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EXPLICIT FORMULAS AND MEROMORPHIC EXTENSION OF
BESSEL FUNCTIONS ON TANGENT SPACES TO NONCOMPACTLY
CAUSAL SYMMETRIC SPACES

SALEM BEN SAID

ABSTRACT. Assume that G/H is a noncompactly causal symmetric space with re-
stricted root system of the non-exceptional type and the multiplicity of the short roots
is even. Using shift operators we obtain explicit formulas for the Bessel function on
the tangent space to G/H at the origin. This enable us to investigate the nature and
order of the singularities of the Bessel function, and to formulate a conjecture on this
matter.

1. Introduction

Opdam shift operators are multivariable generalizations of the identity

d b
d—gFl(a,b;c; z) = a—gFl(a—f— 1L,b+ L+ 1;2).
2 c

The introduction of the concept of shift operators goes back to Koorwinder in the context
of orthogonal polynomials in two variables for the root system BC5 [15]. In his thesis [20,
21], Opdam established the existence of such operators in the setting of hypergeometric
functions associated with root systems. Later Heckman gave an effective construction of
the shift operators [12]. We should mention the partial contributions made in [23, 24, 3].

Since then, the shift operators found several applications in Harmonic analysis, in
the theory of multivariable special functions associated with finite Coxeter groups, and
in the integrability of Hamiltonian systems. In a series of papers by Heckman and
Opdam, the authors used the shift operators to prove the existence of what is nowadays
called the Heckman-Opdam hypergeometric functions. This direction generalizes Harish-
Chandra’s theory of spherical functions on noncompact Riemannian symmetric spaces.
In particular, the shift operators helped to search for explicit formulas for the spherical
functions on certain Riemannian symmetric spaces. See e.g. [8, 24, 3, 26].

Another direction has been attempted to use the shift operators to obtain explicit
formulas for the spherical functions on noncompact causal symmetric spaces with even
multiplicities. This was done by Olafsson and Pasquale in [18].

Wile the theory of spherical functions has been pursed for a long time, the growing
interest in the theory of Bessel functions, either on flat symmetric spaces or associated
with arbitrary root systems, is comparably recent. The present paper continue the
investigation of the Bessel functions on flat symmetric spaces of the noncompact causal
type begun in [6]. Here the list of causal symmetric spaces is larger than the one in [6].
By means of a rational shift operators, we give explicit formulas for the Bessel functions
and we investigate their meromorphic extension (in the spectral parameter). These are
the main new results of the paper. Further, we formulate a conjecture about the nature
and order of the singularities (in the spectral parameter) of the Bessel functions.
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2 SALEM BEN SAID

To be more precise, let G/H be a noncompact causal symmetric space (NCC for
abbreviation). That is G/H is a non-Riemannian symmetric space characterized by the
existence of a certain maximal Ad(H)-invariant convex cone Chax in its tangent space
q at the base point {H}. For the corresponding Lie algebra, we have g = h @ q. Let
g = £D p be the Cartan decomposition of g so the following direct sum g = (hNe) B (hN
p) ® (qNE€) @& (qgNp) holds.

Fix a maximal abelian subspace a of p N gq. Then a is maximal abelian in p and in q.
Let ¥ = X(g,a) be the restricted root system with respect to a. It is well known that
for every NCC symmetric space X is reduced. Set . and >, to be the set of compact
and noncompact roots in . We will denote the Weyl groups for ¥ and ¥, by W and
Wy respectively.

By analyzing a deformation of Faraut-Hilgert-Olafsson’ spherical functions on G/H,
it is shown in [6] that for all A in a specific set & , the integral representation of the Bessel
functions on q is given by

W, (m, X) = / SNPAAMD) g, X e OO,
H
where & : q — a denotes the orthogonal projection. The parameter m refers to the
multiplicity function on X. See the next section for more details.

Let 05 be the orbit of the short roots in X. Let m; and ms be the multiplicities of
the long and the short roots in 3 respectively. Henceforth, we will assume that X is a
non-exceptional root system such that mg is even. The integer m; can be either even
or odd. See Section 4 for the list of symmetric pairs (g, ) which obey our assumptions.
To simplify the presentation of the results, we denote the elements of a and af by

vectors of length r := dim(a). In these circumstances, we prove that for ¢ € a_ and
AeEN{AeC: (VaeXT) a(N) # 0}, we have
(g, my), 1) =(—1) F B0 gl Ty a) e (F)
aEXtTNO,

G(2-1g,, (my,ms —2)) 0+ 0 G(2 - 1g,, (my,0))Ux((my,0), 1),

where

T
~ my 1
Uy ((m1,0),0) =772 Y T[2tiw(N)) T2 Ky (tiw (M)

weWy i=1

Here K, denotes the Bessel function of the third kind, and G(2 - 14,,(my,a)) is the
operator that shifts the pair (my, a) to (m;,a+2). In section 3 we recall the construction
of the operators G from [6]. The shift operator G appeared for the first time in [22] from
a different point of view. Formula (F) generalizes [6], since here we do not restrict my
to be even. In view of (F) we give for several NCC symmetric pairs explicit formulas for
the Bessel functions on gq. This study allows to investigate the nature and order of the
singularities of Wy ((my, ms),t) in the A-variable. Motivated by this investigation and by
a hand made computation for the symmetric pair (su*(6),sp(2, 1)), we conjecture that for
every NCC symmetric pair (g, h) such that ¥ is a non-exceptional root system and such
that ms € 2N, the function A — Wy ((my, ms),t), for t € a_, extends to a meromorphic
function in the domain

1
2

+

N

_m
D:={AeC: VI<i<r) =\ 2 K% (\;) is analytic}

1
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with poles for
N\a)y=0 (VYaeXl), of order = m, — 2,
{ Na)y=0 (VaeXi), of order = m,, — 1.
Here m. and m,, denotes the multiplicities of the compact and noncompact roots respec-
tively.

Explicit formulas of Wy ((my, ms),t) have also significant applications in inverting the
“flat” analogue of the Abel transform on q, and in the proof of the Paley-Wiener theorem
for the Bessel Laplace transform defined in terms of integrating against W ((my, ms), t).
See [7] for the symmetric pair (su(r,r),sl(r,C) x R). We shall investigate these applica-
tions in a forthcoming paper.

In the light of formula (F) and [6, Lemma 4.6], we deduce that if ®y((my;, ms),t)
denotes the Bessel function on p associated with the Riemannian symmetric pair (g, ),
then

C_x((miyms),t) = e(m) ] (Aa)™™

aeXtNo,
G(2-1gp,,(my,msg—2))o0---0G(2-1g,, (m,0))Pxr((my,0),1),

where

weW =1
and ¢(m) is a constant which depends only on m. Now a similar procedure to the one
that we will use in Section 4 for W) gives explicit formulas for ®,. This result covers
in a unified way the explicit formulas obtained in [2, 17, 26, 5] for certain Riemannian
symmetric pairs (g, t) or for certain values of 7.

2. Spherical functions on non-compactly causal symmetric spaces

This section collects basic notation and some known results that will be needed later
on. For a more detailed exposition we refer to [11, 14, 19].

Let G be a connected noncompact semisimple Lie group equipped with a non-trivial
involution o. Denote by H an open subgroup of G satisfying G§ C H C G, where G7 is
the set of o-fixed points of G. The quotient G/H is called a symmetric space. Let 6 be
a Cartan involution on G' commuting with o, and set K := G? = {g € G : 0(g) = g}.
Then K is a maximal compact in G.

Denote by g the Lie algebra of G. The involutions of g corresponding to o and 6 will be
denoted by the same letters. Let g = ¢®gp = h D, q be the decomposition of g according
to the eigenvalues +1 of the involutions § and o respectively. Note that h = Lie(H) and
t = Lie(K). We view q as a real euclidean vector space with the inner product

(X]Y)g := —B(X,6(Y)),

where B denotes the Killing form of g.

In this paper we will always assume that G/H (or equivalently the pair (g, b)) is
irreducible. That is the only o-invariant ideals in g are the trivial ones. An irreducible
symmetric space G/H is said to be causal if there exists a non-empty open Ad(H)-
invariant convex cone C' in g, containing no affine lines. By a result due to Vinberg, this
is equivalent to the existance of a non-zero Ad(K N H)-invariant vector zy in q. If in
addition zo € p, then G/H is called a noncompactly causal symmetric space (NCC for
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abbreviation). We may normalize the vector zp so that the eigenvalues of ad(zy) are 0,
1, —1.

Henceforth we will assume that G/H is a NCC symmetric space. We refer to [14, p.
89] for the complete list of NCC symmetric spaces.

Let a be a maximal abelian subspace of p N g, and set r := dim(a). Note that the
NCC structure implies that a is also maximal abelian in p and in g. Moreover zy € a.
Let 3 = ¥(g,a) C a* be the restricted root system with respect to a. It is well known
that for every NCC symmetric space, X is reduced, i.e. if a € ¥ then 2« ¢ .. Further,
¥ can be written as ¥ =3, UX,.UX, where

yE={aeX: alxn)==+1}, Ye:={ae¥: a(z) =0}

The set 3. is the set of compact roots while ;7 U X is the set of noncompact roots.
The Weyl groups associated with 3 and ¥, will be denoted by W and W{ respectively.

Choose a positive system L C . and set ©1 := XF UXF. Then X7 is a system of
positive roots in . Define the convex cone in a by

Cmax = {X €a: (VaeXl) a(X) <0},

and let n:= ) . g, be the sum of the root spaces corresponding to the positive roots.
The analytic subgroups of G with Lie algebras a and n will be denoted by the capital
letters.

Let S = Hexp(cS)H be the H-bi-invariant semigroup in G. By [11], S € NAH.
For x € NAH, we will write x = nexp(A(x))h with n € N, A(z) € a, and h € H.

For a € X, let m,, := dim(g, ), and denote by m : ¥ — N, a — m, the W-invartiant
multiplicity function on X. Define & to be the set of A € af for which the function
h — elPtm)=AAM2) s integrable over H. Here p(m) := 1/2 Y aes+ Mqa. In [16] the
authors show that

E={Ncat: (YaecX!) ReA(Hy) <2 —mygl,

where H,, € [g4,8,) C a so that a(H,) = 2.
For A € &, let ¢y(m, ) be the function defined on S by

or(m, 5) = / e om) =\ A(h3) g, (2.1)
H

By [11], the convergence of the integral defining ¢y(m,s) depends on A and not on s.
Clearly ¢y (m,-) is an Ad(H)-invariant function, and it is well known that ¢y (m, -) is an
eigenfunction of all G-invariant differential operators on G/H. The function ¢y(m,-) :
S — C is the so-called spherical function on G/H.

Define the open Weyl chamber a_ C a by

a-={X€a: (Vaexh) a(X) <0},

and denote by A_ the analytic subgroup of G with Lie algebra a_. Notice that A_
is a subset of SN A = Int(WpA_). In [19] the author proves that y(m,-) admits on
A_ a Harish-Chandra type expansion. More precisely, for A € af,, define the following
c-functions

Eo(m, )\)

Zo(m, p(m))’

co(m, A) = er(m, A) = m

i



where

and

For A € & generic and a € A_, we have the following expansion formula
ox(m,a) = ci(m, \) Z co(m, wA\)Pyr(m, a), (2.2)
weWy
where
®y(m,a) = a?™A Z I'y(m, N)at, aecA_,
PEN[TH]

with I'g(m,A) = 1 and I'y(m,A) € C are obtained by means of a recurrence formula.
In the light of (2.8), the function A\ — ¢y(m,a), for a € A_, extends to a meromorphic
function in af.. For more details on the theory of spherical functions for NCC symmetric
spaces we refer to [11, 19].

3. Opdam’s shift operators

For fixed H € a, the trigonometric Dunkl-Heckman differential-difference operator
T(H,m) is defined by

T(H,m)=0(H) + Y “*a(H)cotha ® (1 -ra).
aeXt

where O(H) denotes the directional derivative in the direction of H, and
ra(A) := A= ANHy)a, A€a”.

Let & C X be an orbit of the Weyl group W in 3. The orbit & defines the signature
g W — {£1} given by e4(r,) = —1 for a € 0 and e4(r,) = 1 otherwise.
Set 0+ := 0NYT, and write

mo+(X)= ] she(X), Xe€ua

aclt

For any H € a, Opdam’s elementary shift operators associated with an orbit & are
defined by
G(2-145,m) = Res [W;i Z 5@)(w)T(wH,m)|ﬁ+q,
weW
where 15 : ¥ — {0,1} denotes the characteristic function of &', and Res is the operation
that consists of placing all the reflection terms to the right and then restrict the operator
onto the space of W-invariant functions. The operator G(2 - 14, m) satisfies
é(m, —\)

ém+2-1g,—M\)

G2 -1g,m)®r(m,a) = Dr\(m+2-1g,a), (3.1)
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where ()\(H ))
F [e%
etmn =1 ¢ (A(gm: ) (3.2)

and m+2-14 : ¥ — N denotes the multiplicity function defined by m+2-14(a) = mq+2
for « € 0 and m+2-14(a) = m, otherwise. In the light of (3.3) and the Harish-Chandra
expansion (2.8), one can check that for A € & generic and a € A_

ca/u(m, A) é(m, =)
ca/p(m+2-1g,A) E(m+2-1g,—X)

G(2-1g,m)pr(m,a) = ox(m—+2-1g,a), (3.3)

where
ca/a(m, A) := co(m, A)er(m, ). (3.4)
For all { >0 and ¢ C %, let G(9(2-14,m) be the deformed elementary shift operator

Res[ T g+ Z <€@>(1U)T(C)(wH,m)lﬁH]7

weWw
where
meor(X) = [] sh¢a(X), Xeaq,
aclt
and
1 22KC2K 1 2n 1
T(O(H7m) = EO(H)“‘ Z 232n ®(1_Ta)a
aext

with By is the Bernoulli number. We may think of T(C)(H ,m) as the Dunkl-Heckman
differential-difference operator associated with the triple (E(C), m(©), a), where »(© is the
root system given by

2O ={¢a: aexl, (3.5)
and m(©) is the multiplicity function defined by
m©) 2O SN, Ca— ma. (3.6)

It is shown in [6] that, under the weak topology, the following limit
G(2-1p,m) = %ir% C2|ﬁ+‘G(O(2 -1g,m)

exists, and
G(2-14,m) = Res[%gi 3 eo(w)T°(wH,m)l7"], (3.7)
weWw
where
T (X) = [ e(x),
ac0ot
and

T°(H,m) = 0(H) + Y “ta(H)a™ @ (1-1a)
aext

denotes the so-called rational Dunkl operator. The operator G(2 - 15, m) satisfies
G2 -1g,m)oA(m)=A(m+2-15)0G(2-15,m), (3.8)



where

A(m) = Res [ i T°(Hj, m)Q] ,
j=1

= Za(Hj)2+ Z ma%v
j=1

acX+
with {H;}}_; is an orthonormal basis of a. The relation (3.11) means that G(2-14,m)
transforms the eigenfunctions of A(m) to the eigenfunctions of A(m +2-14) and shifts
in that sense from m to m + 2 - 15. Further, for two orbits ¢ and ¢’ in X, we have
G2 -(lg+1p),m)=G2-1g,m+2-15)0G(2- 15, m).

The operator G(2 - 15, m) appeared for the first time in [22] from a different point of
view.

4. Bessel functions associated with NCC symmetric spaces
For ¢ > 0 and A € ag, write
Uy(m, X) = %li% ox/c(m,exp(¢X)), X € chhaxs (4.1)

when ever the limit exists. We may think of ¢, ¢(m,exp(¢-)) as the spherical function
associated with the triple (£(©), m(9, a) defined by (2.9) and (2.10). Using the integral
representation (2.4) of the spherical functions, it was shown in [6] that for all A belongs
to the set B

&:={rcal: Vae X)) ReA(H,) <0},
the limit ¥ and its derivatives exist. Moreover, its integral representation is given by

Uy (m, X) = / e~ M2 AdmX)) g,
H

where & : q — a denotes the orthogonal projection. Note that for all h € H and
X e .., Z(Ad(h)X) € & ... The function Wy(m,-) is called the Bessel function on

max’ max*

the flat symmetric space H x q/H ~ q. Further, if S(ac) denotes the symmetric algebra
over ac considered as the space of polynomial functions on af, then Wy (m, -) satisfies
p(T°(m))W(m, X) = p(\)¥x(m, X),  Vpe S(ac)"”,

where T°(m) = (T°(Hy,m),...,T°(Hy,m)). On the other hand, by means of (3.5), we
have

ca/p(m+2-1g,M/Q)é(m+2-14,-A/C)
CG/H(m7 )‘/C) 6(m7 _)‘/C)

G2 15,m)pyc(m, exp(¢X)), (4.2)

b

ea/c(m+2-1g,exp(¢X))

where ¢/ and ¢ are given respectively by (3.4) and (3.6). Since I'(2+a)/T'(2+b) ~ 29~

as z — 00, equation (?7) and (?7) implies that for all X € a_ and A € &N {\ € af :
(Vo € 54) A(Ha) # 0}

-2
Uy(m+2-1g,X) = (1) 07l 11 (MQHO‘)> G(2-15,m)¥y(m, X).  (4.3)

acot
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Recall that for every NCC symmetric space, the root system ¥ is reduced. Thus,
if we write the multiplicity function m as (ms\ g, mg), where ms\g : X\ 6 — N and
me : © — N, then each component is a constant function. By abuse of notation, we will
denote my) g (), for all @ € 3\ O, by mx\ g, and mg(a), for all a € O, by my.

Let us assume that mg € 2N. By virtue of (4.2)

(s gvm), X) = (1= T (MDY (4.4
acl0+t

G(2-1g,(mx\g,me —2)) 0 0G(2 14, (mx\0,0))¥A((Mms)\g,0), X).

From now on we will work with NCC symmetric spaces such that ¥ is a non-exceptional
root system. That is, if » = dim(a), then X is either of type A,_1, B, C,, or D,.
Thus ¥ consists of short roots with multiplicity ms, and, possibly, long roots with
multiplicity my. Furthermore, we will assume that ¥ obeys the following condition:

(H) The multiplicity ms of the short roots is even.

Let {y1,...,7%} C ¥, be a maximal strongly orthogonal subset such that ; is the
highest element of ¥,, strongly orthogonal to {yj41,...,7} for j =r,...,1. We will use
the realization of the reduced root system ¥ in terms of the vectors 7; as described in [4].

1. Assume that X is of type A,_1, i.e.
Y={£t(yj—m): 1<i<j<r}

Let the symmetric group S, acts on the subscripts of the ~;, then the Weyl group W
associated with X is isomorphic to S,.. In the present case, we say that there exists in 3
only one W-orbit 05 = {£(v; — Vi) }i<; consisting of short roots. The irreducible NCC
symmetric pairs of type A,_; which satisfy the condition (H) are:

(sl(p +q,C),su(p, q)), with m; =0 and mgs = 2,
(5u*(2(p + Q))75p(pa Q))v with mp = 0 and ms = 4;
(26(,26), f4(_20)), with m; = 0 and mg = 8.

Here p + ¢ = r for the first two pairs, while r = 3 for the third one. The set of compact
and non-compact roots in X1 are given respectively by

SE=Aly—m) s 1<i < <ptU{(hpg — W) 1 1K1 <5 < gt = Ap1 x Ag,
and
St ={(prj—w): 1<i<p, 1<j<q},
with p = 1 and ¢ = 2 for the symmetric pair (eg(_26), f4(_20)). The Weyl group Wy asso-

ciated with ¥, is isomorphic to S, x Sj.

2. Assume that the root system ¥ is of type B,, i.e.
D= {ty (1<i<r), ) (1<i<j<n)

The Weyl group W is isomorphic to the semidirect product of (Z/2Z)" and S,. The
two possible W-orbits in ¥ are the orbit &} = {£~;}; of the long roots and the orbit



9
Os = {£(; £ 7i) }i<j of the short roots. The irreducible NCC symmetric pairs of type
B, which satisfy the hypothesis (H) are:

(so(2r +1,C),s0(2r — 1,2)), with m; =2 and mg = 2,
(so(r + 2k,7"),5o(7" +2k—1,1) x so(r — 1,1)), with m; =1 and m, = 2k.

The set of compact and non-compact roots in 7 are given respectively by
Sr={n2<i<n), () 2<i<j<r)} =B,

and

S ={n (Etn) @<ji<n}
The little Weyl group Wy, is isomorphic to the semidirect product of (Z/2Z)"~! and S,_;.

3. Assume that ¥ is of type C,, i.e.
5= {2 (10 <), (o £ 7) (1 i< j <)

The Weyl group W is isomorphic to that of B,. The two W-orbits in ¥ are the orbit
O = {£2v;}; of the long roots, and the orbit & = {£(y; £ ;) }i<; of the short roots.
The irreducible NCC symmetric pairs of type C, which satisfy the hypothesis (H) are:

(su(r,r),sl(r,C) x R),  with m; =1 and ms = 2,
(s0*(4r),su*(2r) x R),  with m;y =1 and ms =4,
(sp(r,C), 5p(r R)), with m; =2 and m, = 2,
(sp(r,7),sp(r,C)), with m; =3 and mg =4,
( €7(—25)5 ¢6(—26) X R), with m; = 1 and ms = 8.

The set of compact and non-compact roots in X7 are given respectively by
Se={ly ) 1<i<j<r}=A,
and
SE= 2 A <i<n), (4 Q<i<j<nh

For the exceptional symmetric pair, r = 3. The Weyl group Wy is isomorphic to the
symmetric group S,.

4. Assume that X is a root system of type D, i.e.
Y={£t(yj£m): 1<i<j<r}
The Weyl group W is isomorphic to the semidirect product of S, and (Z/2Z)5,n =

even

{(e1,...,&r) : & = =1, []i_; & = 1}. The only orbit of W in ¥ is O = {£(v; £7) }i<;-
The NCC symmetric pairs of type D, which obey the hypothesis (H) are:

(so(2r,C),s0™(2r)), with m; =0 and mgs = 2,
(s0(2r,C),s0(2r —2,2)),  with m; =0 and ms =2,
For the first symmetric pair, the set of compact and non-compact roots in X" are given
respectively by
SE={(y ) 1<i<j<ry=A4,
and
Sy ={(y+v): 1<i<j<rh
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The Weyl group Wy is isomorphic to S;.
For the second symmetric pair, the set of compact and non-compact roots in X+ are
given respectively by
SE={(yj£v): 2<i<j<r}=D,,
and
Sy={(iEm):2<j<rh
r—1

The Weyl group W is isomorphic to the semidirect product of S,_; and (Z/27Z)¢een-
Consider the Euclidean space R" with the usual orthonormal basis {ej,...,e,} and
inner product (-,-). Henceforth we will use the following identifications:
(i) When ¥ is of type B,, C,, or D,: Let E = R". Identify the complex dual af
with the complexification E¢ of E via the map

A=A A) = =) A
j=1

Thus, if 3 of type B, or C,., then
a_={t=(t1,....t,) EE: 0<t; <--- <t}
and if ¥ of type D,, then
a_ ={t=(t1,...,tr) EE: t1 <--- <tp},

(ii) When ¥ is of type A,_1: Let E be the r-dimensional subspace of R" orthogonal
to ey + -+ + e,. Identify af. with E¢ as above. Thus

am ={t=(t1,....,tp) € E: t; <--- <tp}.

Now let us go back to the identity (4.3) where we will fix from now on the orbit & to
be 0. In view of the hypothesis (H), we have

\I/)\((mlyms),t) :(_1)%|22’ﬂﬁ3| 2ms|2+ﬂﬁ’s\ H <>\7a>—m5
acXtNo;

(G(Q : 1@3, (ml, mg — 2)) 0---0 G(2 . 1@57 (ml,O))\TlA((ml, 0),t), (45)

where

U ((mg,0),0) =72 3 JJ@tiwn) " 2+ Km

2
weWyp i=1

Here K, denotes the Bessel function of the third kind. We remind the reader that the
function z — K, (z) is analytic on the complex plane cut along the negative real axis.
In the sequel we will need the following obvious lemma.

(tiw(i))-

1
2

Lemma 4.1. Suppose f1, fo,..., fr are smooth functions on a real interval I. Let
det (7))
F(zy,...,2p) 1= ———

T @-=)

1<i<j<r
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Then for all z;, and x;, in I

. -1
m-hig- F(z1, .., Tigy o3 gy e ooy Tp) = H (x; —xj) X
0 o 1<i<j<r
(4,4)#(t0,J0)

fil) o fr(@)

Fi@igt) - fol@io)
filzig) o fr(zig)
fi(migr1) - fr(Tigr1)

filay) o o)

Depending on the type of the restricted root system > we are now going to investigate
the nature and order of the singularities of the Bessel functions.

4.1. The cases with restricted root system of type A,_;. When ¥ is of type A,_1,
formula (4.4) reads

U((0,ms),t) = (_1)%(10(1071)/2+q(qfl)/2)Qmsr‘(rfl)/2 H (A — X)) (4.6)

1<i<j<r

G(2-14,,(0,ms —2))0---0G(2- 14,,(0,0))W5((0,0),t).

Due an observation made by Berezin in [1], the elementary shift operator G(2-14,, (0,0))
is given by

=
1<i<j<r ti =1

where 9; = 8/0t; for 1 < i < r. The function Wy((0,0),¢) is given by

I ettt (4.7)

weWpy 1<i<r

Here we used the fact that K_;/5(2) = (m/22) /2%

4.1.1. The symmetric pair (sl(p + ¢,C),su(p,q)). For the present pair, formula (7?)

becomes
‘AI///\((())O)at) = Z H e_tiAU(i) H e_tp+i>\p+7—(i).

(0,7)€Spx Sq 1<i<p 1<i<q

It is easy to check that

G(2-10,,(0,0)0x((0,0),t) = ] <Ai”ﬂ') det (e M) det (e trritetd).

t: —t; 1<i,j<p 1<i,j<q
I<i<j<r N8 /=S =hI=
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Thus the Bessel function associated with the symmetric pair (sl(p + ¢,C),su(p,q)) is
given by
\Il)\((()? 2)7 t)

—tiAj —tptidpts
(—1)Plr=D/2+a(a=1)/29r (1) { Jet (e77) } {  Jet (e7rHtre)
(Ai = A))

- I I »i=xe) I G-t ]I 11 ()\p+i)\p+j)}

1<i<p1<j<q 1<i<j<r 1<i<j<p 1<i<j<q

By Lemma 3.1, the function A — W,((0,2),t) extends to a meromorphic function in
C" with simple poles for A\; — A1 =0 (1 <i <p, 1 < j <¢q). Thus we have proved:

Proposition 4.2. For the symmetric pair (sl(p + q,C),su(p, q)), we have

det (e iN) det (e tr+itoti)

— — — <i,j<p 1<i,j<q
0,((0,2), 1) = (—1)Pp—1)/2tala=1)/29r(r-1) 2 .
II ca—x) II -t
1<i<j<r 1<i<j<r

For fized t € a_, the map A\ — ¥,((0,2),t) extends to a meromorphic function in C"
with simple poles for (\,a) =0 (Va € ¥).

Remark 4.3. For the complex symmetric pair (sl(p+q, C), su(p, q)), and indeed for every
complex NCC symmetric pair, an explicit formula for the spherical function ¢, is well
known [11] (see also [10]). Thus one may recover the above formula for ¥,((0,2),t¢) in a
direct fashion by applying the limit formula (4.1).

4.1.2. The symmetric pair (su™(2(p+¢q)),sp(p,q)). In view (?7), a similar calculation
to the one above implies that the Bessel function associated with (su*(2(p+q)), sp(p, q))
is given by

det (e7Mti) det (e Mwrilrti
I EIC =

H ()\1 - )\j)g H (ti - tj)

1<i<j<r 1<i<j<r

\I/)\((Ov 4)7 t) =

By means of [8], we have

G(2-14.,(0,2)) 0 ! _ 1 Dy o0 D,

[T -t II -t '

1<i<y<r 1<i<y<r

where %y, for 2 < ¢ < r, denotes the differential operators obtained after replacing z; by
0; — Oy in the following polynomial on z
{—1

~ 2 0 2 0?
@6 = &P ( B Z (ti — tg) (3721 + Z (ti - tj)2 8zi8zj) H =

=1 1<i<j<i—1 1<i<e—1

It follows that the Bessel function associated with (su™(2(p + q)),sp(p, ¢)) extends to a
meromorphic function of A in C" with the following possible poles:

Ai—Aj=0 (1<i<j<p), of order < 2,

Mpti — i =0 (1<i<j<yq), of order < 2,

Xi —Apyj =0 (1<i<p, 1<j<q), of order < 3.

Thus we have proved:
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Proposition 4.4. For the symmetric pair (su*(2(p + q)),sp(p, q)), we have

v ((O 4) ) 221"(7"71)
A ) at =
IT Gi=x?° J] -t
1<i<j<r 1<i<j<r
—Adt; —Aptitptj
9,0 0_92{13(1559(@ 1), det (e )} (4.8)

where 9y, for 2 < £ < r, are the differential operators as defined above. For fizedt € a_,
the map A — ¥,((0,4),t) extends to a meromorphic function in C" with the possible
poles for (\,a) =0 (Va € 3F) and (\,a) =0 (Va € &), of orders less or equal than 2
and 3 respectively.

Example 4.5. Assume that p = 1 and ¢ = 1. Thus, the differential operator % is given

by
2
(O — 0a) — (6 —t)’ (4.9)
and formula (4.7) becomes
U, ((0,4),t) = 24 {()\2 ) - L}e—tlhe—tzh‘
T (A1 — A2)3(t1 — t2)? (t1 — t2)

Clearly the function (A1, A2) = A +— W,((0,4),t) has poles for A\; — Ay = 0 with order 3.

Example 4.6. Assume that p = 2 and ¢ = 1. The operator % is given by (4.8) while
95 is defined by

(02— 03) (01— 0s) 2 4
(t1 —t3) (ta—t3)  (t1—t2)?  (t1 —t3)(t2 —t3)

(D1 — 35)(Ds — B5) — 2

A straitforward calculation shows that

o= a0 -2 =0 2 =8 [ g e )

(t1 —t2) (A1 — A2)
(A=) _(A3—Ag)
e R

+ (M — Al)e_)‘Qtle_)‘ltZG_t"’)‘?’ (1 + 2 >

(t1 —t2) (A1 — A2)
(A3 — A2) (A3 — A1)
{- (ti "2 gt e A0 - X))

det (e*“)‘j)e*t?’)‘3

1<i,j<2 { 1 _ 1 n 1 }
(t1 —t2)? (ta—t3) (1 —t3) (t1—t2))
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Thus the spherical function associated with (su*(6),sp(2,1)) is given by

213 2t —to — t3

v 4),t) = W (A, gty to)e 1323
OB IT = 2s)? (fr = 22)2(t1 — 1) (22 — 15)° (1, Aot Ea)e
1<i<2
212 1
+
IT Qi =2)?n = 22)? T i =)’ (11 = 1)?
1<i<2 1<i<2

2
€—t1>\1€—t2>\26—t3>\3 <1 _ >
[ (t1 —t2) (M1 — A2)

(A3 —A1) (A3 — X9
{ -2 (tg —tgl) -2 (tl —t32) + (A3 _)\1)()‘3 - >\2)}

7)\215167/\115267253)\3 2

e (1 - (t1 —t2)(M1 — )\2)>

{ oM —A) (A=)
(t2 —t3) (t1 —t3)

(s —A)(Ns — Ag)}]

N 214 { 1 N 1 }
[T =)t —t2)* L2 —ts)  (t1—ts)  (t1—t2)

1<i<j<3
det (e titi)etshs
1<i,j<2
[T ci—xn7°
1<i<j<3
Here
Ue (A1, Aoty t) = ! { (1 — 2 ) e~ (MititAzts)
(t1 — t2)2(A\1 — A2)? (t1 —t2) (A1 — A2)

2
+(1+ e—()\1t2+>\2t1)
( (t2 —t1) (M1 — )\2)> }

denotes the Bessel function associated with the Riemannian symmetric pair (su(4),sp(2))
which is holomorphic in C2. It follows that for r = 3, the poles of the function A\ —
U((0,4),t) are A\; — A3 =0 (i = 1,2) of order 3, and A\ — A2 = 0 of order 2.

4.1.3. The symmetric pair (eg(_26), fa(—20)). For the present pair

E’A((0,0),t) = e i1 Z e 202 130 (3)
€Sy

Using [3, 24], we get

1
(t1 — t2)*(t2 — t3)*(tz — t1)

G(2-14,,(0,6))0---0G(2-14,,(0,0)) = 1 D30 Dy 0 D1 0D,
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where
Dy = (91— D)o (dy—3)o0(d3— ) — @12_22)(82 )0 (8- 0y)
_“22_23)(03 —01) 0 (91— ) — (tfil)(al _ 8y} (B — )

(T ap)

((tz - t3,4)€<2tg —t) (ffg__ti;) (01— 0)

i <(t3 - t14)£(2tl i) (fié__ti))z) (9 — 03)

—2£(e—1)(e+2)< r .t 1 )

(t1 —t2)®  (t2—t3)  (t3 —t1)3
60%(0+1)

— . 4.10

(t1 = t2)(t2 — t3)(ts — t1) (4.10)
It follows that the Bessel function associated with (eg(_a6), fa(—20)) is given by

PA((0,8),1)
det (e~tiM)

924 2<i,j<3

= D30 Dy 0D PR R e

IT i =2)"e =) I =t { (A2 = As) }

2<<3 1<i<j<3

It follows that A — W,((0,8),t) extends to a meromorphic function in C" with the
following possible poles:

A—X=0 (i=2,3), of order <7,
Ao — A3 =0, of order < 6.

Thus we have proved:

Proposition 4.7. For the symmetric pair (es(—26), fa—20)), we have
224

IT =27 ] -t

1<i<j<3 1<i<j<3

\II)\((Oa 8)7t) = D30 Dy 0 @1{6_t1A1 det (e—ti)‘j)}’

2<4,j<3

wher 9y, for 1 < € < 3, are the same as in (4.9). For fizred t € a_, the map \ —
U ((0,8),t) extends to a meromorphic function in C™ with the possibles poles for (A, a) =
0 (Va € XF) and (N, a) =0 (VYo € B}F), of orders less or equal than 6 and 7 respectively.

4.2. The cases with restricted root system of type B,.. When X is a root system
of type B,, formula (??) becomes

Ua((mymg),t) = 2mr =TT (A7 =A™
1<i<j<r

G(21g,, (my,ms)) o+ 0 G(2 14, (my,0))Wx((my,0),1).
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Using [9], it follows that the shift operator G(2 - 14,, (m;,0)) is given by

I @& (.zml (t:,8;) — zml(tj,aj)), (4.11)
1<i<y<r 1<i<y<r
where
d? m; d
L= gE Y

4.2.1. The symmetric pair (so(2r + 1,C),s0(2r — 1,2)). For the present pair, m; = 2

and
e*)\ltl 7tiw(/\¢)

heo=go ¥ 1 Gooy

An easy calculation gives

G(2-14,,(2,0)T((2,0), \, t)

[T 63-2

- e~ Mt 2<j<r
2Mit H () H 2\
1<i<j<r 2<5<r
itidg
> I 020220 > Il & IT e
g€S,_1 2<i<j<r EGZT 12<i<r 2<i<r
2 2
. IT aF=x)
T >, II «
= h(t; >\
2 2 0(% U(J H S
Mt H (t; _tﬂ') H tidi 0€S,_1 2<i<j<r 2<i<r
1<i<j<r 2<j<r
2 2
I »-x
et 1<i<j<r det (sh(t;\))
= et (sh(t;\)).
2A1t1 H (t2—t2 H t)\ 2<4,j<r R
1<i<j<r 2<j<r

As a consequence

(2200 92r(r—1)~1,—t1 M1 2<§§£N(Sh(ti>‘j))
Uy((2,2 { =his
Ml e IT @@= [T od-xpt 1T & 11
1<i<r  1<i<y<r 2<j<r 2<j<r 2<i<j<r

By Lemma 3.1, the Bessel function associated with (so(2r + 1, C),s0(2r — 1,2)) extends
to a meromorphic function of A in C" with simple poles for A\ = 0 and A\; £ X; = 0
(2 < j <r). Thus we have proved:

Proposition 4.8. For the symmetric pair (so(2r + 1,C),s0(2r — 1,2)), we have

€_t1)\1 det (Sh(tl)\‘]))
\II)‘((27 2)7 t) = 22T(T_1)_1 2<i,j<r

IIxIle I -9 11 ei-x)

1<i<lr 1<i<r  1<i<y<r 1<i<y<r
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For fized t € a_, the map A — ¥,((2,2),t) extends to a meromorphic function in C"
with simple poles for (\,a) =0 (Va € XF).

4.2.2. The symmetric pair (so(r+ 2k, r),s0(r +2k—1,1) x so(r —1,1)). Here m; =1

and
UA((1,0),8) = Ko(tid) > ] Koltiw(N)).
WS,y X751 2SisT
Using the fact that Ky(z) is a solution to

1
" /
U + -u =u,
z

we deduce that!
G(2 ' 1ﬁsv (17 0))@A((170)7t)
Ko(Mt1) H (AT = A7)

_ 2<i<r Z H ()\g(i)_)\g(j)) Z H KO(tiEz‘Aa(i))

H (7 —t3) 0€S,_1 2<i<j<r ezt 2<i<r
1<i<j<r
Kot [T =A%)
1<i<j<r -
- 2 Y. )7 T Koltides) + Kol—tide)
H (t; j) oE€Sr_1 2<i<r
1<i<j<r
Kont) [ OF =A%)
H (t? —12) 2<i,j<r
i Y
1<i<j<r
This leads to
\Il)\((]-a 2k)7 t)
92kr(r—1)

O e mE (A%—Az)zkﬂG(?'1@7(1,%—2))0---06(21@s,<1,2))

2<i<j<r 2<i<r
KO()\ltl) 2<d_e_t< (Ko(ti)\j) + Ko(—ti/\j))
(o }
IT @2 II =2 J] Qi+
1<i<j<r 2<i<j<r 2<i<j<r

By Lemma 3.1, the function A — Wy((1,2k), ) extends to a meromorphic function in
D={AeC": )\ €C\|oo,0]},
with the following possible poles:

AMEAN=0 (2<ji<nr), of order < 2k — 1,
AitA;=0 (2<i<j<r), oforder <2k —2.

Thus we have proved:

I1Ko(=2) = Ko(z) —imlo(2) (cf. [25, p. 428))
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Proposition 4.9. For the symmetric pair (so(r + 2k,r),so(r +2k —1,1) x so(r — 1,1)),
we have
22kr(7‘—1)
\I//\((sz)?t) = H ()\2 _)\Z)Zk—l G(2 1@97(172]{7_2)) o
i TN

1<i<j<r

KO()\ltl) det (Ko(ti)\j)ﬁLKO(*ti)‘j))

2<i,j<r

[T - }
1<i<j<r

where G(2 - 14,,(1,20)), for 1 < { < k — 1, denotes the differential operator (??). For

fized t € a_, the map X\ — Wy((1,2k),t) extends to a meromorphic function in the set

D={\NeC" : )\ € C\|oo,0]} with the possible poles for (\,a) = 0 (Va € I}) and

(A\a) =0 (Va € ), of orders less or equal than 2k — 2 and 2k — 1 respectively.

o---0G(2- 1@5,(172)){

Example 4.10. The Bessel function associated with (so(r+2,7),s0(r+1,1) xso(r—1,1))
is given by

Kolt) det (KO(th) + KO(_th))
WA((L 2), t) = 22T(T—1) <i,j<r

IT &= II @& -

1<i<j<r 1<i<j<r

The function A — Wy ((1,2),t) extends to a meromorphic function in ® with simple poles
for A1 X\, =0, with2 <¢ <.

4.3. The cases with restricted root system of type C,.. When X is a root system
of type C,., we have
sr(r—1)
Un((mm)8) = (-T2 T (7 A (4.12)
1<i<j<r
G(2 : 1ﬁsa (mla mg — 2)) 0---0 G(2 : 16’5? (mho)){fl)\((mlv 0)7t)
The shift operator G(2 - 14,, (m;,0)) is the same as in (?7).

4.3.1. The symmetric pair (su(r,r),sl(r,C) x R). Considerations similar to the case
4.2.2 yield

r(r 1)

(_1) 22r(r 1) ) T
UA((1,2),1) = Yo I G =2 I Koltirer)
H ()‘Z2 - )‘?) H t2 B t2 UGST 1<i<j<r ’ i=1
1<i<j<r 1<i<j<r
- (1) g2 { Jet (Ko(tik;)) }
IT i+ JI @-HY I i=x)
1<i<j<r 1<i<j<r 1<i<j<r

By virtue of Lemma 3.1, the Bessel function associated with (su(r, r), sl(r, C) xR) extends
to a meromorphic function of A in

D={AeC": )\ €C\]oo,0]}
with simple poles for A; +X; =0 (1 <i<j<r).
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Proposition 4.11. For the symmetric pair (su(r,r),sl(r,C) x R), we have

det (Ko(tiA;))

1<i,j<r

T 02— I &-&

1<i<y<r 1<i<y<r

r(r—1)

\Ij/\((lv 2)7 t) = (_I)T2QT(T_1)

For fized t € a_, the map A — W,((1,2),t) extends to a meromorphic function in the set
D={\AeC": )\ € C\|oo,0]} with simple poles for (A\,a) =0 (Vo € T;}).

4.3.2. The symmetric pair (so*(4r),su*(2r) x R). A similar calculation to one illus-
trated above gives

. ((4 1) t) 247"(7"—1)
A s 1)y =
IT =22 I a+x)?
1<i<j<r 1<i<j<r
d_e't (Ko()wt]))
G(2-14,.(1,2) .
{ I @- ]I ()‘i>‘j)}
1<i<j<r 1<i<j<r

Thus, the function A\ — ¥y ((4,1),%) extends meromorphically in
D={NeC": \ € C\]oo,0]}
with the following possible poles
Ai—X=0 (1<i<j<nm), of order < 2,
Ai+X =0 (1<i<j<nm), of order < 3.
Proposition 4.12. For the symmetric pair (so*(4r),su*(2r) x R), we have
_ det (Ko(Aitj))
247”(7“ 1) P ilj
G210, (1,2){ =5
[T o8-2°

[T «- }

1<i<j<r 1<i<g<r

\IJ}\((O, 2)7 t) =

where G(2 - 14,,(1,2)) denotes the differential operator (9%). For fized t € a_, the map
A — U,((0,2),t) extends to a meromorphic function in ® = {\ € C" : \; € C\]Joo,0]}
with the possible poles for (\,a) =0 (Va € ¥F) and (\,a) =0 (Va € X)), of orders less
or equal than 2 and 3 respectively.

4.3.3. The symmetric pair (sp(r,C),sp(r,R)). For the present case

{IVJA((Z, 0),t) = Z H(Qti)\a(i))—le—ti)\a(i)’

g€eSy i=1
and
II ai-2)
~ 1<i<j<r T e~ tira (i)
G(2-16,,(2,0))¥2((2,0),t) = > e ]]
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Now formula (??) reads

'r(r 1)

det (e Nitd)

(—1) or(r—1)—r 1<ij<r
Uy ((2,2 = .
)\(( 3 )7t) H )\l H ()\1"‘)\ H H t2—t2 { H ()\Z_)\])}
1<i<r 1<i<j<r 1<i<r  1<i<j<r 1<i<j<r

Hence, the map A — U, ((2,2),t) extends to a meromorphic function in C" with simple
poles for \; =0 (1 <i<r)and i+, =0(1<i<j<r).

Proposition 4.13. For the symmetric pair (sp(r,C),sp(r,R)), we have

det (e i)

r(r=1) 1y 1<i,j<r
UA((2,2),8) = (=1)"z 27=D-r .
[Iallx 1T @-5 I1 0Z2-xX)
1<i<r  1<ilr 1<i<j<r 1<i<j<r

For fized t € a_, the map X\ — ¥,((2,2),t) extends to a meromorphic function in C"
with simple poles for (\,a) =0 (Va € ¥;).

4.3.4. The symmetric pair (sp(r,7),sp(r,C)). Here we have m; = 3, and therefore

T0((3,0),) =772 3 H (2tiA(i)) T K1 (tido(i))-

€Sy i=1
Using the fact that
Ki1(\t) /\2
Zs(t, dt) [ v ] N Ki(At),

we deduce that

~ L AP — N K1(ti\)
G(2-10,,(3,0)0x((3,0),0) =27= /> ] (t _t2>1<d,ejt< (M.J )
SLIST 17\g

1<i<j<r

Hence the Bessel function can be written as
or(4r—1) . —r/2

Ua((3,4),t) =
I ci+x2? I =27 I ¥
1<i<j<r 1<i<j<r 1<i<r
det ()\ Kl(t )\]))
G(2-14,,(3,2) s .
e o oo
1<i<r 1<i<j<r 1<i<g<r

It follows that the function A — Wy((3,4),t) extends meromorphically in
D={AeC": )\ €C\|oo,0[}
with the following possible poles:

Ai=0 (1<i<r) of order < 2
Xi—Aj=0 (1<i<j<nr) of order < 2
Ai+Aj=0 (1<i<j<nr) of order < 3.
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Proposition 4.14. For the symmetric pair (sp(r,r),sp(r,C)), we have

27‘(47‘—1)7T—r/2 1§d;ejt§1<K1 (AZtJ»

T o 0 AiG(z-lm,(Sﬂ)){ Mo 10 (tf—t?)}

1<i<j<r 1<i<r 1<i<r  1<i<j<r
where G(2 - 14,,(3,2)) denotes the differential operator (??). For fized t € a_, the map
A= U, ((3,4),t) extends to a meromoprhic function on ® = {\ € C" : \; € C\]Joo,0[}
with the possible poles for (\,a) =0 (Va € F) and (\,a) =0 (Ya € X)), of orders less
or equal than 2 and 3 respectively.

\Il/\((374)7t) =

4.3.5. The symmetric pair (e7(_s5),¢5(—26) X R). For this pair, recall that r = 3.
Clearly we have

2727r73/2
\IIA((lvg)at) =
IT ca+x)" I a=2)°
1<i<j<3 1<i<j<3
det (Ko(tiA;))
<i,j<3
G(2-14,,(1,6)) 0 0G(2-14,,(1,2)) 1 .
{ I &- I (Ai—)\j)}
1<i<j<3 1<i<5<3

Thus, the function A\ — W, ((1,8),%) extends to a meromorphic function in
D={AeC?: \ €C\|oo,0]}
with the following possible poles

Xi—Aj=0 (1<i<j<3), of order < 6
i+ =0 (1<i<j<3), of order < 7.

Proposition 4.15. For the symmetric pair (e7(—a5), ¢(—26) X R), we have

2727.‘.73/2
‘IJA((1’8)7t) -
[T =X

1<i<j<3
det (Ko(tiAj))

G(21ﬁ57<176)>oOG(21(}87(172)) 1<4,5<3 ’

{ [T - }

1<i<j<3

where G(2 - 1¢,,(1,20)), for 1 < £ < 3, denotes the differential operator (9?). For fized
t € a_, the map A — W,((1,8),t) extends to a meromorphic function in ® = {\ €
C3: N\ € C\Joo,0]} with the possible poles for (A\,a) = 0 (Va € XF) and (\,a) = 0
(Va € &), of orders less or equal than 2 and 3 respectively.

4.4. The cases with restricted root system of type D,. For both pairs (so(2r, C),s0*(2r))
and (so(2r,C),s0(2r — 2,2)), we have m; = 0 and m, = 2. It follows that

) - e~ tiw(hi) ]

1<i<j<r

_1)I=Enas|g2r(r-1)
w,((0,2),1) = Y
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where

G2 14,,(0,0) = [] (22_82) (4.14)

t2
1<i<y<r

4.4.1. The symmetric pair (so(2r,C),s0*(2r)). It is easy to check that

~ )\2 )\2
G2 10,,(0,0)05((0,0,8) = ] (t )det (7).

t2

1<4,5<r
1<i<j<r
Now formula (3.3) implies that
(_1) ( —1) 227’(7‘ 1) 1§di,ejt§r<e ])
A((0,2),1) = R { }
H (ti — ) H (Ai +Aj) H (A = Aj)
1<i<j<r 1<i<j<r 1<i<j<r

and the function A — ¥, ((0,2),t) extends to a meromorphic function in C" with simple
poles for \j; + X; =0 (1 <i<j<r).

Proposition 4.16. For the symmetric pair (so(2r,C),s0*(2r)), we have
det (e~tiM)

1<i,j<r

T 2= [ &-&

1<i<y<r 1<i<y<r

r(r—1)

U, ((0,2),t) = (=1)" =z 22—l

For fized t € a_, the map X\ — W,((0,2),t) extends to a meromorphic function in C"
with simple poles for (\,a) =0 (Va € X).

4.4.2. The symmetric pair (so(2r,C),so(2r — 2,2)). Applying the shift operator (7?)

to the function
50,00 =c Y Hei "
wGSr 1><Z

2even
gives
G(2-1¢,,(0,0)) 0),)
A2 —
— gr—1,—ti\ ( 22 > Z Z H ~ti€o(1) Ao (i)
1<i<j<r tl eEZg e‘llen geSr_1 =2
)\2 2
— or—lg~tih : 2] det (ch(t;\;)) + (—=1)" det (sh(ti/\j))).
1<l<]<r tl 2<i,j§r 2<i,i<r
Hence formula (3.3) reads
2(2r+1)(r—1)(_1)“TT’1> e—t1h _det_ (ch(tiAj)) + (=1)" 25%2(511(%/\3‘))

U, ((0,2),t) = H &~ H(A%_A?){ H (A7 =A%)

1<i<j<r 2<j<r 2<i<j<r

It is now clear that the function A — Wy ((0,2),¢) extends to a meromorphic function in
C" with simple poles for \{ £ A; =0 (2<j < 7).
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Proposition 4.17. For the symmetric pair (so(2r,C),s0(2r — 2,2)), we have

o) e*“l( det (ch(t;A;)) + (—=1)" det (sh(ti/\j)))
Ux((0,2),8) = 27D (—1) = 2 <r

IT @- I ai-2)

1<i<y<r 1<i<y<r

Fort € a_, the map A — ¥,((0,2),t) extends to a meromorphic functions in C" with
simple poles for (\,a) =0 (Va € X7).

5. The main theorem
_%4_

N |=

KYL

m_ (2)

For m € N, denote by ©,,, the complex plane for which the function z — z

=

is analytic.
Taking all our results from the previous discussions together, the following theorem

holds.
Theorem 5.1. (i) Assume that (g,b) is one of the following NCC symmetric pairs:

g b

sl(p +¢,C) su(p, q)
so(2r +1,C) so(2r —1,2)
su(r,r) sl(r,C) x R
sp(r,C) sp(r,R)
s0(2r,C 50" (2r)
so(2r,C s0(2r —2,2)

Then the function A — Wy((my,ms),t) extends meromorphically in the product domain

T
DOm,

with poles for

(Ma)y=0

of order m,, — 1.

(Va € ©1)

(ii) Assume that (g,b) is one of the following NCC symmetric pairs:

g b

s (2(p + q)) sp(p, q)

€6(—26) fa(—20)

so(r + 2k,r) so(r+2k—1,1) x so(r —1,1)
s0*(4r) su*(2r) x R

op(r,7) op(r C)

e7(—25) e6(—26) X R

Then the function X\ — Wx((my, ms),t) extends meromorphically in the product domain
Dy, with the following possible poles

N\ a)y=0 (Vaexi),
{ N\a)y=0 (Vaexp),

Here m. and my,, denote the multiplicity of the compact and non-compact roots respec-
tively.

of order < m, — 2,
of order < m, — 1.
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Recall that for the symmetric pairs listed in part (i) of Theorem 5.1, the multiplicity
of the compact roots is equal to 2. Motivated by the main result above and Example 4.5
we conjecture that:

Conjecture 5.2. Let (g,bh) be a NCC symmetric pair with restricted root system of the
non-exceptional type such that (H) holds. Then the function X\ — Wy((my, ms),t), for
fized t € a_, extends to a meromorphic function in the product @y, with poles for

(Aa)y=0 (VaeXf), of order =m.—2,
(Na)y=0 (NVaeXf),  of order =my —1.

6. Concluding remark

Let ¢4 := (eNh) @i(pNp) and p? := i(ENq) D (pNq). Then g? := ¢ @ p? is a semisimple
Lie algebra with Cartan involution G‘Qd, and £ is the corresponding maximal compactly
embedded subalgebra. Denote by G and K¢ the analytic Lie subgroups of G¢ with Lie
algebras g% and ¢ respectively. The symmetric space G¢/K? is the so-called Riemannian
dual of G/H. The NCC structure of G/H implies that G¢/K?% ~ G/K.

Recall that the maximal abelian subspace a in p N q is also maximal in p and q, i.e. a
Cartan subspace for both G/H and G¢/K?% ~ G/K. For A € a} and X € p, let

@A(m,X):/ AARX) g
K
The function ®y(m,-) is the so-called Bessel function on the flat symmetric space K x
p/K ~ p with spectral parameter \. It is well known that the function A — ®)(m, X)
is holomorphic on a.. We refer to [13] for more details on the theory of Bessel functions
on p. See also [22].

Set pn(m) :=3_ csit Ma/2, and recall the identifications of a and az, with R” and C".
In [6], it is shown that for ¢ € a_, the relation

(—1)Pnlm)

A1) = 2 . o))

> Tupymt) (6.1)

weW\Wo

holds as equality of meromorphic functions in C".

Henceforth we will assume that ¥ = ¥(g,a) is a restricted root system of the non-
exceptional type such that the hypothesis (H) holds. In view of formula (3.3) and the
fact that mg is even, it follows from (??7) that

(_1)%‘Ejmﬁsl+pn(m) 2ms|2+mﬁs‘

O_x((miyma),t) = T e

co(m, p(m)) a€SHNO,

G(2-1g,, (my,ms — 2)) 0 -0 G(2- 14,, (my,0))®x((my, 0), 1),

where

T
~ _ _mi1
r((m1,0),1) =772 3 [T@hw(N)) ™= T2 Ky (tiw(M)).
weW i=1
Now one may continue the discussion as in Section 4 to obtain explicit formulas for
the Bessel functions @) ((my, ms), t) associated with the following Riemannian symmetric

pairs:

1
2
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) g ¢

Ay sl(r, C) su(r)
su®(2r) sp(r)
€6(—26) fa

B, s0(2r+1,C) so(2r+1)
so(r +2k,r)  so(r+ 2k) x so(r)

C, su(r,7) s(u(r) @ u(r))
50*( 7’) 5u(27")
sp(r,C) sp(r)
sp(r,r) sp(r) X sp(r)
e7(—25) e¢ O R

D, so(2r,C) s0(2r)

This result generalizes [17, 27, 2, 5], where the authors give explicit formulas for
@) ((my, ms),t) only for some Riemannian symmetric pairs or for particular values of r.
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