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The largest eigenvalue of finite rank deformation of large
Wigner matrices: convergence and non-universality of the
fluctuations

M. Capitaine*, C. Donati-Martin® and D. Féral*

Abstract

In this paper, we investigate the asymptotic spectrum of complex or real Deformed Wigner
matrices (My)n defined by My = Wn/VN + Ax where Wy is a N x N Hermitian (resp.
symmetric) Wigner matrix whose entries have a symmetric law satisfying a Poincaré inequality.
The matrix Ay is Hermitian (resp. symmetric) and deterministic with all but finitely many
eigenvalues equal to zero. We first show that, as soon as the first largest or last smallest eigenvalues
of An are sufficiently far from zero, the corresponding eigenvalues of My almost surely exit the
limiting semicircle compact support as the size N becomes large. The corresponding limits are
universal in the sense that they only involve the variance of the entries of W . On the other hand,
when Ay is diagonal with a sole simple non-null (fixed) eigenvalue large enough, we prove that the
fluctuations of the largest eigenvalue are not universal and vary with the particular distribution
of the entries of Wi.

1 Introduction

This paper lies in the lineage of recent works studying the influence of some perturbations on the
asymptotic spectrum of classical random matrix models. Such questions come from Statistics (cf.
[@]) and appeared in the framework of empirical covariance matrices, also called non-white Wishart
matrices or spiked population models, considered by J. Baik, G. Ben Arous and S. Péché [B &l
and by J. Baik and J. Silverstein [Bk-SI]. The work [[Bk-B-I] deals with random sample covariance
matrices (Sy)n defined by

1

SN N

YyYn (1.1)
where Yy is a p x N complex matrix whose sample column vectors are i.i.d, centered, Gaussian and of
covariance matrix a deterministic Hermitian matrix X, having all but finitely many eigenvalues equal
to one. Besides, the size of the samples N and the size of the population p = py are assumed of the
same order (as N — oo). The authors of [Bk-B-TJ] first noticed that, as in the classical case (known
as the Wishart model) where ¥, = I, is the identity matrix, the global limiting behavior of the spec-
trum of Sy is not affected by the matrix ¥,. Thus, the limiting spectral measure is the well-known
Marchenko-Pastur law. On the other hand, they pointed out a phase transition phenomenon for the
fluctuations of the largest eigenvalue according to the value of the largest eigenvalue(s) of ¥,. The
approach of ] does not extend to the real Gaussian setting and the whole analog of their result
is still an open question. Nevertheless, D. Paul was able to establish in [E] the Gaussian fluctuations
of the largest eigenvalue of the real Gaussian matrix Sy when the largest eigenvalue of 3, is simple
and sufficiently larger than one. More recently, J. Baik and J. Silverstein investigated in the
almost sure limiting behavior of the extremal eigenvalues of complex or real non necessarily Gaussian
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matrices. Under assumptions on the first four moments of the entries of Yy, they showed in particu-
lar that when exactly k& eigenvalues of X, are far from one, the k first eigenvalues of Sy are almost
surely outside the limiting Marchenko-Pastur support. Fluctuations of the eigenvalues that jump are
universal and have been recently found by Z. Bai and J. F. Yao in [B-YaJ] (we refer the reader to
[B-Yag]] for the precise restrictions made on the definition of the covariance matrix ¥,). Note that
the problem of the fluctuations in the very general setting of [Bk-S1] is still open.

Our purpose here is to investigate the asymptotic behavior of the first extremal eigenvalues of
some complex or real Deformed Wigner matrices. These models can be seen as the additive analogue
of the spiked population models and are defined by a sequence (My)y given by

1
VN

where Wy is a Wigner matrix such that the common distribution of its entries satisfied some tech-
nical conditions (given in (i) below) and Ay is a deterministic matrix of finite rank. We establish
the analog of the main result of [Bk-SI] namely that, once Ay has exactly k (fixed) eigenvalues far
enough from zero, the k first eigenvalues of My jump almost surely outside the limiting semicircle
support. This result is universal (as the one of ) since the corresponding almost sure limits
only involve the variance of the entries of Wy. On the other hand, at the level of the fluctuations,
we exhibit a striking phenomenon in the particular case where Ay is diagonal with a sole simple
non-null eigenvalue large enough. Indeed, we find that in this case, the fluctuations of the largest
eigenvalue of My are not universal and strongly depend on the particular law of the entries of Wy.
More precisely, we prove that the limiting distribution of the (properly rescaled) largest eigenvalue of
My is the convolution of the distribution of the entries of Wy with a Gaussian law. In particular, if
the entries of Wy are not Gaussian, the fluctuations of the largest eigenvalue of My are not Gaussian.

In the following section, we first give the precise definition of the Deformed Wigner matrices (D)
considered in this paper and we recall the known results on their asymptotic spectrum. Then, we
present our results and sketch their proof. We also outline the organization of the paper.

2 Model and results

Throughout this paper, we consider complex or real Deformed Wigner matrices (My)y of the form
(I.2) where the matrices Wy and Ay are defined as follows:

(i) Wy isa N x N Wigner Hermitian (resp. symmetric) matrix such that the N2 random variables

(W )iss VERE(WN)ij)i<js V2Im((W)ij)ics (resp. the ) random variables 4= (Wi )i,
(Wn)ij, @ < j) are independent identically distributed with a symmetric distribution p of vari-

ance o2 and satisfying a Poincaré inequality (see Section ).

(ii) Ay is a deterministic Hermitian (resp. symmetric) matrix of fixed finite rank r and built from
a family of J fixed real numbers 6; > --- > 0; independent of N with some j, such that
6;, = 0. We assume that the non-null eigenvalues §; of Ay are of fixed multiplicity k; (with
> jzj, kj =7) ie. Ay is similar to the diagonal matrix

DN:diag(@l,...,ﬁl,...,Gjo,l,...,Hjo,l,(), ...... 7059jo+1a-"59j0+17'-'79J7'-'59J)- (21)
N——— ———

k1 kjo—1 N-r Kjo+1 ks

Before going into details of the results, we want to point out that the condition made on p (namely
that p satisfies a Poincaré inequality) is just a technical condition: we conjecture that our results still
hold under weaker assumptions (see Remark below). Nevertheless, a lot of measures satisfy a
Poincaré inequality (we refer the reader to | for a characterization of such measures on R, see
also [A. et al]). For instance, consider u(dz) = exp(—|z|*)dz with o > 1.

Futhermore, note that this condition implies that p has moments of any order (cf. Corollary 3.2 and
Proposition 1.10 in [f]).



Let us now introduce some notations. When the entries of W are further assumed to be Gaussian
that is, in the complex (resp. real) setting when Wy is of the so-called GUE (resp. GOE), we will
write W§ instead of Wy. Then X§ := \/—%Wﬁ will be said of the GU(O)E(N, "—;) and we will let
M§ = X§ + Ay be the corresponding Deformed GU(O)E model.

In the following, given an arbitrary Hermitian matrix B of order N, we will denote by A;(B) > --- >
An(B) its N ordered eigenvalues and by pp = = vazl dx,(B) its empirical measure. For notational
convenience, we will also define A\g(B) = 400 and Ay 41(B) = —o0.

The Deformed Wigner model is built in such a way that the Wigner Theorem is still satisfied.
Thus, as in the classical Wigner model (Ay = 0), the spectral measure (ups, ) converges a.s. to the
semicircle law pg. whose density is given by

ditse 1 —
s (‘T) = 402 - :L'2 1[720720] (:C) (22)

dx T 2702

This result follows from Lemma 2.2 of [ Note that it only relies on the two first moment assump-
tions on the entries of Wi and the fact that the Ax’s are of finite rank.

On the other hand, the asymptotic behavior of the extremal eigenvalues may be affected by the
perturbation Ay. Recently, S. Péché studied in [Pd] the Deformed GUE under a finite rank perturba-
tion Ayn defined by (ii). Following the method of h}, she highlighted the effects of the non-null
eigenvalues of Ay at the level of the fluctuations of the largest eigenvalue of M. To explain this in
more detail, let us recall that when Ax = 0, it was established in [m that as N — oo,

o IN2/3 (Al(Xﬁ) - 20—) £ R (2.3)

where Fy is the well-known GUE Tracy-Widom distribution (see [T-W] for the precise definition).
Dealing with the Deformed GUE Mﬁ, it appears that this result is modified as soon as the first
largest eigenvalue(s) of Ay are quite far from zero. In the particular case of a rank one perturbation
Apn having a fixed non-null eigenvalue 6 > 0, [E] proved that the fluctuations of the largest eigenvalue
of M§ are still given by (.3) when 6 is small enough and precisely when 6 < o. The limiting law is
changed when 6 = o. As soon as 6 > o, [P established that the largest eigenvalue A\ (M§) fluctuates

around )

po =0+ (2.4)
(which is > 20 since 6 > o) as
VN (M§) = po) = N (0.07) (2.5)

where

2
agza\/l—g—Q. (2.6)

Similar results are conjectured for the Deformed GOE but S. Péché emphasized that her approach
fails in the real framework. Indeed, it is based on the explicit Fredholm determinantal representation
for the distribution of the largest eigenvalue(s) that is specific to the complex setting. Nevertheless,
M. Maida [M] obtained a large deviation principle for the largest eigenvalue of the Deformed GOE
Mﬁ under a rank one deformation Ap; from this result she could deduce the almost sure limit
with respect to the non-null eigenvalue of Ay. Thus, under a rank one perturbation Ay such that
Dy = diag(6,0,--- ,0) where 6 > 0, [M] showed that

MMS) 25 pg, if0>0 (2.7)
and
M(ME) 2520, if6<o. (2.8)



Note that the approach of [M] extends with minor modifications to the Deformed GUE. Following the
investigations of [] in the context of general spiked population models, one can conjecture that
such a phenomenon holds in a more general and non necessarily Gaussian setting. The first result of
our paper, namely the following Theorem , is related to this question. Before being more explicit,
let us recall that when Ay = 0, the whole spectrum of the rescaled complex or real Wigner matrix
XN = %WN belongs almost surely to the semicircle support [—20,20] as N goes to infinity and

that (cf. @ or Theorem 2.12 in [B])
M(Xy) 2520 and Ayv(Xy) 25 —20. (2.9)

Note that this last result holds true in a more general setting than the one considered here (see [B-Yi
for details) and in particular only requires the finiteness of the fourth moment of the law . Moreover,
one can readily extend the previous limits to the first extremal eigenvalues of Xy i.e.

for any fixed k > 1, M\(Xn) =220 and Ay_p(Xn) 2% —20. (2.10)

Here, we prove that, under the assumptions (i)-(ii), (R.10) fails when some of the 6;’s are sufficiently
far from zero: as soon as some of the first largest (resp. the last smallest) non-null eigenvalues 6;’s of
Ap are taken strictly larger then o (resp. strictly smaller than —o), the same part of the spectrum of
My almost surely exits the semicircle support [-20,20] as N — oo and the new limits are the pp,’s
defined by

0.2

po, =0 + 5 (2.11)
J

Observe that pg, is > 20 (resp. < —20) when 0; > o (resp. < —0) (and py, = +20 if 0; = +0).
Here is the precise formulation of our result. For definiteness, we set k; +--- + k;j_1 :=01if j = 1.
Theorem 2.1. Let Ji, (resp. J_o) be the number of j’s such that 6; > o (resp. §; < —0o).

(a) V1<j<Jio,V1<i<kj, Apyioqr; ,+i(Mn)— po, a.s.,

(b) Akt +1(My) — 20 a.s.,

(C) /\k1+"'+k.lfJ,U (MN) — =20 a.s.,

(d) Vj Z J - 1]70' + 1, V1 S ) S kj, )\k1+---+kj,1+i(MN) — pg]. a.s.

Remark 2.1. Let us notice that, following ], one can expect that this theorem holds true in a
more general setting than the one considered here, namely only requires four first moment conditions
on the law u of the Wigner entries. As we will explain in the following, the assumption (i) that
 satisfies a Poincaré inequality is actually fundamental in our reasoning since we will need several
variance estimates.

This theorem will be proved in Section E The second part of this work is devoted to the study of
the particular rank one diagonal deformation Ay = diag(6,0,--- ,0) such that 8 > 0. We investigate
the fluctuations of the largest eigenvalue of any real or complex Deformed model My satisfying (i)
around its limit pg (given by the previous theorem). We obtain the following result.

Theorem 2.2. Let Ay = diag(6,0,---,0) and assume that 8 > o. Define

_tmy — 30? t ot
w=3 (") fap e 212)
where t =4 (resp. t =2) when Wy is real (resp. complex) and my := [ z*dp(z). Then
c o’
\/N()\l(MN) - pg) L1 9_2){u *N(O,Ug)}. (2.13)



Note that when m4 = 30 as in the Gaussian case, the variance of the limiting distribution in ()
is equal to o3 (resp. 207) in the complex (resp. real) setting (with oy given by @))

Remark 2.2. Since p is symmetric, it readily follows from Theorem that when Ay = diag(6,0,---,0)
and 6 < —o, the smallest eigenvalue of My fluctuates as

\/N(AN(MN) - pg) La- Z_j){” *N(o,w))}.

In particular, one derives the analog of (R.5) for the Deformed GOE that is

Theorem 2.3. Let Ax be an arbitrary deterministic symmetric matriz of rank one having a non-null
eigenvalue 6 such that @ > o. Then the largest eigenvalue of the Deformed GOE fluctuates as

VN (Al(MfV’) - pe) £ N(0,202). (2.14)

Obviously, thanks to the orthogonal invariance of the GOE, this result is a direct consequence of
Theorem @

It is worth noticing that, according to the Cramer-Lévy Theorem (cf. [H], Theorem 1 p. 525),
the limiting distribution (R.13) is not Gaussian if y is not Gaussian. Thus, (R.13) depends on the
particular law p of the entries of the Wigner matrix Wy which implies the non-universality of the
fluctuations of the largest eigenvalue of rank one diagonal deformation of symmetric or Hermitian
Wigner matrices (as conjectured in Remark 1.7 of [[Fe-Pd)).

The latter also shows that in the non-Gaussian setting, the fluctuations of the largest eigenvalue
depend, not only on the spectrum of the deformation Ay, but also on the particular definition of
the matrix Ay. Indeed, in collaboration with S. Péché, the third author of the present article has
recently stated in [Fe-Pd the universality of the fluctuations of some Deformed Wigner models under
a full deformation Ay defined by (Ay);; = & for all 1 < i,j < N (see also [Fu-Kl]). Before giving
some details on this work, we have to precise that [] considered Deformed models such that the
entries of the Wigner matrix Wy have sub-Gaussian moments. Nevertheless, thanks to the analysis
made in [], one can observe that the assumptions of can be reduced and that it is for example
sufficient to assume that the W; ;’s have moment of order 19 (the precise condition of [R] is given
by () below). Thus, the conclusions of apply to the setting considered in our paper. The
main result of establishes the universality of the fluctuations of the largest eigenvalue of the
complex Deformed model My associated to a full deformation Ay and for any value of the parameter
0. In particular, when 6 > o, it is proved therein the universality of the Gaussian fluctuations (R.5).
Notice that the approach of ‘ is completely different from the one developed below in Section
5 to derive Theorem @ It is mainly based on a combinatorial method inspired by the work [@]
(which handles the non-Deformed Wigner model) and the known fluctuations for the Deformed GUE
(given by [Pd)). The combinatorial arguments of also work (with minor modifications) in the
real framework and yields the universality of the fluctuations if § < ¢. In the case where § > ¢ which
is of particular interest here, the analysis made in [[Fe-Pq] reduced the universality problem in the real
setting to the knowledge of the particular Deformed GOE model which was unknown up to now (note
that this remark is also valid in the case where 6 = o). Thus, thanks to our previous Theorem E
and the analysis of and [R], we are now in position to claim the following universality.

Theorem 2.4. Let An be a full perturbation given by (An)ij = % for all (i,7). Assume that 0 > o.
Let Wy be an arbitrary real Wigner matrix with the underlying measure p being symmetric with a
variance o2 and such that there exists some p > 18 satisfying

(2.15)

Then the largest eigenvalue of the Deformed model My has the Gaussian fluctuations .

Remark 2.3. To be complete, let us notice that the previous result still holds when we allow the
distribution v of the diagonal entries of Wy being different from u provided that v is symmetric and

satisfies .



The fundamental tool of this paper is the Stieltjes transform. For z € C\R, we denote the resolvent
of the matrix My by
GN(Z) = (ZIN — MN)71

and the Stieltjes transform of the expectation of the empirical measure of the eigenvalues of My by
gn(2) = E(try (Gn(2)))
where try is the normalized trace. We also denote by

90(2) =E((z —5)7")

the Stieltjes transform! of a random variable s with semi-circular distribution pse.

Theorem @ is the analog of the main statement of ] established in the context of general
spiked population models. The conclusion %@] requires numerous results obtained previously
by J. Silverstein and co-authors in [[Ch-g], [B-S1] and [B-SJ] (a summary of all this literature can be
found in @] pp. 671-675). From very clever and tedious manipulations of some Stieltjes transforms
and the use of the matricial representation ([L.1), these works highligh a very close link between the
spectra of the Wishart matrices and the covariance matrix (for quite general covariance matrix which
include the spiked population model). Our approach mimics the one of ] Thus, using the
fact that the Deformed Wigner model is the additive analog of the spiked population model, several
arguments can be quite easily adapted here (this point has been explained in Chapter 4 of the PhD
Thesis [@]) Actually, the main point in the proof consists in establishing that for any € > 0, almost
surely,

Spect(My) C KS(01,---,05) (2.16)
for all N large, where we have defined
K5(01,-++,07) = Ko (01, -+ ,05) + [—;¢]
and
Ko (61, -+ ,05) = {peJ;peJ,l; - ;peJ,J,ﬁl} U[-20;20]U {peJ+U;peJ+a,1; - ;pel}-

This point is the analog of the main result of [B-S1]. The analysis of [B-S1] is based on technical and
numerous considerations of Stieltjes transforms strongly related to the Wishart context and that can
not be directly transposed here. Thus, our approach to prove such an inclusion of the spectrum of
My is very different from the one of [ Indeed, we use the methods developed by U. Haagerup
and S. Thorbjgrnsen in [@], by H. Schultz [E} and by the two first authors of the present article
[@] The key point of this approach is to obtain a precise estimation at any point z € C\R of the
following type

1 1
90(2) = gn(2) + 5 Lo(2) = O(5); (2.17)
where L, is the Stieltjes transform of a distribution A, with compact support in K,(61,---,60;). In-

deed such an estimation allows us through the inverse Stieltjes transform and some variance estimates
to deduce that try lege(g,,... 9,)(Mn) = O(1/N3) as.. Thus the number of eigenvalues of My in
¢K=(0y,--- ,07) is almost surely a O(1/N#) and since for each N this number has to be an integer,
we deduce that it is actually equal to zero as N goes to infinity.

Dealing with the particular diagonal perturbation Ay = diag(6,0,...,0), we obtain the fluctua-
tions of the largest eigenvalue A (My) by an approach close to the one of [H] and the ideas of [B-B-H].
The reasoning relies on the writing of A1 (My) in terms of the resolvent of a non-Deformed Wigner
matrix.

The paper is organized as follows. In Section 3, we introduce preliminary lemmas which will be of
basic use later on. Section 4 is devoted to the proof of Theorem @ We first establish an equation

(called “Master equation”) satisfied by gy up to some correction of order 1 (see Section 4.1). Then

INote that in some papers for which we make reference, the Stieltjes transform is defined with the opposite sign.



we explain how this master equation gives rise to an estimation of type () and thus to the inclusion
(R:1@) of the spectrum of My in K=(6y,--- ,60;) (see Sections 4.2 and 4.3). In Section 4.4, we use this
inclusion to relate the asymptotic spectra of Ay and My and then deduce Theorem @ The last
section states Theorem E

Acknowledgments. The authors are very grateful to Jack Silverstein and Jinho Baik for providing
them their proof of Theorem p.9 (that is a fundamental argument in the proof of Theorem .2) which
is presented in the Appendix of the present article.

3 Basic lemmas

We assume that the distribution p of the entries of the Wigner matrix Wy satisfies a Poincaré
inequality: there exists a positive constant C' such that for any C' function f : R — C such that f
and f’ are in L%(p),

V() <C / F2dp,

with V(f) = E(|f — E(f)[*).
For any matrix M, define ||M||s = (Tr(M*M))*/? the Hilbert-Schmidt norm. Let ¥ : (My(C)sq) —

N2 . N(N+1) . . . . ope
RY (resp. U: (Mn(C)s) — R~ = ) be the canonical isomorphism which maps an Hermitian (resp.

symmetric) matrix to the real parts and the imaginary parts of its entries (resp. to the entries)

Lemma 3.1. Let My be the complex (resp. real) Wigner Deformed matrixz introduced in Section
N(N+1)

2. For any C' function f : RN (resp. Rz ) — C such that f and the gradient V(f) are both
polynomially bounded,

VIT o W(My)] < CE(IV [ 0 w(Mx)] 3 (3.1)

Proof: According to Lemma 3.2 in [C-D],
C
VIf o U (Xn)] < FE{IV[f o w(Xn)] 3} (3.2)

Note that even if the result in [@] is stated in the Hermitian case, the proof is valid and the result
still holds in the symmetric case. Now (B.1)) follows putting g(z;;;i < 5) := f(xi; + (An)ij;i < j) in
(B-2) and noticing that the (Ax);; are uniformly bounded in i,j, N. O

This lemma will be useful to estimate many variances.
Now, we recall some useful properties of the resolvent (see [, @]) For any Hermitian matrix
M we denote its spectrum by Spect(M).

Lemma 3.2. For a N x N Hermitian or symmetric matriz M, for any z € C\Spect(M), we denote
by G(z) := (zIny — M)~ the resolvent of M.
Let z € C\R,

(i) |G(2)|| < |Sm(z)|~t where ||.|| denotes the operator norm.
(i) |G(2)i;| < |Sm(2)|7! for alli,j=1,...N.
(iii) Forp > 2,

1 N
N Z 1G(2)i P < (ISm(z)| )P

(iv) The derivative with respect to M of the resolvent G(z) satisfies:

G/(2).B = G(2)BG(z) for any matriz B.



(v) Let z € C such that |z| > ||M]|; we have

1
G| £ =57
1G] EEI

Proof: We just mention that (v) comes readily noticing that the eigenvalues of the normal matrix
G(Z) are the #(1\/[)71 = 1,...,N,D

We will also need the following estimations on the Stieltjes transform g, of the semi-circular distribu-
tion fise.-

Lemma 3.3. g, is analytic on C\[—20,20] and

o Vze {zeC: Smz # 0},

0292 (2) — 29,(2) + 1 = 0. (3.3)
190 (2)] < |Smz| ™. (3-4)
190(2) 7| < [2] + 0%[Sma| 7 (3.5)

195(2)] = | / 53 it (0] < [9m(2)| (3.6)

1

F 0,0 R —_—
ora>0,0 €K, 099 (2) — 2+ 0

‘ < |ISm(z)| 7t (3.7)

e Vze{zeC: |z| > 20},

|90 (2)] < ! (3.8)

= |z] — 20"

|9, (2 I*I/ nE dpo( )|_m. (3.9)

2

1 o
< .
19-(2)| 7" < |2| + 2| - 20

(3.10)

Proof: For the equation (B.3), we refer the reader to Section 3.1 of [B]. (B.7) is a consequence of
Sm(ge(2))Im(z) < 0. Other inequalities derive from (B.3) and the definition of g,. 0

4 Almost sure convergence of the first extremal eigenvalues

Sections 1], .4 and [£.d below describe the different steps of the proof of the inclusion (R.1¢). We
choose to develop the case of the complex Deformed Wigner model and just to point out some differ-
ences with the real model case (at the end of Section @) since the approach would be basically the
same. In these sections, we will often refer the reader to the paper [@] where the authors deal with
several independent non Deformed Wigner matrices. The reader needs to fix r =1, m = 1, ag = 0,
a1 = o and to change the notations A = z, Gy = gy, G = ¢, in [@] in order to use the different
proofs we refer to in the present framework. We shall denote by Py any polynomial of degree k with
positive coefficients and by C, K any constants; Py, C', K can depend on the fixed eigenvalues of Ay
and may vary from line to line. We also adopt the following convention to simplify the writing: we
sometimes state in the proofs below that a quantity Ay (z), z € C\R is O(ﬁ), p =1,2. This means

precisely that
1 Pr(ISm(2)| ™)
NP
for some k and some ! and we give the precise majoration in the statements of the theorems or

propositions.
Section [£.4 explains how to deduce Theorem P.T from the inclusion (.16).

An(2)] < (2] + K)



4.1 The master equation
4.1.1 A first master inequality

In order to obtain a master equation for gy (z), we first consider the Gaussian case, i.e. Xy = Xﬁ is

distributed as the GUE(N, "WZ) distribution.?
Let us recall the integration by part formula for the Gaussian distribution.

Lemma 4.1. Let ® be a complex valued C* function on (My(C)sa) and Xn ~ GUE(N, “—;) Then,
, N
El¢'(Xn)-H] = E[6(Xn) Tr(Xn H)] (4.1)
for any Hermitian matriz H, or by linearity for H = Ej,, 1 < j,k < N where Ej,, 1 < j,k < N s
the canonical basis of the complex space of N x N matrices.

We apply the above lemma to the function ®(Xy) = (Gn(2))i; = ((2In — Xy — AN) ")y,
z € C\R, 1 <4, < N. In order to simplify the notation, we write (Gn(2));; = G;;. We obtain, for
H = Eiji

N

E(GHG)y;) = —SE(Gi; Ti(XnH)]
E(GiGj;) = gE(Gz‘j(XN)ji]

Now, we consider the normalized sum # > ; of the previous identities to obtain:

1
E((try G)) = —5E(try (GX)).
Then, since
GXN = (Z — XN — AN)_l(XN +AN — ZIN — AN +ZIN) = —IN — GAN +ZG,

we obtain the following master equation:
1

Now, it is well known (see [[C-D)], [A=Tj] and Lemma B.1]) that:

C|Smz|=4

Var(try (G)) < N ,

thus, we obtain:
Proposition 4.1. The Stieltjes transform gy satisfies the following inequality:

|Smz|~4

e (4.2)

1
0?95 (2) — 2gn(2) + 1+ FE(Te(Gn (2)AN)) < C
Note that since Ay is of finite rank, E(Tr(Gn(2)AN)) < C where C is a constant independent of N
(depending on the eigenvalues of Ay and z).

We now explain how to obtain the corresponding equation @) in the Wigner case. Since the
computations are the same as in [[C-DJ|? and [K-K-P|*, we just give some hints of the proof.

Step 1: The integration by part formula for the Gaussian distribution is replaced by the following
tool:

2Throughout this section, we will drop the subscript G in the interest of clarity.
3This paper treats the case of several independent non Deformed Wigner matrices.
4The authors considered a non Deformed Wigner matrix in the symmetric real setting.



Lemma 4.2. Let £ be a real-valued random variable such that E(|¢|PT2) < co. Let ¢ be a function
from R to C such that the first p+ 1 derivatives are continuous and bounded. Then,

E(¢6(8) = Y “HE@(6)) +¢ (4.3)

a=0
where K, are the cumulants of £, |e| < C'sup, [P+ (1)[E(|€|PH2), C depends on p only.

We apply this lemma with the function ¢(¢) given, as before, by ¢(§) = G;; and ¢ is now one of
the variable Re((Xn)r1), Sm((Xn)ki). Note that, since the above random variables are symmetric,
only the odd derivatives in (@) give a non null term. Moreover, as we are concerned by estimation of
order = of gy, we only need to consider ([.) up to the third derivative (see [C-I]]). The computation
of the first derivative will provide the same term as in the Gaussian case.

Step 2: Study of the third derivative.

We refer to or [ for a detailed study of the third derivative. Using some bounds on
Gy, see Lemma B.4, we can prove that the only term arising from the third derivative in the master
equation, giving a contribution of order %, is:

1 1 & ’
2
k=1
In conclusion, the first master equation in the Wigner case reads as follows:

Theorem 4.1. For z € C\R, gn(z) satisfies

N 2
Pon (=)’ — 2gn(z) + 1+ LEMTH(Gn (2)An)] + 1 2 E ( : Z(Gm»z»ik)

< TelBmt 4.4
where Ky s the fourth cumulant of the distribution p.
4.1.2 Estimation of |gny — go|
Since

N 2

1 2 -1
[E[Tr(Gn (2)AN)]| V [E (N Z(GN(z))kk> | < Pa(|Sm(2)] ),

k=1

Theorem [£.1] implies that for any 2 € C\R,
P Cx —1
029 (2)? — zg(2) + 1] < LRET) (45)

N

To estimate |gy — go| from the equation (@) satisfied by the Stieltjes transform g, on the one hand
and from the equation (.§) on the other hand, we follow the method initiated in [H-T]] and [§]. We
don’t develop it here since it follows exactly the lines of Section 3.4 in [@] but we briefly recall the
main arguments and results which will be useful later on. We define the open connected set

/ Ps(|Smz| ™t _ 1
Oy = {z € C,Im(z) > 0, %(a%m(m "+z) < W}'
One can prove that for any z in (’);V,
e gn(z) #0 and
1
< 2(0?(Qm(2)| 7! + 2]) (4.6)
lgn (2)]

10



o An(2) :=0c%gn(2) + gN;(Z) is such that

P6(|%mz|_1)2

[Aw(z) 2] < S

(02 |Smz|™t + |2]) (4.7)

and we have

Sm(An(2)) >
e Writing the equation (B.J) at the point Ay(z), we easily get that

gn(2) = 9o (AN (2)) (4.9)

on the non empty open subset O = {z € (9;\,, Smz > \/50} and then on (9;\, by the principle
of uniqueness of continuation.

This allows us to get an estimation of |gn (z) — go(2)| on Oy and then to deduce:

Proposition 4.2. For any z € C such that Im(z) > 0,

Po(|Smz|h)

9N (2) = 90 (2)] < (2] + K) N

(4.10)

4.1.3 Study of the additional term E[Tr(AxnGn(2))]

From now on and until the end of Section EI, we denote by 71, ..., the non-null eigenvalues of Ay
(i = 6, for some j # jo) in order to simplify the writing. Let Un := U be a unitary matrix such that
An = U*AU where A is the diagonal matrix with entries Ay, = v;, i <7; Ay =0, i > 7. We set

ha(2) = E[Tr(An Gy (2))] (4.11)

T N
hv(z) =Y w D UsUkEG
k=1

ij=1

Our aim is to express hy(z) in terms of the Stieltjes transform gy (z) for N large, using the integration
by part formula. Note that since we want an estimation of order O(#) in the master inequality (Q),
we only need an estimation of Ay (z) of order O(%;). As in the previous subsection, we first write the
equation in the Gaussian case and then study the additional term (third derivative) in the Wigner
case.

a) Gaussian case
Apply the formula (@) to ®(Xy) = Gji and H = Fj to get
N
E[GjiGu] = —5E[Gju(Xn)u]

and
1 & 1
N > E[G;iGu) = 2 EI(GXnN)jil.

=1

Expressing GX in terms of GAy, we obtain:
Iji = O’QE[Gji tI‘N(G)] + (Sij — ZE[GW] + E[(GAN)N] = 0. (4.12)

Now, we consider the sum Zij U Ugilii, k= 1,...r fixed and we denote aj = Zij UnUk;iGji =
(UGU*)gg. Then, we have the following equality, using that U is unitary:

o*Elay try(G)] + 1 — 2B[ow] + Y Ui Uk E[(GAw) ] = 0.

]

11



Now,

ZU:}CU;C] (GAN);i] = E[(UGANU")i] = E[(UGU*AUU* )]

= WE(UGU*)1k] = vE[ax).

Therefore,
o?Elag try (G)] + 1+ (v, — 2)Elaw] = 0.
Since ay, is bounded and Var(try (G)) = O(xz), we obtain

Elax](0®gn(2) + 1 — 2) +1 = 0(5)- (4.13)

Then using ([.10) we deduce that E[oy)(02go(2) + vk — 2) + 1 = O(+) and using (B.7)

Vi 1
ZWE ay] ;z—ﬂgg(z)—% +0(5): (4.14)

b) The general Wigner case
We shall prove that () still holds. We now rely on Lemma @ to obtain the analogue of ()

1

Ol57)  (415)

Jij = O’QE[Gji tI‘N(G)] + (Sij - E[Gﬂ] + E[(GAN gz [ ZE J,

The term A; ;; is a fixed linear combination of the third derivative of ® := G; with respect to Re(Xn)a
(i.e. in the direction e; = Ey + Ej;) and Sm(Xy )y (ie. in the direction f;; := /—1(E;y — Ey;)). We
don’t need to write the exact form of this term since we just want to show that this term will give a
contribution of order O(+) in the equation for iy (z). Let us write the derivative in the direction e;:

E[(GeyGeyGeyG) i
which is the sum of eight terms of the form:
E[Gji, Gizis Giyis Gigl] (4.16)
where if 49441 =4 (resp. [), then isg1o =1 (resp. i), ¢=0,1,2

Lemma 4.3. Let 1 <k <7 fized, then

)= | Z U;}CU;CJNZE ]l < C|1Smz| (4.17)

7,7=1
for a numerical constant C.

Proof: F(N) is the sum of eight terms corresponding to (4.16). Let us write for example the term
corresponding to i1 = i, i3 = 1, 15 = i:

1
N Z Ui Ui E[G:GuGrGyl

2,350

N Z (UG)riGLG1iGuy

Z UGk (GTGPGT )i

where the superscript T denotes the transpose of the matrix and G is the diagonal matrix with
entries Gj;. From the bounds |Gy (2)| < |Smz|~! and ||U|| = 1, we get the bound given in the

12



lemma.
We give the majoration for the term corresponding to iy =1, i3 =1, i5 = [

Z Uk] ]lG ]

’le

Z (UGG,

Its absolute value is bounded by E {% i |Ga |3} |Smz|~! and thanks to lemma B.9 by |Smz|~%. The
other terms are treated in the same way. O

As in the Gaussian case, we now consider the sum ), ; UikUskjJji- From Lemma @ and the bound
(using Cauchy-Schwarz inequality)

Z| * Upjl <N,

4,j=1
we still get ([.13) and thus ([.14). More precisely, we proved
Proposition 4.3. Let hy(z) = E[Tr(AnGn(2))], then

ae(z) = 32 g e < B ey
k=1

70’90(2)7’)% o N

2
4.1.4 Convergence of E [(% Zszl Gik) ]

We now study the last term in the master inequality of Theorem @ For the non Deformed Wigner
matrices, it is shown in [[K-K-P| that

2

N
1
Ry(z) :=E <N Z Gik) N e 9(2)-
k=1

Moreover, Proposition 3.2 in [@], in the more general setting of several independent Wigner matrices,
gives an estimate of |[Rx(z) — g2(2)|. The above convergence holds true in the Deformed case. We
just give some hints of the proof of the estimate of |[Ry(z) — g2(2)| since the computations are almost
the same as in the non Deformed case. Let us set

1N
dn(z) = N Z Gk
k=1

We start from the resolvent identity

] =

2Ger = 1+ Y (Myn)uGi

Il
-

N

(AN) Gk + Z (XN)uGik
=1

I
Mz

Il
—

and
N

1
zdn(z Z Gri + — Z(ANG) kGrk + N Z (XN)r GGk

— k=1
For the last term, we apply an integration by part formula (Lemma [£.9) to obtain (see [K-K-H], [[C-D])

N N
1 1 1
~ E (XM)uGuGrr | = o°E l(— E Grr)dn (2)| +O()-
N fl=1 N N

13



It remains to see that the additional term due to An is of order O(%)

N T
1 1 .
N > (ANG) kG = N > WUGGPU"),,
k=1 p=1
and
1 < - |Smz| 2
1% > (AnG)Grel < (O e —x —
k=1 p=1

We thus obtain (again with the help of a variance estimate)

SEldn(2)] = gv(2) + 0gn (2)Bldx (2)] + O(5).
Then using ([.10) and since dy(z) is bounded we deduce that

SB[y (2)] = g (2) + 020 () Eld ()] + O(55).
Thus (using (B.7))

Blix (9] = 5 =+ o) — 4D = = (o)

Now, using some variance estimate,
2 2 1 4 1
Bl (2)] = (Eldy(2))* + O() = gA(2) + O(57). 0
We can now give our final master inequality for gn(z) following our previous estimates:

Theorem 4.2. For z € C such that Sm(z) > 0, gn(z) satisfies

Py (|Smz|~1)
N2

1
fﬁwWM@H+—&@k

N (121 + K)

where Ey(z) =1 _; P e BLg2(2), Ka is the fourth cumulant of the distribution p.

Note that E,(z) can be written in terms of the distinct eigenvalues §;’s of Ay as

J 9]' R4 4
BA= 3 o G T )
Let us set
Lo(2) = g5 (2) 'E((z — 5) ") E,(2) (4.18)

where s is a centered semicircular random variable with variance o2.

4.2 Estimation of |g,(z) — gy (2) + Lo (2)|

The method is roughly the same as the one described in Section 3.6 in [@] Nevertheless we choose
to develop it here for the reader convenience. We have for any z in O,,, by using (@),

14



190(2) = gn(2) + 5 Lo(2)]

= 190(2) = 9o (An(2)) + ~Lo(2)]

= B 9 () = ) AN () - )+ ) e - 0) )|
< |- 9 () = ) An(e) - 5+ el B )|
FE [z~ )7 — 97— (Aw(2) — )7 ] 5plow ()7 B )]
< 2|Sm(2)| AN (2) — 2 + %Ea(z)ga(z)‘ll
BRI ) - 22+ 1)
where we made use of the estimates (B.3), (L), Vz € C\R,z € R,
——| < 3m()| !
[Eo()] < Pu(|Sm(=)|")  (using (). (419)

Let us write
[An(2) = 2 + 3 Eo(2)g0(2) 7

= {0203 (2) — 298 (2) + 1+ FEo(2)} + ooy {98 (2) — 60(2)} Eo(2).
We get from Theorem [£3, (£0), (E10), (E19), ()

An(2) — 2+ 5 B (2)g0(2) 7] < (121 + K)?

P15(|%mz|’1)
N2

Finally, using also ([.7), we get for any z in O,

190(2) — g (2) + 3 Lo(2)] < (12| + KPR

Now, for z ¢ O,,, such that Sm(z) >0

1< D e 4 o2 @m(z) ) gm) !
We get
196(2) ~ (D) + Lo < lan(2) ~ gn()] + el Lo(2)
¢ (e BISIELY
(1h + ) PBPENT) o L b)) 121 + )
< (| |+K)2P17(|Sm(z)|il)

Thus, for any z such that Sm(z) > 0,

190(2) = gn(2) + 5 Lo (2)] < (2] + K)? (4.20)

15



Let us denote for a while gy = gj?,” and L, = LA~. Note that we get exactly the same estimation

(.20) dealing with —Ay instead of Ay. Hence since g,(z) = —g,(—2), g N (2) = —gaN (—2) (using
the symmetry assumption on p) and L; 4~ (2) = LAV (—z), it readily follows that ([.20)) is also valid
for any z such that Smz < 0. In conclusion,

Proposition 4.4. For any z € C\R,

P17(|3m(2?)|*1).

1
190(2) = gn (2) + T Lo (2)] < (l2] + K)° 2

¥ (4.21)

4.3 Inclusion of the spectrum of My

The following step now consists in deducing Proposition @ from Proposition @ (from which we
will easily deduce the appropriate inclusion of the spectrum of My). Since this transition is based
on the inverse Stieltjes transform, we start with establishing the fundamental Proposition @ below
concerning the nature of L,. Note that one can rewrite L, as

Lo(2) = g ()" x gl (2 (Zk L i >>. (4.22)

.‘76(2)

We recall that Ji, (resp. J_,) denotes the number of j’s such that 6; > o (resp. 0; < —0). Asin
the introduction, we define

0.2

po; =0; + o (4.23)
J

which is > 20 (resp. < —20) when 6; > o (resp. < —0).

Proposition 4.5. L, is the Stieltjes transform of a distribution A, with compact support

KO’(Glﬂ te ,9]) = {/)GJ;/)GJAQ tt ;p‘gJ—J,g#»l} U [_203 20] U {p9J+U;p9J+U—1; T ;p91} .
As in [E], we will use the following characterization:
Theorem 4.3. /IZ[/

o Let A be a distribution on R with compact support. Define the Stieltjes transform of A, 1 :

C\R— C by
l(z):A(le).

Then 1 is analytic in C\R and has an analytic continuation to C\supp(A). Moreover

(c1) 1(z) = 0 as |z] — oo,

(ca) there exists a constant C' > 0, ann € N and a compact set K C R containing supp(A) such
that for any z € C\R,
[1(2)| < Cmax{dist(z, K)~", 1},

(c3) for any ¢ € C(R,R) with compact support

A((b):f— lim \sm/(,b Iz +iy)d

T y—0t

o Conversely, if K is a compact subset of R and if | : C\K — C is an analytic function satisfying
(c1) and (ca) above, then 1 is the Stieltjes transform of a compactly supported distribution A on
R. Moreover, supp(A) is exactly the set of singular points of l in K.

In our proof of Proposition @, we will refer to the following lemma which gives several properties on
9o
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Lemma 4.4. g, is analytic and invertible on C\[—20,20] and its inverse z, satisfied
1 2
za(g) = 5 +0°g, v.g € ga((C\[—2a, 20])
(a) The complement of the support of ps is characterized as follows
1
x € R\[-20,20] <= Jg € R* such that |=| > o and = = z,(g).
g

(b) Given x € R\[—20,20] and 0 € R such that |0| > o, one has

1 o?
@) —9<:>$—9+7.—p9.

This lemma can be easily proved using for example the explicit expression of g, (derived from (@))
namely for all z € R\[-20, 20],

Proof of Proposition @: Using ), one readily sees that the singular points of L, is the set

[—20; 20| {:c € R\[-20,20] and gal(l) € Spect(AN)}. Hence (using point (b) of Lemma [£.4) the set

of singular points of L, is exactly Ky (01,---,07).

Now, we are going to show that L, satisfies (c1) and (c2) of Theorem [.J. We have obviously that

|2 = 0g0(2) = 0;] = | |2 = 0] — |0 go(2)| |-

2

Now, let a > 0 such that & > 20 and for any j = 1,...,J, a — [0;] > —%5-. For any z € C such that
2] > a,
o2
— 0. > —10:] > ——
2= 631 2 1el ~ 1651 > —T—

and according to (B.§)

o? o?

| < .
T |z| =20 T a—20

0% 95 (2)

Thus we get that for z € C such that |z]| > «,

2

o
2~ 0%00(2) — 03] 2 el — 651 — —T—.
Using also (B.9), (B.9), (B.1d), we get readily that for |z| > a,
o2 1 J 10, ] |Fea
Ls(2)| < | |2]+ kj 2 — +
Lot < (1 155 ) T a | oS T o oy

Then, it is clear than |L,(z)| — 0 when |z| — 400 and (cq) is satisfied.

Now we follow the approach of [J](Lemma 5.5) to prove (cz). Denote by € the convex envelope of
K,(61,---,0;) and define the interval

K :={z € R;dist(z,&) <1} = [min{z € K, (01, -+ ,05)} — I;max{z € K,(01,---,0,)} +1]

and
D ={zeC;0<dist(z,K) <1}.
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e Let z € DN C\R with Re(z) € K. We have dist(z, K) = |Smz| < 1. Using the upper bounds
(B4, B.H), B.6) and (B.4), we casily deduce that there exists some constant Cy such that for
any z € DNC\R with Re(z) € K.

|Lo(2)| < Co|Smz|™" = Codist(z, K)~ " = Comax(dist(z, K)~7;1).

o Let z € DN C\R with Re(z) ¢ K. Then dist(z, Ks(601,---,05)) > 1. Since L, is bounded on
compact subsets of C\K,(01,---,0;), we easily deduce that there exists some constant C; such
that for any z € D with Re(z) ¢ K,

|Lo(2)] <C1 < C1dist(z,K)_7 =0 maX(dist(z,K)_7; 1).

e Since |L,(z)] — 0 when |z| — 400, L, is bounded on C\D. Thus, there exists some constant
(> such that for any z € C\D,

|Ly(2)| < Cy = Cy max(dist(z, K)~7; 1).

Hence (¢3) is satisfied with C' = max(Cy, C1,Cy) and n = 7 and Proposition [i.5 follows from Theorem

k3 o

We are now in position to deduce the following proposition from the estimate (j.21)).

Proposition 4.6. For any smooth function ¢ with compact support

1 1
Eftrn (p(Mn))] = /cpdusc + 506 (9) + O(53)- (4.24)
Consequently, for ¢ smooth, constant outside a compact set and such that supp(¢) NK,(01,---,05) =
0,
1
try ((My)) = O(Né) a.s. (4.25)
3

Proof: Using the inverse Stieltjes tranform, we get respectively that, for any ¢ in C*°(R,R) with
compact support,

As(p)

L. .
Eltry (p(Mpy))] — /gpdﬂsc =N ~ = yli%l+ Sm A o(x)ry(z +iy)de (4.26)

where 7y = g,(2) — gn(2) + + Lo (2) satisfies, according to Proposition 4, for any 2z € C\R,
1 -
rn ()] < 55 (12l + B)* Pe(|Sm(z) 7)) (4.27)

where o = 3 and k = 17.
We refer the reader to the Appendix of [@] where it is proved using the ideas of [@] that

limsup| [ ¢(z)h(z +iy)dz] < C < 400 (4.28)
y—0t R

when h is an analytic function on C\R which satisfies
[n(2)] < (2] + K)* Pe(|Sm(2) ). (4.29)

Dealing with h(z) = N2ry(z), we deduce that

: , C
limsup| [ ¢(z)ry(z + iy)dx| < N2 (4.30)
y—0t R

and then (§.24).
Following the proof of Lemma 5.6 in [J], one can show that A, (1) = 0. Then, the rest of the proof of
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(£.25) sticks to the proof of Lemma 6.3 in [H-T]] (using Lemma B.1)). O

Following [H-T]](Theorem 6.4), we set K = K, (61, ,05)+(—5,5), F = {t € Ryd(t, K, (61,--- ,07)) >
e} and take ¢ € C*(R,R) such that 0 < ¢ < 1, gp( )=0fort e K and p(t) = 1 for t € F. Then
according to ([.29), try (o(My)) = O(#) a.s. Since ¢ > 1, it follows that try (1p(My)) = O(#)
3 3
a.s. and thus the number of eigenvalues of My in F' is almost surely a O(#) as N goes to infinity.
3

Since for each IV this number has to be an integer we deduce that the number of eigenvalues of My
in F' is zero almost surely as N goes to infinity. The fundamental inclusion ) follows, namely, for
any € > 0, almost surely

Spect(Mn) C Ky (01,---,05) + (—¢,¢€)

when N goes to infinity.

Such a method can be carried out in the case of Wigner real symmetric matrices; then the approx-
imate Master equation is the following

1

o gn (=Y —2gn (o) H1 4+ 2[5 chk 224+ ZE (1 G (512)4E (tr [An Gy (2)]) = Olzig).

Note that the additionnal term —IE (tr N Gn(z) ) already appears in the non-Deformed GOE case in
[H]. One can establish in a sumlar way the analog of (f.10) and then, following the proof of Corollary
3.3 in [§], deduce that

E (try Gn(2)?) =E ((z —5)7%) + O(i),

where s is a centered semi-circular variable with variance o2. Hence by similar arguments as in the
complex case, one get the master equation

9 9 1 _ 1
079N (2)" = 2gn (2) + 1+ T Eq(2) = O(553)

where
J

0; K4 4 -2
= Y ko M) 1B (- 7).
i=Litio  ~ 7°90(2) = 0; 2

It can be proved that L, (2) := g, (2) 'E((2—s)~2) E, () is the Stieltjes transform of a distribution A,
with compact support K, (01, ---,0;) too. The last arguments hold likewise in the real symmetric case.

Hence we have established

Theorem 4.4. Let Jy, (resp. J_,) be the number of j’s such that 0; > o (resp. 0; < —o ). Then for
any € > 0, almost surely, there is no eigenvalue of My in

(—OO, Po; — 6) U (PBJ + € P01 — 6) u---u (p9J7J76+1 + € —20 — 6)
U (20+e€p0,, —€ U Ul(pg, + € po —€)U(pg, + € +00) (4.31)

when N is large enough.

Remark 4.1. As soon as € > 0 is small enough that is when
2¢ < min (p9j71 —poyd =T +2< < T or2<j < Jigi=20—po, , 1iPos,, — 20)

the union ) is made of non-empty disjoint intervals.
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4.4 Almost sure convergence of the first extremal eigenvalues

As announced in the introduction, Theorem P.1| is the analog of the main statement of [] es-
tablished for general spiked population models ([L.1]). The previous Theorem @ is the main step of
the proof since now, we can quite easily adapt the arguments needed for the conclusion of [Bk-S]|
viewing the Deformed Wigner model () as the additive analog of the spiked population model ([L.1]).

Let us consider one of the positive eigenvalue 6; of the Anx’s. We recall that this implies that
Ay totky 1 +i(An) = 05 for all 1 <4 < k;. We want to show that if ; > o (i.e. with our notations, if
je{l,---,Jis}), the corresponding eigenvalues of My almost surely jump above the right endpoint
20 of the semicircle support as

VI<i<kj, Mgtk 1+i(Mn)—po, a.s.
whereas the rest of the asymptotic spectrum of My lies below 20 with
)\k1+“‘+kJ+g+1(MN) — 20 a.s..

Analog results hold for the negative eigenvalues 6; (see points (c) and (d) of Theorem P.T|). To describe
the phenomenon, one can say that, when N is large enough, the (first extremal) eigenvalues of My
can be viewed as a “smoothed” deformation of the (first extremal) eigenvalues of Ay. So, our main
purpose now is to establish the link between the spectra of the matrices My and Ay. According to
the analysis made in the previous section (Proposition @), we yet know that the 6;’s are related to
the pg,’s through the Stieltjes transform g,. More precisely, one has

1
for all j such that |0;| > o, =0;.

9o (po;)

Actually, one can refine this analysis and state the following important Lemma @ on g,. As before,
we denote (recall Lemma [1.4) by z, its inverse which is given by

1
za(g) =—+ 029'
g

Using Lemma @, one readily sees that the set ¢K, (61, - ,60;) can be characterized as follows
x € ‘K1, ,05) < g € G, such that z = z,(g) (4.32)

where ) i
G, =39 €R*: |-| >0 and — ¢ Spect(A .
{ H ¢ Spect(An) }

Obviously, when z € “K,(61,---,0;), one has g = g, ().

Lemma 4.5. Let [a,b] be a compact set contained in “Ky,(01,---,05). Then,

. 1 1
g 5.0
(i1) For all 0 < & < o, the interval [z5(g,(a)); 25(gs(D))] is contained in °Kz(01,---,05) and

26(90(b)) — 25(90(a)) = b —a.

Proof: The function g% being increasing, (i) readily follows from (}.32)).

Noticing that G, C Gs for all & < o implies (recall also that g, decreases on [a, b]) that [¢,(); go(a)] C
Gs. Relation (§t.32) combined with the fact that the function zs is decreasing on [g,(b); g»(a)] leads
to

] C (Spect(An))°.

[26(95(a)); 25 (95 (0))] C “K5(61,---,0.)
and the first part of (ii) is stated. Now, we have

Io(6) = 25(95(b)) — 25(95(a))

N
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Since g, decreases on [a, b], we have g,(b) — go(a) < 0 and thus I, is decreasing on RT. Then the last
point of (ii) follows since l,(0) =b—a. O

Thanks to this lemma and the previous Theorem @, one can state the asymptotic relation between
the spectrum of Ay and the one of My .
Let [a,b] be an interval contained in ¢K, (61, --- ,0;). By Theorem [£.4, [a,b] is outside the spectrum
of My. Moreover, from Lemma [1.5 (i), it corresponds an interval [a’, b'] outside the spectrum of Ay
i.e. there is an integer in € {0,..., N} such that

1
9o (a)

a and a’ (resp. b and b’) are linked as follows

1

Aivr1(An) < 90(b)

=a and N\, (An) >

= (4.33)

2
o
a=py:=a+ " (resp. b= py).

Our aim now is to prove that [a, b] splits the eigenvalues of My exactly as [a’, b'] splits the spectrum
of Ay. In [B-S9, one talks about the exact separation phenomenon.

Theorem 4.5. With iy satisfying (4.39), one has
PAin+1(Mn) < a and Xy (My) > b, for all large N] = 1. (4.34)

Remark 4.2. This result is the analog of the main statement of / (cf. Theorem 1.2 of ])
established in the spiked population setting (and in fact for quite general sample covariance matrices).

Intuitively, the statement of Theorem @ seems rather natural when o is close to zero. Indeed,
when N goes to oo, since the spectrum of \/%WN is concentrated in [—20,20] (recall (R.9)), the

spectrum of My would be close to the one of Ay as soon as o will be close to zero (in other words,
the spectrum of My is, viewed as a deformation of the one of Ay, continuous in o in a neighborhood
of zero). Actually, this can be justified regardless of the size of o thanks to the following classical
result (due to Weyl).

Lemma 4.6. (¢f. Theorem 4.3.7 of [H=J]) Let B and C be two N x N Hermitian matrices. For any
pair of integers j, k such that 1 < j,k < N and j+ k < N + 1, we have

Ajrk-1(B + C) < Aj(B) + A (C).
For any pair of integers j, k such that 1 < j,k < N and j+k > N + 1, we have
Aj(B) 4 Ak(C) < Ajyr—n (B + O).

Note that this lemma is the additive analogue of Lemma 1.1 of [[B-SJ] needed for the investigation of
the spiked population model.

Proof of Theorem @: With our choice of [a,b] and the very definition of the spectrum of the
Ap’s, one can consider € > 0 small enough such that, for all large N,
1

Ain+1(AN) <
go(a

) —€ and N\ (An) > D)

Given L > 0 and k > 0 (their size will be determined later), we introduce the matrix W]’f,’L =

\/11_|_—EWN and My" = Ay + \/—%WﬁL We also define
L

1
Ok = ——=—=0, apL = %0, (9o(a)) and by, = 24, , (95(D))
1+ 4%

21



where we recall that z,, , (g) = é + a,iLg. Note that for all L > 0, one has: M%L = My, ap,r, = a
and bO,L =b.
We first choose the size of L as follows. We take L¢ large enough such that for all L > Ly,

30
"L

) < b—a (4.35)

max (7 (190 (@) + lgw (8)) .

L
From the very definition of the ay 1’s and by, 1.’s, one can easily see that by — ax,r > b — a (using
the last point of (ii) in Lemma [L.5) and that this choice of Ly ensures that, for all L > Lq and for all
k>0,

b—a b—a
1 and |bk+1,L — bk,L| <

lakt1,0 — ar,z| < (4.36)
Now, we fix L such that L > Lo and we write ar, = ax, 1, by = by, and o, = oy, 1.
Lemma @ first gives that

Xiv 1 (MEEY < aj, — € — 0} go(a) + —=M(—=Wy) for iy <N

1

\1+ %

Furthermore, according to (R.9), the two first extremal eigenvalues of ﬁWN are such that, almost

and iy (ME") > b+ € — 02g,(b) + Av(—=Wy) for iy >0.

1
VN
surely, at least for IV large enough

0< max(f)\N(\/LNWN), Al(\/—lﬁwN)) < 3o.

Thus, for all k, almost surely, at least for N large enough (N does not depend on k),

1 1 1
0< —— AN (=W ), At (—=TW)) < 30%.
1+% xmax( N(\/N N) 1(\/N N)) Ok

As 0, — 0 when k — 400, there is K large enough such that for all £ > K,
max(|30), — 05 gs(a)l, |30k + g (D)]) < €

and then a.s for N large enough

Aiyt1(MEEY < ap if iy < N, (4.37)

Xiy (MEEY > by if iy >0 (4.38)

Since (§.37) respectively ) are obviously satisfied too for iy = N resp. iy = 0, we have established
that for any i € {0,..., N}, for all k£ > K,

P[Niy+1(MN") < ap and Ny (My") > by, for all large N| = 1.
In particular,
P[Niy+1(My") < ag and Ny (M) > by for all large N| = 1. (4.39)

Now, we shall show that with probability 1: for N large, [ax,bk] and [a, b] split the eigenvalues
of, respectively, M]I\f’L and My having equal amount of eigenvalues to the left sides of the intervals.
To this aim, we will proceed by induction on k and show that, for all k¥ > 0, [a, bg] and [a, b] split
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the eigenvalues of M]]f,’L and My (recall that My = M]?,’L) in exactly the same way. To begin, let us
consider for all k£ > 0, the set

Er = {no eigenvalues of M;f,’L in [ag, by], for all large N}.

By Lemma 1.5 (ii) and Theorem [.4, we know that P(E;) = 1 for all k. In particular, from the fact
that P(Eg) = 1, one has for all w € E, for all large N:

EIjN(w) S {0, ce ,N} such that )\jN(w)-i-l(MN) < a and )\jN(w)(MN) > b. (440)

Extending the random variable jy by setting for instance jy := —1 on °Eg, we want to show that
for all &,

P\jns1 (M) < ap, and Aj, (ME) > by, for all large N] = 1. (4.41)

This can be done by induction calling, once more time, on Lemma @ By (), this is true for
k = 0. Now, let us assume that ) holds true. We shall show that this still holds replacing k£ by

k+ 1. One has
1 1

1
(\/1+% R \/1+%)ﬁWN

k+1,L _ 2 skL
My =My~ +

so, by Lemma @,
1 1
N1 (METHE) < N (MT) + f(_)‘N(\/—NWN))'

But, for N large enough, 0 < —Ay(—=Wy) < 30 a.s, so by the choice (£.35) on L,

VN
k+1,L b—a A
)\jN"rl(MN ) < ap+ R ag-
Similarly, one can show that
b— .
a.s. Ajy (MZ“’L) > by — 7 @ _ by

Now, by (), one readily observes ay —ax11 = ax —aps1+ bTTa > 0 and similarly that by — br+1 <0
which implies that R
[ar, bi] C [ak41, bpta]-

So, as P(Ex+1) = 1, we deduce that with probability 1:
)\jN+1(M]]f,+1’L) < agtr and Ajy (M]]f,"—l’L) > bgt1, for all N large enough.

As a consequence, (41) holds for all k > 0 and in particular for k = K. Comparing this with ({£.39),
we deduce that jy = iy a.s. and

P[Aiy+1(Mn) < a and X; (My) > b for all large N| = 1.

This ends the proof of Theorem E ]
Now, we are in position to prove the main Theorem .

Proof of Theorem R.1: Our reasoning is close to the last Section 4 of [Bk-S1]. It is enough to
establish parts (a) and (b) since the assertions (¢) and (d) can then be deduced by taking - My instead
of MN

The proof of (a) is mainly based on successive applications of Theorem @ Fix an integer 1 < j < J4,
and let us consider for € > 0, the interval [a,b] = [pg, + €, pg,_, — €] which is included in the union
(1.31)) (at least for € small enough). We define K; = ki +--- +k; (with p := +oc and the convention
Ao(Mpy) = Ao(An) = +00). Since 1/g,(pp,) = 0 for k = j — 1 and j and since the function 1/g, is
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continuous and increasing on [a, b], the compact interval [a, b] satisfies ([£33) with iy = K;_; (with
the convention that iy = 0 if j = 1). Hence, by Theorem {.5, one has

PAk, (Mn) > po;_, —€ and Ak, , 11(Mn) < pg, + ¢, for N large] = 1.
Similar arguments imply that, for all j € {1,...,J1, — 1},

PAk,;(Mn) > pp, — € and Ag;+1(Mn) < pg,, +¢, for N large] = 1.

j+1
As a result, we deduce that for all 1 <j < J,, — 1,
P[pej —€< )\K]‘ (MN> <. < )\K]‘71+1(MN) < Po; + ¢, for N large] =1 (442)

So, letting € go to zero, we obtain (a) for each integer j of {1, -+, J1, — 1}.
Let us now quickly consider the case where j = J,,. Note first that, from the preceding discussion,
we still have (for e small enough)

PAk,, —1+1(Mn) < po,,  +¢, for N large] = 1.

Then, using the fact that 1/g, increases continuously on |20, +o00[ with 1/g,(]20, +00[) =]o, + 00, one
can show that once e > 0 is small enough, the compact set [a,b] = [20 + €, pp,, — €] satisfies the
assumptions of Theorem [L.q with iy = K 4o+ This leads to

PAk,, (Mn) = po,, —e€ and Ak, 41(Mn) <20 +e¢, for N large] = 1.

Thus, letting ¢ — 0, we deduce that (§t.42) holds for j = J, and the assertion (a) is established. For
point (b), it remains to prove that

1imNinf Ak, +1(Mn) 220 as.

Such an inequality follows from the fact that the spectral measure of My converges almost surely
towards the semicircle law g, which is compactly supported in [—20,20]. This completes the proof
of Theorem E a

5 Fluctuations

The (complex or real) Wigner matricial models under consideration are the same as previously (i.e
defined by (i) in Section fl) but now we assume that the perturbation Ay is diagonal with unique
eigenvalue 0 > o: Ay = diag(,0,---,0). According to the previous section, the a.s convergence of
A1(My) towards pg is universal in the sense that it does not depend on p. In this section, we are
going to show that the fluctuations of A; (M) around this universal limit are not universal any more.
Indeed, we are going to prove that v/N(1 — ‘;—z)_l()\l(M ~N) — pe) converges in distribution towards
the convolution of 1 and a Gaussian distribution. Hence, the limiting distribution clearly varies with
1 and in particular cannot be Gaussian unless p is Gaussian.

5.1 Basic tools

We start with the following results which will be of basic use later on. Note that in the following, a
complex random variable z will be said standardized if E(z) = 0 and E(|z|?) = 1.

Theorem 5.1. (Lemma 2.7 [B-S1]) Let B = (b;;) be a N x N Hermitian matriz and Yy be a vector of
size N which contains i.i.d standardized entries with bounded fourth moment. Then there is a constant
K > 0 such that

E|Y3BYn — TrB|?> < KTr(BB*).

Theorem 5.2. (cf. or Appendiz by J. Baik and J. Silverstein) Let B = (b;;) be a N x N
random Hermitian matriz and Yy = (y1,...,yn) be an independent vector of size N which contains
i.i.d standardized entries with bounded fourth moment and such that E(y}) = 0 if y1 is complex.
Assume that
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(1) there exists a constant a > 0 (not depending on N ) such that ||B|| < a,

(i1) %TI‘B2 converges in probability to a number as,

(iii) + Zf;l b2, converges in probability to a number a?.

Then the random variable \/LW(Y]:}BYN — TrB) converges in distribution to a Gaussian variable with
mean zero and variance
(Ely|* =1 —t/2)ai + (t/2)az
where t = 4 when Y7 is real and is 2 when y1 is complex.
Proof: This result is in fact a particular case of a more general result of [B-Yad] (Theorems 7.1 and

7.2) which follows from the method of moments. We give an alternative elegant proof by J. Baik and
J. Silverstein in the Appendix of the present paper.

Theorem 5.3. (Theorem 1.1 in ]) Let f be an analytic function on an open set of the complex
plane including [—20; 20]. If the entries (Wn)ij)i<i<j<n of a general Wigner matrizx W satisfy the
conditions

o E(|(Wn)ijl*) =M fori#j,
e Foranyn >0, imy_, 4 774# E” E [|(WN)ij|41{\(WN)ij\2n\/ﬁ} =0,
then N{trN(f(ﬁWN)) — [ fdpse} converges in distribution towards a Gaussian variable.

In our setting, u satisfies a Poincaré inequality and thus, as already noticed in Section E, 1 satisfies
[ |z|%dp(z) < o0 for any ¢ in N. Hence, the general Wigner matrices we consider obviously satisfy
the conditions of Theorem . Nevertheless, in the following study of fluctuations, we do not use
the Poincaré inequality; thus one can expect that Theorem @ is still valid under assumptions on the
only first moments of y provided one can prove the a.s convergence of A1 (My) towards pg under these
weaker assumptions.

5.2 Proof of Theorem 2.2

The approach is the same for the complex and real settings and is close to the one of [ and the ideas
of [] Let My_1 be the N —1 x N — 1 matrix obtained from My removing the first row and
the first column. Thus, \/%M ~N—1 is a non-Deformed Wigner matrix associated with the measure

. We will denote by )\1(1\/4\ N—1) the largest eigenvalue and by A N_l(Z/W\ ~N—1) the lowest eigenvalue of
the matrix My_1. Let 0 < 0 < %. Let us define the event

Oy = {/\1(1/\4\1\171) <20 4 8 An_1(My_1) > —20 — 8; M (M) > pg — 5}-

According to [B-Y]] and Theorem R.1 of the previous section, limy_ 400 P(Qx) = 1. Thus, it is
sufficient to restrict ourselves to the event (2 in order to study the convergence in distribution of

VN(AL(MN) = po).
Let V.= *(v1,...,un) be an eigenvector corresponding to A (My).

vy + %m + Z;-V:Q(MN)UUJ‘ = M (Mpy)v

MNV =\ (My)V <= —~J .
(MN)il'Ul =+ Z;V:Q(MNfl)ij'Uj = )\1(]\4]\[)1)1'7 VZ = 2, ey N

Define the following vectors in CN~1:

‘7: t(UQa"'va)

and

My = "(Mn)a1,...,(My)n1) = E(WN)21s - (WN)N1) -

-
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On Qn, M (My) is not an eigenvalue of M ~n—1 and one can write the eigen-equations using the
resolvent G(A1(My)) := (M (Mn)Iny—1 — My_1)~! as follows:

V = v G\ (My))M,. (5.1)
(Wn)u
M(My)vy = 0vg + U—i—MG)\M M. 5.2
1(My)vy (I \/Nl vy (A (My)) M. (5.2)
Since v; is obviously non equal to zero, one gets from (@)
WN)11 | e A -
MMy) =0+ ———+ MG\ (Mpy))M.. 5.3
1( N) \/N 1 ( 1( N)) 1 ( )
On Qp, pg is not an eigenvalue of M\N,l and the resolvent é(p(,) = (poIn—_1 — ]/W\N,l)*l is well
defined too. Thus, (b.9) is equivalent to
W | A v 9 e (A 5 -
M (My) = po = N T MAG(po) Moy — 4 + M3 [G(Al(MN)) - G(pe)} M. (5.4)
Using G(\ (My)) — G(ps) = —(\(Mn) — pg)G(pe)G(M (My)) and g,(ps) = 3, one gets
A1 (My) — pe
(Wn)11

= ~——Z -+ M*lé(pg)M1 - UZQU(PO)

VN
A |~ (M (My) — p9)Glpo) (é(pe) — (M (My) — p@)é(pg)é()\l(MN)))} M.

1
pPo —

Finally, defining fqo(2) := 1}21<2045, We can easily deduce from the previous equality the follow-
S Izl

ing identity on Qp:

{1 en + 81 (N) + 6N} VRO (M) — po) = (War)is + 1 s+ g

where .
e = o try_1 [feQ(MN—l)]
dy =VN -1 {Mﬁ (G(P9)1||HN,1|\§20+6) My = oty (é(p9)1|M7N71”§20+6)}
. ~ 2 .
61(N) = —(\ (M) = po) M3 [ Gpa)|” GO (M) Moa 1
A 2 , N 2
62(N) = M3 [G(PG)1||MN,1||QU+5} M.y —o%try-1 [G(p")lllﬁwflllﬁ%w}
53(N) =o*VN —1 {tTN1 (fe (Mn-1) /fedﬂsc} .
First

M (M) = poll VLAl Gp0) 171G (s (M) | L2

1
(po — 20 — 26)(pg — 20 —

|61 (V)]

IN

N
1
5)2 NZ|(WN)J‘1|2 I\ (My) = pol,
j=2

(using point (v) of Lemma B.9). By the law of large numbers + Zj\; |(Wn)j1|* converges a.s. to-
wards 02 and according to Theorem P.1, [\ (M) — pg| converges a.s. to zero. Hence d1(IN) converges
obviously in probability towards zero.
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Now, since fy is analytic on an open set including [—2c; 20], we deduce from Theorem @ the con-

0_2

vergence in probability of §3(N) towards zero and of cy towards o2 / fedus. = Y
-0

According to Theorem f.1] and using Lemma B.3(v),

9 K ~ 4
E(|62(N)]7) < N1 IE (trzv [G(pe)lllﬁwflllﬁ%—ké} )
K ~ 4
= N_1E(”G(pe>” Lty <2045)

K 1
<

N—l(p9—20’—(5)4.

The convergence in probability of d2(N) towards zero readily follows by Tchebychev inequality.

Let us check that G(pg)1 satisfies the conditions of Theorem [5.9.

M —1]|<20+8
() 1G(o)1 57, <2046l S 777355 by LemmaB.3 (v)

(ii) According to Theorem .3, try_1 fg(]\/IN,l) converges in probability towards [ fZdusc. Since on

the event {||J/\4\N_1|| < 20 + 6}, with limiting probability 1, try_1[G(pe 2 coincide with

l )1|\J\7N,1|\gza+6]
try—1 f§(Mn_1), it also converges in probability towards [ f7dpse.

(iii) It is proved in Proposition 3.1 in [[C-D] that for any 2z € C such that Smz > 0, 7 Zf;l (IG(2)]ii)?

converges in probability towards g2(z). The same result holds for g SV ! ([é(z)]ii)Q1”1/\2N—1H<20’+5.

For any € > 0 and any a > 0,

P (|t ST (G000 71y <o — 93000 > €)

)_l

i=1

<|N Z = (G0 + i)} } iy <] > §>
P

+

N—-1
. _ .
<|N 1 Z (1G(po +i0))i)* 157, <2045 — 9o (po +ic)| > 5)

1=

+P (|93(P9) — g2(po +icr)| > %) .

Since
{(G1)* = (Glpo +i0))i)* 51, y<amss
[G( 0) — é(pO + ia)]i; [G(pg) + a(pg + io‘)]ii1||ﬂ]\,71”§20+5
= ia[G(pe)é(pe + )i [G(Pe) + G(PG + m)]iiluﬁN,lngzaw

we get by using Lemma B.J (v)

(G (po)]i)* = ([Clpo +ia)]io) |51,y <a0ts < (pg—§+5)3'
Similarly, we get that
9200) = 62 + i0)] € s
Thus, choosing a such that Té)g < 3, we readily deduce the convergence in probability of
N-1
N1 < 1([@(pe)mzlllmﬂ||sza+5
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towards g2(pg)-

Since G(pg) |V 1)l <2046 and M. are independent, we can deduce from Theorem p.9 that dy con-

verges in distribution towards a Gaussian law with mean zero and variance
4 W)z 4 Lo t 1
vg =0 {(EGT' )—1- t/2)9—2) togE 2
where ¢t = 4 in the real setting and ¢ = 2 in the complex one. One readily verifies that vy satisfies ()

Let 0 < e < 1. Since §1 (V) + d2(IV) converges in probability towards zero, the probability of the event
On = Qn N{|01(N) + 52(N)| < €} tends to 1. Now, since ¢y > 0 we have the following identity on

QNZ
\/N()\l(MN) —py) = % {(WN)M +4/ N]i 1dN+ \/ N]\i 153(N)}

with uy := 14 ey + 61(N) + 02(N) converging in distribution towards (1 — ‘5—2)*1. Moreover,

since (Wy )11 and dy are independent, (Wx)11 + ,/%djv + ,/%63(N) converges in distribution
towards the convolution of y and a Gaussian distribution N(0,vg). Finally, we can conclude that
VN (A (My) — pg) converges in distribution towards (1 — ‘;—2) {n*N(0,v9)}. O

Appendix by J. Baik and J. Silverstein

This Appendix presents the proof by J. Baik and J. Silverstein of the CLT (given by Theorem @)
needed in the previous section for the proof of Theorem @ Their proof is based on a writing of the
expression

(1/VN)(Y3BYy — TrB) (A1)
as a sum of martingale difference, and uses the following CLT.

Theorem A.1. (Theorem 35.12 of /@/) For each N, suppose Zn1,Z N2, ..., ZNry 1S G Teal martingale
difference sequence with respect to the increasing o-field {Fn ;} having second moments. If as N — oo,

TN
S TE(Z3 | Fr 1) o 0P (A.2)
j=1

2

where v° is a positive constant, and for each € > 0,

TN

ZE(Z?VJ‘ Lizy,2c) =0 (A.3)

=1
then
TN C
> Znj = N(0,0%).
=1

Proof of Theorem f.2: First, one can write ([A.1]) as a sum of martingale differences:

N
(1/VN)(Y3 BYy — TtB) = (1/VN) Z ( lyi|? — 1)by; + Qizyjbij + Ui Zyjbij)

i=1 j<i >i

N
= (1/VN) Z ( lyi> = 1)bii + Qizyjbij + Yi Zyjbji) = ZZi
py i=1

7<i J<i
where

Zi = Zni = (UNVN)((ysl® = Db+ 30 Y yibig + v Y U5big)-

j<i i<i
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Let Fn,; (resp. Fn,0) be the o-field generated by y1,...,y; and B (resp. by B). Let also E;(-) denote
conditional expectation with respect to Fu ;.
It is clear that Z; is measurable with respect to Fn ; and satisfies E;_1(Z;) = 0.

We will show the conditions of Theorem [A.]] are met.

To verify the Lindeberg condition ), we need to show this property is closed under addition.
This will follow from the following fact. For random variables X, X5, and positive €

E(1X1 + Xo? (x4 x0030) < 4AEIX1 Loxy 3e/2) + B(Xa 1(xy2e/2)))- (A4)

Indeed, we have

E(IX1? Lxy13e2)) + E(1X11? 1(x1 1 <e/2, x5/ 2¢/2))
IE3(|X1|z L(x,|>e/2)) + (62/4)12(|X2| > €/2)
E(IX117 1(x,12¢/2)) + E(1X2|" 1 xy)5c/2))-

The same bound starting with X, leads (A.4).
Write Z; = Xi + X3, with X{ = (1/V/N)(Jy:|*> — 1)bs;. Then for € > 0,

E(1X1” 1 x,4-x2)2¢))

IA N IA

N
ZE(|X1|2 Lixise) < @®B((jy: > — 1) Lo 2112 VNe/a)) = 0 (A.5)
i=1
as N — oo, by dominated convergence theorem.
We have
IE| Zyjbij|4 = |y1| Z |bw| + 2E Z |b1J1| |b1]2| + E |y |2 bejlbf_]Q
i<t j<t
< Efy| E[mjaX(B2)jj(BQ)n] (2 + Ely;|)E[(B*)}]
< a'[Ely|" +2+Elyi]

where the sum Y is over {ji < 14, jo <1, j1 # ja}. Therefore E|X:|* = o(N~!) so that for any € > 0,

N N
D E(X57 1xs50) < (1/) D EIX* -0 as N — oo (A.6)
=1

=1

Thus, by (A.F), (A.4) and (A.4), {Z:} satisfies (A.3).

Now, we shall verify condition (A.J). We have

N N
N Rz = (1/N)Y {(E|y1|4 — % + B (O yibi)? + Eyi (O 5ibis)° (A7)
=1 i=1 j<i j<i

2B ([ya*70)bis D yibeg + 2E (v *yn)bis D 730 + 200 ysbis) (O ﬂjgz‘j)}-

j<i j<i j<i j<i
Let By, denote the strictly lower triangular part of B. We have

1/N Zbuzy] ij] =

7<i

and using Cauchy-Schwarz

E|(1/N) Zb”Zy]bUF

7<i
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= E|(1/N) Zijb”bm (1/N®E ZZb”b”Zb“b = (1/N*)E(Y _ biibis(BLB; )ii)

j=1 1>7 j=1 >3 > [

E[(max bn)Q(l/ﬂJ(Z |(BLBL)ul*)'/?] = E[(maxbs:)*(1/N)Tx((BLB)?)"?]

IN

< E[(m?xbii)Q(l/\/ﬁ)ﬂBLHﬂ.

We apply the following bound (due to R. Mathias, see [M{]): ||Bz| < yn|B||, where yx = O(In N)
and the bound ||B|| < a to conclude that

1/]\7217” > ysbi; =0

7<i

as N — oo.
Then (recall that Ey? = 0 when y; is complex), (A.7) can be written as

Z]Ei—lzf = (1/N)Y (Bl |* = D7+t yibi) O 0ibis)] + 0ip(1)
=1 z;l J<i j<i
= (1/N)>_(Elp|* — 1)b3 + t(1/N)Y3 B; BLYn + 0i(1) (A.8)

=1

<.

where t = 4 when y; real, and is 2 when y; is complex.
Besides, from Lemma 2.7 in [B-S1|| (recalled in Theorem f.1)) we have

In* N
E|(1/N) (Y3 BiBLYy — TrB; Br)|*> < (1/N?) (Tr(BzBL))<KEHB||4 -0

as N — oo. So, as
TrB; B = Y _ |bij|* = (1/2)(TrB* — Zb
i<t
(A:§) implies that condition (A-3) holds with
= (Ely|* =1 = t/2)a] + (t/2)as

Thus, by Theorem [A.], we deduce that (1/ V/N) (Y BYN—TrB) converges in distribution to a Gaussian
variable with mean zero and variance v2. O
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