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Abstract

We give an upper bound for the maximal slope of the tensor product of several non-zero
Hermitian vector bundles on the spectrum of an algebraic integer ring. By Minkowski’s
theorem, we need to estimate the Arakelov degree of an arbitrary Hermitian line subbundle
‘M of the tensor product. In the case where the generic fiber of M is semistable in the
sense of geometric invariant theory, the estimation is established by constructing, through
the classical invariant theory, a special polynomial which does not vanish on the generic
fibre of M. Otherwise we use an explicte version of a result of Ramanan and Ramanathan
to reduce the general case to the former one.

1 Introduction

It is well known that on a projective and smooth curve over a field of characteristic 0, the
tensor product of two semistable vector bundles is still semistable. This result has been firstly
proved by Narasimhan and Seshadri [] in the complex algebraic geometry framework by
using analytic method. Then it has been reestablished by Ramanan and Ramanathan [RR84] in
the purely algebraic context, through the geometric invariant theory. Their method is based on
a result of Kempf [], which has also been independently obtained by Rousseau [R g,
generalizing the Hilbert-Mumford criterion of semi-stability in the sense of geometric
invariant theory. By reformulating the results of Kempf and Ramanan-Ramanathan, Totaro
[Tot9g (see also [AY for a review) has given a new proof of a conjecture due to Fontaine
[Fon79], which had been firstly proved by Faltings [] asserting that the tensor product of
two semistable weakly admissible filtered isocristals is still semistable.

Let us go back to the case of vector bundles. The fact that the tensor product of two
semistable vector bundles on a curve C over a field k of characteristic 0 is still semistable is
equivalent to the fact that for any non-zero vector bundles F and F on C, we have fipax(F ®
F) = pimax(F) + fimax(F'), where the maximal slope pimax of a non-zero vector bundle G over
C' is by definition the maximal value of slopes (that is to say, the quotient of the degree by the
rank) of non-zero subbundles of G. When k is of characteristic positive, the above equality is
not true in general (see [ for a counter-example). Nevertheless, it is easy to prove that
there exists a constant a which depends only on C such that

Mmax(E) + ,Umax(F) < ,Umax(E o2 F) < Mmax(E) + .umax(F) +a (1)

for any non-zero vector bundles £ and F' on C.
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Hermitian vector bundles play in Arakelov geometry the role of vector bundles in algebraic
geometry. Let K be a number field and O be its integer ring. A Hermitian vector bundle
E = (E,h) on Spec O is by definition a projective Ox-module of finite type E together with
a family of Hermitian metric b = (|| - ||¢)ren., , Where X is the set of all embedding of K into

C, and for any 0 € ¥, || - ||+ is a Hermitian norm on E ®o, » C, subject to the condition
that the data (|| - ||o)ses,, is invariant by the complex conjugation, namely for any e € E, any
z€Candany 0 € X, |le®Z|lz = |le ® z||,. Similarly to the geometric case, one can define

the (normalized) Arakelov degree of a Hermitian vector bundle E on Spec O as

—_— 1 1
deg, E = (1 E/O e+ Ofesy) — = log det((si, 5 )
egn [K . @] Og#( / KS1 + + KS$ ) 2 UEZE ogde ((S S])g)
where (s1,---,8,) € E" is an arbitrary element in E” which defines a base of Ex over K.
This definition does not depend on the choice of (s1,---,s,). For more details, see [Bos9{],

[Bos01]], [ICL0T|, [Bos04] and [BKO07. The slope of a non-zero Hermitian vector bundle E on
Spec Ok is then defined to be the quotient 7i(E) := (Te\gn (E)/1k(E). We say that a non-zero
Hermitian vector bundle E is semistable if the mazimal slope limax(E) of E, defined as the
maximal value of slopes of its non-zero Hermitian subbundles, equals to its slope. If E is
a non-zero Hermitian vector bundle on Spec Ok, Stuhler ] and Grayson ] have
proved that there exists a unique Hermitian subbundle Fyes of E having fimax (E) as its slope,
and containing all Hermitian subbundle F of E such that [i(F) = fimax(E). Clearly E is
semistable if and only if E = Fqe. If it is not the case, then Eg4s is said to be the Hermitian
subbundle which destabilize E. In a lecture at Oberwolfach, J.-B. Bost [ conjectured
that the tensor product of two semistable Hermitian vector bundles on the spectrum of an
algebraic integer ring is semistable. This conjecture is equivalent to the assertion that for any
non-zero Hermitian vector bundle E and F on Spec O,

ﬁmaX(F & F) = ﬁmax (E) + ﬁmax (F)
It is clear that we always have the inequality fimax(E ® F) > Jimax(E) + [imax(F) since
ﬁmaX(E) + //;max (F) = ﬁ(Edes) + //;(Fdes) = ﬁ(Edes ® Fdes) S //j\/max(E ® F)

But the inverse inequality remains always open. Several special cases of the conjecture have
been proved and some estimations of type (m) have been obtained with error terms depending
on the ranks of the vector bundles and on the number field K. In the following, we resume
some known results on this conjecture.

1) De Shalit and Parzanovski [ have proved that if E and F_are > two semistable Hermi-
tian vector bundles on Spec Z such that rk F + rk F' < 5, then E ® F is semistable.

2) In [Bos9q (see also [Gra0(]), using the comparison of a Hermitian vector bundle to a direct
sum of Hermitian line bundles, J.-B. Bost has proved that

ﬁmax(El & - ®En) S Z (ﬁmax(Ei) + SI'kEi 1Og(rkEz))
i=1

for any family of non-zero Hermitian vector bundles (Fi)?zl on the spectrum of an algebraic
integer ring.



3) Recently J.-B. Bost and K. Kiinnemann [BK07 have proved that, if K is a number field
and F and F' are two non-zero Hermitian vector bundles on Spec Ok, then

log |Ak|
2[K : Q]

=N — =N — — 1
,umax(E®F) < ,umax(E) +Mmax(F) + §(logrkE+1ogrkF) +

where A is the discriminant of K.

We state the main result of this article as follows:

Theorem 1.1 Let K be a number field and Oy be its integer ring. If (E;)?_, is a family of
non-zero Hermitian vector bundles on Spec Ok, then

finac(B1 @+ @ Fy) < 3 (finax(Bi) + log(rk ) ). (2)

The idea goes back to an article of J-B. Bost [Bos94] inspired by Bogomolov [Ray81],
Gieseker [[Gie77| and Cornalba-Harris [CH8§]. In an article of Gasbarri [[Gas00] appears also the
similar idea. After the first theorem of Minkowski, we reduce our problem to finding an upper
bound for the Arakelov degree of an arbitrary hermitien line subbundle M of E; ® --- ® E,,.
In the case where Mg is semistable (in the sense of geometric invariant theory) for the action
of GL(E1 k) X - -+ x GL(Ey, k), the classical invariant theory gives invariant polynomials with
coefficients in Z whose Archimedian norms are “small”. The general case can be reduced to
the former one using an explicit version of a result of Ramanan-Ramanathan [RR84].

The structure of this article is as follows. In the second section we recall the first principal
theorem in classical invariant theory and discuss some generalizations in several vector spaces
case. We then establish in the third section an upper bound for the Arakelov degree of a
Hermitian line subbundle with semistable hypothesis. In the fourth section, we give a criterion
of semi-stability (for Hermitian vector bundles) which is an arithmetic analogue of a result of
Bogomolov. We recall in the fifth section some basic notions for filtrations in the category of
vector spaces. Then in the sixth section, we state an explicte version of a result of Ramanan-
Ramanathan in our context and, following the methode of Totaro, give a proof for it. In the
seventh section, we explain how to use the result in previous section to reduce the majoration
of the Arakelov degree of an arbitrary Hermitian line subbundle to the case with semistability
hypothesis, which has already been discussed in the third section. Finally, in the eighth and
the last section, we give the proof of Theorem m

Acknowlegements. The result presented here is part of my doctorial thesis [
supervised by J.-B. Bost. The ideas in this article are largely inspired by his article [Bos94|
and his personal notes. I would like to thank him deeply for his instruction and his sustained
encouragement. During my visit in Institut Joseph Fourier, E. Gaudron pointed out to me that
the method in this article, combining with his recent result [], leads to an estimation,
which is similar to (E), for the tensor product of Adelic vector bundles. I am very grateful to
him for the discussions and for his suggestions on the preparation of this article.

2 Recall on invariant theory

In this section we recall some known results in classical invariant theory. We fix K to be a
field of characteristic 0.

For any finite dimensional vector space V' over K and any strictly positive integer u, we
denote by J, : Endg(V)®* — Endg(V®") the K-linear homomorphism (of vector spaces)



which sends the tensor product T3 ® - - - ® T, of u elements in End g (V) to their tensor product
as endomorphism of V®*, The mapping .J,, is actually a homomorphism of K-algebras. Fur-
thermore, as homomorphism of vector spaces, J,, can be written as the composition of following
natural isomorphisms:

End e (V)& —— (VY ® V)" ——> (VV)® @ V& — > (V&)Y @ V" > End e (V)

so is itself an isomorphism. Moreover, there exists an action of the symmetric group &,, on V&
by permuting the factors. This representation of &, defines a homomorphism from the group
algebra K[&,] to Endg (V®%). The elements of &,, acts by conjugation on End g (V®%). If we
identify End g (V®%) to Endg (V)®* by the isomorphism J,,, then the corresponding &,-action
is just the permutation of factors in tensor product. Finally the group GLg (V') acts naturally
on V&,

Lemma 2.1 If we denote by p : GLg (V) — Endg (V&%) the natural representation of GLx (V)
on VO, then the &, -invariant subalgebra Endy (VE*)®u is generated by the image of p.

Proof. The action of an arbitrary element in &, by permuting factors and the action of an ar-
bitrary element in GLg (V) on V®% commute. Hence End g (V®“)6“ contains the subalgebra of
Endg (V®%) generated by the image of p. Therefore it suffices to prove the inverse inclusion. As
K is of characteristic 0, Endg (V®*)®+ 2 (Endg (V)®%)%« = ¥ Endg (V). Since S* Endg (V)
is generated as vector space over K by the elements of the form g®* (g € Endk (V)), it is also
generated by ¢®* (g € GLi (V) since GL (V) is Zariski dense in Endx (V') (K being of char-
acteristic 0). |

We recall below the “first principal theorem” of classical invariant theory (cf. [
Chapter III, see also [[ABP73] Appendix 1).

Theorem 2.2 Let V be a finite dimensional vector space over K and let u,v > 1 be two
integers. If T is a mon-zero elements in V" @ V'V which is invariant under the action
of GLg(V), then u = v, and T is a linear combination of permutations (here we identify
VOU @ VVEU with Endg (VE)).

Proof. Let a € K* be an element which is not root of unity (this is always possible since K
is of characteristic 0) and let g = aldy € GLg (V). The action of g on VE* @ VV® is ¢~ Id.
If there exists a non-zero vector in V®* @ VV®? which is invariant by the action of GLk (V),
then a*~" = 1. Therefore u = v since a is not root of unity.

Let A = Endg(V®*) and let B be the image of K[G,] in A by the representation of
permutations, which is a subalgebra of A. The K-algebra A is simple, central and of fi-
nite rank over K. the sub-K-algebra B is semistable. After Lemma @, the commutant
B’ = Endg (V®")Su of B is the subalgebra of A generated by the image of the representation
p: GLg(V) — Endg (V®%). By the bicommutant theorem (see for example [Jac8d, [Lan07
or [Pie82)), we have B” = B. Therefore, the endomorphisms of V®* which are invariant by
the action of GLg (V) lie in B, i.e., are linear combination of permutations. ]

Let (Vi)i<i<n be a family of finite dimensional non-zero vector space over K. Let u =
(u;)1<i<n be a family of strictly positive integers. We denote by G the group GLg(V7) x
- x GLg(V,,) and by &, the product &,, x --- x &, of symmetric groups. The group
algebra K[G,] is isomorphic to K[G,,] ®k -+ @k K[6,,]. On the other hand, we have
a natural isomorphism of K-algebras from Endg (V;*" @ --- ®@ V.®%) to Endg (V1)%" @k
-+ @k Endg (V,,)®%. The group G acts naturally on V" @ --- @ V2%, We denote by



p: G — Endg (VP @ - @ V%) the corresponding representation. Finally the group &,
acts on V1®u1 ® -+ - @ V2% by permutating tensor factors.

Lemma 2.3 The algebra Ede(VfM1 ®--- @ V24 )Su js generated by the image of p.

Proof. For any integer 1 < i < n, we denote by C; the canonical image of K[&,,] in
Endg (V2*). The algebra Endg (V®" @ --- ® V;¥")®u is the commutant of the canonical
image of K[&,] in Endg (V¥ @ --- @ V,®¥) =2 Endg (V") ® - - - @ Endg (V,2"), which is
identified with C; ® - - -® C,,. As the commutant of tensor product equals to the tensor product
of commutants, we have

EndK(‘/l®ul ®"'®Vn®u")6“ o~ C{ ® ®C7/“

where C/ is the commutant of C;. After Lemma P.1, the sub-K-algebra C/} of Endg (V;%") is
generated by the image of GLx (V,®*). Therefore C @ --- ® C!, is generated by the image of
G. |

Theorem 2.4 With the notations above, if v = (v;)1<i<n S a family of strictly positive inte-
gers and if T is a non-zero element in U := V2" @ V)" @ ... @ VO @ VY& which is
invariant by the action of G, then u= v, and T is a linear combination of elements in &,.

Proof. Let a € K* be an element which is not root of unity. For any integer 1 < i < n, the
action of
Idy, x -+ xIdy,_, xaldy, xIdy,,, x--- xIdy,

on U is the homothetic transformation by a“~vi. As U has a non-zero vector invariant by G,
we know that a"~" = 1 and hence u; = v;. Therefore we can identify U with the underlying
vector space of A := Endg (V2" @ --- @ V,®%). Let B be the canonical image of K[G,] by
the representation of permutations, which is a sub-K-algebra of A. The algebra A is simple,
central and of finite rank over K. The subalgebra B of A is semi-simple since it is a quotient
of the algebra of a finite group. After the bicommutant theorem, we have B” = B. Hence the
endomorphisms in V1®“1 ® -+ @ V2% which are invariant by the action of G lie in B, so are
linear combinations of elements in &. O

Let G be an algebraic group over Spec K and X be a projective variety over Spec K.
Suppose that G acts on X and that L is an ample G-linear line bundle on X. We say that a
rational point x of X is semistable for the action of G relatively to L if there exists an integer
D > 1 and a section s € H°(X, L®P) invariant under the action of G such that z lies in the
open subset of X defined by the non-vanishing of s. Clearly z is semistable for the action of
G relatively to L if and only if it is semistable for the action of G relatively to any strictly
positive tensor power of L.

Let (Vi)i1<i<n be a family of finite dimensional non-zero vector space over K, E be a finite
family of non-identically zero mappings from {1,---,n} to N and (b;)1<i<n be a family of
integers. We denote by W the vector space @, .= Qi Vi®a(z) and by G the algebraic group
GLg (V1) Xk -+ X g GLg(V,,). The group G acts naturally on W. Let L be the G(K)-module
(detV7)® @ - -+ @ (detV;,)®». For any integer D > 1 and any element o = (a;)1<j<p € EP,

let
pr, : web V1®(a1(1)+-~-+ap(1)) Q- ® Vn®(a1(")+“‘+aD(”))

be the canonical projection. For any integer 1 < ¢ < n, let r; be the rank of V; over K. Finally
let m: P(WV) — Spec K be the canonical morphism.



Theorem 2.5 With the notations above, if m is a strictly positive integer and if R is a vector
space of rank 1 of W (considered as a rational point of P(WY)) which is semistable for the
action of G relatively to Owv(m) @ 7*L, then there exists an integer D > 1 and a family
a = (a)1<j<mp of elements in 2 such that, by noting A = an+- - -+amp, one has A(i) = Db;r;
for any 1 < i < n (this implies in particular that b; > 0 for any 1 < i < n). Furthermore,
there exists an element 0 € G,(1) X -+ X Gy(py such that the composition of homomorphisms

pr, ®Id

R®MD @ [VOD — > yy@mD g [V®D V1®A(1) @ ® Vn®A(n) @ LV®D

G®Idl

‘/1®A(1) Q- ® Vn®A(n) ® LV®D
detdP"1 @---@detd P ®Idl
L®P @ VoD ~ K
does not vanish, where the first arrow is induced by the canonical inclusion of R®™P in W&nD,

Proof.  Since R is semistable for the action of G relatively to Owv(m) @ 7*L, there exists an
integer D > 1 and an element s € SP(WV) ® L®P which is invariant by the action of G(K)
such that the composition of homomorphisms

R®mD ® LV®D N FmD(W) ® LV®D é K

does not vanish, the first arrow being the canonical inclusion. Since K[G(K)] is semisimple,
SmP(WV)® L®P is a direct factor (as G(K)-module) of (WV)®mP @ LOP | Let s’ € WVemP g
L®P be an element invariant by the action of G(K), whose class in S™P(WV)® L®P coincides
with s. There then exists & = (a;)1<j<mp € EP such that the composition

D D D p_ Pra®@ld
R¥MP @ [VOD —— Wyomb @ [V

5o
V1®A(1) Q- ® Vn®A(n) @ LV®D — 5 K
is non-zero, where A = a3 + -+ + a;p and s, is the component of index « of s’. Choose a
preimage s/ of s in V1V®A(1) ®--- VMg VEPIT @ @ V2P which is invariant
by G(K). After Theorem P.4, we obtain that A(i) = Db;r; for any 1 < i < n, and that s/ is a
linear combination of permutations. Therefore the theorem is proved. O

3 Upper bound for the degree of a Hermitian line sub-
bundle with hypothesis of semi-stability

Let K be a number field and Ok be its integer ring. Consider a family (E;)1<i<n of
non-zero Hermitian vector bundles on Spec Og. Let = be a non-empty and finite family of
non-identically zero mappings from {1,--- ,n} to N. We define a new Hermitian vector bundle
over Spec Ok as follows

E=PE Ve o8,
aEs
In this section, we shall use the ideas in [ to obtain an upper bound for the Arakelov
degree of a Hermitian line subbundle M of E under the hypothesis of semi-stability (in geo-

metric invariant theory sense) for Mg. This upper bound is crucial because, as we shall see



later, the general case can be reduced to this special one through an argument of Ramanan
and Ramanathan.

For any integer 1 < ¢ < n, let r; be the rank of E; and let V; be the vector space E; k.
Let W = Ex and 7 : P(WV) — Spec K be the canonical morphism. We denote by G the
algebraic group GLg (V1) X -+ x GLg(V,,) which acts naturally on P(WV). Clearly we have
W=@,c= Qi Via(l). Let (b;)1<i<n be a family of strictly positive integers such that r;

divides b;. Finally let B B B
L = (AT1E1)®b1/7‘1 Q- (A”‘En)‘gb”/”r_

Lemma 3.1 Let H be a Hermitian space of dimension d > 0. The norm of the homomorphism
det : H®? — A?H equals to V.

Proof. 1In fact, the homomorphism det can be written as d! orthogonal vectors of norm 1 in
HVY®1_ S0 its norm is V/d!. O

Theorem 3.2 With the notations above, if m > 1 is an integer and if M is a Hermitian line
subbundle of E such that My is semistable for the action of G relatively to Owv(m) @ n* Lk,
then

de g(f + — Z bilog(rk E;) = Z % (ﬁ(Ez) + %log(rk Ez))

=1

o 1 —
deg(M) < —
m

Proof. Let R = Mg. With the notations of Theorem @ using the slope inequality (cf.
[Bos96) Appendix) and Lemma B.1], we get

mDdeg(M) — Ddeg(L) = mDdeg(M ZD&W

n

A(i) log(r;!) "\ Db;log(r;!) 1

i=1 i=1 i=1
where we have used the evident estimation r! < 7" in the last inequality. If we divide the
inequality by mD, we obtain

n

deg(M )S%d g(L) +—Zb 1ogr172%(ﬁ(Ei)+bim)'
=1 i=1

O

Let m be a strictly positive integer which is divisible by all r;. If we apply Theorem @ to
the special case where E contains a single mapping « such that a(i) = 1 for any i € {1,--- ,n},
in other words, F=F® -® En, and where b; = m for any 1 < i < n, we get the following
upper bound:

Corollary 3.3 If M is a Hermitian line subbundle of E1®- - -®E,, such that M is semistable
for the action of G relatively to Owv(m) @ 7* Lk, then we have

Qe (WT) < Y (A(E0) + 5 loglek Br)). (3)



4 A criterion of semi-stability (for Hermitian vector bun-
dles)

We shall give a semi-stability criterion for Hermitian vector bundles, which is the arithmetic
analogue of a result due to Bogomolov in geometric framework (see [Ray81]).

Let E be a non-zero Hermitian vector bundle over Spec Ok and let V = Ex. We denote
by ritsrank. f 2: V=V, 2 V3 2 --- 2 V; =0is a flag of V, it induces a strictly decreasing
sequence of saturated sub-Og-modules £ = Ey D E; 2 --- 2 E4 = 0 of E. For any integer
0 < j <d, let r; be the rank of E;/E;+1. If a = (a;)o<j<a is an element in rZ¢, we denote by
Z,, the Hermitian line bundle (on Spec Ox)

d—1 .
Z=Q ((ATj (Ej/Ej1))"" @ (AE)® ™ )

=0

Proposition 4.1 The Hermitian vector bundle E is semistable (resp. stable) if and only if
for any integer d > 1, any flag 9 of length d of V, and any stmctly increasing sequence
a = (a;)o<j<a of integers in rZ%, one has deg(iﬂ@ ) >0 (resp. deg(iﬂ@) >0).

Proof. “=": By definition, one has

T - 7d71aj {rk( )*rrk( g+1)deg( )+ deg(E;) — deg(E Hl)}
j=0
=- Z a; [rk(En (A(E) = A(E) ) = k(1) ((Ey) - ﬂ(E))]
§=0
d—1

= — > (a; —a;_1)rk(E;) (a(E;) — a(E)).

<.
Il
—_

If E is semistable (resp. stable), then for any integer 1 < j < d, one has fi(E;) < [i(E) (resp.
i(E;) < A(E)). Hence deg(Zy) > 0 (resp. deg(ZL5) > 0).

“«<=": Let E; be a saturated sub-Og-module of E. Consider the flag 2 : V 2 E; x 20
and the integer sequence a = (0,7). One has

deg(Zy) = rik(Ey) (A(E) — i(E1)) 20 (resp. deg(Zy) = rrk(Ey) (A(E) — i(E1)) > 0).

Therefore [i(E1) < A(E) (resp. [i(E1) < f(E)). As Ej is arbitrary, the Hermitian vector
bundle F is semistable (resp. stable). |

Remark 4.2 If a = (a;)o<j<q is a strictly increasing sequence of integers (not necessarily in
rZ%) satisfying Z;l;é rja; = 0, then Z, is well defined and equals to ®?;§ (A"i(E;/Ej41))V®%.
The semi-stability of E implies also deg(:Z,) > 0.

5 Filtrations of vector spaces
In this section, we introduce some basic notations and results on R-filtrations of vector

spaces, which we shall use in the sequel (see [[Che0f] or [Che07] for filtrations in general cate-
gories).




Let K be a (commutative) field and V' be a vector space of finite rank over K. We call
(decreasing) R-filtration of V' any family F = (FV)aecr of subspaces of V' such that F\V D
FxnV for A < XN. In this article, we suppose that all filtrations are separated (i.e., FAV = 0 for A
sufficiently positive), ezhaustive (i.e., FAV =V for A sufficiently negative) and left continuous
(i.e., the function z — rkx (F,V) on R is left continuous). A filtration F of V is equivalent to
the data of a flag

V=Ww2aWV2V2---2V;=0

of V together with a strictly increasing sequence of real numbers (A;)o<i<q. In fact, we have the
relation F\V = UAi>)\ Vi. We denote by Fily the set of all filtrations of V. If F is a filtration
of V, we define a function Ar : V- — RU{+o0o} such that Az(z) = sup{a € R|z € F,V}. The
function Az takes finite value unless at x = 0.

Suppose that V is non-zero. If F is a filtration of V, we denote by v and we call the
probability measure associated to F the unique Borel measure on R such that

vr(o,yl) = SEE) = TelED),

Let Z be a subset of R. We say that the filtration F is supported by Z if supp(vr) C Z. We
denote by Fil‘Z/ the set of all filtrations of V' supported by Z. We define the expectation of F
to be E[F] := [ dvz(x). If F corresponds to the flag

V=Vo2Vi2V2 - -2Vy=0
together with the sequence (\;)o<i<d, then

d—1

kg (Vi/ Vi)
= — TS,
v =3 s,
where §, is the Dirac measure at . If e = (e1,---,e.)T is a base of V, we define vx o to be

the Borel measure
1 T
ei= — E Ox(e.)-
VF, r ra A(eq)

For any bounded increasing function f on R, we have always

/Rdef,eS/Rdef-

Moreover, vr e = v if and only if for any A € R, eNF\V generates V. In this case, we say
that the base e is compatible with the filtration F. We denote by File the set of all filtrations
of V with which e is compatible. Clearly there exists a one-to-one correspondence ®, from
File to R", which sends F to (Az(e1), -+, Ar(er)). If in addition Z is a subset of R, we denote
by Filf the subset of File consisting of the filtrations supported by Z. The restriction of ®¢
on FileZ gives a one-to-one correspondence from Filf to Z7.

Let F be a subfield of R. If we fix a non-zero vector [ in V, then the function F — Az (1)
from FiliJ to R can be written as the minimal value of a finite number of F-linear forms. In
fact, let { = >"7_ ase; be the decomposition of [ in the base e, then for any filtration F with
which e is compatible, we have

Ax(l) = nin, Ar(e;).
a; #0



If £ > 0 is a real number and if F is a filtration of V, then ¢.F := (FoaV)acr is also a
filtration of V', called the dilation of F by €. Clearly we have

E[’L/Jg}—] = EE[]:] and )\ng: = E)\]:. (4)

Let (V®¥)1<;<p, be a family of non-zero vector spaces of finite rank and let V = @}, V®
be their direct sum. If for each integer 1 < i < n, we choose a filtration F® of V®  then we
can construct a filtration F of V' such that

RV =QFIvo.

i=1

Clearly we have the relation
n

VE = Zzzl my}'(l).

The filtration F is called the direct sum of F) and will be denoted by F) @ ... @ F)_ If
for each 1 < i < n, e® is a base of V() which is compatible with F()| then the disjoint union
eWII- . . Me™, which is a base of VIV @---@ V(™) is compatible to FM @--.@ F). Similarly,
if W =@, V¥ is the tensor product of V¥, we can also construct a filtration G of W such

that .
G- Y @V

At An >N i=1

The probability vg associated to the filtration G is equal to the convolution

I/}—(l) koo k I/}-(n,) .

The filtration G is called the tensor product of ) and will be denoted by F) @ .. @ F),
Furthermore, if e® is a base of V¥ which is compatible with the filtration F(?), then the base

eV® e ={e1®  ®e,|V1<i<n, e e}

of VD @ ... ® V™ is compatible to FV) @ --- @ F). Finally, if ¢ > 0 is a positive number,
then
Ve (FY @ . @ FM) = FO @ ... @ . F. (5)

Let V be a non-zero vector space of finite rank over K. If F and G are two filtrations of
V', we define the scalar product of F and G to be the number

#.0)s= [ avdvrg ()

where vz g is the unique Borel measure on R? such that the measure of the square [z1, T2 [ [y1, ya[
is

tkg (Fu, VNG, V) — 1tk (Fo VNG, V) —tkg (Fp, VN Gy, V) + rki (Fi, VNG, V).

The number || F|| := (F, F)z is called the norm of the filtration F. Notice that ||F|| = 0 if and
only if vF = 8. In this case, we say that the filtration F is trivial. If e = (e, - ,e,)T is a
base in V' which is compatible simultaneously with F and with G, we have

"1
VFG =D ~00r(e) A (er)

i=1

10



Hence

(F.G) = %Z)\]—"(ei))\g(ei),

which means that, by identifying File through ®, with a vector space of dimension r over R,
(+,-) define a scalar product on the corresponding vector space.
Let V be a non-zero vector space of finite rank over K and F be a filtration of V' corre-
sponding to the flag
V=W2Vi22Va2---2Vg=0

together with the sequence (\;)o<j<q. For any integer 0 < j < d, we pick a base e/ of the
subquotient V;/V;+1. After choosing a preimage of e/ in V; and taking the disjoint union of the
preimages, we get a base e = (e1,--- ,e,) of V which is clearly compatible with the filtration
F. The base e defines a natural isomorphism ¥ form V to @?;01 (V;/Vj41) which sends e; to
its class in V() /V;@)41, where 7(i) = max{j|e; € V;}. If for any integer 0 < j < d — 1, we
choose a filtration G of V; / Vi1 which is compatible with the base e’, we can then construct
a filtration G on V which is just the direct sum via ¥ of G7 (1 < j < d). Notice that
the base e is compatible with the new filtration G. If e; is an element in e, then we have
Ag(ei) = Mg (¥(e;)). Therefore we have

d—1 d—1
BIG] = = Y Bk (Vi Vi), (F.0) =+ SN (V/ Vi) (D)
Jj=0 j=0

6 More facts in geometric invariant theory

We shall establish in this section the explicit version of a result of Ramanan and Ra-
manathan [[RR84] (Proposition 1.12) for our particular purpose, along the path indicated by
Totaro [[Tot9€] in his proof of Fontaine’s conjecture.

Let K be a perfect field. If G is a reductive group over Spec K, we call one parameter
subgroup of G any morphism of K-group schemes from Gy, x to G. Let X be a K-scheme on
which G acts. If z is a rational point of X and if & is a one parameter subgroup of GG, then we
get a K-morphism from G, x to X given by the composition

Gm,K—h>G—N>GXKSpeCKM>GXKX—a>X,

where ¢ is the action of the group. If in addition X is proper over Spec K, this morphism
extends in the unique way to a K-morphism fj, , from AL to X. We denote by 0 the unique
element in A'(K)\ Gy (K). The morphism fj . sends the point 0 to a rational point of X which
is invariant under the action of Gy, . If L is a G-linear line bundle on X, then the action of
Gm,x on L|fh,a:(0) defines a character of Gy, x of the form ¢t — th@hL) where w(z, h,L) € Z.
Furthermore, if we denote by PicG(X ) the group of isomorphism classes of all G-linear line
bundles, then y(z, h,-) is a homomorphism of groups from Pic%(X) to Z.

Recall a well known result which gives a semistability criterion for rational points in a
projective variety equipped with an action of a reductive group.

Theorem 6.1 (Hilbert-Mumford-Kempf-Rousseau) Let G be a reductive group which
acts on a projective variety X over Spec K, L be a G-linear bundle on X and x € X(K) be
a rational point. The point x is semistable for the action of G relatively to L if and only if
w(x, h, L) >0 for any one parameter subgroup h of G.

11



This theorem has been originally proved by Mumford (see [MFK94]) for the case where
K is algebraically closed. Then it has been independently proved in all generality by Kempf
[] and Rousseau [, where Kempf’s approach has been revisited by Ramanan and
Ramanathan [RR84] to prove that the tensor product of two semistable vector bundle on
a smooth curve (over a perfect field) is also semistable. The idea of Kempf is to choose a
special one parameter subgroup hg of G destabilizing x, which minimizes a certain function.
The uniqueness of his construction enabled us to descend to a smaller field. Later Totaro
[ICot94] introduced a new approach of Kempf’s construction and thus found an elegant proof
of Fontaine’s conjecture.

In the following of this section, we recall Totaro’s approach of Hilbert-Mumford criterion
in our setting. We begin with calculating explicitly the number p(z, h, L) by using filtrations
introduced in the previous section.

Let V be a vector space of finite rank over K and p: G — GL(V') be a representation of G
on V. If h: Gy, xk — G is a one parameter subgroup, then the multiplicative group G, i acts
on V via h and p. Hence we can decompose V into direct sum of eigenspaces. More precisely,
we have the decomposition V = &, , V (i), where the action of Gy, x on V(i) is given by the
composition

€L

(t—t*) xId

Gm,K XK V(’L) Gm,K XK V(’L) E— V(’L) s

the second arrow being the scalar multiplication structure on V(). The existence of such
decomposition is easy when K is algebraically closed. The case where K is merely perfect
follows by using Galois descent. We then define a filtration F?* (supported by Z) of V such
that
FMV=3"V()  (AeR),
i>A

called the filtration associated to h relatively to the representation p. If there is no ambiguity on
the representation, we also write F” instead of " to simplify the notations. We emphasize
that if G = GL(V) and if p is the canonical representation, then for any filtration F of
V supported by Z, there exists a one-parameter subgroup h of G such that the filtration
associated to h equals to F.

From the scheme-theoretical point of view, the algebraic group G acts via the representation
p on the projective space P(VV) (with Grothendieck’s convention). Any rational point z of
P(VV) corresponds to a 1-dimensional subspace of V' in which we pick a non-zero element /.

Proposition 6.2 One has
,U,(,T, h, Ovv (1)) = _A]?p,h(lm)

Proof. Let I, = ,c; 12(i) be the canonical decomposition of I,. Let ig = Azo.n(l,). It is the
maximal index ¢ such that [, (7) is non-zero. Furthermore, f, (0) is just the rational point cor-
responding to the subspace of V' generated by [,(ip). By definition, the restriction of Oy v (1)
on z identifies with the quotient (K1,)" of VV. So u(z,h,Oyv(1)) = —ig = —Apen(ly). O

Let (Vi)1<i<n be a finite family of non-zero vector spaces of finite rank over K. For each
integer 1 < i < n, let r; be the rank of V;. Let G be the algebraic group GL(V;) x - - - x GL(V},).
We suppose that the algebraic group G acts on a vector space V. Let 7 : P(VY) — Spec K be
the canonical morphism. For each integer 1 < i < n, we choose an integer m; which is divisible
by r;. Let M be the G-linear line bundle on P(VV) as follows

M = Q) " (A" V;) @i/,
i=1

12



It is a trivial line bundle on P(VV) with possibly non-trivial G-action. Notice that any one
parameter subgroup of G is of the form h = (hy,--- ,h,), where h; is a one parameter sub-
group of GL(V;). Let F" be the filtration of V; associated to h; relatively to the canonical
representation of GL(V;) on V;. The action of Gy, x via h; on A"V is nothing other than the

E[F"

multiplication by ¢" ‘1. Therefore, we get the following result:

Proposition 6.3 With the notations above, for any rational point x of P(VY), we have
w(x, hy M) z:mZ [Fh h

We now introduce the Kempf’s destabilizing flag for the action of a finite product of general
linear groups. Consider a family (V(i))lgign of finite dimensional non-zero vector space over
K. Let W be the tensor product V) @ - - @ V™ and G be the algebraic group GL(V 1) x

- x GL(V™). For any integer 1 < i < n, let 7 be the rank of V(). The group G acts
naturally on W and hence on P(WY). We denote by 7w : P(WY) — Spec K the canonical
morphism. Let m be a strictly positive integer which is divisible by all 7 and L be a G-linear
line bundle on P(WV) as follows:

L:=Owv(m)® ®ﬂ*(detv(i))®(mﬁ(i)).
i=1
Suppose that h = (hy,--- ,hy,) is a one-parameter subgroup of G. The filtration F" of W
associated to h coincides with the tensor product filtration F" @ - -- @ Fh» where F" is the

filtration of V(¥ associated to h;. After Proposition @ and , for any rational point = of
P(WYV), one has

(i, hy L) = (wah Al )) (8)

We define a function A, : Fil%(l) x -+ x Fil%,  — R such that

Vv (n)

E[]:(l)] + -+ E[]:(n)] - )\j:(l)@...@f(n)(lz)
(JFD2 + -+ | F®)2)2

Ag(FD oo 7y = (9)

if at least one filtration among the F()’s is non-trivial, and A,(F®, ...  F(™) = 0 otherwise.
Notice that the function A, is invariant under dilation. In other words, if ¢ > 0 is a positive
number, then

A FD oo . FOY = Ay (FD, - F),
The Hilbert-Mumford criterion, joint with the equalities (§), () and (fl), implies the fol-

lowing assertion:

Proposition 6.4 The point x is not semistable for the action of G relatively to L if and only
if the function A, defined above takes at least one strictly negative value.

The following result generalizes Proposition 2 of , and the proof is the same.

Proposition 6.5 With the notations of Proposition , if x is not semistable for the action
of G relatively to L, then the function A, attains its minimal value. Furthermore, the element

n Filg(l) X oo X Fllv(n) minimizing A, is unique up to dilations. Finally, if (FV,--. F®)

13



is an element in Filg(l) X e X Filg(n) minimizing Ay and if ¢ is the minimal value of A,

then for any element (G, ---,G™) in Filg(l) x - x Fil% we have the inequality

Vn)s

n 1) g (n) gn)
ZE[Q@] — A g..ogm (lz) > ¢ (<f A ; >)
(JFD)2 4 - - 4+ || F™))|2)2

i=1

(10)

Proof. For each integer 1 < i < mn, let e® be a base of V¥, Consider the restriction of A, on
Fill,) x -+ x FilZ, . By embedding canonically Fil%, x -+ x FilJ in the Euclidean space
Fil,a) x --- x Filym), we extend the restriction of A, to a function on Filya) x -+ X Filgm),
whose numerator part is the maximal value of a finite number of linear forms with rational
coefficients (as we have shown in Sectionﬁ and whose denominator part is just the norm of
Vector in the Euchdean space. Then after Lemma 3 of m the restriction of A; on on
Fil? (1) x oo x Fil% (n) attains its minimal value, and its minimizing element (F), ... F(®)
in Flle(l) X +ee X Fll ., is unique up to dilations. As pointed out by Totaro, there are only a
finite number of functlons on Euclidean space of dimension (") + ... 4+ (") arising from the
restrictions as above. Thus we deduce that the function A, attains globally its minimal value.
Finally the uniqueness of minimizing filtrations (up to dilations) comes form the fact that for
any two filtrations of V) we can choose a base of V(*) which is simultaneously compatible to
them. This is just a consequence of the Bruhart’s decomposition for general linear group. The
same fact combining with Lemma 3 of [Tot9d] deduces the inequality ([Ld). O

Although the minimizing filtrations (F(), .. F() in Proposition @ are a priori sup-
ported by Q, it is always possible to choose them to be supported by Z after a dilation. Now
let (FM), ... FM) be an element in Fil%,(l) X o X Fil%,(n) minimizing A,. We suppose that
F@ corresponds to the flag

20 . vO =y oy® 5. ovi —o

and the strictly increasing sequence of integers A(*) = (A;i))og <q@- Let G be the algebraic
group

=1 ﬂ VO V).

Let F = FN @ ---@ F™ and 3 = A\r(l,), which is the largest integer ¢ such that I, € F;W.
Let W := F,W/F, 11 W and let [, be the canonical image of [, in W. Notice that

.Y @w/ T @wE @ @)

1 (n)s g i=1 o) (n) o g i=1 W (n)_ g i=1
Ajy Ay 26 Ajy oA > Ajy Ay =0

So the algebraic group G acts naturally on W. Let 7 be the rational point of ]P’(W) correspond-

ing to the subspace generated by l; We shall discuss the semistability of Z for the action of
G.
Suppose that for any integers 1 < i < n and 0 < j < d?), we choose an arbitrary filtration

G- of V](z)/ Vj(fr)l lsupportedl by Z. We haye explained in Section E how to construct a new
filtration G of V® from W7 (0 < j < d@). Let

G = Q@g(i)7 g _ @ ®g(i)7ji.
i=1

W () _gi=1
Ay Hoe Ay =B

14



From the construction we know that A\g(l,) = Aé(j;) For all integers 1 <i<mand 0 < j <
d®, let rj(-i) be the rank of Vj(i) / \/j(i)l over K. Using (), the inequality ([Ld) implies:

d®— 1)\(1) (l)

J (37 _ \=(L = RN EEIOR
> > B = agll) 2 €y > < EGY),
i=1 j=0 i=1 35=0
n d(i),l T(z) o n d(l),l E)\(z) (Z) o _
Z Z I_E[g"] — Z —J_J RG] — A5(ly) >0, (11)
L L p(i) il r(@) g
i=1 7=0 i=1 7=0
where ¢ := ¢ — is a strictly negative rational number. Choose a strictly

(IFO2 + - - 4 | F2)2 ,
positive integer N divisible by all () such that for any integers 1 <i < n and 0 < j < d®,
o _ _Noxy
i r(2)

al®) .= (a;i))og‘j<d(i). With this notation the inequality ([LI]) becomes

is an integer. As the sequence (Ago

Jo<j<at s strictly increasing, also is

nd()lN l) n d®—1 )

(l)u g (4), >
3Y Ym0 Y Y aiOE0 - i@ 20 ()
=1 7=0 =1 35=0

We are now able to establish an explicit version of Proposition 1.12 in ] for product
of general linear groups. We will see that the explicite form of L is crucial in Section ﬁ

Proposition 6.6 Let 7 : IP’(WV) — Spec K be the canonical morphism and let

n d®—-1 n d®_1

L= 0 (3(® @ 7 (4 i)™ e (@ @ 7@ w0 v ).

=1 j5=0 =1 35=0

The rational point T of P(WV) is semistable for the action of G relatively to the G-linear line
bundle L.

Proof. Let h be an arbitrary one parameter subgroup of G corresponding to filtrations G+
By Proposition @, Proposition @, and the fact that u(Z, h,-) is a homomorphism of groups,
we obtain

n d®—1 (4)
~ =4 ~ NT‘ 2 2 i
p(@ kL) = p(@ b, O () + 37 Y (=g +afrf ) EIG™)
i=1 j=0
n d®—1 ()
- Nr .
_ _ J (1) (1) (1),
_ N)\g(l)+z (r@) + a7 )E[g 7]

By Hilbert-Mumford’s criterion, the point z is semistable by the action of G relatively to L.
O

Finally we point out the following consequence of the inequality (@), which shall be useful.
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Proposition 6.7 The minimizing filtrations (F),--. | F(™) satisfy
E[]:(l)] B E[]:(")] -0

In other words, the equality Zd V-t (»i)ry

0 holds for any integer 1 <1 § n.

= 0 holds, or equivalently, the equality Z

Proof. Let (u;)1<i<n be an arbitrary sequence of integers. For all integers 1 < ¢ < n and
0<j<d? let G¥J be the filtration of Vj(z)/Vj(ZH) the measure associated to which is &,
Notice that in this case vz = du,+..4u,. The inequality () gives

a—1 n a—1

N j ” a r ul N ul U; a<i)r<i)20
st = VI

i=1 j=0 i=1 j=0

@ _ 1) (7 R 7) (2
Since (u;)1<i<n is arbitrary, we know that Zd ! § Jr() = 0, and therefore Zd ! )\( ) ( ) =

0. O

7 Upper bound for the degree of a Hermitian line sub-
bundle

In this section, we shall give an upper bound for the Arakelov degree of a Hermitian
line subbundle of a finite tensor product of Hermitian vector bundles. As explained in the
introduction, we shall use the results established in the previous section to reduce our problem
to the case with semistability condition (in geometric invariant theory sense), which has already
been discussed in Section . We point out that, in order to obtain the same estimation as (£)
in full generality, we should assume that all Hermitian vector bundles E; are semistable, as
a price paid for removing the semistability condition (in geometric invariant theory sense) for
My .

We denote by K a number field and by Ok its integer ring. Let (E(Z))lgign be a family
of semistable Hermitian vector bundles on Spec Ok . For each integer 1 < i < n, let r® be
the rank of E(® and V¥ = EE?. Let E = BV Q- E™ and W = Ex. We denote by
7 : P(WVY) — Spec K the natural morphism. The algebraic group G := GLx (V) xf¢ -+ x g
GLk (V™) acts naturally on P(WV). Let M be a Hermitian line subbundle of E and m be a
strictly positive integer which is divisible by all r(?)’s.

Proposition 7.1 For any Hermitian line subbundle M of E(l) R - ® E(n)

deg Z ( E(Z %1og(rk E(i))).

Proof. We have proved that if M is semistable for the action of G relatively to Owv (m) ®
* ( R, (AT(I) V(i))®m/rm) , where m is a strictly positive integer which is divisible by all (),

, one has

then the following inequality holds:

deg Z ( % log r(i)) .

If this hypothesis of semistability is not fulfilled, after Proposition @, there exists two
strictly positive integers N and (3, and for each integer 1 < ¢ < n,
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1) a flag
) ) — Vo(i) ») Vl(i) 2.2 Vd((ii)) -0

of V@ corresponding to the sequence

ED=EP 2EY ... 0 EY =

d@ =0

of saturated sub-Ox-modules of F,

2) two strictly increasing sequence A\(*) = ()\gi))ong(i) and al) = (a§i))ogj<d(i) of integers,
such that

i) N is divisible by all r(¥)’s,
ii) for any integer 1 <i <mn, Z?Zg_l ag-i)ry) =0, where Tj(-i) = rk(Vj(i)/Vj(}r)l)

iii) the inclusion of M in E factorizes through Z El(ll) R ® EZ-(:),
AP 4AM>g

iv) the canonical image of My in

e Y v/ Y @ @ Q@)
A =1

AD oA > g =1 AD oA (m s g 1=1 AD A =g @
is non-zero, and is semistable for the action of the group
n d®_
=11 H LV /v
relatively to
n dP-1 ) ) ®N/ o n d®—-1 SIRPITIN: 0
T ) a
O (N3 7 (A O )T e (@ @ m (v v e,
i=1 j=0 i=1 j=0

where 7 : P(WV) — Spec K is the canonical morphism.

K3 3 a vi —a(l)
Notice that ®d e (AT (E( /E v )) 9 is nothing other than .Z@(i)v defined in Section
(see Remark and Proposition @ infra).
Applying Theorem @ one gets

n d<iL1 n dP-1 z) (i) (@) (1)
. 1 (i) —) /\_am Nr /r +7;’a; 5
deg(M) < N E O (deg( ) — deg E;y)) g deg Ly + E E J 1ogr§,)
i=1 j=0 i=1 j=0

n ; n d®—1 l) (2) (7) (l)
7 Nr /7’ +T i
-3 AE) - Y+ Y g
i=1 i=1 35=0
n n d-1 (z () (&) ()
(i Nri 7 /i) + 1 a; i
N B S
1=1

=1 5=0
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the last inequality is because B are semistable (see Proposition @ infra). The semistability

of the canonical image of Mg implies that Nr Z)/r(z) + r(z) ;i) > 0 for any integer 1 <14 < n.

Therefore
n n d®—1 (1) (i) (1) (l)
i Nr:”’ [riY + T .
deg Zﬁ ) )+ Z Z / % log ().
i=1 =1 75=0
)
As for any integer 1 < i < n, Zd_o ! 51) () — 0, we have proved the Proposition. O

For any non-zero Hermitian vector bundle F on Spec O we denote by u(Te\g(F) the maximal
degree of line subbundles of F. We recall a result of J.-B. Bost and K. Kiinnemann [BK07
comparing the maximal degree and the maximal slope of F' which states as follows:

log |Ak|
20K : Q)
This is actually a variant of the first theorem of Minkowski. Using this inequality, Proposition

@ implies:

Corollary 7.2 The following inequality is verified:

06 (F) < i (F) < udes(F) + 1 log(rk F) + (13)

n

(B @ - @ B™) < 37 (E™) + log(rk O)) +

log |Ak]|
2[K : @]

8 Proof of Theorem [I-]]

We finally give the proof of Theorem E

Lemma 8.1 Let K be a number field and Ok be its integer ring. Suppose given a finite
family (E;)1<i<n of non-zero Hermitian vector bundles (non-necessarily semistable). Let E =
FE1®---® E,. Then the following inequality holds:

log |Ak|

fimax(E) < Z (ﬁmax(Ei) + log(rk EZ)) + K Q)

Proof. Let F be a sub-Og-module of E. By taking Harder-Narasimhan flags of E;’s (cf.
[Bos96]) we obtain that there exists, for any 1 <1 < n, a semistable subquotient F;/G; of E;
such that

1) ﬁ(ﬁz/az) S ﬁmax(Ei)7
2) the homomorphism of inclusion from F' to E factorise through F; ® --- ® F,,
3) the canonical image of F' in (F}/G1) ® -+ ® (F},/Gy) does not vanish.

Combining with the slope inequality, Corollary @ implies

foin(F) < Y- (BF/T0) +Ioglek(F/G2) + 1=
< Z (ﬁmax(Ei) + log(rk Ez)) + %

i=1
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Since F' is arbitrary, the proposition is proved. O

Proof of Theorem Let N > 1 be an arbitrary integer, after Lemma @, one has, in
... =®N = — — -
considering £~ as F1 ® - QF1® - QF, ®---® FE,

N copies N copies

1og|AK|

/Lmax _®N Z (/Lmax + 10g(1‘kE )) 2[K : Q]

On the other hand, it is clear that ﬁmax(F®N) > Nimax(E). Therefore, one has

log [Ak|

Amax(E) < Z (oo (B + Yog(0k ) ) + 5=

As N is arbitrary, we obtain by taking N — +oo,

fimax(E) < Z (Fimax(E:) + log(rk E5) ),

the theorem is thus proved.
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