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Abstract

In this article we will study the initial value problem for some Schrodinger equations with Dirac-
like initial data and therefore with infinite L? mass, obtaining positive results for subcritical
nonlinearities. In the critical case and in one dimension we prove that after some renormaliza-
tion the corresponding solution has finite energy. This allows us to conclude a stability result
in the defocusing setting. These problems are related to the existence of a singular dynamics
for Schrodinger maps through the so called Hasimoto transformation.

Résumé

Dans cet article on étudie le probleme de Cauchy pour des équations de Schrédinger avec donnée
initiale de type Dirac et donc avec masse L? infinie, obtenant des résultats positifs pour les
non linéarités sous-critiques. Dans le cas critique et en dimension un, on montre qu’apres une
certaine renormalisation la solution correspondante est d’énergie finie. On en déduit un résultat
de stabilité dans le cas défocalisant. Ces problemes sont liés a 'existence d’une dynamique
singuliere des applications de type Schrodinger par la transformation de Hasimoto.

1. INTRODUCTION

In this paper we will study the IVP associated to the non-linear Schrédinger equation (NLS)

(1) iug +Autfuly = 0 , xeR? | t>0
u(0,2) = ady—o + up(z)

with 0 < o, and ug regular and possibly small with respect to ad,—g. A related problem that
2

we also consider is to take as u(0,x) a perturbation of aetT .

Let us recall first what is known about the broader question of the minimal regularity needed
to assume in the initial condition u(0,z) so that ([[) is well posed. Within the Sobolev class
H? with s > 0 the answer is positive and well understood, at least from the point of view of

~
)

local wellposedness, and is due to Ginibre and Velo [[19], Cazenave and Weissler [J]. The proof
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2 DIRAC NLS

follows a Picard iteration scheme based on the so called Strichartz estimates. It was observed
by Kenig, Ponce and Vega in [IJ], that if s < 0 Picard’s iteration can not work due to the
lack of uniform continuity of the map datum-solution. Then Vargas and Vega propose in [R1]
a different class of spaces which are built using the Fourier transform of the initial condition.
In the particular case of the one dimensional cubic NLS they are able to consider a larger
class than L?. Finally Griinrock in [[4) has extended that result, being able to prove local
wellposednes if u(0, z) satisfies that its Fourier transform is in some L for p < oco. Therefore
he is just missing the delta function in () with d =1 and o = 2.

Let us recall next the known explicit solutions of ([l) if up = 0. It was also noticed in
[9], that if there is uniqueness of () with wp = 0 then the corresponding solution should be

invariant under the galilean transformations. That is to say for any v € R9,

(2) uy(t, z) = e_it‘”|2+i”'xu(t, x —2ut) = u(t, x).
This in turn implies that u := 4 44, With
(3) Ug,ta(t, T) = falt, ) eﬂ:iAa,a(t),
where
|z |?
eI
(4) fa(t,x) = I
and
a? ety 2
1—ad d’
(5) Aaa(t) = 2
\a]% log t if a=2

Notice that
. . /
(6) 1&8 fa(tv :E) - adw:o (‘S )7

and as a conclusion the IVP () is ill-posed if a > % ~see Theorem 1.5 in [[[J] for a precise
statement.

A first natural question is if uq -+, is a stable solution in the subcritical case a < %. We
denote ||fll2 = || fllz2. We have the following result.

Theorem 1.1. Let o < 2. For ug € L?, there ezists a time ty = to(a, ||luoll2) and a unique
solution u of ([]) such that

U — Ug,+a € P ([O, t()), Lq) Nne ([O, t()), L2)
with (p,q) any admissible pair,
2 d d

2188 9<p<oo, d, 2,2).
S+l=g p (d,p) #(2,2)

Moreover if 0 < a <1 then tg can be taken arbitrarily large.
The way to prove this theorem is to write

n(t,x) = eFida.a(t) (U — Ug,+a)-
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Using the fact that f, is a solution for the linear equation, we are lead to the equation
7) {ﬂh+Aniﬂn+ﬁ$“ﬁhWHn+h)==0
n(0,2) = up(x).

Then we see that if a < % , the term | f,|® is locally integrable with respect to the time variable
and therefore the usual Picard iteration scheme works. Moreover, if 0 < a < 1, we obtain an
a priori control of the L? norm, so that we get a global result in this case.

Another natural question in the subcritical case is to consider a more regular perturbation
of g +q . For this purpose, we introduce the conformal transformation

© T = it (75)

tt
Let w be defined by « = Tw. Then u solves ([l) for 0 <t <t iff w solves for 1/ty <t < oo

—iwy + Aw £ |w|%w = 0.

d

That is iff v(t, ) = w(t, z)eTaa/D) solves for 1/ty < t < oo the equation
1

d
t2—0!§

9) —ivg + Av =

(lv[* = la[*)v = 0.
Let us notice that by the changes of variable we did,
u(t,@) =T (H40e 01 () (t2) = 40 OT () 1, 2),

the initial solution wu, 1+, of (f[) corresponds to the constant trivial solution a of ({). Finally,
the equation of the perturbation €(t,x) = v(t,x) — a, with initial data at time 1/tq, writes

—ie; + Ae (le +al* —la|*)(e+a) = 0,

e(1/to,z) = €o(x).
We shall study this equation for large times, in appropriate Sobolev spaces, and under suitable
conditions on «. The subcritical condition a < % will be crucial in the proofs, since it gets the
integrability at infinity of the time-coefficient in the nonlinearity. The asymptotic behavior of €
will give us informations on equation (f]), and more precisely on the small time behavior of the
perturbations around the solution u4 +,. The fact that we have been able to prove Theorem 1.1
directly on the initial equation ([l]) is related to the fact that the mixed spaces we are working
with are invariant by the conformal transformation.
We have the following result.

(10)

d
20¢§

Theorem 1.2. Let a < %, and let s > g. For eg € H®, with norm small with respect to |al,
there exists a time tg = to(a) such that equation ([LQ) has a unique solution € in a small ball of
L>((1/ty,0), H®). Moreover, the wave operator exists and the equation enjoys the property of
asymptotic completeness in H?.

As a consequence, for ug small in ¥° = {(1 + |z|*)f € L?} with respect to |a| , there exists a
time tg = to(a) such that equation ([l) admits a solution that writes, for all 0 <t < tg,

2
||

o eiT :I:'Aaa(t) x 1
(11) U(t, .Z') = ua,:l:oc + a(zt)d/Q e tAa, € ;, ; N
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for a unique € small in L*=°((1/tg,00), H®).

The proof of the results on € is again standard and relies on the fact that in the case s > %l,
H? is an algebra included in L®°. As usual there is the difficulty of the lack of regularity of
the nonlinear function appearing in ([I{), but this is overcome assuming smallness of e with
respect to a. The passage back to the initial equation ([[) is done by using the scattering results
combined with the asymptotic behavior of the linear Schrodinger evolution.

A case of rougher perturbations of ady was recently studied by Kita. In [L7] he described the
structure of the solutions yielded by initial data exactly a sum of two or three Dirac masses.

Finally, let us say a few words about which is the situation in the parabolic setting of the
IVP analogous to (fll) , that is to say

_ « _ d
(12) {ut Au =+ |u|%u 0 zeR* | t>0

w(0,2) = adz=o.

This equation has been intensively studied. It particular it has been shown by Weissler [RJ]
that in the focusing case (sign —), for a < % , there is no uniqueness. For the defocusing case,
if only positive solutions are considered, for a < % there is a unique solution, and for o > %
there is no such solution. This result was proved by Brézis and Friedman in [f]. So, for the heat
equation, an important difference is made between the focusing and the defocusing case, even

for a < % . This is not the picture for the Schrodinger equation as we see from the statements
of Theorem and Theorem [L.3.

Let us consider next the critical case a = % and just in dimension d = 1. As it is well

known this equation is completely integrable. It is also closely related to the Schrédinger map
equation

Yo = YV NE Vaz
13
(13) { 10.2) = 70
with b AL c:= AL (bAc), and
10 0
Ay = 0 1 0
0 0 =1

Then it is straightforward that

(14) 0; (Asv,7) =0

if v solves ([[J). Therefore for A, we get the Schédinger map onto the unit sphere S?, and
for A_ we have it onto 2d hyperbolic space:

H? = { (a1, a9,a3) € R® such that a? + a3 — a3 = —1, az > 0}.
Equation ([[J) can be also obtained from the flows of curves in R? given by
(15) Xt = Xz N+ Xaz-

In the euclidean case this equation is also called the Local Induction Approximation and was
obtained by Da Rios [f]] as a crude model which describes the dynamics of a vortex filament
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equation within Euler equations. In [[If], Gutiérrez, Rivas and Vega obtain solutions of the
VP

Xt = Xz N+ Xz

16

(16) (0.2) — Atz x>0,
’ A;_:E x <0,

for any unit vectors Al , AJ such that
AT + A3 #0.

More recently de la Hoz [ has proved a similar result in the non-elliptic setting. Namely
he obtains solutions of

Xt = Xz /N- Xaa
(17) 0.0 = [ Are @0
X\ - Ajz <0,

for any pair of vectors A; and A5 in H?2.
In both cases the corresponding solution curves are described geometrically by the curvature
and the (generalized) torsion given by

(18) c(t,x) = % , T(t,x) = %,

with ¢y a free parameter uniquely determined by (Aic, A;E) Therefore at time ¢ = 1 the curves
are real analytic while at £ = 0 a corner is developed if ¢y # 0. Recall that the flows given in
(13) are both reversible in time so that the above solutions are examples of the formation of a
singularity in finite time. From ([[§) we conclude that for all time

/ A(t,z)dr = co.

—00

However we shall see below that after some renormalization these curves have finite energy.
The connection of ([[§) with the 1d cubic NLS was proved by Hasimoto who used the trans-
formation

(19) U(t,z) = c(t,x) exp i/T(t,:E/)d:E/
0
Although he worked just in the euclidean case (i.e. Ay in ([[F)), a similar argument can be
given for the other case, see for example [[§] and [[f]. The final conclusion is that if x solves
([3) and ¥ is defined as in ([[9) then
1
(20) Wy + W & o (|9]° +a(t) ¥ =0,

for some real function a(t). So in the particular case given in ([[§) we have

Ut x) = 07; — Vifolt, ).
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eol?

Then chosen a(t) = ——— we get a solution of (R(]) with

(0, ) = Vi cod.

1
Notice that the coefficient 5 which appears in (2(]) is harmless and can be easily absorbed by
the change of variable

(t',2') = <2t, \/5:1:) .

Hence we are interested in solving on R, around the particular solution f,, the equation

2
; 2 |al _
(21) g + Ugy = <|u| ~ > u = 0,
u(0,2) = adg—o + uo(z).

Unfortunately we are not able to deal with (1)) directly, so that we propose for any tq > 0 the
related problem

; 2 |a|2
iug + Ugy £+ ( |ul® — —~ Ju = 0,
(22) 22

u(tp,z) = a

and we look for a backward solution. That is to say for
(23) 0 <t<tp.

It is natural to consider as before the conformal transformation

(24) u(t, z) = Tolt z) = T, <1 x) .

Vit \t't
Then u solves () for 0 <t < tq iff v solves for 1/tg <t < oo
. 1
(25) { —ivetve & 7 (W —faf)o =0,
v(1/to,x) = a+e(x),

where v is defined by ui(z) = (T'eg)(to,x). It is easy to solve (RF) locally in time for both
situations focussing and defocussing. Moreover there is a natural energy. In fact if we define

- o= %/|U””(t’x)|2d‘” = / (Jot, 2)[? — [af?)* da,

then if v is a solution of (R5), we have

(27) QE() F 4—12 / (Jo(t, 2)? — [af?)? dz = 0.

As a consequence, and in the defocussing situation, we will be able to prove the following
theorem which is the main result of this paper.

Theorem 1.3. For all ty > 0 and for all ¢g € H', there exists a unique solution of the IVP

. 1
(28) { —U¢ + Vpg — ? (|’U|2 _ |a|2) v = 0, 1/t0 <t < oo,
v(1/to,x) = a+eo(x),
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with
v—a€C((1/ty,00), H').
Moreover

(29) /|vm(t,3:)|2d:£ < 2E(1/tg),

> 9 . dt

(30) [ [ (et ~1aP)* asy < 4B /1),
to

and in particular

| 2
(31) lltII_l)églf " / (Jo(t, @) — |a]*)” dz = 0.

Remark 1.4. Using (BI) and (R4) we obtain that the solution u of (R2) in the defocussing
setting for
0<t<tiy

satisfies
(32) lim inf [|tlu(®)* — lal?||, = O,

- T
etat

i of (B2).

Remark 1.5. The limit of u(t,x) when t goes to zero is not settled with our approach. In a
forthcoming paper we shall look at the problem as a long range scattering one assuming some
appropiate smallness condition.

which can be understood as a weak stability result of the singular solution a

Remark 1.6. It is interesting to write which is the energy for ([9), the solution of (Q), in
terms of the geometric quantities ¢ and 7. It is given by
- t2 —+00

E(t) = ) <c§(t,x)+c2(t,x) (%—7’(15,:17))2)(&

o0
(33) + ﬁ/_m [tc2(t,:17) —cg]2d:1:.
Then
d ~ 1 oo 2 212
(34) B0 - ™G t/ [t (t,z) — c2)dz = 0,

and
liItILionf Ht\c\2 - \00\2“2 = 0.

Recall that in this case we will solve the equation backwards in time.

Finally, let us make a remark on the Gross-Pitaevskii defocusing equation
(35) { A e (e VU
P(0,2) = o).
This equation was globally solved in 1 + H'(R?), with an exponential growth in time control
of the mass ||¢(t) — 1|2, for d € {2,3} by Bethuel and Saut, and for d = 1 by Gallo ([J},[H])-
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In a class of larger spaces, the Zhidkov spaces X*(R9), it has been solved in X'(R) and
in X?(R?) by Zhidkov, by Gallo and by Goubet ([B3], 4], [B],[(3]). Also, considered in the
natural energy space {f € H._, Vf € L* | |f|> — 1 € L?}, it has been solved for d € {2,3}
and for d = 4 with smallness assumption, by Gérard in [[L(]. Recently, Gustafson, Nakanishi

and Tsai described in [[[J] the scattering in modified 1+ H %_1(Rd) spaces, for d > 4 and small
data. The proof relies on the linearized equation and the conservation of the energy is not
used.

By exploiting more the mass and energy laws, as done for proving Theorem [[.J, we can get
a slightly modified proof of the very short and simple one in [fl], allowing to have the following
result.

Proposition 1.7. The solution of (83) is globally well-posed in 1+ H* (RY), for all dimensions
d such that local existence occurs, that is surely for d € {1,2,3}, with the control

[9(t) = 1l2 < et

where the constant ¢ depending on the initial data.

The article is structured as follows. The first two sections contain the proofs for the results
in the subcritical case. In section §4 we prove Theorem [l.J. Section §5 concerns Proposition
[[.7, and in the last section we give a technical lemma.

Acknowledgements. We thank the referee for the careful reading of the paper and his
multiple suggestions.

2. THE SUB-CRITICAL POWER. THE STRICHARTZ CASE

We shall prove the following Lemma, that implies the local existence result in Theorem [[.1],
as indicated in the introduction.

Lemma 2.1. There exists tg = to(a, |[uoll2) and a unique solution n of the equation ({f)
{ i + An £ (’T/ + fa’a - ‘fa‘a)(n + fa) = 0,
n0,z) = wup(x),
such that
n € L2([0,t), L*) N LP([0,t0), LY),

with (p,q) any admissible couple

2,84 <, (dp) £(2,2).

p oq 2 T ’ ’
Proof. Let us denote X the intersection of the mixed spaces. In order to do a fixed point
argument in a closed ball of X, we have to estimate the norm of the operator

¢
O (n)(t,2) = e"ug(x) ii/o DA (In(r, @) + falm, )| = |falr, 2)|*) (0(7,2) + fa(T,2))dr.
The Schrédinger operator is unitary on L2, so one gets

¢
(36) 12 ()2 < l[uoll2 +/0 [(n(7) 4 fa(T)* = [fa(T)[*) (0(7) + fa(7))l3 dT.

The nonlinearity we are working with,

F(Z) = (‘Z + fa(7—7x)‘a - ’fa(7—7x)‘a)(z + fa(Tv‘T))v
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verifies F'(0) = 0 and
|F'(2)| = max{|0: F(2)],|0:F ()]} < c(|fa(r,2)|* + |2 + fa(r,2)[*).
Under the assumption o > 0, we get
[F'(2)] < e ([falm)|™ + [2]).

This is the classical growth hypothesis on nonlinearities for proving the local wellposedness. As
done for the local L? Cauchy problem, one can split the nonlinearity in two parts, F = F| + F»,
with [F{(2)| < ¢|fo(T)|* and |Fj(2)| < c¢|z|*, use

1
Fle) = Flea) = [ Ptz + (1= ) de (21— 2),
for estimating F'(n(r,z)) — F(0) = F(n(r,x)), and obtain

[@(m)®)ll2 < [luoll2 + C/O | fa(P) () ll2 + [0 (7)|2 dr.

Therefore, for all t > 0,
t dr t 1
B < fuolla+ c@lallx | T+ [ a5k dr
T

Now, we compute the second integral, and in the last term we perform a Holder inequality

4—da

_ad 4—da
J@m)@)ll2 < luollz +e(@)lnllx 170F + cllmllgido o 1oy 5

where " D
o+
p . q=2(a+1),

form an admissible couple. We get
l—a% l—a% a+1
sup [|@(n)(B)]2 < lluollz + cla)ty 2 llnllx +ctg " lnllx™
0<t<to
Then, for |Jug||2 finite, ®(n) satisfies the first condition to be in X.

Let us treat now the LPL? norm. By using the inhomogeneous global Strichartz inequalities,
we obtain that for ¢ > 0,

1@ () ()l zrLa < Jluoll2 + /0 0 + £ DI = 1)) () + fal )l

The right hand side term can be treated exactly like the one in (Bf). In conclusion, if ug is in
L?, ®(n) stays in X. Arguing as before, and assuming tq small with respect to ||ug||2 and to
la], we get that the operator ® is a contraction on a closed ball of X. Therefore the lemma
follows from the fixed point theorem. O

Let us prove now the global existence result of Theorem [[.1], in the case a € [0,1]. By
multiplying equation () by 77, and by taking then the imaginary part, we have

(37) Belln(t)lI3 = F2 /(|77(t7$) + fat, 2)[* = | falt, 2)[*) Sfalt, 2)7(¢, ) dz.

Lemma 2.2. If a € [0,1] there exists c(a) > 0 such that for all t >t we have the a priori
estimate

1-ad
I3 < In()]3 @ %,
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Proof. Lemma p.1] allows us to upper-bound the right hand side of (B7) and get

an®)1E < L neey 2,

t%2

and the lemma follows. O

Therefore, if o € [0, 1], by using Lemma R.9 we can extend the solution 7 for arbitrary large
to, as done in the critical case in §4.2.

3. THE SUB-CRITICAL POWER. THE H?® CASE
3.1. Existence of solutions.

Lemma 3.1. Let s > %l, and let eg € H® with

lleoll s < M.
- 8
There exists a time to = to(a) such that equation ([14),
—i€er + Ae + Py (le+al*—la|*)(e+a) = 0,
2

6(1/t0, LL’) = 60(1’),

has a unique solution € in

>1/to 4

V= {f € L=((1/to,00), H?), sup [f(t)[lms < M}-

Proof. In order to do a fixed point argument in this space, we have to estimate the norm in Y
of the operator

D(e)(z,t) = e Pep(a) £ /1 ; e A (le(z, 7) + a]® — |a]®) (e(z, T) + a)T dr

- -
2a§

By using the fact that the Schrodinger operator is unitary on H?,

12l < lleollre + /1 L) al” —[al") () + ) ar

T2—a

[S]isH

The nonlinearity
F(z) = (]2 +a|* = |a|*)(z + a)
is a C* function on |z| < ‘%' with F(0) = 0. Here we see the difference with the case of classical
power-nonlinearity |z|*z, whose lack of regularity imposes the conditions s < « or « even.
Since €(7) is in Y and H* is embedded in L, it follows that |e(7)| < ||e(7)||gs < ‘%'. Therefore
(D _
[E(e(m)llzs < c(a),

and

t dr
[@(e)(®)l[ s < lleollzs +C(a)/ 5

1/to T

ad’
By computing the integral,

—ad
s gy

@ t s< S+ca
12 () (@)l < lleollsrs + c(a) “1+ad]
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We are in the case a < %, SO

07

[NjH

1—
[@()lly < lleollzs + cla)ty
The smallness of ¢y in H® in Y yield

a l1—a
2@l <9+ efa

d
2

Then, for ¢y = tgp(a) small enough, ®(€) remains in Y. Moreover, by arguing similarly, we
obtain that the operator acts as a contraction on Y. Therefore the fixed point theorem ends
the proof. O

3.2. Scattering properties.

Lemma 3.2. Let s an integer such that s > %l.

i) For all ex € H® with

a
e e < 191,
there exists a solution € of ([[4) in Y such that

- _—itA L
i e(t) = e e e = 0.

ii) Let €9 € H® with

M

8 9

and let € the solution given by Lemma [3.]. Then there exists a €4 small in H® such that

leollms <

—itA

1121 lle(t) — e " “eq|ms = 0.

t—
The wave operator of i) is obtained by doing the same calculus as in the previous subsection,
for a fixed point in Y with the operator
dr

B(e)(a, 1) = ¢ "Bei(2) ii/t e DA (le(a,7) + | = [a|*) (e(z,7) + a) >

[SlisY

—Q

Since the Schrodinger operator is unitary on H®, proving ii) is equivalent to proving that
ez’tA E(t)

has a limit in H*® as ¢ goes to infinity, and also that

lim || Pe(ty) — e22e(ty) | s = 0.
t1,toa——400

By using the Duhamel formulation, it is enough to show

i ’ a « dr
tl,tilgl-i-oo t ” (‘E(T) + a" - ‘CL’ ) (6(7') + G)HHS 7_2—a

=0.

ol

The last assertion follows from calculus similar to the one in the proof of Lemma B.J.
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3.3. Proof of Theorem [[.2. For ug small in ¥ = {(1 + |z|*)f € L2}, let us define e, by
the Fourier relation, €} (2/2) = ug(z). Then ey is small in H* and Lemma .9 ensures us that
there exists a time ¢y = to(a) and a unique solution € of ([[() in L>°((1/ty, 00), H®) behaving at
infinity as the free evolution of €, .

Therefore we have the existence of a solution of the equation

i0ru + Au £ |u|%u = 0,
for all 0 < t < tg, given by

vV . 1
(38) u("]j,t) = uad:a _|_ € 4td e:tZAa,a(t)E <_ E) .
2

Let us see now what happens with u at time 0. On one hand,
e

€ idualt) < <1, z) _emih, (E)) <L
(it) = tt t t3
2

Then the decay of Lemma B.2 allows us to say that

i Lo|?
T i) Ly  _in (% _
(39) ltll%l —(it)% e <e <t’ , e t"ey <t> 0.

On the other hand, using the free Schrodinger evolution,

|2 2|2 2

L i i, T , z
?tﬁeima,ame—@@ G) - %eima,amc?ﬁ / 0 ().
)2 1t)2 — )2

So, taking in account lim¢jg A4« (t) = 0, we have

SN

\1\2
. et i Ay a(t) —i T /T
(40) gttt Oeite (3) - e (5)) =0

2
Therefore, in view of (Bg), (B9) and (A0), we conclude that u verifies the initial condition

u(0,2) = adp=o + uo(x),

so that u is a solution of equation (fl]).

4. THE CRITICAL POWER, DEFOCUSING CASE
In order to treat the defocusing equation (), for 1/ty < t < oo,
) 1
— 1 + Ugy — n (o> = Jal*)v = 0,
v(1/to,x) = a+e(x),
we shall consider instead the equation on € = v — a,

—ier + €z — 1 (le+al> —[a?) (e4+a) = 0,
(41) { e(1/to,2) = eo().
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4.1. A priori estimates. By multiplying the equation ([I)) by d;¢, and then by taking its real
part, we get

1 1 —
Oy 3 / lex(t, z) | dz + 7 /(|e(t,x) + a? — |a)R(e(t, z) + a)Ope(t, z)dz = 0.
Therefore we obtain a nice conservation law, that is,
1
HE(t) + 2 /(|e(t,x) + a* —|a*)?dz = 0,
where
1 1
B0 = 5 [ lealtin) Pz + 57 [(ett.0) + af = fafda.
By integrating from t’ to ¢ the energy law, we obtain
! 2 2v2 , AT /
E(t)+ (le(r,z) + a|* = |al?) dx4—7_2 = E(t).
t/

It follows in particular that for all ¢/ <t

(42) / lea(t, 2)[2dz < 2E(t)),
and that
(43) /(\e(t,a;) +al? — |a|*)?dz < 4tE().

Finally, we shall get a control in time of the mass of e. By multiplying the equation ([I]) by
€ and taking the imaginary part we obtain the mass law

1 1
(44) o / elt,2) e = — /(|e(t,:13) +af? — [a]?)SaE(t, z) da.
By performing a Cauchy-Schwarz inequality in space, we obtain
2|al
Oelle(t)lI3 < — le@®llz llle(®) + al® —laf||2.
Now we use the upper-bound (iJ) and get for all ¢’ < ¢

e < LD (o

By integrating from ¢’ to ¢ it follows that for all ¢’ <,
(45) le(®)ll2 < lle®)ll2 + cla, () (VE = VE) < e(a, b’ e(t))VE,

where the constant depends on a, on ', on the energy and L? norms of €(t').

4.2. Global existence in H'. First, we solve the equation (@) locally in time. We perform
the classical argument of fixed point, done for the cubic equation with constant coefficients (see
for example [LT], first part of Prop. 4.2.). In the proof, every time that the time ¢! appears
in the nonlinear terms, we upper-bound it by tg. Therefore we can construct in X, the space
introduced in §2, a solution of (f]) living on (1/tg, T), where T has to verify

1

c(a) (T+T7 Cleoll2)?) < 5.
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So it is sufficient that T' verifies

r<—49

= 1+ leoll

In the constant coefficient case, this is enough to infer global existence in L?, since the mass is
conserved. In our case, we shall use the control ({3).
Suppose the maximum time of existence is a certain finite 7. We shall prove that the solution
can be defined also after T', and therefore the global existence is implied. Let § a small positive
number, to be choosen later. By treating the problem with initial value at time 7" — §, we can
extend the solution e for all time A satisfying

h< cla) -
L+ [le(T = d)ll3
By using the control ([f§), it follows that we can choose such a h verifying furthermore
C(CL, th 60)
T 1+(T —6)leoll3”
Now, we can choose d small enough, such that
C(CL, tOv 60) C(CL, t07 60) >

L+ (T = 6)%leolls = 1+ T2leoll3 ~
so it follows that A > § and so we have extended € after the time 7.
Therefore we have global existence in L?, provided that the initial value ¢; is finite in energy
and L2 norms. By using the Gagliardo-Nirenberg inequalities in the energy definition, it is then

enough to have €y in H'. Finally, in view of the observation (E9), the gradient of the solution
remains bounded in time, so the global existence is valid in H'.

5. A REMARK ON THE GLOBAL EXISTENCE FOR THE GROSS-PITAEVSKII EQUATION
By denoting in (BH) u =t — 1, we have

{ iu+Au— (lu+12-1)(u+1) = 0,

U(O,ﬂj‘) = ¢0($) -1
We multiply the equation with d:u, integrate in space and take the real part. We get that the
energy

E(t) = %/\Vu(t,x)\zdac + % / (Ju(t,z) + 1|* — 1)2da:,

is conserved in time. Next, we multiply the equation by w, integrate in space and take the
imaginary part. It follows that

1
iatuu(t)ug = %/ (Ju(t, ) + 11> = 1) (u(t,2) + 1)a(t, z)dz = %/ (Ju(t,z) + 1|* — 1) a(t, z)dz.
By performing a Cauchy-Schwarz inequality in space we get
Orllu(®)13 < 2 [[Ju(t) + 12 = 1|, flu(®)]l2,
and so

Arllu(®)llz < [[lu(t) +1[* = 1],
The energy conservation allows us to conclude that

Otllu(®)ll2 < 2v/ E(0).
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Therefore we have obtained the claimed a-priori bound on the mass
[u(t)ll2 < 2/E(0) ¢ + [[uo]2,
which allows the passage to global existence.
6. A TECHNICAL LEMMA
Lemma 6.1. Let x, y be complex numbers, and r > 0. Then
e +y" = Jyl"| < e(lyl™ el + J2]").

Moreover, if 0 <r <1 then
llz+yl" = [yl"| < clyl™|xl.

Finally, if x is small with respect to y, then the last estimate is true for all v > 0.

Proof. By changing = zy, we have to show for r > 0,
lz + 1" = 1] < c(lz] + |2]"),
and for 0 <r < 1, or for z small with respect to 1,
]z + 1" — 1] < ¢|z|.
If |z| > 1 then
|z 4+ 1] < |z| + 1 < 3]z,

and since r > 0,

|z +1|" < 3"|z|".
In conclusion,

llz+ 1" = 1] < 3"|2|" < e(|z] + |2]7).

15

If |z| < 1 then 0 is not in the interval I = [min{1, |z + 1|}, max{1, |z + 1|}]. We consider the

function f(z) = 2" defined on I and we get by the mean value theorem

(46) llz+ 1" =1 <||z+ 1 =1 r sup a7l < |z|r(1+ |z + 1\7’_1).
ae{l,|z+1[}

If » > 1, then
17 < (el + 1) <2
and we get from ([I§) that
|z + 1" = 1] < ¢|z|.
If » < 1, then
121l 2 5,
and
|z + 17t < 2= (=),
and it follows again from (§) that
llz+ 1" — 1] < ¢|z|.
So, under smallness conditions on |z| with respect to 1, for » > 0, we have
llz+ 1" — 1] < ¢|z|.
Otherwise, for general z, we get only

2+ 1" = 1] < e(lz] + |2]").
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Finally, let us treat the case 0 <r < 1. If |2+ 1| > % then
|Z—|— 1|r—1 < 2—(7‘—1)’

and by ([f6) we get
|z + 1" = 1] < ¢|z|.
If |z + 1| < & then on one hand |z +1|" < 27" < 1, and so
]z + 1" = 1] < 1.
On the other hand,
1
‘Z’ Zl—’Z‘i‘l‘ >§,
and we get again
Iz + 1" = 1] < ¢f2|.
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