 n,m

where C' = C(p, K, L», ¢). Choosing ¢ > 0 sufficiently small, from (f7) and (£9)-
(ET4) we obtain for [ =1,--- ,m,

Elef;+3E ) rlleill;
1<i<l
< E|€0‘i + L Z TE|€Z‘2 + C<T2V + 8%)(7’1 + 79 + M), (415)
1<i<l
where C' = C(K,\,p,T,c, Ly, Ly) is a constant. Since sup,, > .7 = T < +o0,
if LT < 1 a discrete version of Gronwall’s lemma yields the existence of constants

Cy=Ci(L,\,T) and Cy = Co(L, K, A\, p, T, ¢, L1, Ly) such that for sufficiently large
m

max Ele)|? < C1Eleo)? + Co(ry + 19 + M) (7% + £2)

holds for all n. This together with (f.I5) concludes the proof of (f-f). To prove
(E4) notice that ([L.7F) and Schwarz’s inequality yield

E max |eif; < Eleol; + B > el +2R+2Ry + E max I(t;) + EQ(T), (4.16)

1<i<
1<i<m
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where R is defined by (E£J),
Ry:=E Z T A1 (Mo (u(tivn)) = Aira (W) 5 < LiE Z Tlledln,  (4.17)
0<i<m 1<i<m

by the Lipschitz condition (C3nr7), and

T
- E/ D |Fi(s)[2ds < 2Py + 2P,
0 %

with P, and P, from (f.I3) with [ = m. By Davis’ inequality

1/2
0<i<m (tl) =0 {/ | | S}

1 2
< QEOI%lii)r{n‘el|"+18E/ |FL(s)|2 ds (4.18)

Thus from (£.16), by (f6), (E.I4) with e = 1 and (f.I7) we obtain (f.4)). O

Remark 4.4. One can show, like it is observed in [} that if we drop the Lipschitz
condition (E32) on A" from (C3nr), then the order of the speed of convergence is
divided by two.

4.3. Examples. (i) Let » > 0, V = H = WJ(RY), H = L*(R?), V* = W, "(R?),
V = Wi THR) for some [ > 0, let ¢ be an orthonormal scaling function in W5 (R).
Let V,,, H, and II,, be defined as in examples P.4 and B.3. Let A and B satisfy the
conditions (R0O), (R2) and (R3). Foreveryu e V,, CV and k=1,--- ,dy, set

AY(u) = L, A(tiw) and By (u) = I, By(t;, u). (4.19)

The arguments used in Example show that the conditions (Clnt)-(C3nr) are
satisfied. Let us check that the consistency assumption (Cnr) holds. For u € V C

V, (£4), (L) and (B.3) imply
A7 (Myu) = LAt w7, < p° K [Teu — allf < Cp? Ky 272 a3,

and similarly,

> 1B (Myu) = I, Bi(ti, w)lf < Cp? Ko 27 a3
k

Hence, (Cnr) holds with g, =27 & =" = 0 and any v > 0.
(ii) Another choice consists in setting Ay (u) = 11, A(0, u), By (v) = I1,, By (0, u),
and fori=1,--- mueV,CVandk=1,---,d;

t; t;
AT () = & / M, A(s,u)ds, B (u) = — / 0, By (s, u) ds.
T Jtiy T Jtiy
A similar computation based on Jensen’s inequality, (2.4), (I.3),(:4), (R3) and (E)
proves that relating A, p and K,, (Clnr)- (C3n7') hold with f/"" = g™ =
and that (Cn7) holds with ¢, =27 (" =n"" =n+ 1.
(iii) Finally, let V,, =V, H, = H and let TI,, be the identity operator for every n.
Assume that (RO), (R1), (R2) and (R3) hold. Then one recovers the conclusions
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of Theorems 3.2 and 3.4 in [§ concerning the rate of convergence of the implicit
time discretization scheme with ¢, = 0.

5. EXPLICIT SPACE-TIME DISCRETIZATION SCHEME

5.1. Description of the scheme. Let V,, H, and V' be a normal triple and II,,
be continuous linear operators which satisfy the condition (.4). Assume moreover
that for each n > 1 as sets
Vo=H,=V,

and there is a constant J(n) such that

ull¥, < 9(n)fulf, . Yu€ H, (5.1)
Then by duality we also have

|u|?{n < I(n)|u %/n , YueVr

Consider for each n and i = 0,1,--- ,m — 1 the equations

Ul = U, + T A (“Zz) + Z BZZT (u:}z) (Wk(tiﬂ) - Wk<tz‘))a (5.2)
k

for V,-valued F;,-measurable random variables w7, for i = 1,--- ,m, where u”, is a
given V,-valued Fy-measurable random variable, and

AT QxV, =V and BZ7’Z.T:Q><VH—>Hn
are given F;, ®B(V},)-measurable mappings satisfying the conditions (Cnl7)—(Cn4r)

fori=0,1,---,m—1 with u; in place of ug".

Proposition 5.1. Let (Cln7)—(C3n7) hold. Then for any V -valued Fo-measurable

random variable ully such that Elluf |}, < oo, the system of equations (5-3) has a

unique solution (ull )"y such that u?,; is F; -measurable and E||ul ||}, < co for all

T,
1, m and n.

Proof. By (@) we have ||u22+1||3 < 19(”)|“Z,z+1|%> and by (@)
E|U¢z+1|i < 3E|u2z|i + 37E|A?T(“?z)|i + 37 Z E|Bzm(u:z)|i
k

<3(W(n) +I(n)TK + 1K) E|lul,||> + 37(9(n) + 1) M.
Hence we get the proposition by induction on . U

5.2. Rate of convergence of the scheme. The following theorem gives the rate
of convergence of e, := Il u(t;) — u

T

Theorem 5.2. Let (R1) - (R3) hold. Assume (Clnt)-(C3n7), (C4nr) formu-
lated with u?, instead of uy™ and (Cnt). Let n and T satisfy

Lim9(n) 4+ 2v/ L1 Lymd(n) < q (5.3)

for some constant ¢ < A. Then

E max [l + > TE|ell, < CrElel |7, +Ca(r™ +e2)(r+ra+ M), (5.4)

0<i<m -
0<i<m

where C; = C1(\, q, L, T) and Cy = Co(N\,q, L, K, T, p,c, L1, Ly) are constants.
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Proof. To ease notation we omit the indices n and 7 from ery, ury, AT and BT
when this does not cause ambiguity. For any ¢ = 0, —1
tit1
leisaln — leil, =2 / (i, TnA(s, uls)) = Ai(wi)))n ds
ti
tit1 z+1 2
+2 Z/ (ei, Fiu(s))n dW*(s (s) dW*(s)

49 Z (/:+1 [IL,A(s, u(s)) — A;(us)] ds, /:Hl Fi.(s) de($)> )

n

k
where
Fk<8) = Han<8, U(S)) — Bk,i(ui), S E]ti,tiJrl], = 0, 1, e, — 1.
Hence for [ =1,--- ,m and every § > 0,
tit1
ez < leola+2 > / (ei, I A(s, u(s)) — Ai(wi)))nds +21(4) + Q)
0<i<l Vti
+(1 4 5)5(t) +6Q(t), (5.5)
where

I(t) = /l( (5), Fi(s)) dW"(s), e(s):=e; fors €|ty tip],i>0,

st) = 3 /’“ T A(s, uls)) — Au(u)] ds|

. n
0<i<i ti

)

tz+1 2

(5) dW™(s)

Q) =

0<i<l kK ti n

First we prove

max Bleil; + > TElelll < CiEleols + Co(7 + 2)(r1 + o+ M), (5.6)
0<i<m

with some constants C; = C1(\,q, L,T) and Cy = Cy(A\,q, L, K, T, p,c, Ly, Ly). To
this end we take expectation in both sides of (p-) and use the strong monotonicity
condition (Clnr), to get

Eleif;, <Eleol;, +2E Z (i, Ai(ILu(t:)) — Ai(wi))n

0<i<l!
+E Y 7|BriMu(t) = Bra(u)2 + Y Si+ (1+ 3 ES(L) + 6EQ(t)
0<i<l i=1,2
<Elegly, = AE Y 7llells + LE Y 7leil?
0<i<! 0<i<l!
+ ) S+ (L+HES(H) +6EQ(h),

1=1,2
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for any ¢ > 0, where

$i = 2% B /M e T As, u(s)) — A(TLyu(t:))n ds,

0<i<li ti
tit1
S = S B[ IAGR - Buau(t) - Butw)E] ds
k 0<i<l ti

As in the proof of Theorem [I.J we get for any € > 0,
S1 < e Y TElell} + 10 4o+ M) (T +€3),
0<i<l

Sy < Lye Y TE|e|r 4 1C(r + 12+ M) (7™ +£})

0<i<l
with a constant C'= C(K,p, T, Ly, Lo, c). Notice that for any € > 0,
ES(t;)) <t9(n)J(t)),
1+1
Jt) =3 F / ML, A(s, u(s)) — A;(u)[2. ds < (1+)Ro+ (1 + DR, (5.7)

0<i<l ti
EQ(tl) _(1+€)P1+(1+E)P2, (58)
where

Po= ) EZ|B,“ ntt(t;)) = Bri(w)|2m < LE Y 7llei]l?

0<i<! 0<i<i

po= Y B /MZ\H Be(s, u(s)) — Bus(Tyu(t:)[? ds,

0<i<i ti

Ry = E Y rlA(Mu(t)) — Aw))2 < LiE Y 7lle?,

0<i<l 0<i<l
1+1
R = EY_ / L, A(s, u(s)) — Ai(ILu(t;))|?. ds,
0<i<l
for any [ =1,2,--- ,m. In the same way as in the proof of Theorem [[.J we obtain
R< O + &) (ry +ro+ M), (5.9)
and that
P, <7 +&2)(r1 + 1o+ M), (5.10)
where C' = C(K,p,c,L1,T) and C" = C'(K, p, ¢, Ly, T') are constants. Consequently,
Elal} < Eleoli+(n—NE Y rlels+LE Y 7leil?

0<i<l 0<i<l
+(1+79(n) 1+ 3+ HCE" +el)(ri+re+ M) (5.11)
for any § > 0 and € > 0, where
p=1+e)[(1+5)7I(n)Ly + 6Ls] + (1 + Ly),
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and C' = C(K,p,c,T, Ly, L) is a constant. It is easy to see that due to (5.3)
(isng(l + $)79(n) Ly + 6Ly = 79(n) Ly + 2v/79(n) L1 Ly < g.
>

Therefore we can take 0 > 0 and ¢ > 0 such that p < (¢ + A)/2. Thus from (.17
we can get

Elal;, < Eleos —3(A=a)E Y rlleilly +LE Y 7leily
0<i<l 0<i<i
+O(T% + £2)(r1 + ra + M),

with a constant C' = C(K, A, q,p,c, T, Ly, Ly). Hence by a discrete version of Gron-
wall’s lemma we obtain (p.0)). To prove (b.4) note that (B.5) yields

E max |e)f2 < leol? + E Y 7lleil|2 + 2ES(T) + 2 max I(t) +2EQ(T), (5.12)

1<I<m
0<i<i

where by (b.1)-(5.9) ES(T) < 79(n)J(T), and
J(T) < 2LE ) 7lell + 20 + ) (r1 + ra+ M).

0<i<m

By (£.9), (£-9) and (£-10)
EQ(T) < 2Ly > rleill2 +2C' (7™ +2)(r1 + 12 + M).

0<i<m

Finally, in the same way as equation (f.I§) is obtained, we get

1/2
2
Elrglzg;[ <6E{/ E |(e \ds}

T
< %Eorilax lei? +18E/ F2(s)ds < 1E0max lei|2 4+ 18EQ(T).
<<m 0 =

Consequently, from (5.13) we obtain (p.4) by (£.4). O

5.3. Examples. Let r > 0, V = H = WJ(RY), H = L*(R?), V* = W, (R?),
V = Wi H(R?) for some [ > 0, let ¢ be an orthonormal scaling function in Wj ™ (R).
Let V,,, H, and II,, be defined as in examples P.4, and .. Then the converse
inequality (B-6)) yields ¥(n) = 2"". Let A and B satisty the conditions (R0),(R2)
and (R3). Foreveryu € V,, CV and k=1, -+ ,dy, let A" and B"" be defined by
(EI9). Then, as shown in section .3, A™™ and B™7 satisfy the conditions (Clnr)-
(C3nr7) as well as (Cn7) with &, = 27" and any v > 0. Hence, if the solution u
satisfies (R1), and L1719, + 2v/L1Ls79, < ¢ < A, the conditions of Theorem
hold.

6. EXAMPLES OF APPROXIMATIONS OF STOCHASTIC PDES

In this section we present some examples of stochastic PDEs for which the pre-
vious theorems provide rates of convergence for the above space and space-time
discretization schemes. We refer to section 5 in [§ for more details.
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6.1. Quasilinear equations. Let us consider the stochastic partial differential
equation

du(t, z) =(Lu(t) + F(t,z, Vu(t,z), u(t,z)) dt
+) (Myult, ) + gilt, x)) dWH(t), te(0,T], z € R, (6.1)
!

with initial condition
u(0,z) = up(x), x€RY (6.2)

where F' and g, are Borel functions of (w,t,z,p,7) € Q2 x [0,00) x R? x R x R and
of (w,t,z) € Q x [0,00) x RY, respectively, and L, M, are differential operators of
the form

Lito(z) = Y D*a*(t,z)Dv(x)), My(t)o(z) = > by(t,z)Dv(x),
lo|<1,]8|<1 o<1
with functions a®® and b¢ of (w,t,z) € Q x [0,00) x R?, for all multi-indices o =
(a1, ...,aq), B = (b1, ..., Bq) of length |a| = >~ oy <1, |8| < 1. Here, and later on D*
denotes D{*...DJ? for any multi-indices o = (ay, ..., aq) € {0,1,2,...}%, where D; =
-2 and DY is the identity operator. We use the notation V,, := (9/9p, ..., 0/0pa).

ox;
Let K and M denote some non-negative numbers. Fix an integer [ > 0 and

suppose that the following conditions hold:
Assumption (A1) (Stochastic parabolicity). There exists a constant A > 0 such

that
Z <a°‘5(t,x) — %Z (bg‘bf)(t,@) 2220 >\ Z |22

la|=1,|8]=1 k lo|=1
forallw e Q, t€0,T), v € R and z = (2%, ..., 2%) € R, where 2% := 20" 25%...23¢
for z € R and multi-indices o = (ay, g, ..., g).

Assumption (A2) (Smoothness of the initial condition). Let uy be W32-valued
Fo-measurable random variable such that E\u0|12 < M.

Assumption (A3) (Smoothness of the linear term). The derivatives of a®® and b¢
up to order | are P @ B(R?) -measurable real functions such that almost surely

|D7a?(t, )| + | Db (t, )| < K, forall |o| <1, |8 <1, k=1,---,d,

t €[0,7], z € R and multi-indices v with || < 2.

Assumption (A4) (Smoothness of the nonlinear term). The function F' and their
first order partial derivatives in p, x andr are P@B(R?) 2 B(R?) @ B(R)-measurable
functions. The function g, and its derivatives in x are P ® B(RY)-measurable func-
tions for every k = 1,..,dy. There exists a constant K and a P ® B-measurable
function £ of (w,t,z) such that almost surely

Vo F(t, 2, p,7)| + | & F(t,z,p,r) < K,
[F (0,005 4+ > lge(t, )5 <,
k

Vo E(t,@,p,r)| < L(lp| + [r]) + &£t 2), €[5 <n
for allt,z,p,r, where n is a random variable such that En < M.
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Set H = L*(RY) = W2, V = W}, H = Wj and ¥V = W3 and suppose that the
assumptions (A1)—(A4) hold with [ = 2. Then the operators

and ug satisfy the conditions of Theorem B.2. Hence (B.1])—(6.9) has a unique solution
u on [0, T]. Furthermore, u has a Wj-valued continuous modification such that

T
E sup \u(t)@—i—E/ lu(t)|3 dt < oo.
0<t<T 0

Consequently (R1) holds. It is easy to check that A and By verify condition (R2).
Assumption (A5) (Time regularity of A and B) Almost surely

(i)

Z |D’Y(bg<t’ .T) - bg<s7x))‘2 < K‘t - S|7
k

§jwk t, ) <nlt—s|.
(ii)

DY (@ (t, ) — a™(s,2))* < K|t — s,
|E'(t, z,p, ) F(s,z,p,r)]* < Kt — s (|pI” + [r[),
s,2,p,7)|* < K|t —s| (|p* + |r[*),
r)
r)

IV E(t,x,p,r) — V. F(s,
IVoF(t,x,p,7) = VpF(s,z,p,7)]P < K|t — s,
\%F(t,x,p#) FF(s,x,p,r)P < K|t —s].

forall |a| <1, 18] <1, |y <1, s,t €[0,T] and x € R, where K is a constant and
n s a random variable such that En < M.

Clearly, Assumptions (i) and (ii) of (A5) imply conditions (i) and (ii) of (R3),
respectively with v = 1/2.

Let H,, V,, and II, be defined as in Example R.4 for a scaling function ¢ € W3.
For every n let A™(t,u) = II,A(t,u) and B} (t,u) = I1,Bk(t,u) be defined as in
(B12). Then, if uj = I,up and ug € W§ = H, we can apply Theorem B] with
e, = 27", and using (R.5) to estimate |[IL,u(t) — u(t)], for r = 0,1, we deduce

E< sup |u"(t) —u<t)|g+/0T|u"(t) —u@)ﬁdt) <o,

0<t<T

If one requires also (A5), then for A™™ and B™" defined by ([.19), the conclusions
of Theorem [£.3 hold with v = § and «,, = 27". Hence if uy”" = IL,u(0), then using
Theorem (.3, (2.5) and (R.2), we deduce that

nT_ < Qn).
E(o%%}ﬁmm u(iT |0+7'0<Z< |u; |> C’( + 27

Finally, if one requires that the condition (A5) holds, then the inequality (B.§) shows
that ¥(n) = 2". Hence by Theorems B and B2, if uy = IT,u(0) and 2> < 5 for
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some constant v < ¢, then

_ 2n
E(OI?Z%X ul; — u(ir)|g + 7 Z ur ) <C’( + 27 )

0<i<m

Let us now recall Example P.5 and approximate (6.1)-(6.2) by finite difference
schemes. Consider first the following system of SDEs, corresponding to the space
discretization with finite differences for fixed h € (0,1):

do(t) = (Lp(t)v(t )+Fh(t Vyo(t),v(t))) dt

+Z (Myp(t)o(t) + gran(t)) dWE(t), z€ G =hZ", (6.3)
v(0) = (Uo( ))ze6; (6.4)
where g (t) = (gi(t, 2))zec, Fu(t,p,7) = (F(t,2,p,7).c) and
Latyp =Y 6°(a™(t,)00¢), Vip = (10,02, 0ap), (6.5)
|| <1,|8|<1
M n(t)p =Y b(1)5%p, (6.6)
o<1

for functions ¢ defined on G. It is not difficult to see that taking the triplet V,, :=
Wi o, Hy =Wy, Vi = (W, ,)*, problem (B.3)-(B.4) can be cast into equation (B.1]),
and we can easily check that conditions (C1n)—(C5n) hold. Thus (£.3)-(6.4) has a

unique continuous Wy ,-valued solution v = v such that for every h € (0, 1),
T
E sup |[v"(t)]},+ E/ ["(t)|2 | dt < M < oo.
te[0,7) ’ 0 ’
Assume now that d = 1. Consider the normal triplet V — H = H* — V* with
V= WiR), H :=WJ[R) and V* = W, (R). Notice that Using (R.I0) we can see
that there is a constant C' such that almost surely for all ¢ € [0, T
ID*(@**(t)D%p) — 82 (a™ ()8 p)lno < Chlelwym),
b5 (1) D% — b () 6%l n0 Chlolwzm),
|Fh(taD§07S0) - Fh(t75¢a 90)|h,0 C|h|W22(]R)

for all o € W3(R) and h € (0,1). Hence the consistency condition (Cn) holds with
VY =W3(R) and ¢, = h. Set H = WZ(R). Assume (A1)-(A4) with [ = 2. Then the

assumptions of Theorem are satisfied. Thus there is a constant C' such that

T
E sup Jult) o O+ E [ [u(t) — o"(0)f, de < O
0

t€[0,T]

<
<

for all h € (0,1). Now we approximate (6.4) by the following Euler approximation
schemes:

wiyr = W+ (Lp(tig1)wits + Fu(tisr, Viawigr, wier)) 7

+ Z (M p(t)ws + gin(t)) (W (tipn) = WEE)),  wo = uo, (6.7)
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uip1 = i+ (La(ti)us + F(tivr, Vatien, )T
+ 3 (Mia(tui + gin(t)) (WE(tin) = WEE)), v =uo.  (6.8)
k

for i = 0,1,2,....m —1, 7 = T/m, t; = it. Then by Proposition .3 we get
the existence of a unique W) ,-valued solution w; of (B.7), such that w; is F-
measurable for ¢ = 1,2,...,m, if 7 is sufficiently small. By Theorem for e?’T =
(U(t“ Z) - wi(z))zéGa we get

E max [ef[jo +7 Y Blei [y, < C(r+57)
1<i<m
with a constant C' independent of 7 and h. Recall that ¥(n) = x?/h2 for any sequence
hyn € (0,1) by (B). Set e = (u(t;, 2) — ui(2)):ec. Then applying Theorem p.3 we
get
B max |effie +7 D Ble} [} < Ch?,
- 0<i<m

with a constant C' independent of 7 and h, provided (B-3) holds with x?/h? in place
of ¥(n). To obtain the corresponding results when d > 1 we need more regularity in
the space variable from the solution u of (£.1)-(6.3). Assuming more regularity on
the data, it is possible to get the required regularity of u. We do not want to prove
in this paper further results on regularity of the solutions to (B.1)). Instead of that
we consider the case of linear equations, i.e., when F' does not depend on p and 7,
since in this case the necessary results on regularity of the solutions are well known

in the literature. (See e.g. [@] and [Ig].)

6.2. Linear stochastic PDEs. We consider again equation (6.1))-(6.9) and assume
that F' = F(t,z,p,r) does not depend on p and r. We fix and integer [ > 0. Instead
of (A4) we assume the following.

Assumption (A*4) F(t,z,p,r) = f(t,r) and gi(t,r) are P @ B(RY) -measurable
functions of (t,w, x), and their derivatives in x up to order | are PQB(R)-measurable
functions such that

|f(t7 )|l2 + Z |gk(t> )|l2 < 7,
k

where n 1s a random variable such that En < M.

Instead of (A5) we make the following assumption.
Assumption (A*5) Almost surely

(1) 22 D7 (0R(1) — 03 (s))| < K|t — SI%, >k lgk(s) = ge(®)[F <t — s|.

(ii) |D7(a™P(t) — a™P(s))| < K|t — sz, |f(t) = f(s)[F < mlt — s
for all |y] <1, s,t € [0,T], v € R? and multi-indices |a| < 1 and |5] < 1, where K
15 a constant and 1 is a random variable such that En < M.

Consider the space-time discretizations with finite differences. The implicit and
the explicit approximations, v and v” are given by the systems of equations defined
fort=0,---,m—1by

V(i) = 0T () T (L (i)™ (Eign) + [ (Ein))

+ > (M (t) + g(t:)) (W (tir) = WE(H)), (6.9)
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v"7(0,2) = wu(0,2), z€G, (6.10)
and
M) = o)+ T(La(t ) 2t + f(t)
> (M () + g(t:) (WE(tisn) — W), (6.11)
k
vM0,2) = u(0,2), z€G, (6.12)

respectively, where t; = it = iT/m, v"7(t;) and v"(¢;) are functions on G, Ly,(t) and

M, (t) are defined by (6.3) and (B.6).
Take H,, := W;?,z and the normal triplet V,, — H,, = H} — V.* with V,, := W,}’Q.
Then it is easy to see that

(Ln(ti)e, ¥)n < Clelv Y]y, (Min(ti)e, ¥)n < Clolv, [[¢]a, (6.13)

for all ¢, € V,,, where (-, -),, denotes the inner product in H,, and C' is a constant
depending only on d and the constant K from Assumption (A3). Thus we can
define Ly(t;) and My (t;) as bounded linear operators from V,, into V.* and H,
respectively. Due to (P-§) and (B.9), the restriction of wg, f(¢;) and gx(t;) onto G
are H,-valued random variables such that

E|f(t)|5, <PEIft);  Elo(t)|s, <p’Elg(t)l7,
Eluoly, < p*Eluolf,
where p is the constant from (R.§). Moreover,

2(Ln(ti) e, )n + Z | M rpla, < —3lel, + Cleli, (6.14)
k

for all ¢ € V,,, where C' is a constant depending only on d and on the constant K
from Assumption (A2). Thus using the notation u;"" = v™7(t;), u?; = v"7(t;) and
defining

AT (p) = Lu(ti)o + f(t:), B (¢) = Min(ti)e + gu(ts) (6.15)
for ¢ € Wy ,, we can cast (B.9)~(E10) and (BI1)-(6.13) into (ET) and into (£:3),

respectively, and we can see that Assumptions (C1ln7)-(C4nr) hold. Consequently,
by virtue of Proposition [L.2, for sufficiently small 7 (5.9)—(F.10) has a unique solution
{wh7 ()}, such that v™7(¢;) is a W) ,-valued Fy -measurable random variable and

ElurT2 io < o0o. Furthermore, by virtue of Proposition p.1, (B.11)-(6.13) has a
unique solution {v!(t;) }7y, such that v’(t;) is a W}, ,-valued Fy -measurable random
variable and E|vl ()]}, < co.

Let » > 0 be an integer, and assume that

d
l>'r’—|—2+§. (6.16)
Then Theorem B3 gives the following result.

Theorem 6.1. Let Assumptions (A1), (A2), (A3), (A*4) and (A*5) hold with
[ satisfying (B6.16). Then for sufficiently small T

B max [o"7(t;) — ()i, + B Y 7" (4) —ut)] 0 < C(0F +7)

1<i<
1<i<m
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for all h € (0,1), where C = C(r,l,p, \,T, K, M,d,d;) is a constant.

Proof. Take H,, := Wy ,, H := WI2(RY), H := W}(RY) and the normal triplets
Vo—=H,=H -V V—oH=H <>V VoH=H <=V

where V,, := Wyt Ve = Wish Vo= Wi H(RY), V= W3 (RY), V= Wi (RY)

n

and V* = Wi ' (R%) = V. Then due to (6.10) there is a constant p such that for
Hn = Rh,

‘Hnw‘vn < p|90|V7
for all ¢ € V| by virtue of (B.I1]). It is easy to check that (5.13)—(p.14) still hold,
and hence (6.9)—(6.10), written as equation ([L.1)), satisfies (C1lnt)-(C4nr) in the
new triplet as well. Using (2.11)) it is easy to show that due to Assumption (A3)

‘L<ti)90 - Lh(“)@ Vx S ‘L(ti)QO — Lh<ti>90|Hn S Ch|90|W2l+1(Rd)7
Z |My(t:)p — My n(ti)olm, < Chlolwira
k

for all ¢ € WITH(RY), where C is a constant depending on d, [, r and on the constant
K from Assumption (A3). Hence we can see that (Cn7) holds with «,, = h. Due
to Assumption (A*5) we have

L(t)p = L(s)ply, < Clt —sl,  [£(t) = f(s)I < mlt — s,
Y IM(t)p = Mi(s)eli < Clt = sl, > 1ge(t) = gils)[} < mlt — s,
k k

where 7 is the random variable from Assumption (A*5), and C' is a constant de-
pending on d, dy, | and on the constant K from Assumption (A*5). It is an
easy exercise to show that due to Assumptions (A3) and (A*4) condition (R2)
holds. From [[] it is known that under the Assumptions (A1)—(A3) and (A*4)
the problem (B.3)—(f.4) has a unique solution « on [0, 7], and that u is a continuous
WI(R?)-valued (F;)-adapted stochastic process such that

T
E sup [u(®) + E / ()2, dt <
te[0,7) 0

CElult +CE [ (10 + Ll e,
k

where C'is a constant depending on d, d; and the constants A and K from Assump-
tions (A1), (A3) and (A*4). Hence condition (R1) clearly holds. Now we can
conclude the proof by applying Theorem [.3. O

Let us now investigate the rate of convergence of the explicit space-time approxi-
mations.

Take the normal triple V,, — H,, = H} — V" with V,, := W,f;l, H, = W,;Q, and
notice that due to Assumption (A3)

(L(t)o, )0 < Crlolv, [¥]v,,  (Min(t)e, ¥)n < Collv, |V a, (6.17)

with some constants C; and Cy, depending only on d, r and the constant K from
Assumption (A3). Set L; = C? and Ly = Y, C%. Then Theorem B.7 yields the
following theorem, which improves a result from [I§].
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Theorem 6.2. Let Assumptions (A1), (A2), (A3), (A*4) and (A*5) hold with
[ satisfying (6-10). Let h and T satisfy

LmQ% - 2/@(L1L2)1/2g <q (6.18)

for a constant ¢ < \. Then

B max [o(t) — u(t), + B Y 7lh(t) — u(t) a1 < CUR +7)

1<i<m -
0<i<m

for all h € (0,1), where C = C(r,l,p,\,q,T, K, M,d,dy) is a constant.

Proof. As in the proof of Theorem we take H, := W}, H := WI2(RY), H =
WI(R?) and the normal triplets

Vo—-H,=H' -V V—sH=H" V" VosH=H <V

with V, == With Vo= Wi (RY), ¥V = W3 (RY), we cast (BI0)—(B12) into (52,
and see that conditions (R1)-(R3), (C1n7t)-(C4n7) and (Cnt) of Theorem
are met. Furthermore, 9(n) = Z—; We can easily check that by virtue of (6.17) and

(B1), condition (p.18) yields condition (b.3). Hence applying Theorem p.2 we finish
the proof. O

Corollary 6.3. Let k > 0 be an integer and let Assumptions (A1), (A2), (A3),
(A*4) and (A*5) hold with [ satisfying | > k+2+d. Then the following statements
are valid for all multi-indices |a| < k:

(i) For sufficiently small T

E max sup [0 (v"7(t;, 2) — u(t;, 2))| < C(h + /7)

1Si<m e

holds for all h € (0,1), where C = C(l,p,\,T, K, M,d,d;) is a constant.
(i1) Assume also that 7 and h satisfy (b.18). Then

B max sup [6°(vl (1, 2) — u(ti,2))| < Ch+v7) < C (1457211 ) h

1<i<m e
for all h € (0,1), where C = C(r,l,p,\,q,T, K, M,d,dy) is a constant.

Proof. By the discrete version of Sobolev’s theorem on embedding W2 (R?) into
C*¥(R?) one knows that if m >k + ¢, then

sup [6%p(z)] < C“P\W%
2€G ’

for all h € (0,1), ¢ € Wiy and |a| < k, where C' = C(d, m.k) is a constant (see,
e.g.,[1§]). Hence the above statements follow immediately from Theorems [6.1 and
O
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