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A CLT FOR INFORMATION-THEORETIC STATISTICS OF GRAM
RANDOM MATRICES WITH A GIVEN VARIANCE PROFILE

W. HACHEM, P. LOUBATON AND J. NAJIM

ABSTRACT. Consider a N X n random matrix Y, = (Yz?) where the entries are given by

935 (1) sn
\/ﬁ ij

the Xi"j being centered, independent and identically distributed random variables with

n __
v =

unit variance and (05 (n); 1 <4 < N,1 < j < n) being an array of numbers we shall refer
to as a variance profile. We study in this article the fluctuations of the random variable
logdet (Y, Y," + pIn)

where Y* is the Hermitian adjoint of Y and p > 0 is an additional parameter. We prove
that when centered and properly rescaled, this random variable satisfies a Central Limit
Theorem (CLT) and has a Gaussian limit whose parameters are identified. A complete
description of the scaling parameter is given; in particular it is shown that an additional
term appears in this parameter in the case where the 4" moment of the Xi;’s differs
from the 4" moment of a Gaussian random variable. Such a CLT is of interest in the
field of wireless communications.

Key words and phrases: Random Matrix, empirical distribution of the eigenvalues, Stielt-
jes Transform.
AMS 2000 subject classification: Primary 15A52, Secondary 15A18, 60F15.

1. INTRODUCTION

The model and the statistics. Consider a N x n random matrix Y,, = (Y;}) whose entries
are given by
oii(n)
Y= —Z\J/ﬁ X, (1.1)
where (o;;(n), 1 <i < N, 1< j <n)is a uniformly bounded sequence of real numbers,
and the random variables X% are complex, centered, independent and identically distributed

8th

(i.i.d.) with unit variance and finite moment. Consider the following linear statistics of

the eigenvalues:

N
1 1
Tn(p) = N logdet (Y, Y, + pIn) = N Zlog()\i +p)
i=1

where Iy is the N x N identity matrix, p > 0 is a given parameter and the \;’s are the
eigenvalues of matrix Y,,Y,”. This functional known as the mutual information for multiple
antenna radio channels is very popular in wireless communication. Understanding its fluctu-
ations and in particular being able to approximate its standard deviation is of major interest
for various purposes such as for instance the computation of the so-called outage probability.

Date: June 1, 2007.



2 HACHEM ET AL.

Presentation of the results. The purpose of this article is to establish a Central Limit
Theorem (CLT) for Z,,(p) whenever n — oo and & — ¢ € (0, 00).

The centering procedure. It has been proved in Hachem et al. [E] that there exists a sequence
of deterministic probability measures () such that the mathematical expectation EZ, (p)
satisfies:

n—oo

EZ,(p) — /1og()\ + p)mn(d\) —— 0.

Moreover, [log(A + p)m,(d)\) has a closed form formula (see Section P.J) and is easier to
compute! than EZ,, (whose evaluation would rely on massive Monte-Carlo simulations). For
these reasons, we study in this article the fluctuations of

1
N logdet(Y,)Y," + pIn) — /log(er t)m(dt)

and prove that this quantity properly rescaled converges in distribution toward a Gaussian
random variable. Although phrased differently, such a centering procedure relying on a
deterministic equivalent is used in [ and [

In order to prove the CLT, we study separately the quantity N(Z,(p) — EZ,(p)) from
which the fluctuations arise and the quantity N(EZ,(p) — [log(A + p)m,(dA)) which yields
a bias.

The fluctuations. We shall prove in this paper that the variance ©2 of N(Z,,(p) — EZ,(p))
takes a remarkably simple closed-form expression. In fact, there exists a n x n deterministic
matrix A, (described in Theorem ) whose entries depend on the variance profile (o;;)
such that the variance takes the form:

0?2 =logdet(l, — A,) + KTrA,,

where £k = E|X;1]|* — 2 in the fourth cumulant of the complex variable X;; and the CLT
expresses as:

N c
In the case where x = 0 (which happens if X;; is a complex gaussian random variable for
instance), the variance has the log-form ©2 = logdet(l, — A,). This has already been
noticed for different models in the engineering literature by Moustakas et al. [@], Taricco
[BY. See also Hachem et al. in [[[4].

The bias. It is proved in this paper that there exists a deterministic quantity B,,(p) (described
in Theorem B.3) such that:

N (Efn(p) _ / log(\ + p)ﬂ'n(d)\)) —Bu(p) —— 0.

n—oo

If K =0, then B, (p) = 0 and there is no bias in the CLT.

1especiaﬂy in the important case where the variance profile is separable, i.e., where a?j (n) is written as

02.2]. (n) = di(n)d;(n).
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About the literature. Central limit theorems have been widely studied for various models
of random matrices and for various classes of linear statistics of the eigenvalues in the physics,
engineering and mathematical literature.

In the mathematical literature, CLTs for Wigner matrices can be traced back to Girko
[0 (see also [L]). Results for this class of matrices have also been obtained by Khorunzhy
et al. [1], Johansson [[LY], Sinai and Sochnikov [Rg], Soshnikov [B], Cabanal-Duvillard [f].
For band matrices, let us mention the paper by Khorunzhy et al. [E], Boutet de Monvel
and Khorunzhy [, Guionnetﬁ]7 Anderson and Zeitouni [f]. The case of Gram matrices
has been studied in Jonsson [R0] and Bai and Silverstein [E] For a more detailed overview,
the reader is referred to the introduction in [ﬁl] In the physics literature, so-called replica
methods as well as saddle-point methods have long been a popular tool to compute the
moments of the limiting distributions related to the fluctuations of the statistics of the
eigenvalues.

Previous results and methods have recently been exploited in the engineering literature,
with the growing interest in random matrix models for wireless communications (see the
seminal paper by Telatar [B(] and the subsequent papers of Tse and co-workers [@], [@],
see also the monograph by Tulino and Verdu [@] and the references therein). One main
interest lies in the study of the convergence and the fluctuations of the mutual information
% logdet (Y,,Y,* + pIn) for various models of matrices Y;,. General convergence results have
been established by the authors in [ﬁ, E, E} while fluctuation results based on Bai and
Silverstein [fJ] have been developed in Debbah and Miiller [§] and Tulino and Verdu [B4].
Other fluctuation results either based on the replica method or on saddle-point analysis
have been developed by Moustakas, Sengupta and coauthors 3, B, Taricco Rg]. In a
different fashion and extensively based on the Gaussianity of the entries, a CLT has been
proved in Hachem et al. [[14].

Comparison with existing work. There are many overlaps between this work and other works
in the literature, in particular with the paper by Bai and Silverstein [E] and the paper by
Anderson and Zeitouni ] (although this last paper is primarily devoted to band matrix
models, i.e. symmetric matrices with a symmetric variance profile). The computation of the
variance and the obtention of a closed-form formula significantly extend the results obtained

in [-

In this paper, we deal with complex variables which are more relevant for wireless com-
munication applications. The case of real random variables would have led to very similar
computation, the cumulant x = E|X|* — 2 being replaced by # = EX* — 3. Due to the
complex nature of the variables, the CLT in ] does not apply directly. Moreover, we sub-
stantially relax the moment assumptions concerning the entries with respect to [m] where the
existence of moments of all order is required. In fact, we shall only assume the finiteness of

the 8" moment. Bai and Silverstein [E] consider the model Tn% XnX:;Tn% where the entries
of X,, are i.i.d. and have gaussian fourth moment. This assumption can be skipped in our
framework, where a good understanding of the behaviour of the diagonal individual entries
of the resolvent (—z1I, + Y,,Y,*)~! enables us to deal with non-gaussian entries.

On the other hand, it must be noticed that we establish the CLT for the single functional
log det(Y,,Y;* + pIy) and do not provide results for a general class of functionals as in [[[] and
[E] We do believe however that all the computations performed in this article are a good
starting point to address this issue.
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Outline of the article.

Non-asymptotic vs asymptotic results. As one may check in Theorems @, @ and @,
we have deliberately chosen to provide non-asymptotic (i.e. depending on n) determinis-
tic formulas for the variance and the bias that appear in the fluctuations of Z,,(p). This
approach has at least two virtues: Non-asymptotic formulas exist for very general vari-
ance profiles (0;;(n)) and provide a natural discretization which can easily be implemented.
In the case where the variance profile is the sampling of some continuous function , i.e.
oij(n) = o(i/N, j/n) (we shall refer to this as the existence of a limiting variance profile),
the deterministic formulas converge as n goes to infinity (see Section @) and one has to
consider Fredholm determinants in order to express the results.

The general approach. The approach developed in this article is conceptually simple. The
quantity Z,, (p) —EZ,(p) is decomposed into a sum of martingale differences; we then system-
atically approximate random quantities such as quadratic forms x” Ax where x is some ran-
dom vector and A is some deterministic matrix, by their deterministic counterparts %Trace A
(in the case where the entries of x are i.i.d. with variance 1) as the size of the vectors and the
matrices goes to infinity. A careful study of the deterministic quantities that arise, mainly
based on (deterministic) matrix analysis is carried out and yields the closed-form variance
formula. The martingale method which is used to establish the fluctuations of Z,(p) can
be traced back to Girko’s REFORM (REsolvent, FORmula and Martingale) method (see
[0, 1)) and is close to the one developed in [{].

Contents. In Section E, we introduce the main notations, we provide the main assumptions

and we recall all the first order results (deterministic approximation of EZ,(p)) needed in

the expression of the CLT. In Section E, we state the main results of the paper: Definition of

the variance ©2 (Theorem B.1)), asymptotic behaviour (fluctuations) of N (Z,(p) — EZ,(p))

(Theorem B.9), asymptotic behaviour (bias) of N (EZ,(p) — Jlog(p + t)mp(dt)) (Theorem

g) Section E is devoted to the proof of Theorem B.1l, Section E, to the proof of Theorem
and Section ﬁ, to the proof of Theorem @

Acknowlegment. This work was partially supported by the Fonds National de la Science
(France) via the ACI program “Nouvelles Interfaces des Mathématiques”, project MALCOM
n® 205.

2. NOTATIONS, ASSUMPTIONS AND FIRST ORDER RESULTS

2.1. Notations and assumptions. Let N = N(n) be a sequence of integers such that

lim N(n)

n—oo N

=ce (0,00) .

In the sequel, we shall consider a N x n random matrix Y,, with individual entries:

_ 9i(n)
where X[: are complex centered i.i.d random variables with unit variance and (oy;(n); 1 <
i < N,1 < j<n)is a triangular array of real numbers. Denote by var(Z) the variance of
the random variable Z. Since var(Y;}) = o7;(n)/n, the family (o;;(n)) will be referred to as
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a variance profile.

The main assumptions.

Assumption A-1. The random variables (XZ ;i 1<i<N,1<j<n,n>1) are complez,
independent and identically distributed. They satisfy

no— ny2 _ n|2 __ ni(8

Assumption A-2. There exists a finite positive real number omax such that the family of
real numbers (o;;(n), 1 <i< N, 1<j<n, n>1) satisfies:

sup max loij (n)] < Omax -

1<
n2l 1253

Assumption A-3. There exists a real number o2. > 0 such that

min

liminf min — E O'”

n>1 1<j<nn

Sometimes we shall assume that the variance profile is obtained by sampling a function
on the unit square of R?. This helps to get limiting expressions and limiting behaviours (cf.
Theorem P.5):

Assumption A-4. There exists a continuous function o2 : [0,1] x [0,1] — (0,00) such that

U?j(n) = O‘Q(l/N,_j/TL)

Remarks related to the assumptions.

(1) Using truncation arguments & la Bai and Silverstein [E, @, @], one may lower the
moment assumption related to the X;;’s in A-.

(2) Obviously, assumption A-E holds if o?j is uniformly lower bounded by some nonneg-
ative quantity.

(3) Obviously, assumption A-J] implies both A-f and A-B When A4 holds, we shall
say that there exists a limiting variance profile.

(4) If necessary, assumption A- can be slightly improved by stating:

max hm 1nf min — E O‘Z , liminf min — E O’Z
1<j<n n 4 J n>1 1<i<N n 7

In the case where the first liminf is zero, one may notice that log det(Y,,Y," + pIn) =
log det(Y,*Y,, 4+ pI,) + (n — N)log p and consider Y,'Y,, instead.

Notations. The indicator function of the set A will be denoted by 1 4(x), its cardinality by
#A. Asusual, Rt ={z €R : >0} and CT ={z € C : Im(z) > 0}.

We denote by P, the convergence in probability of random variables and by D, the
convergence in distribution of probability measures.

Denote by diag(a;; 1 < ¢ < k) the k x k diagonal matrix whose diagonal entries are
the a;’s. Element (4, j) of matrix M will be either denoted m;; or [M];; depending on the
notational context. Denote by M 7T the matrix transpose of M, by M* its Hermitian adjoint,
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by Tr(M) its trace and det(M) its determinant (if M is square), and by F™ ™" the empirical
distribution function of the eigenvalues of M M™*, i.e.

. 1
FMM () = —4{i: N <z},
N
where M M* has dimensions N x N and the \;’s are the eigenvalues of M M*.

When dealing with vectors, || - || will refer to the Euclidean norm, and || - |lec, to the
max (or {o) norm. In the case of matrices, || - | will refer to the spectral norm and
Il to the maximum row sum norm (referred to as the max-row norm), i.e., [|M] =
maxi<i<ny Z;\le |[M];;] when M is a N x N matrix. We shall denote by (M) the spectral
radius of matrix M.

When no confusion can occur, we shall often drop subscripts and superscripts n for read-
ability.

2.2. Stieltjes Transforms and Resolvents. In this paper, Stieltjes transforms of proba-
bility measures play a fundamental role. Let v be a bounded non-negative measure over R.
Its Stieltjes transform f is defined as:

v(dA
6= [ 22 e .
R —z
where supp(v) is the support of the measure v. We shall denote by S(RT) the set of Stieltjes
transforms of probability measures with support in RT.

We list in the following proposition the main properties of the Stieltjes transforms that
will be needed in the paper:

Proposition 2.1. The following properties hold true.

(1) Let f be the Stieltjes transform of a probability measure v on R, then:
- The function f is analytic over C \ supp(v).
- If f(2) € S(RY), then |f(2)| < (d(z,R"))~! where d(z,RT) denotes the dis-
tance from z to RT.

(2) Let P,, and P be probability measures over R and denote by f, and [ their Stieltjes
transforms. Then

(VZGC+, fn(2) —>f(z)) = P, 2P

n—oo n—oo

There are very close ties between the Stieltjes transform of the empirical distribution of
the eigenvalues of a matrix and the resolvent of this matrix. Let M be a N x n matrix. The
resolvent of M M™* is defined as:

Q(z) = (MM* —zIy)"! = (¢ij(2)1<ij<n, 2€C— RY .
The following properties are straightforward.

Proposition 2.2. Let Q(z) be the resolvent of M M?*, then:

(1) The function hy(z) = %Tr Q(z) is the Stieltjes transform of the empirical distri-
bution of the eigenvalues of M M™*. Since the eigenvalues of this matriz are mon-
negative, h,(z) € S(RT).
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(2) For every z € C— RT, |Q(2)|| < (d(z,R*))"". In particular, if p > 0, |Q(=p)|| <
-1
p~ L.

2.3. First Order Results: A primer. Recall that Z,(p) = =+ logdet(Y,,Y,; + pI) and let
p > 0. We remind below some results related to the asymptotic behaviour of EZ, (p). As

N
1 e .
L(p) = 5 Y los (i +p) = [ log(h-+ p)dF™ Y ()
N 1=1 0
where the \;’s are the eigenvalues of YY™, the approximation of EZ, (p) is closely related to
the “first order” approximation of F¥»Y» as n — oo and N/n — ¢ >0.

The following theorem summarizes the first order results needed in the sequel. It is a
direct consequence of [[L7, Sections 2 and 4] (see also [[LT]):

Theorem 2.3 ([, [L)). Consider the family of random matrices (Y, Y*) and assume that
A- and A-E hold. Then, the following hold true:

(1) The system of N functional equations:

ti(z) = ! (2.1)

1 n ‘71'2'(")
2t L TSN, of, i)

admits a unique solution (t1(z), - ,tn(2)) in SRY)N. In particular, m,(z) =
= Zfil t;(z) belongs to S(RT) and there exists a probability measure w, on Rt such

that: SN
T
mp(z) = /0 N

(2) For every continuous and bounded function g on RT,

/ g(\) dFYYn (\) — / g\ T (dN) —— 0 a.e.
R+ R+

n—oo

(3) The function Vi (p) = [, log(X =+ p)mn(dX) is finite for every p >0 and

1
EZ,.(p) — Va(p) —— 0 where I, (p) = N logdet (Y, Y,r + pIy) .

n—oo

Moreover, V,,(p) admits the following closed form formula:

Valp) = —x S logti(—p) + - los (1 Fo3 o (nm(m)
i=1 j=1 (=1

Ly o3 (n)ti(—p)

= )
Nn i=1:N,j=1mn 1+ % >t Jgj(”)tl(*p)

where the t;’s are defined above.

Theorem E partly follows from the following lemma which will be often invoked later
on and whose statement emphasizes the symmetry between the study of ¥,,Y,” and Y'Y,
Denote by @,,(z) and Q,,(z) the resolvents of Y,,Y,* and Y'Y, i.e.

Qn(z) = (YnY; — ZIN)_l = (qij(z))lgi,jgN s 2€C— R+
Qn(z) = (ViYa—zL)"" =(3(2)1<; j<p» 2E€C—RY.
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Lemma 2.4. Consider the family of random matrices (Y, Y,¥) and assume that A- and
A-E hold. Consider the following system of N + n equations:

. — —1 .
t7,7n(Z) - z(l-i—%TrDi,nfn(z)) for l<i< N
—L for 1<j<n

tin(z) = 2(14+LTrD; 0 Th(2))
where
To(2) =diag(tin(2),1<i<N), Tu(2) =diag(fjn(z),1<j<n

Djn = diag(o;(n), 1 <i < N), Din = diag(c};(n), 1 < j <n).

Then the following holds true:
(a) [, Theorem 2.4] This system admits a unique solution
(tl ny " atN’rl)El ny " En n) S S(R+)N+n

. Lemmas 6.1 and 6.6] For every sequence U, of N x N diagonal matrices and
every sequence Uy, of n x n diagonal matrices such as sup,, max (HU I 1T ||) < 00,

the following limits hold true almost surely:

lim %mUn(Qn(z)—Tn(z))) — 0 VzeC-R-

n—oo,N/n—c

lim lﬂ( (Qn()— (z))) = 0 VzeC-R*.

n—oo,N/n—c

In the case where there exists a limiting variance profile, the results can be expressed in
the following manner:

Theorem 2.5 ([, [L0], [[6] ). Consider the family of random matrices (Y,)Y;) and assume
that A- and A-W hold. Then:

(1) The functional equation

= =2 ' o*(u,v) v h
T<u7z>‘< - 1+cfola2<x,v>r<x,z>dwd> -

admits a unique solution among the class of functions ® : [0,1] x C\ R — C such
that u — ®(u, 2) is continuous over [0,1] and z — ®(u, z) belongs to S(RT).

2) The function (u, z) du where 7(u, z) is defined above is the Stieltjes trans-
( 0T j
form of a probabzlzty measure P. Moreover, we have

*
D
F¥Yo — L Pas.
n— 00

Remark 2.1. If one is interested in the Stieltjes function related to the limit of F¥» Y~ then
one must introduce the following function 7, which is the counterpart of 7:

- N ! o?(t,v) -
T(U,Z)—< + /0 1+f0 220t )7 (s z)dsdt> :
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Functions 7 and 7 are related via the following equations:
1 1
T and 7T(v,z2) = -
c (1 + Jo o (u,v)7 (v, 2) dU) z (1 +c [y o2 (t,v)7(t, 2) dt)
(2.3)

Remark 2.2. We briefly indicate here how Theorems P.3 and .5 above can be deduced from
LemmaP.4. As L TrQ,(2) is the Stieltjes transform of F¥»¥» | Theorem R4 (v) with U,, = Iy
yields %TrQn(z) — %TrTn(z) — 0 almost surely. When a limit variance profile exists as
described by A-@, one can easily show that %TrTn(z) converges to the Stieltjes transform
f(2) given by Theorem R.§ (Equation (R.3) is the “continuous equivalent” of Equations
(B-1)). Thanks to Proposition P.}-(f]), we then obtain the almost sure weak convergence of
FY=Yy to F. In the case where A is not satisfied, one can prove similarly that F¥»Yx is
approximated by 7, as stated in Theorem @—(2).

T(u,z) =

3. THE CENTRAL LiMIT THEOREM FOR Z,(p)

When given a variance profile, one can consider the ¢;’s defined in Theorem P.3-(1). Recall
that
T(z) = diag(t;(2),1<i<N) and D;= diag(afj, 1<i<N).
We shall first define in Theorem @ a non-negative real number that will play the role of
the variance in the CLT. We then state the CLT in Theorem . Theorem @ deals with

the bias term N(EZ — V).

Theorem 3.1 (Definition of the variance). Consider a variance profile (o;;) which fulfills
assumptions A-B and A and the related t;’s defined in Theorem [2.3-(1). Let p > 0.

(1) Let Ay, = (agm) be the matriz defined by:

1 iTrDyD,,T(—p)?
(14 LD, T(—p)’
then the quantity V,, = —logdet(l,, — A,) is well-defined.

ag , 1<tm<n,

L,

(2) Denote by W,, = TrA,, and let k be a real number® satisfying k > —1. The sequence
(Vi + EW,,) satisfies

0 < liminf(V,+&W,) < limsup(V,+cW,) < oo
asn — oo and N/n — ¢ > 0. We shall denote by:
e? £_ logdet(I — A,,) + kTrA4, .

Proof of Theorem @ is postponed to Section E

In the sequel and for obvious reasons, we shall refer to matrix A,, as the variance matrix.
In order to study the CLT for N(Z,(p) — V.(p)), we decompose it into a random term from
which the fluctuations arise:

N (Z.(p) — EZ.(p)) = logdet(Y,.Y, + pIn) — Elogdet(Y, Y, + pIn) ,

2In the sequel, x is defined as x = E|X11]* — 2.
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and into a deterministic one which yields to a bias in the CLT:
N (EZ,(p) — Va(p)) = Elogdet(Y,,)Y,” + pIn) — N/log(A + p)mn(dA) -

We can now state the CLT.

Theorem 3.2 (The CLT). Consider the family of random matrices (Y,,Y,") and assume
that A, AR and AQ hold true. Let p > 0, let & = E|X11|* — 2, and let ©2 be given by
Theorem . Then

@;1(1og det(Y,Y* + pIy) — Elog det(Y,Y* + pIN)) P N(0,1) .

Proof of Theorem E is postponed to Section E

Remark 3.1. In the case where the entries X;; are complex Gaussian (i.e. with independent
normal real and imaginary parts, each of them centered with variance 271) then x = 0 and
©2 reduces to the term V.

The asymptotic bias is described in the following theorem:

Theorem 3.3 (The bias). Assume that the setting of Theorem [3. holds true. Then

(1) For every w € [p,+0), the system of n linear equations with unknown parameters
(wep(w);1 <€ <n):

1 < 1TrD¢D,,T(-w)?
werl) =5 2 B TR e ) Pen() S
with
( ) 2{( )2 w i U?Eti(iw)gT D2T( )2 Ee(iw)T DQT( )2
W) =K W —W — —1rlJ; —Ww — — 1T —Ww
pé,n 4 n P n i n 4

admits a unique solution for n large enough. In particular if k = 0, then p,,,
and wy , = 0.
(2) Let

() = = > wia(w) (33)
/=1

Then By (p) = fpoo Bn(w) dw is well-defined, moreover,

lim su On(w)|dw < oo. 3.4
s [ 18,0 (3.4
Furthermore,

N (EZ,(p) = Vulp)) = Bu(p) ———— 0. (3.5)

n— o0, %HC

Proof of Theorem E is postponed to Section ﬁ
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4. THE CLT FOR A LIMITING VARIANCE PROFILE

In this section, we shall assume that Assumption A~ holds, i.e. o (n) = a*(i/N,j/n)

for some continuous nonnegative function o2(z,y). Recall the definitions (.9) of function

7 and of the ¢;’s (defined in Theorem R.3-(1)). In the sequel, we take p > 0, z = —p and

denote 7(t) = 7(t, —p). We first gather convergence results relating the ¢;’s and 7.

Lemma 4.1. Consider a variance profile (04;) which fulfills assumption A-E. Recall the
definitions of the t;’s and 7. Let p > 0 and let z = —p be fized. Then, the following
convergences hold true:

(1) + Zfil tid s —Y s 7(u) du , where = stands for the weak convergence of measures.

n—oo

(2) supye [t = 7(i/N)| —— 0.

1 vV g2 w 2
(3) NZi:1ti5ﬁ mT (u)du s
Proof. The first item of the lemma follows from Lemma E—(b) together with Theorem
2.3-(3) in [L6].

In order to prove item (2), one has to compute

-1

i — (1 = l - UQ(i/N’j/n)
ti —(i/N) P+n;1+%§:§:102(£/1v,j/n)te

B : o (u,v) N
(er/o 1+cf01 o?(x,v)7(x) dxd )

and use the convergence proved in the first part of the lemma. In order to prove the unifor-
mity over i < N, one may recall that C[0,1]? = C[0,1] ® C]0, 1] which in particular implies
that Ve > 0, there exist g, and hy such that sup, , [02(z,y) — Zle ge(z)he(y)| < e. Details
are left to the reader.

The convergence stated in item (3) is a direct consequence of item (2). O

4.1. A continuous kernel and its Fredholm determinant. Let K : [0,1]> — R be
some non-negative continuous function we shall refer to as a kernel. Consider the associated
operator (similarly denoted with a slight abuse of notations):

K:C0,1 — ©[0,1]
;oK)= / K(z,y)f(y) dy -
[0,1]

Then one can define (see for instance [R7, Theorem 5.3.1]) the Fredholm determinant det(1 4
AK), where 1: f — f is the identity operator, as

P (=1)k\F
det(1 — AK) =Y %/ K ( o Tk ) @F_  da; (4.1)
. [011]k

&1 e Tk
k=0

where

xr1 “ee Tk L.
K =det(K(x;,y), 1 <1,7<n),
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for every A € C. One can define the trace of the iterated kernel as:

TrKF = K(xy,22) - K(xk—1,25) K (xg, x1)dzy - - - dxy
[0,1]*

In the sequel, we shall focus on the following kernel:

Cf[o,1] o?(u, x)o?(u, y)72(u) du
2

(1 + ¢ fio 02w, 2)7(w) du)

Theorem 4.2 (The variance). Assume that assumptions A-f] and A-{ hold. Let p > 0 and
recall the definition of matrix A, :

%Zi]\il‘ﬁ(%’%)‘ﬁ(%’%)t? 1<l m<n.

. 2
(1+ 12X, 02 (4, ) t)

KOO(xay) = (42)

1
agm = —
n

Then:

(1) Trd, —— TrKo .

n—oo

(2) det(I, — Ap) —— det(1 — Koo) and det(1 — Koo) # 0.

(3) Let k = E|X11|* — 2, then
0 < —logdet(l — Ko) + TrKo < 00 .

Proof. The convergence of TrA,, toward TrK follows from Lemma [L.1}(1),(3). Details of
the proof are left to the reader.

Let us introduce the following kernel:
N . .
2 i1 0 (37, 2)0” (37, )8

1 N i 2
(1 + 1N 024, x)ti)

Kn(x’y) =

LK, (£, ™). Denote by ||-||oe the supremum norm

n’>n

One may notice in particular that ag,, =

n
for a function over [0,1]? and by o2, = ||0?| s, then:
N 4 4
1Ko < E% and || Kool < CUZ;X , (4.3)

The following facts (whose proof is omitted) can be established:

(1) The family (K, ),>1 is uniformly equicontinuous,
(2) For every (z,y), Kn(@,y) — Koo(z,y) 251 — 0.

In particular, Ascoli’s theorem implies the uniform convergence of K,, toward K. It is now
a matter of routine to extend these results and to get the following convergence:

Y1 Yk n—oo Y1 Yk
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uniformly over [0, 1]?*. Using the uniform convergence (@) and a dominated convergence
argument, we obtain:

— K, . . —_ Ko L dx; .
nk Z ( Zl/n e Zk/n n—o00 [071]k 1 .. T ®z_1 x

1<iy, - ig<n

Now, writing the determinant det(I,, + AA,,) explicitely and expanding it as a polynomial in
A, we obtain:

n(_1)k\E 1 /n - dip/n
det([n—)\An):Z% nk Z K”<21§n Z:;”)

k=0 1<iy, -+ ,ig<n

Applying Hadamard’s inequality (|7, Theorem 5.2.1]) to the determinants K, (-) and K (-)
yields:

1 ih/n -+ ig/n k (a) k
DY K( Y ’“/) < KEEE < kEME

1<in o ip<n Zl/n Zk/n ~

where (a) follows from (f£J). Similarly,

/ Koo “0 77 R )@k day < k3MF.
[O,l]k xl e xk

k
. . k 2 . .
Since the series ), M kf“ 2 |A[¥ converges, a dominated convergence argument yields the con-

vergence

det(I,, + AA,,) —— det(1 + \K ) ,

n—oo

and item (2) of the theorem is proved. Ttem (3) follows from Theorem B.1}(2) and the proof
of the theorem is completed.

O
4.2. The CLT: Fluctuations and bias.
Corollary 4.3 (Fluctuations). Assume that (A1) and (A4]) hold. Denote by
0% = —logdet(l — K) + kTrK . ,

then

N

o (Zn(p) — EZn(p))

= 07! (logdet (Y, Y, + pIy) — Elogdet (Y, Y, + pIn)) —=— N(0,1) .

Proof. follows easily from Theorem @ and Theorem @ O

Recall the definition of 7 (cf. Remark P.1).
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Theorem 4.4 (The bias). Assume that the setting of Corollary B holds true. Let w €
[p,00) and denote by p : [0,1] — R the quantity:

p(r,w) = nw27~'2(:c, —w)

s« {uwe /0 2w 2)7 (w) ( /0 1 UQ(S,U)#(s)ds) du

_ ?(m)c/ol 02 (u, )7 (w) du}y

The following functional equatz’on admits a um’que solution.:

w(r,w) = / Cfo ()7 (u )dgw(y,w) dy + p(z,w) .
0 (1 + cfo o2( u,:I:)T(u) du)

Let B (w) = fol w(z,w)dx . Then f |Boc(w)| dw < c0. Moreover,

N (EZ,.(p) — Vi(p)) / Boo (w : (4.5)

n— oo, ﬁ—w

Proof of Theorem @, although technical, follows closely the classical Fredholm theory as
presented for instance in [27, Chapter 5]. We sketch it below.

Sketch of proof. The existence and unicity of the functional equation follows from the fact
that the Fredholm determinant det(1 — K,) differs from zero. In order to prove the con-
vergence (@), one may prove the convergence f On — f Boo (where (3, is defined in
Theorem @ ) by using an explicit representation for Boo relymg on the explicit representa-
tion of the solution w via the resolvent kernel associated to K (see for instance [R7, Section
5.4]) and then approximate the resolvent kernel as done in the proof of Theorem (]

4.3. The case of a separable variance profile. We now state a consequence of Corollary
E in the case where the variance profile is separable. Recall the definitions of 7 and 7 given

i @)
Corollary 4.5 (Separable variance profile). Assume that A-m and A-@ hold. Assume more-
over that p > 0 and that 0% is separable, i.e. that

o®(x,y) = d(z)d(y) ,

where both d : [0,1] — (0,00) and d : [0,1] — (0,00) are continuous functions. Denote by

1 1
y=¢ / P t)dt  and  F = / )72 (t) dt .
0 0
Then
02, = —log (1 — p*77) + kp* 77 - (4.6)

Remark 4.1. In the case where the random variables X;; are standard complex circular
gaussian (i.e. X;; = U;; +1V;; with U;; and V;; independent real centered gaussian random
variables with variance 271) and where the variance profile is separable, then

N(Zn(p) = Va(p)) ﬁN(O, —log (1—p*77)) -

This result is in accordance with those in [PJ] and in [i4)].
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Proof. Recall the definitions of 7 and 7 given in (R.3). In the case where the variance profile
is separable, the kernel K, writes:
ch(x)J(y) fo L d?(u)7%(u) du o
Keo(r,y) = e ;= Pd@de)P ()
(1 +cd(z) [y d(u)7(u) du)

In particular, one can readily prove that TrK., = p?v7. Since the kernel K., (x,y) is itself
a product of a function depending on z times a function depending on y, the determinant

Koo( Zji o i: ) is equal to zero for k > 2 and the Fredholm determinant writes det(1 —
Ky)=1- f[o 1 Koo(z,2)dz = 1 — p?>v7 . This yields

—logdet(l — Ay) + kTrKo = —log(l — p*y3) + kp*y7 ,
which ends the proof. O

5. PROOF OF THEOREM B.]

Recall the definition of the n x n variance matrix A,,:

1 TrDyD,,T(—p)?
Aoom = — el (=p) 1<tm<n.

n? (1+ %TngT(—p))2 , -

In the course of the proof of the CLT (Theorem @), the quantity that will naturally pop
up as a variance will turn out to be:

02 =V, + kW, (5.1)
(recall that W,, = TrA,,) where f)n is introduced in the following lemma:

Lemma 5.1. Consider a variance profile (o;;) which fulfills assumptions A- and A-E and
the related t;’s defined in Theorem @—(Z}. Let p > 0 and consider the matriz A, as defined
above.

(1) For 1< j <mn, the system of (n — j+ 1) linear equations with unknown parameters
(yd), j<t<n):

yéﬂ)b = > amyP, +a, (5.2)
m=j+1

admits a unique solution for n large enough.

Denote by V,, the sum of the first components of vectors (yé?)l, j<t<n),ie.:
~ n -
o
j=1
2. Let k be a real number satisfying k > —1. The sequence (f)n + HWn) satisfies

0 < 1inglinf (f)n + HWn) < limsup (f/n + HWn) < o0

asn — oo and N/n — ¢ > 0.
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3. The following holds true:
Vo + log det(I,, — A,,) —— 0.

n—oo

Obviously, Theorem is a by-product of Lemma Ell The remainder of the section is
devoted to the proof of this lemma.

We cast the linear system (@) into a matrix framework and we denote by AY the
(n—j+1)x(n—j4+1) submatrix AY = (@,m)f m=js DY A% the (n—j+1)x(n—j54+1)
matrix AY) where the first column is replaced by zeros. Denote by dg) the (n—j4+1) x1

vector : n
g _ [ L _xTrDeD;T(—p) N
"1+ TDI(-p))" ),
These notations being introduced, the system can be rewritten as:
y@) = A%y @) 4 gd) & (I — A%0))y@) = gl (5.3)

The key issue that appears is to study the invertibility of matrix (I — A%’(j )) and to get some
bounds on its inverse.

5.1. Results related to matrices with nonnegative entries. The purpose of the next
lemma is to state some of the properties of matrices with non-negative entriess that will
appear to be satisfied by matrices Ag’(j ). We shall use the following notations. Assume that
M is a real matrix. By M > 0 (resp. M > 0) we mean that m;; > 0 (resp. m;; > 0) for
every element m;; of M. We shall write M = M’ (resp. M = M') if M — M’ > 0 (resp.
M — M’ = 0). If z and y are vectors, we denote similarly 2 > 0, z = 0 and x = y.

Lemma 5.2. Let A = (a&m)zmzl be a n x n real matriz and u = (ug,1 < £ < n),
v = (ve,1 < £ < n) be two real n x 1 vectors. Assume that A = 0, u = 0, and v > 0.
Assume furthermore that equation

uw=Au-+v
is satisfied. Then:

(1) The spectral radius r(A) of A satisfies r(A) <1 — Ininv) g

max(ug)
(2) Matriz I, — A is invertible and its inverse (I, — A)™" satisfies:

(In—A)"" %0 and [(In - A)‘lhe >1
for every 1 <1 <n.
(3) The maz-row norm of the inverse is bounded: M(In — A)_lm < i?;‘jg;‘f))
(4) Consider the (n —j + 1) x (n — j + 1) submatriz AY) = (ayy,)

A% matriz AY) whenever the first column is replaced by zeros. Then properties

(1) and (2) are valid for A%U) and

T

Proof. Let a = 17%. Since u > 0 and v > 0, a readily satisfies « < 1 and au = u—v =

Au which in turn implies that r(A4) < a < 1 [1§, Corollary 8.1.29] and (1) is proved. In order
to prove (2), first note that ¥m > 1, A™ 3= 0. As r(A) < 1, the series }, ., A™ converges,

and denote by

n
lm=j

-1 - maxj<g<n ()

T minj<y<n (’U@) ’
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matrix I, — A is invertible and (I, — A)~! = Ym0 A" = I, = 0. This in particular implies

that [(I, — A) '] > 1 for every 1 < £ < n and (2) is proved. Now u = (I,, — A)~ v implies
that for every 1 < k < n,

Uk = i [(In N A)il} ke ¢ > min(ve) i [(I" N A)il}ke ’
=1

=1
hence (3).

We shall first prove (4) for matrix AU), then show how A% inherits from AY)’s proper-
ties. In [B], matrix A is called a principal submatrix of A. In particular, r(AU)) < r(A)
by @ Corollary 8.1.20]. As A = 0, one readily has AY) = 0 which in turn implies prop-
erty (2) for AW, Let AU) be the matrix AY) augmented Wlth zeros to reach the size of
A. The inverse (I,—j+1 — AU~ is a principal submatrix of (I, — A(j))’1 = 0. There-
S T e
one has 35 4 A™ = Zmzo(fl(j))m; equivalently (I — A)~' = (I — AW)~1 which yields

Since A™ = (AV)™ for every m,

o\ L .
(I - A(J)) m < m (I - A)_lm . Finally (4) is proved for matrix AU).

We now prove (4) for A%, By [L§, Corollary 8.1.18], 7(A%()) < r(AW) < 1 as AU) 3=
A%) | Therefore, (I — A%U)) is invertible and

(I — A%y~ Z [A% )]k
k=0
This in particular yields (I — A%())~! = 0 and (I — A%W), ! > 1. Finally, as AW = A%0),

one has
== = ]e-2)7]

Ttem (4) is proved and so is Lemma @ (]

oo

5.2. Proof of Lemma : Some preparation. The following bounds will be needed:

Proposition 5.3. Let p > 0, consider a variance profile (o;;) which fulfills assumption A-
and consider the related t;’s defined in Theorem @-(Z}. The following holds true:

LS e = !

P o ‘ r o P + Ur2nax -
Proof. Recall that t,(z) € S(R*) by Theorem P.J. In particular, t,(—p) = [y, %’ip)‘) for
some probability measure pp. This yields the upper bound t,(—p) < p 1 and the fact that
te(—p) > 0. Now the lower bound readily follows from Eq. (R.1)). O

Proposition 5.4. Let p > 0. Consider a variance profile (0;;) which fulfills assumptions
A and A-B; consider the related t;’s defined in Theorem .3-(1). Then:

liminf min —TrD i To(—p)> >0 and liminf min —TrDQT (=p)?>0.

n>1 1<j<nn n>1 1<j<nn
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Proof. Applying Proposition @ yields:
NTrD T(— Z oriti( (p - ng BN Z o3 s (5.4)
which is bounded away from zero by Assumption A-E. Similarly,
a 2
%TYDJQ'T(*P) ( T Ux2nax B N Z Tij = D+ U?mx (N ZUU> '
which remains bounded away from zero for the same reasons (notice that (a) follows from

the elementary inequality (n=1 > 2;)? <n=1tY a?). O

We are now in position to study matrix A, = A%l).

Proposition 5.5. Let p > 0. Consider a variance profile (0;;) which fulfills assumptions
A-E and A-E; consider the related t;’s defined in Theorem @— (1) and let A,, be the variance
matriz. Then there exist two n x 1 real vectors u, = (ug,) = 0 and v, = (ve,) > 0 such that
Uy = Apty + v,. Moreover,

sup max (ug,) < oo and liminf min (ve,) > 0.
1<t<n n 1<t<n

Proof. Let z = —p+ 61 with § € R — {0}. An equation involving matrix A,, will show up by
developing the expression of Im(7'(z)) = (T'(z) — T*(z)) /2i and by using the expression of
the t;(z)’s given by Theorem P.3-(1). We first rewrite the system (2.1) as:

—1
1 — D
T()=|—2ly+=-5 ——2m | .
(2) (Z’N nmz_lpr%TrDmT)

We then have

Im(7T)

1 1
(T —T") = ~TT* (T*—1 - T—l) ,
21 21
1 & D, TT* 1
= = — " Tm (—TrDmT) +0TT* .
ne= |1+ 1TeD,, T n

This yields in particular, for any 1 < ¢ < n:

1 1 1 TrDD,TT* 1 1 1
—Im< TngT) ) D (—TrDmT> +=TeDTT . (5.5)
0 n? ’1 +1imp T‘ ) n n

m=1

Recall that for every 1 < i < N, t;(z) € S(R*). Denote by p; the probability measure
associated with t; i.e. t;(z) = [z, 5 (ii)‘) Then

1 1 uz (dN)
=1 —TrD,T
(5m<n e > Z M/ |)\—z|2 50 nz ze/ (A + p)?

Denote by g, the right handside of the previous limit and let wg, =

Upy
(14+ 5 TrDeT(=p))? "
Plugging this expression into (F.§) and letting § — 0, we end up with equation:

Up = Anun + Un
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A, = 0 is given in the statement of the lemma, u,, = (ugn;1 < € < n) and v, = (vgp;1 <
¢ < n) are the n x 1 vectors with elements

N o0 i (dA
I o f B 1TvD,T2(—p)
Upy = 5 and  wg, = 5 (5.6)
(1+ 21D () (L+ 21D (1)

It remains to notice that u, = 0 and v, = 0 for n large enough due to A-E, that the

numerator of ug,, is lower than (No2,. . )/(np?) and that its denominator is bounded away
from zero (uniformly in n) by Propositions and p.4  Similar arguments hold to get a

uniform upper bound for vy ,. This concludes the proof of Proposition @ O
5.3. Proof of Lemma : End of proof.
Proof of Lemma [p_1-(1). Proposition p.g together with Lemma p.3-(4) yield that I — A%()
is invertible, therefore the system E admits a unique solution given by:

y§) = (1= 420"
and (1) is proved. O
Proof of Lemma @-( 2). Let us first prove the upper bound. Proposition @ together with

Lemma [.9 yield

maxi <¢<n (Uen)

lim sup max m([ — AO’(J—))%H‘ < limsup ———m———— < 0.
n J o0 n>1 mlnlgégn(vén)
j : (5) « Nogay , j K
Each component of vector d¥) satisfies d;, < ;;—pZ i.e. SUPj<icy [dP o < L. There-

fore, vector yr(lj) satisfies:
) 0,001y _ (4@ K
sup [|y;” loo < sup (1 = Ax™) " oo di” oo < —
J J

Consequently,
n

~(J‘)HOO

0< V=Y 99 < 3 |g¢
Jj=1 J

I
=1
satisfies limsup,, V,, < co. Moreover, Proposition f.q yields W, < n~2 > TeD3T? <
ol N(p?n)~'. In particular, W), is also bounded and lim sup,, (V,, +£W,,) < limsup,, (V,, +

max

|[KWy) < o0.

We now prove the lower bound.

T D RN o Y
j=1

j=1

Recall that y@) = (I — A%@))=1d@) . We therefore have:
g - -], — (0=

_ {(I—A%U))—lA%U)dg)}

1

1
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As (I — A% =1 o T, we have:

1 (FTDeD; T(—p))”

@) ) 0,() g _ —
Yin dj,n 2 [An d } - Z 2 4
L Bt S (L+ 11D T (—p)
(a) "1 /1 ?
£ 3 (o)
l=j+1

where (a) follows from Proposition .3, which is used both to get a lower bound for the
numerator and an upper bound for the denominator: (14+2+TrD;T)* < (1+Nn~to2, p~ ")

Some computations remain to be done in order to take advantage of A- to get the lower
2
bound. Recall that L 3" 22 > (L 37" | 2;)". We have:

n . . n n 1 1 2
S = ¥ Y o (smom)
i=1 j

J=le=j+1
1 nmn-1) 2 1 ?
= —TrD¢D;
nz = 2 n(nl)z(n e J)
Jj<t
2
(@ 1 2 1
- —TrD,D
- 3 n(n—l)%n rEe
J

IV
Wl
3w| —
]
™
S

+

2

Nl

=1 j=1
9 2
N n
1N (1 )
SHEIE » > R Rt
i=1 j=1
9 2
1 LI LA
> 3lmlw2oh] | e
j=1"" =1

where (a) follows from the bound % > & valid for n large enough. The term o(1) at
step (b) goes to zero as n — oo and takes into account the diagonal terms in the formula

23 oo+ a5 = >, e It remains now to take the liminf to obtain:

n 2 .8
o S 3 ) C" Oin
fiminf JZZlyj,n+de,n S

Item (2) is proved. O
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Proof of Lemma [.4-(3). We first introduce the following block-matrix notations:

() — n n 0,(4) — n
Al = < 40 AG+D and A =1 AGTY |

We can now express the following inverse:

ay) e (G+1)y—1
TR N — -1 [ 1@ —AYTY)
(I—-AyY) = < 0 (I— Ay ) as (I —A%U)=1 = ( 0 (T AGDY _

4) d(J) T 7(])( A%J'f‘l))f

This in turn yields y; ; 1(253') and one can easily check that

o

2 where K does not depend on j and n, as
ly$al < 1d$2] + nlla? o || (7 = 429) 7| 14D
Remark that

logdet(I — AY)) —logdet(I — AUTY)

1-d¥)  —ay 1 0
J’n .
log det ([ _JS,‘:') I— AngJrl) [ 0 (I— A%J-l‘l))fl :|

@) =(7) (G+1)\—1
log det l-djm —an (I = 4577)
_dsla) I

= 1og (1-af) — ) (1 - AYTO)1aW)

and write logdet(I — A,) as

n—1
logdet(I — A,) = Z <1ogdet(l — AY)) —logdet(I — Agg*”)) +log(1 — any)
j=1
n—1 .
= Z log (1 - d§f,)l dgf)(l — Agljﬂ))*lcig)) +log(1 — ann)
j=1

n—1
= -> (dg.f,)l +ad(I - Agg+l>>—1agg‘>) +o(1)

j—l

— Zy(a)+0 1) = Zy(1)+0

= —Vn +o(1) .
This concludes the proof of Lemma [.1]

6. PROOF OF THEOREM B.J

6.1. More notations; outline of the proof; key lemmas.
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More notations. Recall that Y,, = (Y;7) is a N x n matrix where Y} = %Xij and that
Qn(2) = (g;j(2)) = (YoY,; — zIn)~'. We denote

) by Qu(z) = (@ (2)) = (VYo — 20) ",
) by y; the column number j of Y,,,
) by Y7 the N x (n— 1) matrix that remains after deleting column number j from Y,,,
) by Qjn(2) (or Q;(z) for short when there is no confusion with @,(z)) the N x N
matrix
Q;(2) = (YY" —zIN)7",
(5) by &; the row number i of Y,,,
(6) by Y;, (orY; for short when there is no confusion with Y;,) the (N — 1) x n matrix
that remains after deleting row ¢ from Y,
(7) by Qin(z) (or Qi(2)) the n x n matrix

Qi(z) = (V7Y; — 2I,) .

Recall that we use both notations g;; or [Q];; for the individual element of Q(z) depending
on the context (same for other matrices). The following formulas are well-known (see for
instance Sections 0.7.3 and 0.7.4 in [i§)):

QuiiQi A~ ~  @Qi§&Qs

CTUTT G YT Tre0e oy
~1 o ~1
“O T ireame) MY T e o

For 1 < j < n, denote by F; the o-field F; = o(yj, -+ ,yn) generated by the random
vectors (yj,--- ,Yn). Denote by E; the conditional expectation with respect to Fj, i.e.
E; = E(- | ;). By convention, F,, 1 is the trivial o-field; in particular, E,; = E.

Outline of the proof. In order to prove the convergence of O, *(logdet(Y, Y, + ply) —
Elogdet(Y,.Y," + ply)) toward the standard gaussian law A(0,1), we shall rely on the
following CLT for martingales:

Theorem 6.1 (CLT for martingales, Th. 35.12 in [E]) Let 7,({1), 77(171)1, - ,'ﬁ") be a martin-

gale difference sequence with respect to the increasing filtration .7:,(,"), . ,.7:1("). Assume that
there exists a sequence of real positive numbers ©2 such that

n—oo

1 . n)2 P

n j:1
Assume further that the Lindeberg condition holds:

Lsp (o m?
Ve > 0, e—%zlE(’yj 1|'Y](~n)>6@n) ::;0 .

=
Then ©,1 37, vj(-") converges in distribution to N'(0,1).
Remark 6.1. The following condition:

1 n 2+6
36 > 0, pvE > E
n j:l

— 0
n—oo

7 : (6.4)
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known as Lyapounov’s condition implies Lindeberg’s condition and is easier to establish (see
for instance [@], Section 27, page 362).

The proof of the CLT will be carried out following three steps:
(1) We first show that logdet(Y, Y,* 4+ pI) — Elogdet(Y,Y,* + pI) can be written as

logdet(Y,)Y,S + pI) — Elogdet(Y, Y, + pI) = Z’yj,
j=1

where (7,) is a martingale difference sequence.

(2) We then prove that (vy;) satisfies Lyapounov’s condition (6.4) where ©2 is given by
Theorem B.1j.

(3) We finally prove (p.3) which implies the CLT.

Key Lemmas. The two lemmas stated below will be of constant use in the sequel. The first
lemma describes the asymptotic behaviour of quadratic forms related to random matrices.

Lemma 6.2. Let x = (x1,--- ,2,) be an x 1 vector where the x; are centered i.i.d. complex
random variables with unit variance. Let M be a n x n deterministic complex matriz.

(1) (Bai and Silverstein, Lemma 2.7 in [|f]) Then, for any p > 2, there exists a constant
K, for which

Elz*Mxz — TrM? < K, ((E|z1|4TrMM*)p/2 + E|x1|2pTr(MM*)P/2) ,
(2) (see also Eq. (1.15) in [[]) Assume moreover that Ex? =0 and that M is real, then
E(z*Max — TrM)* = TrM? + ﬁZmi ,

i=1

where k = E|zy[* — 2.

As a consequence of the first part of this lemma, there exists a constant K independent
of j and n for which

* 1 i —
Ely;jQi(=p)y; — —TrD;Qi(=p)| < Kn v/ (6.5)
for p < 4.
We introduce here various intermediate quantities:
-1
ci(z) = ———, 1<i<N; C(z) =diag(ei(2); 1<i<N),
z (1 + %TrDZ—EQ(z))
1 .
c = ) 1 < j < ; C - d. ) 1 < S )
4C) = SarTmpEgmy LSISm OO =t 1<i<n
-1
bi(z) = — , 1<i<N; B(z) = diag(b;(z); 1 <i<N)
z (1 + %TrDiC’(z))
- —1 - -
bi(z) = 1<j<m B(z) = diag(bj(z); 1 <j<n). (6.6)

z(14 LTrD;C(2))’

The following lemma provides various bounds and approximation results.
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Lemma 6.3. Consider the family of random matrices (Y, Y,¥) and assume that A- and
A-E hold true. Let z = —p where p > 0. Then,

(1) Matrices Cy, satisfy ||Cy|l < % and 0 < ¢; < L. These inequalities remain true

B

when C' is replaced with B or C.

(2) Let U, and U, be two sequences of real diagonal deterministic N x N and n x n ma-

trices. Assume that sup,,>, max (||Un||7 HlN]nH) < 00 , then the following hold true:

(a) ITMUEQ - T) —— 0 and L1TU(EQ-T) —— 0,

n—oo n—oo

(b) *TXUB-T) —— 0,

(c) sup, E(TrU (Q — EQ))?
(d) sup, HE(TU (Q — EQ))*

(3) [Rank-one perturbation inequality] The resolvent Q; satisfies |TrM (Q — Q)| < %
for any N x N matriz M (see Lemma 2.6 in [3]).

Proof of Lemma @ is postponed to Appendix @

Finally, we shall frequently use the following identities which are obtained from the defi-
nitions of ¢; and ¢; together with Equations 6.9):

Q)i = ¢+ 2¢[Qlis (fi@iff — %T‘I‘EzEQ) (6.7)

[Q(2)];; & + 26[(Qly; (y}‘ Qjyj — %T‘I‘DjEQ) (6.8)

6.2. Proof of Step 1: The sum of a martingale difference sequence. Recall that
E; = E(- | ;) where F; = o(ys, j <€ <n). We have:

logdet(YY™ + pIy) — Elogdet(YY™ + pIn)

n

= > (B;—E;;1)logdet(YY™ + ply)
j=1

(a)
= 72( Eji1)log

j=1

n det (YI*Y7 + pI,,_
= 7Z(E —Ej1) 1og< . - 1)>

det (Y*Y + pl,)
© )1
= 72( J+1 0og

=,

QST (E) - Ejan)log (1+45Q; (—p)w)

det (YY" 4 pIy)
det (YY* + pIy) |’

j=1

n
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where (a) follows from the fact that Y7 does not depend upon y;, in particular E; log det (Yj Yt + pIN) =
Ej1logdet (YIY7™ + pIy); (b) follows from the fact that det(Y7*Y7+pI,_1) = det(Y/Y7*+
pIn) x p" 1=V (and a similar expression for det(Y*Y + pI,,)); (c) follows from the equality

.  det(YI*YI 4 pl, 1)

which is a consequence of the general inverse formula A=1 = madj(/l) where adj(A) is

the transposed matrix of cofactors of A (see Section 0.8.2 in [[[§]); and (d) follows from (f.9).
We therefore have

logdet(YY™ + pIy) — Elogdet(YY™ + pIn)

n

Z Ejt1 10%(1+93QJ( )]) = Z'Yj'

j=1 j=1

As the following identity holds true,

1 1
E; log (1 + —TrD, QJ) Ejt+1log (1 + gTrDij) ,

one can express v, as:

y;Qiy; — %TYDJQJ)

= (E; —E; I 1+
Vi (J J+1) Og< 1+%TrDij

y;Q;y; — wTrD;Q;

= (B —Fjp)log(1+1;)  where Ij =12 ITrD,Q;

(6.9)

The sequence 7y, ...,v1 is a martingale difference sequence with respect to the increasing
filtration F,,...,F; and Step 1 is established.

6.3. Proof of Step 2: Validation of Lyapounov’s condition (@) In the remainder
of this section, z = —p. Let 6 > 0 be a fixed positive number that will be specified below.
As liminf ®2 > 0 by Theorem B.1], we only need to prove that Z? LE[y 20—, 0. We

have E|y;|?T% = E |(E; — Ej11) log(1 + 1"])|2+5 Minkowski and Jensen inequalities yield:

B ™ < (BIElog( + T)P) ™ 4 (BIE, 41 log(1 + 1))
< 2(Bllog(1+T,)P*) 7.
Otherwise stated,
Bl 0 < Ko flog(1 + )" (6.10)

where Ko = 2%, Since y7Q;y; > 0, T; (defined in (6-9)) is lower bounded:

—17vD.O.
D, > —nltDiQ
L+ 3TrD;Q;

Now, since

1 D; N N
0< 21D,Q; (-p) < 1210y () < 1 2 s ()
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and since z — {7 is non-decreasing, we have:
1TrD;Q; K
”173% <K= ——L <1 (6.11)
1+ETYDJ‘Q]‘ 1+K1

In particular, I'; > —Ky > —1. The function (—1,00) 3 x w

non-increasing. Therefore, log(gljz) < log(}(_jﬁ) for € [~ K3, 00). Plugging this into (§.10)
yields

is non-negative,

Ely;[*t° < KoK3PE|D; [P+
é 240

. 1
KsE[T; PP < K3 Byl Qjy; — —TrD;Q;

By lemma p.2-(f]), the right hand side of the last inequality is lower than Ky n~(1+%/2) as
soon as E| X1y |2+5 < oo. This is ensured by A- for 6 < 6. Therefore, Lyapounov’s condition
(b-4) holds and Step 2 is proved.

6.4. Proof of Step 3: Convergence of the normalized sum of conditional variances.
This section, by far the most involved in this article, is devoted to establish the convergence
(@), hence the CLT. In an attempt to guide the reader, we divide it into five stages. Recall
that z = —p and

yiQiy; — +TrD;Q;

= (E; —~E;41)log(1+T;) where T;=
v; = (E; i+1)log (1+T;) where T 1+%T‘rDij

In order to apply Theorem [.1], we shall prove that ©;,2 S Ejpavg 2, 1 where ©2 is given
by Theorem B.1]. Since liminf ©2 > 0, it is sufficient to establish the following convergence:

S B - 02 2 0. (6.12)
j=1

n—oo

Instead of working with ©,,, we shall work with ©,, (introduced in Section [}, see Eq. (1)
and prove:

SEia? - 62 0. (6.13)
j=1

In the sequel, K will denote a constant whose value may change from line to line but which
will neither depend on n nor on j < n.

Here are the main steps of the proof:

(1) The following convergence holds true:
n n P
D By — Y By (BiTy)? — 0. (6.14)
j=1 j=1

This convergence roughly follows from a first order approximation, as we informally
discuss: Recall that 7, = (E; — Ej41)log(1 + T'j) and that I'; — 0 by Lemma
b3 (). A first order approximation of log(1 + z) yields v; ~ (E; — Ej41)T;j. As
Ej+1(ijjyj) = %TrDjEj+1Qj, one has Ej+1Fj = 0, hence Vi ~ E]‘Fj and one may
expect Ej1177 = E;j41(E;T;)? and even (6.14) as we shall demonstrate.
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(2) Recall that x = E|X11|* — 2. The following equality holds true

1
n2 (14 LTrD,EQ)

Ej1 (E;T;)? = 3 <TYDJ‘ (Ej+1Q;) Dj (Ej1+1Q;)

N

+rY o} (]Ej+1[Qj]ii)2> +e2,; (6.15)
=1

where

K
o< —
maxBlea,;| < 57

for some given K.

A closer look to the right hand side of (p.17) yields the following comments: By Lemma [6.3-
(Bd), the denominator (1 + 1TrD;EQ)?* can be approximated by (1+ 1TrD;T)?; moreover,
it is possible to prove that [Q;]: &~ [T]:; (some details are given in the course of the proof of
step (5) below). Hence,

s K

2
- > ol (Bia[Q))u)* = ETrDJQ-TQ :
i=1

Therefore it remains to study the asymptotic behaviour of the term 2 TrD; (E;+1Q;)D; (E;4+1Q;)
in order to understand (p.15). This is the purpose of step (3) below.

(3) In order to evaluate 1TrD;(E;11Q;)D;(E;11Q;) for large n, we introduce the ran-
dom variables

X = ~TrDe(Bj1Q)D;Q, j<t<n. (6.16)
(4)

Note that, up to rank-one perturbations, E;x ;7 is very close to the term of interest.

We prove here that xgr)b satisfies the following equation:

Xéj) _ l i %Tr(DgBDmEQ) )
TS (L FTD,EQ)T T
where B is defined in Section and where

1
+ ~TrDiBD;EQ + 3,65, j<{<n, (6.17)

< —.
max Eles ] <

Vn
(4) Recall that we have proved in Section [] (Lemma [p.1) that the following (determin-
istic) system:

n
Yy = > apm y9, +an; for j<i<n,
m=j+1

where ag,m = # OTJIQET% admits a unique solution. Denote by :cg,)l =n (1 + %TngT)2 ygr)l,

then (:Bé‘:l,,)l, j <€ < n) readily satisfies the following system:

1 N impp,T? . 1
wf) == Y n T g STeDyDT?, j<l<n.
) n oS (1 + %TrDmT) ’ n
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As one may notice, (6.17) is a perturbated version of the system above and we shall
indeed prove that:

X;le = :B;JBL + €41, +€42,; where maxElesr ;| < —= and max|eqs ;| <dp, (6.18)
) ’ i<n Jj<n

Jn

the sequence (9,,) being deterministic with d,, — 0 as n — oo.

(5) Combining the previous results, we finally prove that

ZEj+1(Eij)2 — éi 420—) 0 . (619)
Jj=1

This, together with (f.14)), yields convergence (6.13) and (6.19) which in turn proves
(6-3), ending the proof of Theorem B.3.

Proof of . Recall that % <Ky <1 by () In particular, I'j > — Ky > —1.
We first prove that
E;log(1+T;)=E;I'; + €11, +€12,5

where

{ e11,; = Ejlog(1+T)1p, <k, — E;T; and { maxj<, Eeqq ;2 <

€12, = Ejlog(1+T)1(k,00)(T) maxj<, Ee1z ;2 <

In the sequel, we shall often omit subscript j while dealing with the €’s. As 0 < K5 < 1, we
have:

(6.20)

U=

o (DM
|€11| = E] Z TF]]"FHSKZ — Fj s
k=1
< E;l'1p,>k, + ZE]- |F]—|k 1<k, < Ejllpsk, + d f_‘ I](‘; -
k=2
Therefore,
(a) EM1r <k
Ee? < 2[Er21p, — b=k
€11° = ( jlr;> K, + (1= Ky)?
(b) 2Kl 2ET4
< J J
- K3 (1 - K>)?
© (2 2 1 @ K
< (£ +—= _VE(yQy — -TrD,;Q; < £
= (K22 + (1 7 KQ)Z) (y] Q]y] n JQJ) — n2
2
where (a) follows from (a+b)* < 2(a®+b?), (b) from the inequality T3 1r, 5, < T3 (IF(—]2 1r,>Ky»
(¢) from the fact that the denominator of T'; is larger than one, and (d) from Lemma (M

as X171 has a finite 8" moment by A-fi]

Now, 0 < e12 < E;I'j1r,5k,. Thus, Eeip? < EI?1p, 5k, < K;°El1p 5k,. Lemma

b3 () yields again:

| =

Ee12” < —

3
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and () is proved. Similarly, we can prove

ol =

Ejs1log(1+1;) = E;il) + €155 with maxEes;” <

isn

Note that since y; and F;41 are independent, we have ;4 (y;‘ijj) = %TrDjEjHQj which
yields E;;1I'; = 0. Gathering all the previous estimates, we obtain:

E;I'; +€11,5 +€12,5 — €13,

Vi

1>

IEjF]— + €14,5

where max;<, E€14,;2 < Kn~? by Minkowski’s inequality. We therefore have E;11(v;)* =
Ej+1(Eij + 514,3')2. Let

A
e1,5 = Ejp1(7)” — Ej1(BiT;)? = Ejraea,y” + 2B 41 (14,5 EiT).
Then

Elerj| < Eeia;® +2Ele1a; EiLl
(a) ()

< E€14,j2+2(E514,j2)1/2(EF?)1/2 < n3/2’

where (a) follows from Cauchy-Schwarz inequality and (E;T';)* < E,;I', and (b) follows

from Lemma [.3-(]) which yields ET% < Kn~!. Finally, we have Z?:l ElE;11(v)% —
E;.1(E;T;)?| < Kn~2 which implies (5.14). 0

Proof of . We have:

ET - & Y;Qsyi — zTD;Q;
7 / 1+ 1TvD;Q; ’

1 . 1
- m{Eﬂ' (0w - J1p,0))
n J

*Q.y: — LTrDQ; /1 1
gy (WO a9 (Lo Inpeg)) L
1+ET1“Dij n "

Hence,
1 1 2
Ej1(E;T;)? = T %TrDjEQ)Q]Ej“ ((y?(Eij)yj - ;TYDJ‘EJ‘QJ‘) + €21, +€22,j>
2
= ! i1 (v (E,Q;)y; — ~TrD,E,Q, ; 6.21
1+ 1TvD;EQ)? g1 (95 ( JQJ)yJ*ﬁ rD;E;Qj ) + €2, (6.21)
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where
2
’y*ijj — %TI"D]'Q]' 1 1
N 1
€225 = 2K (ijjyj - gTYDij) X
Qs — 2TrDQ: /1 1
Ej y] ijjl n ]QJ <—TI‘Dij — —TI‘DjEQ) ,
1 + ET‘I‘DJ‘QJ‘ n n
_ Ejii(e21,5 +e22,5)
Ezaj -

(14 1TrD;EQ)?
As %TrDij > 0, standard inequalities yield:

1
2

1 1 !
E (—TI‘D]'Q]' — —TI‘DjEQ>
n n

* 1 ‘1
Eeg1,5 < lE <yj Qjy; — ETI“D;'Q;) ]

By Lemma @—(ﬂ), E (y;‘ijj — %TrDij)4 < Kn~2. Due to the convex inequality (a +
b)* < 23(a* + b*), we obtain:

4 4
E (%TrDj(Qj - EQ)) = E (%TrDj(Qj -EQ;) + %T‘I‘DJ(EQj - EQ))

IN

K {E (%ij(Qj - EQJ»))4 +E (%ij(mj - EQ))4} :

where the first term of the right hand side is bounded by Kn~2 by (Bd) in Lemma .3 and
the second one is bounded by Kn~% due to the rank-one perturbation inequality [Lemma
6-3(@)]. Therefore Eeay,; < Kn~2 and similar derivations yield Elega ;| < Kn~2. Gath-
ering these two results yields the bound Elez ;| < K n~%. Let us now expand the term

Ej (v1E;Qjy; — 1TrDSE;Q;)” in the right hand side of (5:21).

1 , AN\T
Recall that E;Q; = E;11Q; and that y; = D? ()\(/%] I )f/—’jl]) . Note also that E; 4 (y;-‘Eijyj) =

%TrDjIEj_,_le. Then Lemma @-(E) immediatly yields:
1 2
Ejr (y?Eijyj - ETYDJ'EJQJ)
1 N
2
= 3 (TYD;' (Bj+1Q;) Dj (Bj1Q;) + 15 Y 0f; (Bjy1[Qjler) ) :
=1

Equation (B.13) is proved. O

Proof of [6.17). Recall that ngl = 1TrDy(E;41Q)D;Q. The outline of the proof of 17
is given by the following set of equations, the x’s and &’s being introduced as and when
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required.
ng)z =X1TX2—X3 (6.22)
X3 = X5+€3 (6.23)
X5 = Xat+ X5+€3 (6.24)
X5 =X6—X7 T €6—€7 (6.25)
Gathering the previous equations, we will end up with
Xg,)l =X;+Xo—X4— X6+ X7+ where €= —e3+¢eh—¢e+er. (6.26)

Let us first give decomposition (f.29) and introduce x;, X, and x5. Recall that B (defined

RN
in Section 1)) is the N x N diagonal matrix B = diag(b;) where b; = (p(l + %TrDiC)) .
The following identity yields:

Q = B+B(B'-Q7NQ
= B+B (pdiag (lﬂi)ié) — YY*) Q.
n
Therefore,

. 1
XEJT)L — ETng(I[’EjJrlQ)DJ'Q

’

1 1 -
~TvD;BD;Q + LD, Bdiag <—TrDZ-C) (E;41Q) D;Q
n n n

1 & .
~~TeD,B (Z_lEj+1ymme> D;Q
A
= X1tXe— X3
and (p.29) is established. We now turn to decomposition ([.23). Identities (f.1]) and (p.9)
yield:
o QmYmYpQm Y Qm 5 ;
m . = " = p[QlmmYmQm -

Using this equation, we have

Ym@ = Y Qm — ¥

1 - .
Xs = —TeDB (Z Ej+1ymme> D;Q

m=1

= gTI'DgB (Tnz_:l IEj-i—l ([Q]mmymy;Qm)> DjQ
(i) %TI'DZB (7;_1 6mIEjJrl (ymy:an)> DjQ
2 n ~ 1
*%TI"DEB (Z &mEjJrl ([Q]mm <y:anym - ETrDmEQ> ymy;anm)> DjQ

m=1

1>

X5+ €3,
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where (a) follows directly from @) We are now in position to prove that :

max Eles| < (6.27)

JSn

si-

Using the fact that |TrAyy*B| = |y*BAy| < | AB|| ||ly||* together with the norm inequality
|AB|| < || Al || B]|, we obtain:

2 n
P ~ ~ * 1
les] < = > D;QD¢BlemEji1 | [Qlmm U5 Qmym — =TrDmEQ| [ym | Qmll ) ,
n n
m=1
(@) o-;lnax 1 - * 1 2
< p3 E m§:1 EjJrl <‘memym - ETrDmEQ‘ ||ymH ) ,

where (a) follows from the fact that ||D;QD¢B||én < ot..p~% and [Qlum||Qm| < p~2.
Writing %TrDmEQ = %TrDmQ + %TrDm (EQ — @) and replacing in the previous inequality,
we obtain:

1
E (‘y;anmym - ETrDmEQ‘ |ym|2>

1 1

27 2 1 212 1
<|I|E + E‘ﬁTrDm(QEQ) ] (Ellym|*)®

N 1
memym - ETrDmQ

1
where [E ’y;‘anym - %TrDmQﬂ * < Kn™7 by Lemma 6.3 () combined with Lemma 6.3

1
(E), {E ’%TrDm(Q — EQ)’Q} < Knpt by Lemma@-@) and E|y,||* < o L E|X11[4(Nn=1)2
This in particular yields max j<, Eles| < Kn~2 and proves (b.27).

Recall that if m < j, then

Dy,
Ej 11 (Um¥ym@m) = Ejr1(ym¥n ) Ejr1(Qm) = T]EjH(Qm)-
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We now turn to Equation (6.24) and introduce x4, x5 and &}.

p — "
X3 = gTrDeB<ZcmEj+1 (ymmem)> D;Q ,

m=1

J
- %TngB (Z &mDmIEjHQm) D;Q

m=1

p ~ ]
+oTeDB | Y eyt (ymyinQm) | DiQ

m=j+1

J
P ~
= ﬁTYD(B ( E CmDmEj-l-lQ) D]Q
m=1

p - *
+5TeDB Z emBjs1 (YmymQm) | D;Q
m=j+1
p : =
+-5TeD,B (Z EmDimEj1 (Qm — Q)) DiQ = XatXstes,

m=1

and decomposition (f.24) is introduced. In order to estimate €}, recall that given two square
matrices R and S, one has |[TrRS| < ||R||TrS for S non-negative and Hermitian. As matrix
Qm — Q is non-negative and hermitian by (B.1)), we obtain:

J
€41 < 5 DeBD,QI Y. B (TeDy, (@ — Q) < T (6.29)

m=1
by Lemma [.3-().

We now turn to x5 and provide decomposition () Recall that TrAyy*B = y*BAy.

Combining (B.1) and (5.2), we get Q = Qm — p[Qlmm QumYmy,Qm. Plugging this expression
into the definition x5 and using the fact that y,, is measurable with respect to Fj; 1 (since
m > j+ 1), we obtain:

n

14 ~ *
DB Z+1 emEjr1 (YmymQm) | D;Q
m=j

X5

PN~ s
- E Z Cmym(Ej-l-lQm)DijDfom

n

Cm [Q]mmyrfn (Ej-l-lQm) Dijymy:anDéBym .
Jj+1

m=

In order to understand the forthcoming decomposition, recall that asymptotically v, Apym ~
%TrDmAm as long as y,, and A,, are independent, and that %TrDmAm ~ %TrDmA if A,,
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is a rank-one perturbation of A. We can now introduce x4 and x:

P~ m
Xs = - Z 7TngBDm(IEj-i-lQ)DjQ
m=j+1
2 "oz

c 1
R Dy, (Bj1Q) DjQ x —Tr(DnQDeB) + €6 — &7

n -
m=j+1

II>

X6 — X7+ €6 — €7,

where

PN~
W 2 E o,
m=j+1
PN~ Cm
- FTrDeBDm (Ej+1Q) D;Q
m=j+1
p2 n -
e = 5% enl@um i (Bi11Qn) DiQum 4@ DeBym
m=j

¢
o

0P = &, 1
— Z 7Twm(IEJ,rlcg)l)jcg><Eﬂ(DmQDZB).

m=j+1

It is now a matter of routine to check that:

Eleg| < —= and Ele7| < —= . (6.29)

B
B

Let us provide some details.

Recall that y,, is independent from E;41(Q,,). To obtain the bound on El|eg|, we use
the facts that E(y:;m (Ej—i-lQm) DJQngBym — %T‘I‘D@BDW (Ej-l-lQm) Dij)2 < K?’L_l by
Lemma p.3-()), |2 TtD¢BD,, (Ej+1Qm) Dj(Qum — Q)| < Kn~* by Lemma [.3-(), etc.

In order to prove that Ele;| < K n_%, we use similar arguments but we also need two

additional estimates. The control [Q]mm — ¢y, which has already been done while estimating
e3 relies on (p.§). The bounded character of E(y}, Apmym)? where A, is independent of v,
and of finite spectral norm. This is a by-product of Lemma @(m)
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We now put the pieces together and provide Eq. ) satisfied by x;. Recall that

1
1~ -
Xy = %TrDeB diag (ETI"DZ'C> (Ej+1Q) D;Q
p .
Xi = 5TDB (3 énDi | (Bj11Q)D;Q
m<j
p ~
Xe = ﬁTngB Z EmDm | (Ej11Q)D;Q
m=j+1
p2 n 67271 1
X7 = o Z YTI"Dm(Ej-HQ)DjQXETr(DmQDéB)
m=j+1
1 n %TI"(DZBDmQ)
= o> AT 2Xmj -
n Sl (1 + ﬁTrDmEQ)

As L3 émDy, = diag (%TrDlé, ce %TrﬁNCN'), we have X, — x4 — X¢ = 0, and (.26
becomes )
@ _ Yp Bp.os k 2 1(DeBDnQ) ;)
[ QO+ =
Xen = 3 BD;Q n m:zj;i-l (1+ %TrDmEQ)me’n
where Ele| < Kn~2 thanks to Inequalities (6-27). (b-29). and (F-29). Small adjustments
need to be done in order to obtain (p.17). Now replace 2TrD,BD,Q by 1 TrD;BD,EQ (use

Lemma @—(@)) The new error term e3¢5 still satisfies maxy j<, Eles e, ;] < Kn~z. Eq.

(F-17) is proved. O

Proof of . Recall that xe,; and €3,¢; have been introduced above.

+ e,

Following the matrix framework introduced to express the system satisfied by the y’s (ma-
trices A,,, A%]) and A%’(j)), we introduce matrix G,, = AL = (ggm)zmzl, its(n—j+1)x (n—
j+1) principal submatrix ng) = (gé7m)2m:j and the matrix G%’(j) which differs from matrix

el by its first column, equal to zero. Denoting by Jg) = (%TngDjTQ; j<t< n), we
have:
20 — G0z 4 56)

Define here the (n — j + 1) x 1 vector s:(,,j) = (eg,05; J <€ <mn)and the (n—j+1)x1
vectors:

X9 = (@ i<t<n),

< 1

2 (ETngBDjIEQ; j<i< n> .
Define now the (n —j + 1) x (n — j + 1) matrix:

1
a0 FTngBDmEQQ
(1+ 1 TrD,EQ)

n

lm=j
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and G%) which is egal to G exept for its first column equal to zero. With these notations,
Eq. (), valid for for j < ¢ < n, can take the following matrix form:

X9 = GO @) 4 §G) 4 eéj) _
We will heavily rely on the following:

lim sup
n

(N .

oo

which can be proved as in Lemma @—(@) and Lemma @ We drop superscript () in the
equation below for the sake of readability.
X = éx +6+ €3
& x=Gx+d+ez+ (G- G)x—i—(s J),
& x=(I-6)"+-G)es+(I-G)NG-C)x+ I -G)(6-4),
& x=x+ I -G)leg+ (I - G) YG-G)x+ (T -G)Y(d—-9) (6.30)

The first component of the previous equation writes:
ng) _ ng) + (I - GO,(j))—1€3]1
+[I - GOUNTHGO) — GO )y + (I — GUUY~1(§ — 5)] .

2 9 4 eq1j+eany
- J 41,5 42,5 -

Due to Lemma .2 ([]) which applies to G®) and to the fact that max; j<, El|es ;| < Kn~3,
we have:

n—j+1

. K
Elear,gl < Y (T —G¥9) 7y Elese| < —=
m=1 \/ﬁ
The second error term €42 ; is the sum of the following terms:
crmg = [(1—GY@) (G0 — GOy +[(1 - GO) A - 9)l

Let us first prove that [(I —G%))~1(G%() — GO())x]; is dominated by a sequence indepen-
dent of j that converges to zero as n — oo. The mere definition of X(J ) (see (B.16)) yields
x|l < (N0t )(np?)~", where || - ||o stands for the £o-norm. Hence

I[(I — GOUN)=H GO0 — GOy |
<flu-eo], Jeo-cor] e < x @ -eor]_

Let us prove that

m (GO0 — GO’U‘))T‘H — 0 (6.31)

0o N—00
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uniformly in j. To this end, let us evaluate the (¢, m)-element of matrix GO — @O.0)
(m > j):
L1vD,BD,,EQ 17D D, T?

VO7(»)_ 0,(5) —
nllEP = G e ‘(1+%TrDm]EQ)2 (L4 3 TeDy )2

IN

1 1 1
‘(1+ —TrD,,T)>*~TrD¢BD,,EQ — (1 4 — Tw mEQ)? Tw D, T?
n n

IN

1 1
(1+ ETrDmT)QEﬂDZBDm(EQ — T)’

51

1
+1(1+ =TrD,T)2=Tr DT Dy (B — T)‘
n n

1 1 1
+ <(1 + —=TrD,,T)? — (1 + —TrDmIEQ)2> ~TrD¢D,,T? (6.32)
n n n

The first term of the right hand side of (.39) satisfies:

1 1 02 \?1
(1+ —TrDmT)Q—TngBDm(IEQ _ T)’ < (1 + ma") “TU(EQ — T) ,
P n

where U is the N x N diagonal matrix U = o . p~ldiag (sign (E[Q]: — t;),1 <i < N). By
Lemma @ @ ), the right hand side of this inequality converges to zero as n — oo.

The second and third terms of the right hand side of (f.39) can be handled similarly with
the help of Lemma [.d and one can prove that elements of n(G%) —G%)) are dominated by
a sequence independent of j that converges to zero. This implies that ‘H (éo’(j) — Gov(j))Tm
converges to zero uniformly in j and (6.31)) is proved. As a consequence, [(1—G())~1(GO() —
GO’(j))X]l is dominated by a sequence independent of j that converges to zero. The other

term [(I — G%6))~1(§ — §)]; in the expression of e42,; is handled similarly. Eq. (B.1§) is
proved. O

Proof of ([6.19). We rewrite Equation (f.15) as E;44 (IEJ-F]-)2 =1, + K2, + €2, with
1 1

m;, = — TrD; (Ej41Q5) Dj (Ej1Q5) )
j n2(1+lTrD<EQ)2 g Ulj+16s) Dy (Bl

2 Z zg J+1 Q] u) )

2,5
n? (14 +TrD,;EQ)

and we prove that ZJ 1M, — Vn 2,0 and ZJ 1M2,5 — Wh P, 0 where V,, and W, are
defined in Section E To prove the first assertion, we first notice that

TrD;(Ej+1Q;)D;(Ej11Q)) = Ej1(TrD;(E;j+1Q;)D;Q;) = Eja (TrD;(Ej1 Q) D;Q) + €
with |e| < 202 p~? by Lemma [.3-(H). Therefore,

maxp
]Eg+1X§,) N 5
(1+1TvD,;EQ)®  (1+1iTvD,EQ)°

Mg =

It remains to control the difference (1+ 1TrD;EQ) - (1+ %TrDjT)_2, to plug (b.19)

and one easily obtains Z?:l M. — Vn 2.0
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We now sketch the proof of 377, 72 ; — W, 2, 0. As'in (), [Q,]i: satisfies [Q;]ii =
—(z(1 +§gQg§f*))’1 where €/ is the row & without element 5, and Q7 = (Yl]*Yl] +pl,1)7t
where Y7 is matrix Y without row i and column j. Using this identity and Lemmas .2 ([l
and @, we can show that [Q;]:; is approximated by ¢;, which is key to prove 2?21 M2, —

W, 2 0. 0

7. PROOF OF THEOREM B.J

We first provide an expression of the bias that involves the Stieltjes transforms %TrQ
and +Tr T. By writing log det(Y;, Y, + pIn) = Nlog p + log det(%YnYJ + In) and by taking
the derivative of log det(%YnY; + Iy) with respect to p, we obtain

* /1 1
logdet(Y,,Y," + pIny) = Nlogp + N/ (— - NTrQ(—w)) dw .
w
P

Since +TrQ(z) € S(RY), we have L — £TrQ(—w) > 0 for w > 0. In fact, recall that
[Q(—w)|| < w™! by Proposition P-4 Therefore, by Fubini’s Theorem,

< /1 1
Elogdet(Y,Y,” 4+ pIn) = Nlogp + N/ (— - —TrEQ(—w)) dw .
w
p

N
Similarly,
< /1 1
NV, (p) = N/log()\ + p)mn(dX) = Nlogp + N/ (— - N’I‘rT(—w)) dw.
w
P

Hence the bias term is given by:

Bu(p) £ Elogdet(Yo Y + plx) — NVia(p) = / Tr (T(~w) — EQ(—w))dw . (7.1)

P
In Appendix B, we prove that:
(T - Q) =Te(T — Q) . (7.2)

Therefore, we can also write the bias as:
Ba(p) = / Tr (T(fw) - EQ(W)) dw . (7.3)
p

For technical reasons (and in order to rely on results of Section ﬂ), we use representation
(F-3) of the bias instead of ([.1]). The proof of Theorem B.J will rely on the study of the
asymptotic behaviour of the integrand in the right hand side of this equation.

As a by-product of Section E, the existence and uniqueness of the solution of the system
of equations () is straightforward. Indeed, define the n x 1 vectors w and p as

w = (wl<j<n),
p = (pj;1<ji<n).
Then the system (B.I]) can be written in a matrix form as
w=Aw+p. (7.4)

Since (I — A) is invertible for n large enough, this proves Theorem B.3-(fl).

The rest of the proof will be carried out into four steps:
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(1) We first introduce a perturbated version of the system ([.4). For the reader’s con-
venience, we recall the following notations:
- 1
ti = — N\ t_] = T T T
w (1 + %TrDiT) w (14 TrD;T)
1 1
c; = ~ N Cj = 1 ’
w (1 + %TrDiIEQ) w (14 TrD;EQ)
1 ~ 1

bi = N b; = )
w (1 + %TrDiC) ! w (1 + %TYDJ’C)

—_

where z is equal to —w with w > 0. Write the integrand in (F.3) as
~ . A ~ ~
Tr (T(~w) - EQ(-w)) = Z ;W) with @;(w) = n(f;(~w) ~ E[Q(-w));;) . (7.5)

Let 9 (w) = n(bj( w) — E[Q(~w)];;) and define the n x 1 vectors ¢ and 4 and
the n x n matrix A as

¢ = (pj31<ji<n),

Y = (Q/J(j);léjén) :

i - ( LTrD;D,,,CT >”
(14 3 TrD;T)(1 + 5 TrD;C) L

We first prove that
p=Ap+ . (7.6)
(2) We prove that

N n

) ~ 1 i

¢(j) =K w2b.76] (% § : (USJC?E U,?m [ mm) - § U QJ u) 5(]) ) (77)
i=1 m=1

with [eU)| < Kn~'/? where K is a constant that does not depend on n nor on j
(but may depend on w).

(3) Matrix A readily approximates A and vector @ approximates p for large n by Step
E. Therefore, by inspecting Equations (@) and (E)7 one may expect ¢ to be close
to w. We prove here that

llp — wlloo 0. (7.8)

—o00,N/n—c

(4) Let fn(w) = £ 37 wjn(w). Eq. ([-9) yields 30 (W) = fn(w) — 0. In order
to prove (@), it remains to integrate and to provide a Dominated Convergence
Theorem argument. To this end, we shall prove that:

K/

Bn()| < = (7.9)
for n large enough. This will establish (@) We will also prove that
IS K’
- Z pj(w)| < 2 (7.10)
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for w € [p, +00), where K’ does not to depend on n nor on w. This will yield (B.5)
and the proof of Theorem @ will be completed.

7.1. Proof of step I Equation (F.g). Recall that 1) = n(b; — E[Q];;). Using these
expressions, we have for 1 < j < n:

which yields Eq. (F.6).

7.2. Proof of step E: Expression of 't,b(j). We shall develop 't,b(j) as

P = g+ oy — g (7.11)
¥ =i+ e (7.12)

Py = =15 + g (7.13)

Y5 =P, +es5 (7.14)

Yo =g +es (7.15)

Y3 =1y +es (7.16)

where the 1,,’s and the e;’s will be introduced when required. We shall furthermore prove
that |ex| < Kn~'/2 for k = 1,3,5,6. This will yield

P = 4p, —1h, 4+ 1hg — by + €9 with |s(3)|:|61—€3—e5+66|§m. (7.17)
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Let us begin with decomposition ([f.11)):

v = b (1Ql; (10 - 5;))
2 nwb;E ([Q]jj <y}‘ijj - %TYDJ'C»
= nwb;éE (nyjyj - %TYDJ‘C)
b5 E ([@]jj (y;ijj - %ijm) (y;fczjyj - %ijO))
< wh;&;TrDE (Q; — Q) + wb;é; TrD; (EQ — C)
bty (1L (i@ - ;10,5Q) (5w - 100 ) )
by + by — b

1>

where (a) follows from (6.9) and the definition of b;, (b) follows from identity 6.9), and (¢)
follows from the following equality:

. 1 1 1 1
E (yj ijj — ETI‘D]C) = ETI‘D]' (EQ] — C) = gTI‘DJE (Q] - Q) —+ gTI‘Dj (EQ — C) .

Eq. ([.11]) is established.

We now turn to the decomposition ([.13). Combining (f.I]) and ([.J), we obtain @ =
Qj - W[Q]jj@jyjy;ij hence 1,01 = wajéjE ([Q]]J’y;QJDJQ]yJ) Using identity (@) and
the fact that E(y;Q]D]Q]’y]) = %E(TI‘DijDij), we obtain:

Y = %ngfE (TrD;Q;D;Q;)
—w3b; &R ([Q]jj (?J;ijj - %TYDJEQ) (y}‘Qijijj))
= Py ter .
We have:

1 *
le1] < ;E (¥;Q;D;Q y;le11 + €12 + €13])

Wlth €11 = y;ijj — %TI‘DJ'Q]', €12 = %TI‘DJ' (Q] — EQj), and €13 = %TI‘D]E (Q] — Q)
By Lemmas p.2-(), B-3-(Bd), and .3~ (), we have Ele;;|> < Kn~!, Elej2|? < Kn~2, and
le13]? < Kn~? respectively. By Cauchy-Schwarz inequality, we therefore have:

=

K (E(y;Q;D;Q;y;)?) oK
NG —vn

le1] <

and ([7.12) is established.
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We now establish decomposition ):
Py, = wé-ajTrD- (EQ — C)

_ CJZ%Q Jis (e = [Q17Y)
g, ZE ([le—i (s - JD20)
© e Z% 2 (E (@-Qiﬁf) - %TYDZ'EQ)
+ b, Z%cf]E ( (@~ %TrDZ-IEQf)

s + b
where (a) follows from (6.7). Equation (f.13) is established.

1>

27~ ~ ~ ~
Let us now turn to decomposition (f-14). We have ¢y = “-4% SN ol TrDE (QZ— - Q).
By similar arguments as those used for v,, we have:

3p, .
o o CJZafjc?lE( DiQ:DiQs)
3, o N
+2 CJZUZQJC?E i — ) TrD; Qi & Qs
A
= Yrtes

where |e5] < Kn~2 and (F-14) is established.
Turning to ([-15), we have

2
wb;é; Zafjcfﬂi < (ng £ — —Tw EQ> )
1 2
= W3¢ Zafjc§]E< Q& — —TrD EQ>

3
— wib;é; ZafjciE ( (gic}igj ~ %Trbi]EQ) )

6 + €61 (7.18)
using again (.7). The term eg; satisfies:

s

1>

N

1
lec1] < 2 Z oL E €611, + €612, + €13,
i=1

N
9
< 2 ZU%— (E |€611,i|3 +E |5612,i|3 + |€613,i|3) ;

i=1
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= L 7. L7y, (A = 1 7 5 A
where e611,; = §; Qi —; TrD; Qi €612, = ;' TrD; (Qi - EQi), and €¢13,; = - TrD;E (Qi - Q)-

3/4
By Lemma @»(), E |€611,i|3 S ang/z' By Lemma @(@), E |€612,i|3 S (E |€612,i|4) S
Kn=3/2. By Lemma p.3-(f), |es13.:]> < Kn~3, hence

We now handle the term + in (7.1§). We have:

2
v = Wb c]ZoUc?E (&Q & - TrD iQi + €12, + 613, )

2
waJZUzJCE’E( € __TYDQ) + €62

>

Pg + €62,

where
2 S 1oa
€62 = wb;¢; ZUU ¢; | E(ee12,i +€613,)” +2E | | &Qu& — ETYDin‘ (€612,i +€613,4) | | -
Using Lemmas @—. and @, it is easy to show that
leos] < =
€ — .
62| < n

Furthermore, the terms E ( )2 in the expression of 1g has a more explicit form. Indeed,
applying Lemma @» E ) yields:

3p. N o~ s ~ ~
W cﬂ Z% e (IE (TrDiQ D:Q; ) +r Y of,E ([Qi]fnm)> .
m=1
Decomposition () is established with eg = €41 + €62.

It remains to give decomposition ([.14). Using (f.§), we have

- ~ 1
Py = anbjC] ([Q] <y] Q]yj 1TrDjEQ> <yg*ijj - ETI"D]C))

1
= mu?b CQE ( QY — TrD EQ) (yj*QJy] — ETrDjC))

1 2 1
fnw3b CQE ( Y5 ijj TI"DjEQ) <yj ijj — ETI‘D]C>>

1>

"/’fo, + €31 .
The term e3; satisfies

n
lesi] < —E (
W

2
. 1
y; QY — ETI“Dij + €311 + €312

1
X |y QY5 — ngDij + €311 + €312 + €313

)



44 HACHEM ET AL.

with €311 = %TYDJ‘(Q]‘ — EQ]‘), €312 = %TI’DJE (QJ — Q), and €313 = %TYDJ(EQ — C)
The terms €311, €312, and y;Q;y; — %TrDij can be handled by Lemmas @(ﬂ) and @
The term €313 coincides with ab,(nwb;&;)~'. The derivations made on ., above (decompo-
sitions (F.13-F.15)) show that [tp,(wb;é;) 1| < K therefore |e313] < Kn~'.

Using these results, we obtain after some standard manipulations:

les1] <

5>

The term )5 can be written as:

o . 1
A nw?b; 7K ((y] Qjy; — ETYDij +e311 + 6312)

. 1
(?Jj Qjy; — ngDij + €311 + €312 + 6313))

nw?b;EE (nyjyj - %TrDij)2 +es2
= Py + €32
with |es2| < Kn~'/2. Similarly to 4g, we can develop 44 to obtain
o= 0 (E(TrDijDij) + HZNZJ?‘-E (IQ -ﬁ)) (7.19)
n = j”

Decomposition () is established with €3 = €31 + €32.
We now put the pieces together and provide Eq. ) satisfied by 't,b(j ). We recall that

2b ~2
P, = nj JE(TrD Q,;D;Q;) ,
v, = b e ZafjcfE (:5:Q:D.2:)

3p.¢6 o~ - n -
v = %Z% : <E (T0D:Q:D:Q:) + 5 Y ol E ([Qi]fm)> :

m=1

2b N

Yy = - 5 (E(TrDijDij)+HZU§§E([QH§-)> :
=1

When computing the right hand side of ()7 all terms of the form ETrD;Q;D;@Q; and
ETrD;Q;D;Q; cancel out and we end up with Equation (@) Step E is established.
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7.3. Proof of step fi: [[¢ — wl|| — 0. In order to prove ([.§), we need the following facts:

] (A - A)TH‘ — 0, (7.20)
lim sup ’H(I - A)_lmoo < 00, (7.21)
I — A is invertible for n large enough, (7.22)
timsup ||(7— 4)7 || <o (7.23)

The proof of ([.2() is close to the proof of (f.31)) above and is therefore omitted. The bound

7.21) follows from Lemma .3-(f). We now prove ([.29) and ([.23). Recall that by Lemma
b.5, there exist two vectors u, = (us,) = 0 and v, = (ve,) = 0 such that u,, = Au, + vy,
sup,, ||tn|leo < 00 and liminf,, ming(ve,) > 0. Matrix A satisfies the equation u,, = Au, + 0,
with @, = (#¢n) = vn + (A — A)u,. Combining ([.20) with inequalities sup,, [|t,]lco < o0
and lim inf,, (ming ve,) > 0, we have liminf,, (ming ¥4,) > 0. Therefore, Lemma @ applies
to matrix A for n large enough which implies (F:29) and (723).

We are now in position to prove [[¢ — w|s — 0. Working out Eq. ([-6) and ([-4), we
obtain:

p=w+ I —-A)"A-Ap+I—-A)"(p—p),

hence
e = wloe < (2= )7 | A= | _lelow + 117 = 7, 16 = Pl -

Thanks to ([.29), we have ¢ = (I — A)~'4p for n large enough. One can check from (727)
that sup,, [|[¥||c < co. Therefore, by (7.29), we have sup,, |||l < co. Using (f.20) and
(F21), we then have ||(1 — A)~1| } (A— A)M lelloo — O.

It remains to prove that ||t) — pllcc — 0. In Step 3, it has been established that v is a
perturbated version of p as defined in (B.9) in the sense of Eq. (m) Using the arguments
developed in the course of the proof of (p.18§), it is a matter of routine to check ||%) —p||lc — 0.
Details are omitted. Hence

Iz —A)7Y| . % = pllos — O

Consequently, || — w| o — 0 and Step [ is proved.

7.4. Proof of step E: Dominated Convergence. In this section, constant K’ does not
depend on n neither on w but its value is allowed to change from line to line. We first prove

(F.9). We have
1Bnl < llwlloe < [|(7 = 7| Pl

by (). By inspecting (B3) one obtains [[plls < ||(N/n)(Zusx + Tuax) < K'w 2. We need
now to bound [ (I — A)’1|||OO in terms of w € [p, 00). Lemma [.3-(f]) yield:

e

~ ming(vey)
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where u,, = (u¢,) and v, = (ve,) are the vectors given in the statement of Lemma @ We
now inspect the expressions of ug, and vg,. Eq. (@) yields:
1
i > min=TrD,
min(vg,) > (@ + o2 N 1P
and maxy(us,n) < (No2,.)(nw?)~! by (5.6). Gathering all these estimates, we obtain |3,| <
K'w™3. and Inequality ([.9) is proved.

We now prove ([.10). We have
1 & o
=3 il < llloe < |7 = D7 Il (7.24)
j=1

by ([-6) and ([-22)). We know that the right hand side is bounded as n — oo. However, not
much is known about the behaviour of the bound with respect to w. Using Inequality ([.24)

and relying on the derivations that lead to (f.4-F.7), one can prove that H’(I - /i)’lm ,

o0
[[%|loo, and therefore ||¢|oo are bounded on the compact subsets of [p, +00). Therefore,

in order to establish ([7.1(), it is sufficient to prove that [|¢|/e is bounded by K’w=2 near
infinity. To this end, we develop |p;(w)| as follows:

@) =l [E (10 (105 - 5))]
E ([Q]jj <y;ijj - %TrDjT> '

= nwt;

< wi;E[Q)y; | TrD;E(Q — T)| + nwt; |E

wtE[Q];; |TrD,E(Q — T)| + nwi;é;

INS

wHE[Q)y; ITrDE(Q — T)| + wi;é; [E(TrD;(Q; — Q)
" - 1 ?
+27’Lw2tj6jE ([Q]]J <y;Q]y] — ETI‘D]EQ]) )
27~
- tjC]E[Q]jj (TrD;EQ; — Q))°
where (a) follows from ([.§) and (b), from the fact that
1 1 1
(y;Qsv5 — ETYDJEQ)Q < 2(y;Qjy; — ETYDjEij +2(=TrD;E(Q; — Q))%.

Let a(w) = nmax;<;<n |t; — E[Q]i;]. Using Lemma 5.3~ (), we obtain from the last inequal-
ity

+2

< U?nax U?nax 2nE * 1 T D E ? QUénax
lp@lloe = ="Far(w) + —75% + —E ( 4jQjy; — ~TrD;EQ; | + —5% .

As in (7.19), we have
1 ! a
E (y;.ijj - ETrDjEQj) == <E(TrDijDij) + mZa@E[Qﬂi) <

i=1

Nopa (1 + &l
n2w?
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Therefore,
o2 K’
< Tmax n 7.25
@)l < 22 ar(w) + o (7.25)

K Plugging this

w

2
for w € [p,+00). A similar derivation yields a(w) < 2222 (w)|o +
inequality into (), we obtain
U

K
(1= O /@) (@) o0 < =5,
hence ||@(w)||oo < K'w™2 for w large enough.

We have proved that ||¢(w)]|s is bounded on compact subsets of [p, 00), and furthermore,

that (7-10) is true for w large enough. Therefore, ([7.1() holds for every w € [p, +00). Step [
is proved, and so is Theorem @

APPENDIX A. PROOF OF LEMMA [.3

Proof of Lemma [6.3-([l]). Straightforward.
Proof of Lemma [6.3- ().

Proof of ([2d). From [[[7, Lemmas 6.1 and 6.6], we get

LT (Q(—p) ~ T(~p) —— 0 as

Now since

LU (Q(-p) — T )| < WU QI + 1T ()] < 21V

ST (Q(=p) = T(=p))| < IV (IR(=p)l + T (=p)l) < Pt
the Dominated Convergence Theorem yields the first part of (@) The second part is proved
similarly. 0

Proof of (2]). Recall from Theorem P.3(1) and from the mere definitions of 7' and B that
matrices T'(z) and B(z) can be written as

-1 —1
=1|-z — ———1; an =|-z — ————1);
n i 1+ STeD; T n 4 1+ S TeDEQ
We therefore have
1 1
—TrU(B(—p) = T(-p)) = -—-TUBT(T'-B7")
n n
1 n 1D (EQ — T
= ST (UBTY. 1n]fa(Ql) )
n e (1 + ETI‘D]T)(l + ETI‘D]EQ)
1 N n
= 5> D
i=1 j=1
[U]iibitio'zgj 1

with z}, = —TrD;(EQ —T). It can be easily checked that

(14 iTeD;T)(1+ L1 TrD,EQ) n

27| < 2sup,, (|U|))ot ,./p®. Furthermore, ziy —n 0 for every i,j by (Rd). Tt remains
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to apply the Dominated Convergence Theorem to the integral with respect to Lebesgue
measure on [0, 1]* of the staircase function f,(x,y) defined as f,(i/N,j/n) = x}; to deduce
that 2TrU(B — T) — 0. This ends the proof of (1). O

In the sequel, K is a constant whose value might change from line to line but which
remains independent of n.

Proof of (2d). We have
TU(Q-EQ) = Y (B —Ej1) TrUQ
= Y (B —Ej)TU (Q - Q)

j=1

© - y;Q;UQjy; =
R Y T oL SR o Y
; L+57Q595 ;

>

where (a) follows from the fact that E;TrUQ = TrUQ and E,, .1 TrUQ = ETrUQ, (b)
follows from the fact that E;Tr UQ; = E; ;1 TrUQ); since @; does not depend on y; and (c)
follows from (Ell) and from the fact that Tr Q;y,y;Q;U = y;Q;UQ;y;.

Now, one can easily check that 2?21 zj (= TrU(Q — EQ)) is the sum of a martingale differ-
ence sequence with respect to the increasing filtration 7y, ..., F; since Exz; = 0 for k& > j.
Therefore,

E(TrU (Q — EQ))* = > Ea?.
j=1

Write 2; = 2,1 + 2,2 where:

y;Q;UQ5y; >

Tal = (EjEj+1)<1+lTrDQ‘
n )]

vy = —(E; —Eju) y;QiUQiy;  yjQ;UQjy,
72 7T\ 4y Qi 1+2mD,Q; )

Using the fact that y; and Fj;1 are independent, and the fact that J; does not depend on
4, one easily obtains:

y;Q;UQ;y; 1 UQ,;
By (%70 N _Lnypp (@U@ )
1 + ETYD]‘QJ‘ n 1 + ETYD]‘QJ‘

Thus 2,1 and z; o write:

. Q;UQ, 1 Q;UQ;
= B ([ —=2=) )y STYDE, [ — T
Ti Yitit (1+%TrDij Yi 5 Pik 1+ 1TrD;Q;
y;Q;UQ;y; 1
5 = (E;,—E, J “Q.y; — ~TrD;Q;
me = B B D00 g WU T R

1>

(Ej —Ejr1)zjs -
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1+ TeD;Q;

Since matrix || D;E; (M) | < K, Lemma p.2(fl) in conjunction with Assumption
A-l] yield E2? ; < Kn~!. Furthermore, we have:

|zj,3] <

* * 1
Y;Q;UQ; ;5 <yj Qjy; — ﬁTrDng)

since y;Q;y; > 0 and %TrDij > 0. Cauchy-Schwarz inequality yields:

1 N
<E (y}‘ijj - gTYDij) )

. i 1 K
E(yj QjUijj)4 S K and E <y] ijj — ET‘I‘D‘]Q]) S ﬁ 5 (A2)

=

E$]3 ( (y]Q]UQJy]) )

which in turn yields Exig < % since

where the first inequality in ([A.9) follows from 0 < y*Q,UQ;y; < |Q;UQ,|l|ly;]|* and from
Assumption A-f, and the second from Assumption Al and Lemma [6.3-(I).

We are now in position to conclude.

El‘?_]g = E ((Ej — Ej+1)zj73)2 S 2FE ((Ej$j73)2 + (Ej+1$j73)2)
(@)
< 2B (Ejzlg+Ejnals) = 4Exs,,
where (a) follows from Jensen’s inequality. Now,
2 2 2 V3 2 1) o K
Exy = E(zj1 +2j2)° < ((E:Cj,l)2 + (Exj,Q)z) < o
and E(TrU(Q — EQ))* = >_7_, Bz} < K. Inequality (Bd) is proved. O
Proof of . We rely again on the decomposition (@) and follow the lines of the compu-
tations in ([B], page 580):
- ¥;Q;UQ;y;
U (Q —EQ) = )=
( -3 -
Thus,
y 4
1 1 & y;Q;UQjy;
E —TrUQ—]EQ) =—FE Ej —Ej41)-L———
(N ( ) N4 ;( J J+1) 1+ ijjyj
o\ 2
(a) n “OUQ 1.
R
= 1 + Y5 Q5Y;
4
(b) *O.UQ ..
L RNVLE(EEa TR
1+y;Qjy;

IN

4
y;QjUijj>

K
supE E;, —E; ”
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where (a ) follows from Burkholder’s inequality and (b) from the convexity inequality (>, ; a;)* <
ny_ " ai. Recall now that y7Q;y; > 0 and [|Q;(—p)|| < 1/p. Standard computations yield:

y;Q;UQ;y;
1+ y;Qj5y;
which is uniformly bounded by Assumptions A- and A-. Therefore, (E) is proved. [

HUH4

4
. 4
E((E; —Ej) < KE (y;Q;UQjy;) < E|ly,|*

Proof of Lemma B.3(). Developing the difference Q — Q; with the help of 6.1), we
obtain:

Q;yiy;Q;
TrM(Q — Q; TeM | L2
| ( il 1+ y;Q;y;
‘y;QjMijj‘ < HMH HijjH2
L+yiQjy; — L+ y5Qjy;
J J

Consider a spectral representation of YY7" je., YIVI™ = Z Aiejer. We have

N 12 x, 12

le;y;) . ley; le;y;)
Qy;l* =Y~ and yiQ,y; = E E —
1w (A +p)? 7 A+P = (i +p)°

i=1

hence the result. Inequality () is proved.

APPENDIX B. PrROOF OF FormuLA ([.9)

Recalling that Q(z) = (YY* — zIy) "' and Q(z) = (Y*Y — zI,)~', it is easy to show that
T (Q) — Tr(@) = (n— N)/z. We shall show now that Tr(T) — Tr(f) = (n— N)/z. Formula
(F-2) is obtained by combining these two equations.
Equations (R.2) in the statement of Lemma @ can be rewritten as

n

) 1 1
ti+—Y oitj=—-for1<i<N, t—i— Z%_——fougjgn.
n z z

By summing the ﬁrst N equations over ¢ and the next n equations over j and by eliminating
the term %va 1 Ztit;, we obtain Y7, t; -2, t; = (n — N)/z, which is the desired
result. Equation @ ) is proved
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