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[1] Long-term observations of Jupiter’s decametric radiation have shown that a great
part of emission is modulated by two dominant factors: the planetary rotation and the
orbital phase of Io. The first one indicates that the occurrence probability of the radiation
depends on the observer’s longitude, while the second factor points to a control of part
of the radio emission by Io. Within the framework of the cyclotron maser instability,
which is supposed to be the mechanism at the origin of most planetary radio emissions, we
estimate the efficiency of this theoretical mechanism at the footprint of the Io flux tube
during a complete revolution of the satellite around Jupiter. Our study is based on several
simplifying hypotheses: on one hand, we suppose that electrons are accelerated in the
neighborhood of Io and follow an adiabatic motion along magnetic field lines carried by
the satellite; on the other hand, we assume that a loss cone built up by electrons which
have disappeared in Jupiter’s ionosphere constitutes the main source of free energy needed
by the cyclotron maser instability to produce the radiation. We calculate the maximum
growth rate of the waves amplified by the mechanism as a function of the jovicentric
longitude of Io. It emerges that some longitudes in the Northern and Southern
Hemispheres favor the radio decametric emission and lead to a higher occurrence
probability. Our results are compared to the occurrences observed for the sources Io-A,
Io-B, Io-C, and Io-D in the usual central meridian longitude-Io phase diagram. INDEX
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1. Introduction

[2] Jupiter is known to be the most powerful source of
nonthermal electromagnetic radiation in the solar system.
Its radio spectrum extends from a few kHz to more than
1 GHz. In this paper, we focus on the complex region of
Jupiter’s spectrum at decameter wavelengths, the so-called
DAM. It was discovered by Burke and Franklin [1955]
and a number of ground-based observations have system-
atically monitored this jovian DAM radio source. Several
studies [Carr et al., 1983, and references therein] have led
to a comprehensive description of the morphological
properties of the emissions. The decametric emissions
are found to dependent mainly on the following observa-
tional parameters: the observation frequency, the jovicen-
tric central meridian longitude (CML), the phase of the
satellite Io (hereafter FIo), the jovicentric latitude of Earth

(hereafter DE). These investigations have provided the
bases for many models and allowed to specify, e.g., the
jovian magnetic field [Connerney, 1993], the coupling of
Jupiter’s ionosphere and magnetosphere [Smith, 1976], and
also the nature of the radio source [Goldstein and Goertz,
1983].
[3] From long-term statistics of the DAM observations,

Dulk [1965a, 1965b] proposed a beam model to account
for emissions linked to the position of Io in its orbit (the
so-called Io-controlled emission). The emission is beamed
into a radiation pattern believed to have the form of a
hollow cone with apex at the point of emission and axis
tangent to the magnetic field direction. This beam model
leads to estimate the half-angle of the hollow cone around
80�. The DAM emission is generated in the extraordinary
mode (X mode) just above the local cutoff frequency of
this mode. The theory of the cyclotron maser instability
(CMI) has become relevant as a mechanism responsible
for the generation of auroral planetary radio emissions.
This mechanism requires electronic distribution functions
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presenting an inversion of population, e.g., loss cone
distributions. In the model proposed by Wu and Lee
[1979] in order to explain the Auroral Kilometric Radia-
tion (AKR), electrons, injected from the plasma sheet and
the magnetosphere, are assumed to descend into the
ionosphere with varying pitch angles and to create a loss
cone distribution function, because of the converging
magnetic field lines (magnetic mirror) and the absorption
of particles.
[4] In this paper we attempt to prove, in the framework of

the CMI theory, the existence of an ‘‘active’’ longitude
range rotating with Jupiter and modulating the decametric
radio emissions. In section 2 we present the main character-
istics of the jovian radio ‘‘sources’’ and the corresponding
observational parameters, like the occurrence diagram, the
polarization, and the source region. The basic equations
which leads to derive the growth rate of the CMI are
described in section 3 as well as the loss cone distribution
function which serves as a source of free energy. In section 4
we study the theoretical growth rate of the waves as a
function of the jovicentric longitude and we deduce a
modeled occurrence diagram. Finally, in section 5, we
compare both occurrence diagrams, i.e., the modeled and
the observed ones, and we discuss their likeness and
discrepancy taking into consideration our choice of key
parameters.

2. Observation and Occurrence Probability

[5] Long term ground observations of the DAM emis-
sion reveal that the occurrence probability of the radiation
depends on two essential parameters: the central meridian
longitude (CML, system III) which is linked to the
rotating magnetic field and the orbital phase of the
satellite Io [Bigg, 1964]. Several studies [Warwick et al.,
1975; Thieman, 1979; Leblanc et al., 1993] were devoted
to the analysis of the occurrence probability of the DAM
emission over a full jovian period, which is known to be
�12 years (precisely 4332.589 days). In the CML-FIo

diagram, which describes the DAM occurrence versus
CML and FIo, several zones of enhanced occurrence have
been labeled ‘‘sources’’ as displayed in Figure 1. We mainly
distinguish four ‘‘sources,’’ the so-called Io-controlled
emission, i.e., Io-A, Io-B, Io-C and Io-D [Carr and Desch,
1976].
[6] It is difficult to exactly precise the longitude and the

Io phase associated to each ‘‘source’’ region. The reason is
that the DAM occurrence depends on the geometry Earth-
Sun-Jupiter and the reception system (i.e., antenna and
receivers). However it is possible to give, taking into
considerations the published catalogues, some estimations
of the ‘‘source’’ regions in CML and FIo. According to
Carr et al. [1983], the Io-A region is found between 180�
and 300� in longitude, and in the range 180�–260� with
regards to FIo. The maximum frequency of Io-A events is
�38 MHz, with dominant right-handed circular (RHC)
polarization. The Io-B ‘‘source’’ is observed in the longi-
tude and Io phase intervals, 15�–240� and 40�–110�,
respectively. The RHC polarization is also the dominant
one for Io-B events, with a maximum frequency which
could reach 39.5 MHz. These two ‘‘source’’ regions are
considered to be emitted from the Northern Hemisphere

because of their senses of polarization [Lecacheux et al.,
1991, and references therein]. The Io-C ‘‘source’’ is the
only one which exhibits the same amount of both right-
and left-handed (LHC) circular polarization. It is mainly
observed in the ranges, 280�–60�, and, 200�–260�, for
the CML and FIo, respectively. The last well-known
‘‘source,’’ is Io-D, which is nearly observed at the same
longitudes as Io-B, between 0� and 200�, but with a
different interval of FIo: 95�–130�. The emission diagram
associated to the DAM ‘‘sources’’ is supposed to be a
hollow cone [Dulk, 1965a], where the pairs (Io-B, Io-A) or
(Io-C, Io-D) are considered to belong to a same cone
which is associated to either the jovian Northern or
Southern Hemisphere, respectively. However, recent
polarization measurements have shown that RHC and
LHC could be observed in all regions [Aubier et al.,
2000, and references therein], which means that the
observed hollow cone is a superposition of several others
coming from both hemispheres.
[7] As shown in Figure 1, we can distinguish the four

main ‘‘sources’’ for which we note that the probability of
occurrence is important for specific longitudes and Io
phases. The occurrence dependence for some specific
values of FIo, i.e., �90� and 245�, is due to the particular
positions of Io in comparison with the observer. The origin
of the occurrence dependence in longitudes, i.e., around 90�
and 290�, is still unknown.
[8] In order to interpret the control of the ‘‘sources’’ by

the jovian longitude, we have sought whether the mecha-
nism of emission, supposed to be at the origin of DAM,
could favor some specific longitudes of Jupiter. With this
aim in view, we have calculated the theoretical growth rate
of the waves as a function of the jovicentric longitude and
we have made the assumption that the greater this growth

Figure 1. Occurrence probability of jovian decameter
radio emissions (as observed by ground-based radio
stations) versus system III longitude (CML) and Io phase
(FIo) [after Genova et al., 1989, and references therein].
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rate is, the greater the occurrence probability of the radio
emission should be.

3. Growth Rate of the Waves in the Framework
of the Cyclotron Maser Instability

3.1. Mechanism of Emission

[9] The generation of planetary radio emissions (in par-
ticular the Earth auroral kilometric radiation, AKR, and
jovian decametric emissions, DAM) was first attributed to a
Doppler-shifted cyclotron resonance instability [Ellis, 1965;
Melrose, 1976], and later on to the cyclotron maser insta-
bility (CMI) theory introduced by Wu and Lee [1979]. In
their paper, the latter show that their theory differs from the
previous ones in two important respects: (1) the role of
mirror-reflected auroral electrons whereas other models
involve precipitating electrons, and (2) a direct amplifica-
tion of electromagnetic waves on extraordinary and ordi-
nary mode while the previous theories relied on multistep
processes. Such a direct excitation mechanism, based on a
relativistic gyroresonance, had been considered by Wu and
Freund [1977] to study the generation of the Io-modulated
component of the jovian decametric radiation and two years
after the CMI was first proposed by Wu and Lee [1979] to
explain the AKR emission. These authors showed that a
kinetic instability exists when a population of suprathermal
electrons possesses a loss cone distribution function [Lee
and Wu, 1980; Wu et al., 1982]. This instability process
causes coherent wave growth near the electron cyclotron
frequency.
[10] More generally, the cyclotron maser instability is a

resonant coupling between right-handed electromagnetic
waves (relatively to the local magnetic field) and an electron
population forming a magnetized plasma. The source of free
energy needed by the CMI is contained in a positive gradient
in perpendicular velocity v? of the electron distribution
function f; i.e., @F/@v? must be positive in certain domains
of the momentum space [Le Quéau et al., 1984a, 1984b;
Ladreiter, 1991; Omidi and Gurnett, 1982; Omidi et al.,
1984]. Finally, a strongly polarized X mode radiation
escapes from the source region. It has been verified that the
waves originate primarily in the extraordinary wave mode,
and near the cyclotron frequency, for AKR [Hanasz et al.,
2000, and references therein] and DAM emissions
[Lecacheux et al., 1991, and references therein].

3.2. Hypotheses

[11] With the intent to determine the maximum growth
rate of the waves produced by the CMI, we have ventured
several simplifying hypotheses. We have supposed that the
radiation generated by the CMI is emitted within a hollow
cone at the local gyrofrequency, the source of free energy
needed by the CMI is a loss cone built up by electrons
which disappear in Jupiter’s ionosphere. We have also
assumed that these electrons, accelerated in the vicinity
of Io, follow an adiabatic motion along the magnetic field
lines linked to Io. When they penetrate into the jovian
ionosphere, their probability of disappearance is assumed
to be proportional to the length of their actual path and
to the ionosphere density. We make the assumption that
the distribution function of the electrons responsible for
the radiation is Maxwellian at Io. Finally, taking into

consideration the previous set of hypotheses, we derive
the maximum growth rate wi of the CMI as a function of the
jovian longitude.

3.3. Resonance Requirements

[12] A condition for the resonance, inferred by the CMI,
between the electron population and the growing wave to
be efficient and lead to a strong amplification is that the
electrons in the medium must interact with the electric field
of the unstable wave during a large number of periods. Now
the wave-particle resonance may go out of tune because of
the spatial variability of the magnetic field, the character-
istic length scale of which is LB � B/krBk. In the case of
Jupiter, according to the various magnetic field models and
in particular O6 proposed by Connerney [1992, 1993], the
order of magnitude of the magnetic field at the ‘‘surface’’
and its gradient are respectively: B � 10 G and krBk �
40 GRJ

�1 so that LB � 0.25 RJ ’ 18,000 km which is much
greater than the wavelengths lDAM � 15 m (at 20 MHz)
considered for the DAM emission. Moreover, in the
source region, LB is roughly proportional to the radial
distance (from the center of Jupiter) so that the proposition
lDAM � LB is always fulfilled. As a consequence, the
theory of CMI in a homogeneous medium is adapted to the
case of the DAM waves generation. In Appendix A, we
present a detailed calculation, inspired by [Le Quéau et al.,
1984a, 1984b], of the linear growth rate of the waves
generated by the CMI in a homogeneous medium. The
general equation of dispersion for a right-handed mode is:

k2 � w2

c2
� m0e

2

4pm
w
ZZ

@f =@v?
w� kkvk � wc=g

v2? dv? dvk ¼ 0 ð1aÞ

where k and w refer to the wave number and the frequency
of the wave, v? and vk are the components of the electron
velocity perpendicular and parallel relatively to the ambient
magnetic field, wc denotes the local gyrofrequency, g the
Lorentz factor and m the electron mass. The frequency is a
complex parameter:

w ¼ wr þ iwi ; w 2 C ; wr; wi 2 R : ð1bÞ

[13] The growth rate wi (imaginary part of the frequency)
can be derived from equation (1a), wp denoting the plasma
frequency:

wi ¼
w2
p

8

Z þ1

0

v2? dv?

Z þ1

�1

@f

@v?
d wr � kkvk �

wc

g

� �
dvk ð2aÞ

with the following normalization:

ZZZ
f vk; v?
� �

d3v ¼ 1 : ð2bÞ

The Dirac function in equation (2a) is a resonant condition
in the momentum space and the growth rate is an integral
along this resonance condition.

3.4. Distribution Function

[14] We consider two distinct positions, at abscissa s and
s0, upon a magnetic field line carried away by Io. We assume
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that there is no collision along the magnetic field line so that
the number of electrons is retained:

f s; v;að Þ v2 sina da dv ds dS ¼ f s0; v0;a0ð Þv0 2 sina0 da0 dv0 ds0 dS0:

ð3Þ

a is the pitch angle, dS the infinitesimal cross section of an
elementary flux tube and ds the movement along the field
line (see Figure 2).
[15] The magnetic flux is always constant:

B � dS ¼ B0 � dS0: ð4Þ

[16] The motion is supposed to be adiabatic:

v2 sin2 a
B

¼ v0 2 sin2 a0

B0 ; ð5Þ

and the kinetic energy is constant, so that:

v ¼ v0: ð6Þ

Then, we obtain:

ds

cosa
¼ ds0

cosa0 : ð7Þ

[17] Replacing therefore equations (4)–(7) in equation (3)
we notice that the distribution function along the magnetic
field line is constant (in the position-momentum space):

f s; v;að Þ ¼ f s0; v0;a0ð Þ: ð8Þ

3.5. Probability of Collision

[18] The actual path dl of the electrons (with pitch angle
a) during their adiabatic motion corresponding to a parallel
movement ds is:

dl ¼ � ds

cosa
: ð9Þ

We suppose that the probability of collision P between an
individual electron and the ions in the jovian ionosphere is

directly proportional to the path followed by the electron
and to the density of ions:

dP ¼ C � e�z=H � dl ; ð10Þ

supposing an exponential decay for the ions density
characterized by a scale height H. C is a constant depending
on the cross section of collision and z the jovian altitude.
[19] The whole probability P is derived from an integra-

tion of equation (10) along the full field line from Io (+1)
to the mirror point (sm, see Figure 3) and then from the
mirror point (sm) to the current position (s):

P ¼
Z sm

þ1

dPðsÞ
ds

ds þ
Z s

sm

dP sð Þ
ds

ds: ð11Þ

Neglecting the probability of collision for electrons between
Io and the current position and taking into account
equations (9) and (10), we get:

P ¼ 2C

Z þ1

sm

e�z=H ds

cosa
: ð12Þ

[20] The density of ions is a steeply decreasing function
of the altitude z, then collisions are the most efficient near
the level z = 0. On the other hand, the relative decrease of
the magnetic field, as a function of z, is smaller than that
of the density; for this reason, we use a (first-order) linear
expansion of B: B(s) = Bs � gks and we assimilate the
magnetic field line near z = 0 to a portion of straight line
(see Figure 4, gk = rkB denotes the parallel magnetic field
gradient and Bs the magnetic field strength at level 0). As a
consequence, we may write:

z ¼ s � sinl ; ð13Þ

where l is the inclination angle of the field line. Then from
equations (5) and (6) we can get cosa easily:

cosa ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� B sð Þ

Bm

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

Bs � gk � s
Bs � gk � sm

s
; ð14Þ

Figure 2. Diagram of an elementary flux tube. Each
position along the tube is described by the curvilinear
abscissa s, B is the magnetic field, dS the section of the flux
tube, and ds an elementary movement along the tube. Two
distinct positions are displayed here for abscissa s and s0.

Figure 3. In our scenario, electrons are supposed to follow
an adiabatic motion along magnetic field lines from Io
toward Jupiter and then to be reflected at their mirror point
the abscissa of which is sm.
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Bm denotes the magnetic field strength at the mirror point. In
the end, after integration of equation (12), we derive the
probability of collision in the ionosphere for an upgoing
electron as a function of the pitch angle a and the current
abscissa s:

P a; sð Þ ¼ 2
ffiffiffi
p

p
C

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H � B sð Þ

gk sinl sin2 a

s
exp � sinl

Hgk
Bs �

B sð Þ
sin2 a

� �� 	
:

ð15Þ

[21] In all calculations, we use the jovian magnetic field
model O6 proposed by Connerney [1992, 1993]. This
model is based mainly on Pioneer 11 and Voyager 1 data
and it is supposed to present the best agreement with
observations of UV aurora and the Io flux tube location. In
Table 1 we list the position of the Io flux tube footprint,
the components of the magnetic field vector B, and those
of the gradient of its modulus rB as a function of the
jovicentric longitude of Io with a step of 30�. As discussed
in the beginning of section 3.3, one can verify that the
characteristic length scale LB � B/krBk is much greater
than decameter wavelengths for all longitudes of Io. With
regards to the scale height of ionosphere, we have chosen
H = 960 km ’ 0.013 RJ (with 1 RJ = 71,398 km) in order
to be consistent with Voyager observations [Eshleman et
al., 1979a, 1979b].
[22] In other respects, the determination of the constant

C is much more delicate: it must include the cross
sections of collision of an electron with every species
(ions and neutrals) present in the jovian ionosphere at
different altitudes. In the present work, we only need the
order of magnitude of C. Consequently, we have decided
to choose C in order to have P = 1 for electrons having
their mirror point at the place where Bs is maximum in
the Northern Hemisphere. This is achieved when the
jovicentric longitude of Io is equal to 124�. In this case,
we have:

C ¼ 1

2
ffiffiffi
p

p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gk sina
HBs

s
¼ 4:74R�1

J ; ð16Þ

Figure 4. Magnetic field line, in the vicinity of altitude
z = 0 in the ionosphere. This part of the line is considered to
be rectilinear. Here gk denotes the parallel component of
rB, and l is the inclination of B at altitude z = 0.

Table 1. Components of the Magnetic Field and Gradient of Its Modulus at the Footprint of the Io Flux Tube for Different Values of Io’s

Longitude Around Jupitera

Longitude
of Io, deg

Footprint
Longitude, deg

Footprint
Latitude, deg

B Field
Strength G

Colatitude
of B, deg

Azimuth
of B, deg

rB Strength
G � RJ

�1
Colatitude
of rB, deg

Azimuth of
rB, deg

Angle
(B, rB), deg

Northern Hemisphere
0 12.51 80.95 10.20 22.17 147.60 35.25 162.39 319.03 174.60
30 66.45 77.53 11.32 18.86 117.46 40.38 165.96 285.06 174.07
60 101.91 71.28 12.58 15.21 108.57 46.05 169.82 272.20 173.86
90 126.12 63.91 13.56 11.49 117.07 50.39 173.76 277.77 174.03
120 144.38 57.29 13.97 8.74 143.67 52.06 176.80 317.59 174.44
150 159.95 52.96 13.78 8.70 184.63 51.10 175.74 29.72 174.84
180 174.71 51.78 13.13 12.09 216.86 48.15 171.79 55.88 174.92
210 189.86 54.12 12.16 17.40 233.29 43.82 167.06 65.17 174.59
240 207.08 59.83 11.01 22.95 238.71 38.74 162.16 66.19 174.27
270 229.55 67.63 9.94 26.82 233.96 33.99 158.30 57.95 174.63
300 262.05 74.98 9.35 27.35 217.87 31.31 157.24 37.85 175.41
330 309.54 79.91 9.47 25.21 188.97 31.88 159.17 4.50 175.28

Southern Hemisphere
0 3.89 �64.08 9.17 160.21 168.32 30.24 166.11 151.40 7.62
30 35.00 �63.64 8.48 157.08 180.05 26.11 162.06 168.88 6.31
60 65.03 �61.15 8.25 158.15 197.62 24.11 162.31 197.50 4.16
90 88.14 �59.49 8.67 162.81 203.90 25.80 166.37 216.89 4.94
120 108.52 �61.52 9.38 167.26 195.81 28.92 170.71 219.98 5.69
150 132.04 �66.56 10.06 169.64 179.65 31.96 173.80 209.45 5.85
180 164.86 �71.87 10.51 169.84 168.85 34.34 175.11 191.20 5.94
210 207.79 �74.09 10.68 168.56 172.53 35.70 174.63 182.40 6.22
240 249.12 �72.74 10.64 166.91 181.20 36.23 173.60 185.10 6.72
270 283.10 �69.78 10.50 165.89 185.06 36.27 173.15 183.99 7.27
300 311.54 �66.64 10.25 165.30 180.85 35.57 172.70 170.53 7.62
330 337.13 �64.54 9.81 163.67 171.45 33.64 170.43 153.71 7.77
aThe magnetic field model used here is O6 by Connerney [1992, 1993]. The columns give respectively: the jovicentric longitude of Io, the longitude and

latitude of the footprint of the field line connected to Io, the strength, the colatitude and the azimuth of B, the strength, the colatitude and the azimuth ofrB,
and finally the angle between B and rB. The colatitude is computed from the north pole and the azimuth corresponds to the clockwise angle between the
direction of the north pole and the tangential component of B or rB.
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with the following values at the footprint of the Io flux tube:
Bs = 13.97 G, l = 81�280 and gk = 51.84 G/RJ derived from
the O6 model.

3.6. Growth Rate

[23] Supposing that the electron distribution function at Io
is a Maxwellian characterized by a temperature T, we can
derive from equations (8) and (15) the distribution function
f(s, a, v) at any position s upon the magnetic field line
carried away by Io. So, in the case of down-going electrons
toward Jupiter, we get:

fdown s;a; vð Þ ¼ m

2pkT


 �3=2
e�mv2=2kT ð17aÞ

for pitch angles in the interval p/2 � a � p for the Northern
Hemisphere or 0 � a � p/2 for the Southern Hemisphere.
Concerning upgoing electrons (toward Io), a part of them
has disappeared in the jovian ionosphere so that the
distribution function is:

fup s;a; vð Þ ¼ 1� P s;að Þ½ � m

2pkT


 �3=2e�mv2=2kT

cos2 ac

2

ð17bÞ

where ac denotes the angle of the loss cone and
corresponds to P(s, ac) = 1. This equation applies to the
situation ac � a � p/2 (north) or p/2 � a � p � ac

(south). Everywhere else fup(s, a, v) = 0. The contours of
this distribution function are plotted in Figure 5 (left

Figure 5. Left panels show contours of the electron distribution function f at the point of the magnetic
field line where the gyrofrequency is 25 MHz (Northern Hemisphere) or 22 MHz (Southern Hemisphere).
It is plotted for three different longitudes (of system III): 120�, 300� (north) and 200� (south). Right
panels show contours of the perpendicular gradient of the distribution function @f/@v? near the edge of
the loss cone plotted for the same values of gyrofrequencies and longitudes. The loss cone is
characterized by its opening angle ac. The optimum resonance circle defined in subsection 3.7 is also
displayed; it is tangential to the edge of the loss cone and only a very small portion of the circle penetrates
into the region where @f/@v? > 0. In all the plots the velocity is normalized to

ffiffiffiffiffiffiffiffiffiffiffiffi
kT=m

p
where T is the

temperature of the initial Maxwellian distribution function at Io. Here k refers to Boltzmann’s constant.
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panels) for three distinct longitudes of Io: 120� and 300�
at a position corresponding to 25 MHz (in the Northern
Hemisphere) and 200� at 22 MHz (in the Southern
Hemisphere).
[24] The perpendicular gradient is easily obtained:

G? ¼ @f

@v?
¼ cosa

v

@f

@a
þ sina

@f

@v
: ð18Þ

Contours of G? are plotted in Figure 5 (right panels) for the
same longitudes of Io as a function of v and ja � acj. It is
worth noticing that the perpendicular gradient G? is positive
only in a very thin region near the edge of the loss cone (of
angle ac).
[25] In the end, replacing equation (18) in equation (2a),

it is possible to derive the maximum growth rate wi of the
CMI from an integration along the resonance curve which
can be approximated to a circle in the plane (vk, v?):

wi ¼
w2
pc

2

8wc

X2

Z p

0

G? X; qð Þ sin2 q dq: ð19Þ

The radius of the resonance circle is:

X ¼ c
k2kc

2

w2
c

þ 2 1� wr

wc

� �" #1=2

ð20Þ

and its center is positioned at the point v? = 0, vk = v0 (see
Figure 6) with:

v0 ¼
kkc

2

w2
c

: ð21Þ

3.7. Optimum Resonance Circle

[26] We assume that the waves having a strong occurrence
probability are those produced with a maximum growth
rate. We numerically determine, at a given frequency of
emission (25 MHz or 22 MHz, for the radiation escaping
from the Northern or Southern Hemisphere, respectively),
the position of the resonance circle (v0, X) for which the
growth rate wi is positive and maximum, for each position
of the magnetic field line intersecting Io and characterized
by its longitude. As displayed in Figure 5, the particular

resonance circle leading to this maximum growth rate is
nearly tangent to the edge of the loss cone of the
distribution function and penetrates just in the region
where @f/@v? > 0.

4. Results

4.1. Growth Rate Versus Jovian Longitude

[27] In Figure 7, the maximum growth rate (actually a
dimensionless normalized growth rate wi wckT/wp0

2 mc2

where wp0 is the plasma frequency at Io) is plotted as
a function of the jovian longitude of the magnetic field
line along which the radio emission is supposed to occur.
The calculation has been made for several frequencies:
25, 20, 15 and 12 MHz for the Northern Hemisphere and
22, 18, 15 and 12 MHz for the Southern Hemisphere. We
note that the CMI growth rate is quasi-constant and
maximal at low frequency (�12 MHz). Toward higher
frequencies, the growth rate curves present a longitude
modulation with two extreme points which correspond to
the maximum and minimum efficiency of the CMI
mechanism. This modulation in longitude allows to
define the extent of the efficiency domain. It is very
pronounced beyond 20 MHz but fades very quickly when
the frequency decreases and practically disappears below
12 MHz.
[28] With regard to the DAM radiation coming from the

Northern and Southern Hemispheres, the maxima of the
CMI efficiency are around 130� and 200�, respectively.
These values can be interpreted as the location of an active
longitude where the emission mechanism is the most
effective. Figure 7 also suggests that the CMI mechanism
might be more efficient in the Northern Hemisphere as
greater values of wi are attained.

4.2. Source Location

[29] Figure 8 displays the contours of the angle between
the direction of the observer (located at Earth) and the local
magnetic field, at the place where the emission occurs. The
abscissa is the jovicentric longitude (system III) of Earth
and the ordinate is the longitude of Io. These contours are
considered for two representative frequencies (25 MHz and
22 MHz for the Northern and Southern Hemispheres,
respectively) and a constant jovicentric declination DE equal
to 0�.
[30] The grey area corresponds to a certain domain of

active longitude, carried away by Jupiter, and deduced
from the curves in Figure 7. Two conditions are needed for
the radio emission to be observed at Earth’s orbit: (1) the
magnetic field line connected to Io must cross the CMI
active domain linked to Jupiter, and in the same time
(2) the observer-Jupiter line of sight must be included in
the hollow cone representing the beaming of the radiation.
The first condition is needed by the CMI to be efficient
and corresponds to the grey area displayed in Figure 8.
The second condition is fulfilled by supposing that the
emission occurs symmetrically around the direction of the
magnetic field, in a hollow cone of a constant opening
angle. In the case of our study, we consider two opening
angles equal to 70� and 110� for the Northern and the
Southern Hemispheres, respectively. These values are
deduced from previous results [see Leblanc et al., 1994,

Figure 6. Resonance curve of the cyclotron maser
instability in velocity space (vk, v?): it is approximated to
a circle of radius X.
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and references therein] for the Io-controlled ‘‘source’’
regions associated to the Northern and Southern Hemi-
spheres. Thus the two conditions required for the emission
are simultaneously fulfilled for the segments of the con-
tours 70� (or 110�) which are located in the grey areas
and marked by thick lines. For each hemisphere we get
two segments corresponding to two edges of a same
hollow cone.
[31] By examining Figure 8, one can notice that, on the

one hand, segments B and D can be simultaneously observed
for Earth’s longitudes ranging from 50� to 130�, and seg-
ments A and C for Earth’s longitudes between 180� and
240�. On the other hand, the four segments correspond to a
common interval of Io’s longitude ranging from 120� to

200�. These overlaps can make more difficult the distinction
between the different ‘‘source’’ regions.

4.3. CML-Io Phase Diagram

[32] In order to compare the theoretical zones of high
emission probability with the observations, in particular
with the occurrence diagram (see Figure 1), it is relevant
to use a representation involving the phase of Io rather than
its longitude. Thus in Figure 9, the theoretical ‘‘sources’’ are
displayed in a usual CML-Io phase diagram. In the follow-
ing we analyze the distribution of such ‘‘sources,’’ for a
fixed jovicentric declination equal to 0�, taking into con-
sideration three fundamental parameters: the central merid-
ian longitude, the orbital phase of Io FIo and the observed

Figure 7. Dimensionless normalized growth rate of the cyclotron maser instability versus jovian
longitude (system III), calculated for both hemispheres for four frequencies: 25, 20, 15, 12 MHz (north)
or 22, 18, 15, 12 MHz (south). The growth rate wi is normalized to wp0

2 mc2/wckT, where wp0
2 and T are the

plasma frequency and the temperature of the initial electron distribution function at Io and wc the local
gyrofrequency.
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frequency. It is important to note that the occurrence
‘‘source’’ regions reported in Figure 1 correspond to
DAM events observed with two variable parameters: the
frequency between 18 and 32 MHz and DE in the range
from �3� to +3�.
4.3.1. Sources in the Northern Hemisphere
4.3.1.1. Io-A Source
[33] For a fixed frequency of about 25 MHz, this northern

‘‘source’’ has a CML and a FIo in the intervals 155�–265�,
and 245�–255�, respectively. Thismodeled position is found,
on average, in the region where it is currently observed.
4.3.1.2. Io-B Source
[34] Contrary to the previous ‘‘source,’’ the average

position of Io-B in FIo is different from the observed one.

It is found with FIo values between 117� and 145�, which
corresponds to a shift of about 60� (at CML = 90�)
compared to its classic position. On the other hand, the
longitude spreading of Io-B ‘‘source’’ is quasi-similar to the
observed one but with a change in the slope DCML/DFIo

which is found negative in our modeled diagram.
4.3.2. Sources in the Southern Hemisphere
4.3.2.1. Io-C Source
[35] The calculation of the CML-FIo diagram has been

done for a fixed frequency of 22 MHz. This ‘‘source’’
totally fits the same region as the observed one with a
particular feature. It is prolonged toward lower longitude
(i.e., between 160� and 260�) which corresponds to a
‘‘source’’ region named Io-A0 and discovered by Leblanc

Figure 8. Contours of the angle between the local magnetic field and the direction of the observer
(located at Earth). An active longitude range is deduced from the curves in Figure 7 and displayed in gray.
The thick segments correspond to emissions with a high probability of occurrence.
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[1981] using Voyager/PRA experiment data. Contrary to
the Io-C ‘‘source,’’ Io-A0 is usually associated to the
Northern Hemisphere because of its right-hand polarized
component.
4.3.2.2. Io-D Source
[36] It fills the same region as the observed one in

longitude and Io phase. However, for the longitude higher
than 180�, the modeled Io-D ‘‘source’’ is superposed to the
so-called non-Io-A-controlled region. More details about
this non-Io-A ‘‘source’’ can be found in the work of Genova
and Aubier [1987].
4.3.3. Summary
[37] It appears from the previous analysis that the north-

ern ‘‘sources’’ (i.e., Io-A and Io-B) exactly fit the same
observed longitudes but the southern ones (i.e., Io-C and
Io-D) occupy a wider longitude range. The occurrence in
Io phase is found to be similar between the modeled and
the observed ‘‘sources’’ except for the Io-B ‘‘source’’
which appears 60� shifted from its usual position.

5. Discussion

[38] The results of our CMI growth rate calculations can
be discussed and compared to previous studies with regards
to the following points: (1) the basic hypotheses we have
chosen for the estimation of the CMI efficiency, in partic-
ular the choice of electron distribution function at Io, (2) the
common and the different features between our theoretical
and the observed CML-Io phase diagrams, and (3) the
relationship between the efficiency of the CMI and the
observed flux density.

5.1. Basic Hypotheses

[39] Among the hypotheses we make, the most decisive
one is the choice of the type of electron distribution function
since it governs the adjustment of the optimum resonance
circle of the CMI and the resulting maximum value of the
growth rate wi of the waves. So several elements have to be
taken into account for a calculation of wi at a given
frequency.
[40] First of all, we can discuss the choice of initial

distribution function at Io. We have chosen a Maxwellian
distribution as it is isotropic and depends on only one

parameter: its temperature T. Such a distribution is prob-
ably not realistic and a bi-Maxwellian distribution would
allow to take into consideration an anisotropy of the
medium. However, a more convenient distribution func-
tion exists: the Kappa distribution which behaves like a
Maxwellian at low energies and presents a nonthermal tail
decreasing with a power law. The Kappa distribution
function is well-adapted to space plasmas: Kane et al.
[1992] used it to model the hot ions distribution in the
jovian magnetodisc, it also accounts for the distribution of
electrons in the Io plasma torus measured by Ulysses
[Meyer-Vernet et al., 1995; Meyer-Vernet and Moncuquet,
1997].
[41] On the other hand, we suppose that electrons follow

an adiabatic motion from Io to Jupiter’s ionosphere, where
parallel electric fields may exist along the magnetic field
lines covered by the electrons. Now observations carried out
by the Swedish satellite Viking showed that the AKR
sources coincided with acceleration regions and that other
possible sources of free energy for the CMI existed in
addition to the loss cone: distribution functions with a
‘‘hole’’ in parallel velocity or trapped electron populations
at pitch angle ’90� [Roux et al., 1993]. Moreover, Louarn
et al. [1990] found (still from Viking measurements) that the
loss cone distribution was insufficient to produce AKR and
that a trapped electron free energy source prevailed over a
loss cone one. More recently, observations by the Fast
Auroral SnapshoT (FAST) satellite within the AKR source
region indicate that the CMI draws its free energy from a
‘‘horseshoe’’ or ‘‘shell’’ electron distribution rather than a
loss cone [Ergun et al., 2000, 2001, and references therein].
Such distributions result from electron acceleration by a
parallel electric field and appear to be powerful sources for
the CMI.
[42] Anyway in the case of Jupiter, on the one hand there

is no in situ measurements of the electron distributions
within the source regions of the DAM emission; on the
other hand the number of electrons precipitating in the Io
flux tube might be so great that the loss cone could prevail
at that longitude. Nevertheless, the role of a ‘‘shell’’
distribution has to be studied.
[43] Moreover, the electrodynamic interaction of Io with

Jupiter’s corotating magnetosphere is complicated and has
been subject to many studies for a long time. Basing their
arguments on a theoretical model developed by Serizawa
and Sato [1984] which forecasts the generation of large-
scale field-aligned potential differences by plasma flows
along the mirror field, Erkaev et al. [2001a, 2001b] and
Langmayr et al. [2001] suggested that strong pressure
pulses could occur along the Io flux tube and produce
MHD slow shocks propagating from Io toward Jupiter.
According to their model, the location of the ion and
electron mirror points at different positions along the Io
flux tube would result in a charge separation which would
generate a parallel electric field. The latter may affect in a
significant way the electron distribution function involved
in the CMI mechanism and then it has to be taken into
consideration.

5.2. Comparison Between Occurrence Diagrams

[44] On the whole, our theoretical model in Figure 9
presents a fairly good agreement with the observed CMI-Io

Figure 9. Curves of high occurrence probability versus
central meridian longitude and Io phase.
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phase diagram displayed in Figure 1. However, some
features are found to be different, notably: (1) the position
of the Io-B ‘‘source’’ is shifted toward higher FIo values,
and (2) the southern ‘‘sources’’ (i.e., Io-C and Io-D) occupy
a large longitude range. To understand the origin of these
features one needs to report some specific characteristics of
the occurrence diagram.
[45] First, it is important to note that the modeled diagram

is derived using fixed values of the emitted frequency and
jovicentric declination contrary to the observed diagram.
Several studies have reported a moving of the occurrence
regions [Boudjada and Leblanc, 1992, and references
therein] when the jovicentric declination varies from �3�
to +3� over a complete jovian revolution around the Sun
which lasts �12 years. For instance, in the two extreme
cases, i.e., when DE is equal to �3� or +3�, the DAM
emission originates mainly in the Southern or Northern
Hemisphere, respectively. Such occurrence diagram features
make more difficult the analysis of the exact position of the
‘‘source’’ regions.
[46] The second feature in the occurrence diagram is the

dependence on the observed frequency. Several authors
have used ground-based and space observations to analyze
the variation of the occurrence probability versus the
observed frequency. Thieman and Smith [1979] and Genova
and Aubier [1985] proved that the ‘‘source’’ areas get wider
and wider in CML and FIo when the frequency decreases
from 30 to 15 MHz. This means that the occurrence areas
overlap, in particular Io-B/Io-D and Io-A/Io-C source
regions.
[47] A third characteristic of the CML-Io phase diagram

has a connection with the opening angle of the hollow cone.
Using geometrical arguments, Thieman and Smith [1979,
Figure 7] attempted to explain the occurrence areas of the
DAM emission. As shown in their article, some source
regions like Io-B are shifted toward higher FIo when the
opening angle is about 70�. This result concurs with our
finding in the case of that ‘‘source.’’ On the other hand, the
extent of the occurrence zones is inversely proportional to
the observed frequency which makes some ‘‘sources,’’
like Io-C and Io-D, distributed over a larger longitude
range. However, Lecacheux et al. [1998] found signifi-
cant discrepancies between the spectral form associated to
Io-controlled emissions and the opening angle derived
from the hollow cone model. To explain this discrepancy,
the authors considered the presence of refraction effects
occurring close to the emission region in Jupiter’s mag-
netosphere which distorted the geometry (in particular the
symmetry) of the hollow cone.

5.3. Growth Rate of the Waves and Observed
Radio Flux

[48] The calculation of the growth rate derived from the
optimum resonance circle defined in section 3.7 allows us
to study the variation of the CMI efficiency versus the
longitude at a given fixed frequency. This one presents a
strong modulation at 25 MHz but is nearly constant at
12 MHz. In the same time, according to Figure 7, the
value of our normalized growth rate increases on average
when the frequency varies from 25 MHz to 12 MHz. Our
study concerns the calculation of the growth rate of
the waves that we suppose to be representative of the

occurrence probability of the emission. Nevertheless this
growth rate does not correspond exactly to the flux density
of the radiation escaping from the planet. Actually such a
calculation of flux density requires the knowledge of the
precise source size; on needs to know either if the growth
of the wave is linear or if a saturation of the mechanism
intervenes; finally one would have to solve a transfer
equation too.
[49] Until today, all the previous studies of the DAM

occurrence versus the longitude and the Io phase have
never reported any average value of the observed flux
associated to each event in the CML-Io phase diagram.
This task is very difficult because of its dependence on
several parameters: the spectral index necessary to convert
flux densities into power which is poorly known, the
reception effective area and the corresponding antenna
beam which is usually not automatically analyzed, obser-
vation conditions due to Earth’s ionosphere effect which
vary with locations, hours and seasons. Because of the
previous observation features, there is a division between
the study of the DAM occurrence probability and the
measurement of the observed flux.
[50] Carr et al. [1983] estimated the DAM power to 6 �

109 W at 10 MHz on condition that the emission occurs in a
thin hollow cone. Using Voyager/PRA experiment data,
Alexander et al. [1981] reported the variation of the average
flux density and the occurrence probability versus the
central meridian longitude. In the work of Alexander et al.
[1981, Figure 9] one can see that the average flux density is
�2 � 10�21 Wm�2 Hz�1 and �6 � 10�23 Wm�2 Hz�1

at 4 AU when the observed frequency is �12 MHz and
�25 MHz, respectively. This suggests that the observed
flux density decreases by about two orders of magnitude
from 25 to 12 MHz. This noticing is compatible with our
calculation of the growth rate at low and high frequencies:
the ratio of the flux densities is S (25 MHz)/S (12 MHz) � 0.03
while wi

(25 MHz)/wi
(12 MHz) � 0.3.

6. Conclusion

[51] A variety of theories has been proposed to explain
the jovian decametric emission since its discovery in 1955.
The cyclotron maser instability thought up by Wu and Lee
[1979] has proved to be the best candidate to account for
Earth’s auroral kilometric emissions [Grabbe, 1981], and
also for the jovian decametric radiation [Goldstein and
Goertz, 1983]. However, part of the jovian decametric
phenomenology (e.g., spectral features, active longitudes,
elliptic polarization, etc.) is still subject to discussions.
[52] In this paper, we have focused on the dependence of

the DAM emission on the planetary rotation which is a well-
known feature of the occurrence of this radiation. Using
simple hypotheses we have studied the growth rate of the
CMI mechanism (associated to a loss cone distribution
function) as a function of several jovian DAM key param-
eters, like the observed frequency, the central meridian
longitude (i.e., the observer’s longitude) and the phase of
the satellite Io. It emerges from our study that there exists an
‘‘active’’ longitude range in the northern and southern
jovian hemispheres which favors the DAM emission. The
modeled and the observed occurrence diagram of DAM
emissions are found to be fairly similar, in particular with
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regard to the CML parameter. This result is very motivating
considering the simple set of hypotheses. A more elaborate
analysis is in preparation; it will concern several ingredients
of our model which are subject to discussion, in particular:
the type of electron distribution function, the opening angle
and the location of the beaming cone.

Appendix A: Linear Growth Rate of the CMI in
Homogeneous Medium

[53] In the following, we present the calculations allow-
ing to derive the growth rate and the resonance conditions
of the cyclotron maser instability in a homogeneous
medium. These calculations are inspired by Le Quéau et
al. [1984a, 1984b, and references therein].

A1. Basic Equations

[54] Let us consider a magnetized plasma in which
electromagnetic waves can develop. The basis equations
are naturally Maxwell’s equations:

divE ¼ r
e0

ðA1Þ

curlE ¼ � @B

@t
ðA2Þ

divB ¼ 0 ðA3Þ

curlB ¼ m0j þ e0m0
@E

@t
ðA4Þ

and Vlasov’s equations for all ions species and electrons
which are present in the magnetized plasma:

@fa
@t

þ v � @fa
@r

þ F � @fa
@p

¼ 0: ðA5Þ

For each species characterized by its index a, the
distribution function fa(t, r, p) is defined in order that
d6n = fa(t, r, p) d3r d3p is the number of ions or
electrons contained in a box of size d3r d3p in the phase
space at (r, p).
[55] The charge and current densities are:

r ¼
ZZZ X

a

qafa t; r;pð Þ d3p ðA6Þ

j ¼
ZZZ X

a

qafa t; r;pð Þ vd3p: ðA7Þ

[56] The above equations are linearized to the first order:
fa = fa

(0) + fa
(1), ra = ra

(0) + ra
(1).

A2. Zeroth Order

[57] The medium is supposed to be homogeneous and
standing. It is submerged by a uniform magnetic field B0. In
the following, the cylindrical coordinates (pk, p?, j) are

used in the momentum space, the reference axis is parallel
to B0 so that:

px ¼ p? cos j ðA8Þ

py ¼ p? sin j ðA9Þ

pz ¼ pk: ðA10Þ

[58] Vlasov equation (A5) implies at zeroth order:

f 0ð Þ
a

@j
¼ 0 ; ðA11Þ

which means symmetry round B0, i.e.,:

f 0ð Þ
a r; pð Þ ¼ f 0ð Þ

a pk; p?


 �
: ðA12Þ

A3. First Order

[59] Equation (A5) can be rewritten at first order:

@f 1ð Þ
a

@t
þ v � @f

1ð Þ
a

@r
þ qa v� B0 þ E 1ð Þ þ v� B 1ð Þ


 �

� @f 0ð Þ
a

@p
þ @f 1ð Þ

a

@p

� 	
¼ 0: ðA13Þ

[60] Now we can make the assumption that E(1), B(1) and
fa
(1) express a wave perturbation proportional to exp[i(k � r

� wt)] with w 2 C and k 2 R3. We also assume that only
fe
(1) (electron distribution function) contributes to r(1) and

j(1) and we note f instead of fe. Thus equation (A12)
becomes:

i k � p� gmwð Þf 1ð Þ þ mwc

@f 1ð Þ

@j
¼ gmeE 1ð Þ � @f

0ð Þ

@p
ðA14Þ

with wc = eB0/m; e and m being respectively the charge and
mass of electron and g referring to the Lorentz factor. The
following notations are introduced:

E� ¼ Ex � iEy

Ek ¼ Ez ;

the z axis being parallel to B0. With those notations, a real
E� or E+ denotes a circular right- or left-handed electric
field, respectively. The same notations will be used for j(1)

and v. Finally equation (A13) becomes:

i k � p� gmwð Þf 1ð Þ þ mwc

@f 1ð Þ

@j
¼ gme

2
E

1ð Þ
þ e�ij þ E 1ð Þ

� eij

 � @f 0ð Þ

@p?

þ gmeE
1ð Þ
k

@f 0ð Þ

@pk
: ðA15Þ
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[61] Equation (A14) is a linear differential equation in
with a second member which can be easily integrated by
classical methods:

f 1ð Þðt; r;pÞ ¼ gme

2ip
e�ik?p? sinj=mwc �

X
n2Z

einj

kkpk � gmwþ nmwc

� E
1ð Þ
þ
2

@f 0ð Þ

@p?
Jnþ1þ

E 1ð Þ
�
2

@f 0ð Þ

@p?
Jn�1þE

1ð Þ
k

@f 0ð Þ

@pk
Jn

( )
;

ðA16Þ

Jn = Jn(k?p?/mwc) is a Bessel function of integer-order, k?
and kk are the wave vector perpendicular and parallel to B0,
respectively.
[62] Thus the charge and current densities are (at the first

order):

r 1ð Þ t; rð Þ ¼
ZZZ

�ef 1ð Þ t; r; pð Þ p?dpkdp?dj ðA17Þ

j 1ð Þ t; rð Þ ¼
ZZZ

�ef 1ð Þ t; r;pð Þ vp?dpkdp?dj; ðA18Þ

with pk 2 R, p? 2 R+ and j 2 [0, 2p].
[63] Replacing in equations (A17) and (A18) f (1)(t, r, p)

by its expression given in (A16), then making the integra-
tion over j, one obtains an expansion for r(1), j±

(1) = jx
(1) ± ijy

(1)

and jk
(1) = jz

(1) as a series the terms of which contain products
of Bessel functions like Jn(k?p?/mwc) � Jn0(k?p?/mwc).
The result can be simplified significantly if one takes
into account only nonnegligible terms in J0

2. Assuming
k?p?/mwc � 1 on the major part of f (0)( pk, p?), one may
make the approximation J0

2(k?p?/mwc) � 1. Finally, one
obtains:

r 1ð Þ t; rð Þ ¼ E
1ð Þ
k

e2

2ip

ZZ
D

@f 0ð Þ

@pk

gmw� kkpk
gmp?dpkdp? ðA19Þ

j
1ð Þ
� t; rð Þ ¼ E

1ð Þ
�
2

e2

2ip

ZZ
D

@f 0ð Þ

@p?

gmw� kkpk � mwc

p2?dpkdp? ðA20Þ

j
1ð Þ
k t; rð Þ ¼ E

1ð Þ
k

e2

2ip

ZZ
D

@f 0ð Þ

@pk

gmw� kkpk
pkp?dpkdp? ; ðA21Þ

where the integration domain is D = {(pk, p?) 2 R � R+}.
[64] The terms of first order in Maxwell equations allow

us to derive the electric field of the waves E(1) as a function
of r(1) and j(1):

k2 � w2

c2

� �
E 1ð Þ þ im0c

2r 1ð Þk � im0wj
1ð Þ ¼ 0: ðA22Þ

[65] Replacing r(1) and j(1) by their expressions given by
(A19), (A20) and (A21), one can rewrite (A22) in a matrix
form:

D k;wð Þ �

E
1ð Þ
þ

E 1ð Þ
�

E
1ð Þ
k

0
BBBBB@

1
CCCCCA ¼

0

0

0

0
BBBB@

1
CCCCA ðA23Þ

where D(k, w) is a square matrix:

D k;wð Þ¼

K
2
� im0w

4
Jþ

K
2
� im0w

4
J� im0c

2k?R

K
2i
� m0w

4
Jþ � K

2i
þ m0w

4
J� 0

0 0 K þ im0c
2kkR� im0wJk

0
BBBB@

1
CCCCA

ðA24Þ

with

K ¼ k2 � w2

c2

� �
ðA25Þ

and

R ¼ e2

2ip

ZZ
D

@f 0ð Þ

@pk

gmw� kkpk
gmp?dpkdp? ðA26Þ

J� ¼ e2

2ip

ZZ
D

@f 0ð Þ

@p?

gmw� kkpk � mwc

p2?dpkdp? ðA27Þ

Jk ¼
e2

2ip

ZZ
D

@f 0ð Þ

@pk

gmw� kkpk
pkp?dpkdp? : ðA28Þ

[66] The general dispersion equation of the waves is
obtained by setting the determinant of the matrix D(k, w)
equal to zero. In the case we are studying, we only consider
the growth rate of right-handed circular waves which have a
stronger interaction with the electron population the motion
of which tends to a right-handed helix. Thus one sets E+

(1) =
Ek
(1) = 0 in equation (A23), so that the equation of dispersion

writes:

k2 � w2

c2

� �
� m0e

2w
4p

ZZ
D

@f 0ð Þ

@p?

gmw� kkpk � mwc

p2?dpkdp? ¼ 0 :

ðA29Þ

[67] The electron distribution taken into account here is
assumed to be non relativistic so that one may set p = mv or
g = 1 everywhere except in the denominator where w ’ wc.
One can also introduce the distribution function in velocity:

f vk; v?
� �

¼ m3f 0ð Þ pk; p?
� �

; ðA30Þ

so that the equation of dispersion (A28) becomes:

k2 � w2

c2
� m0e

2w
4pm

ZZ
D

@f =@v?
w� kkvk � wc

g

v2?dvkdv? ¼ 0; ðA31Þ

with w = wr + iwi 2 C. The imaginary part of the pulsation
wi represents the growth rate of the waves (wi > 0
corresponds to an instability).
[68] At this stage of the calculation, it is relevant to apply

Plemelj’s formula to (A31). (In Plemelj’s formula (A31), the
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symbol P denotes the Cauchy principal value defined as:

P
Rþ1
�1

f xð Þ
x�x0

dx ¼ lime!0þ
R x0�e
�1

f xð Þ
x�x0

dxþ
Rþ1
x0þe

f xð Þ
x�x0

dx
h i

.)

lim
e!0þ

Z þ1

0

f xð Þ
x� x0 � ie

dx ¼ P

Z þ1

�1

f xð Þ
x� x0

dx � ipf x0ð Þ ;

ðA32Þ

which allows us to derive the growth rate of the unstable
waves (assuming that jwij � wr):

wi ¼ e2

8e0m

Z þ1

0

v2?dv?

Z þ1

�1

@f

@v?
d wr � kkvk �

wc

g

� �
dvk

ðA33Þ

where d is here Dirac’s distribution.
[69] Normalizing the distribution function f(vk, v?) to

unity and introducing the plasma frequency, equation (A32)
rewrites:

wi ¼
w2
p

8

Z þ1

0

v2?dv?

Z þ1

�1

@f

@v?
d wr � kkvk �

wc

g

� �
dvk ; ðA34Þ

with wp
2 = ne2/me0, n denoting the electron density, and

ZZZ
f vk; v?
� �

d3v ¼ 1 : ðA35Þ

Equation (A33) is nothing less than the fundamental result
obtained by Wu and Lee [1979].

[70] Acknowledgments. Arthur Richmond thanks Michael Kaiser for
his assistance in evaluating this paper.
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