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DYNAMICAL DIOPHANTINE APPROXIMATION
AI-HUA FAN, JORG SCHMELING, AND SERGE TROUBETZKOY

ABSTRACT. Let pu be a Gibbs measure of the doubling map T' of the
circle. For a p-generic point = and a given sequence {r,} C R, con-
sider the intervals (T™xz — r,, (mod 1), T™xz + r, (mod 1)). In analogy
to the classical Dvoretzky covering of the circle we study the covering
properties of this sequence of intervals. This study is closely related to
the local entropy function of the Gibbs measure and to hitting times
for moving targets. A mass transference principle is obtained for Gibbs
measures which are multifractal. Such a principle was shown by Beres-
nevich and Velani [@] only for monofractal measures. In the symbolic
language we completely describe the combinatorial structure of a typical
relatively short sequence, in particular we can describe the occurrence
of ”atypical” relatively long words. Our results have a direct and deep
number-theoretical interpretation via inhomogeneous diadic diophantine
approximation by numbers belonging to a given (diadic) diophantine
class.

1. INTRODUCTION

Let (X,d) be a complete metric space. Given a sequence {z,},>1 of
points in X and a sequence {7, },>1 of positive numbers we define

I({an}, {ra}) = lim Bz, ),

F({zn}, {ra}) = = X\ I({zn}, {ra})

where B(z,,r,) denotes the ball of center z, with radius r,. By dio-
phantine approximation we mean the study of the sets I({z,},{r,}) and
F({zn}, {ra}).

Classic diophantine approximation is a special case. Let X = S! = R/Z
be the unit circle equipped with the metric

lz = yll = inf [(z —y) — K|

Let {z,} = {na (mod 1)} be the orbit of the irrational rotation determined
by an irrational number o. Then 0 € I({na},{r,}) means |an| < r,
holds for an infinite number of n’s. This is nothing but the homogeneous
diophantine approximation of a. More generally y € [({na}, {r,}) means
|lan — y|| < r, holds for an infinite number of n’s. This is what is called
inhomogeneous diophantine approximation. In [FY], based on the results
in [BT], both I({na},{r,}) and F({na},{r,}) have been analyzed for an

irrational number o when r, = n=". The case for general sequence {r,}

has been studied in [FWZ].
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Another special case is the dynamical Borel-Cantelli lemma or shrinking
target problem. Consider a measure preserving map 7. A shrinking target
is a sequence of balls with decreasing radius and with centers fixed or moving
(more generally, other forms than balls are also allowed). The question is
to study the set of orbits 7"z (or equivalently of the initial points) which
hit the target or equivalently which are well approximated by the target,
see for example [HV] and the references therein.

There is another well studied case. Consider an i.i.d. sequence {x,} C S!
uniformly distributed on the unit circle S' with respect to Lebesgue mea-
sure, a decreasing sequence of positive numbers {/,,} C R™ and the associ-
ated random intervals (z,,—¢,/2 (mod 1), z,+¢(,/2 (mod 1)) (i.e. 7, = £, /2
in the above terminology). Since {z,} are independent and uniformly dis-
tributed, the Borel-Cantelli Lemma assures that almost surely (a.s. for
short) we have I({z,},{r.}) = S! except for a set of null Lebesgue mea-
sure, i.e. Lebesgue a.e. point in S! is covered infinitely often by the intervals
with probability one if and only if Y > ¢, = co. Moreover > 7 £, < 00
implies that Lebesgue a.e. point in S! is covered finitely often with proba-
bility one. In 1956, Dvoretzky observed the possibility that all points in S*
are covered infinitely often with probability one for some slowly decreasing
sequence {¢,} [O]. In 1972, Shepp obtained a necessary and sufficient con-
dition for all points in S! to be covered infinitely often with probability one

[Belil:

=1

g — exp(ly + -+ {,) = 00,
n

n=1

This condition is satisfied for example by ¢,, = % Important contributions
were made by J.P. Kahane, P. Billard, P. Erdés, S. Orey, B. Mandelbrot et
al. See Kahane’s book [[K] for a full history and a complete reference up to
1985 and see [BH, F1, 2, FK], EW1, [J] for more recent developments.

In the present work, we consider the dynamics defined by the angle dou-
bling map on the circle. We shall consider a generic orbit {z,,} = {T"x}
of this map relative to a Gibbs measure. Recall that the doubling map
T :S' — S! is defined by

Ts=2s (mod1).
We are interested in the quantity
[Tz —yll = [[2"2 = yl| < ra.

This is diadic diophantine approximation, homogeneous in the case y =
0 and inhomogeneous in the case y # 0. The sets I({z,},{r,}) and
F({z,},{r.}) are respectively the sets of y which are well aproximable
or badly approximable with speed r,. In other words I is the set of points
obeying a diophantine equation with speed r,. Our theorems are similar
to Jarnik type results in number theory. For x > 0 consider the special



AI-HUA FAN, JORG SCHMELING AND SERGE TROUBETZKOY 3

sequence 1, = n% Write
J(s)=(T"s—r, (mod1),T"s+r, (mod1)).
For s € S! let

I"(s) == () U 75s) = {t eS' 1) 1uy(t) = oo},

N=1n=N

Fr(s) :== U ﬂ J(s)¢ = {t es: ZlJﬁ(S)(t) < oo}

N=1n=N

The following decomposition is obvious:
St = Fr(s)UI"(s), F®(s)NI%(s)=0.

It is easy to see by definition that if the orbit of s is dense, then I*(s)
is a residual set, in particular, I"(s) # (. It is the case for a typical
point s relative to an ergodic measure with full support. However, as we
will see, it is possible for F*(s) = ) for typical points. Let vy, be two T-
invariant probability Gibbs measures on S! associated to normalized Holder
potentials ¢ and 1) (i.e. the pressures of ¢ and 1 are equal to zero). The
measure vy will be used to describe the randomness and the measure v, to
describe sizes of sets.

Let

Kppst @ = sup{k:vyu(["(s)) =1 for vy — a.e. s},
Khgr o = sup{r: F"(s) =0 for vy —a.e. s}.

We are interested in the following questions:

(Q1) How to determine the critical value kg, ? More precisely when is
I%(s) of full vy-measure for vs-almost every s?

(Q2) How to determine the critical value /ﬁisl ¢ More precisely when is
I%(s) equal to S' for vg-almost every s ?

(Q3) What are the Hausdorff dimensions dimg(F"(s)), dimg(1%(s))
for vg-almost every s ¢

Our answers to these questions are stated in the following theorems. Let

e~ = inf / (—¢)dv,

v:invariant

Cmax = /(—(b)dLeb,
o= fcom

v:invariant

where e_ and e, are respectively the minimal and maximal local entropy
of v,. Let E(t) be the entropy spectrum of v, which is defined by

] _
E(t) = dimy {y : lim ogvo(ly 1y +1)) = t} )
r—o log r
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It is well known that E(t) is continuous on [e™,e™], strictly concave and
real analytic in (e7,e™) (see [{]).

Theorem 1.1. The critical value k4551 satisfies
1

Notice that the integral [(—¢)dv,, is nothing but the conditional entropy
of v, relative to v,. The theorem says that for v4-a.e s the set 1*(s) supports
the Gibbs measure vy if & is small enough so that [(—¢)dv, < L. Also
notice that for fixed s, the question whether v,(1"(s)) = 1 is the shrinking

target problem or dynamical Borel-Cantelli lemma (see [HV])).

Theorem 1.2. The critical value /if;Sl satisfies

1

F —

K’¢,Sl — 6+ .

The theorem says that if x is so small that e < 1, then [*(s) = S!

or equivalently F"(s) = () for vg-a.e. s. This is the counterpart of the
Kahane-Billard-Shepp condition for the random Dvoretzky covering.

Theorem 1.3. For vg-a.e. s we have
1 if
B() it

S emax

dimy F*(s) = {

I ===

> Cmax
Theorem 1.4. For vg-a.e. s we have

v,

I =

1 h
dimpg I"(s) = ¢ BE(+) if hy, <+ < emax -
1 >e

max

We will transfer the problem to a similar one in a symbolic framework.
As we shall see, our problem is closely related to hitting times and the later
is related to local entropy.

The structure of the article is as follows. We start in section P with
background on ergodic theory, symbolic dynamics, decay of correlations,
and multi-fractal analysis. In this section we prove a “multi-relation” and a
variational principal which are essential in the proofs of the main results. In
section | we transfer the covering problem to the symbolic setting and relate
then covering properties to hitting time asymptotic. In section ] we prove a
first simple relation between hitting times and local entropy. This yields the
proof of the Ornstein-Weiss return time theorem in the special case of Gibbs
measures and also allows us the determine the critical exponent x4 . For
the other exponents more sophisticated estimates are needed. Sections [
and [j] contain the core estimates on the probabilities of hitting time events.
The fundamental tools relating hitting times to the entropy spectrum are
developed. In section [] we study the structure of a short typical sequence.
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In particular we make a substantial improvement in the mass transference
principle [BV]] to multi-fractal Gibbs states. Section § contains the results
in the symbolic framework for the full shift while section P generalizes these
results to subshifts of finite type. Finally in section [[(J we prove the main

theorems by transferring them from the shift space.

2. BACKGROUND

Convention. All logarithms and exponential functions in this article are
taken to base 2. With this convention the notions of entropy and dimension
coincide in our setup.

Ergodic theory. We need various standard definitions from ergodic theory:
the metric entropy of an invariant measure v denoted by h,, the notion of
the Gibbs measure p, with respect to a potential ¢ and the topological
entropy for non compact sets E denoted by hyy,(E). The definitions of all
these notions can be found in [H].

Symbolic dynamics. We use various standard notions from symbolic dy-
namics. Let (X3, 0) denote the one sided full shift on two symbols 0, 1. For
y = (y:)i>0 € X3 we denote a cylinder set by

C%<y):::[y07y17"'7ynfly

We will denote the length of the cylinder by |C,,(y)| = n. We will denote
by
m(y) = 9it1
=0
the natural projection from 33 to S'. We consider the %—metric on o, i.e.

for z,y € £3 let d(z,y) = 5~ where n is the least integer such that , # y,.

The pull back of the circle metric p(z,y) == Y .2, % is almost equiv-
alent in the sense that for # € X3 the ratio diam,(C,(z))/ diamy(C,,(x))
is bounded from below and above uniformly in n and x. Thus Hausdorft
dimensions do not change under the projection, for details see [F1]. We de-
note by pimax the measure of maximal entropy for the shift. The projection

of pimax is the Lebesgue measure on the circle.

2.1. Fast decay of correlation.

One of the key tools in our study is fast decay of correlations. This is
related to Ruelle’s theorem on transfer operators. Recall that for a a-Holder
potential ¢ : ¥ — R, i.e.

[0]a = sup [¢(x) — ¢(y)|/d(z,y)* < oo,
Y
the transfer operator associated to ¢ is defined as follows

Lof(x) =Y _ e?Wf(y).

oy=x
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This operator acts on the space of continuous functions C(X5) equipped
with the supremum norm || f||« and on the space of a-Holder continuous
functions H, (%) equipped with the Holder norm

A= 1 lloe + [fa-

The well known Ruelle theorem asserts that [Ru]

(i) The spectral radius A > 0 of L, : H, — H,, is an eigenvalue with an
strictly positive eigenfunction A and there is a probability eigenmeasure v
for the adjoint operator L7, i.e. Lyv = Av.

(ii) Choose h such that (h,v) := [ hdv = 1. There exist constants ¢ > 0
and 0 < § < 1 such that for any f € H, we have

(2-1) AT Lgf = ()bl < 5™ F1l-

Let P(¢) = log A and call it the pressure of ¢. The measure u := hv,
denoted by 1, is the so-called Gibbs measure associated to ¢. Assume that
¢ is normalized, that is to say A = 1. The Gibbs measure ;1 has the Gibbs
property: there exists a constant v > 1 such that

1
(2-2) —eSnol®) < w(Chlz]) < ~eSn9(@)
g

holds for all z € 5 and all n > 1 where
n—1

Suf(y) =Y flo'y).
j=0

The Gibbs property (B-3) implies the following quasi-Bernoulli property
of pug: for any two cylinders A and B we have

23) sl AelB) < nal AN 0 B) < 2 (A)o(B).

For the first inequality take a point 2 € AN o~ B. By using three times
the Gibbs property we get

1 1
Ho(ANGTIB) 2 JoS ST > o (A (B).

This quasi-Bernoulli property can be generalized in the following way.

Theorem 2.1 (Multi-relation). Let p = 14 be the Gibbs measure associated
to a Holder potential function ¢. Let w > 1 be a sufficiently large number.
For any cylinder Dy and any finite number of cylinders D+, . .., Dy of length
n we have

u ( Dy N, olnotitntd) Dj>

H?:() ,U(Dj)

where ng > |Do| and d = d(n) : |wn] (la] denoting the integral part of a
real number a).

(24) 7P (1—cfm)" < <7 (L+ep)
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Proof. First remark that

k
Dy N ﬂ g~ lotintdip. — pynoIPolB

j=1
where
k
B = ﬂ U*[n07|D0|+J(n+d)]Dj
j=1
is a finite union of disjoint cylinders, which we denote by B;’s. Applying
the quasi-Bernoulli property (R-3J) to A = Dy and B = B; we get

1 _
$M¢(D0)M¢(Bz‘) < pg(Do N o1 By) < 4P p1g(Do) o (Bs).

Sum over all B;’s and we get

(2-5) %M(Do)%(lg) < p16(Do N 0™ 1B) < %1 (Do) s (B)-

Notice that the invariance of j, implies

k

J=1

Combining this with the equation (B-F), it suffices to prove
ko G-1)(n
M(ﬂFdUKJU(ﬂMDO

H§:1 (D)

Actually we can prove a little more. For simplicity, we will use Ef to
denote the integral | fdp and write || f|jx = || f||z1(,)- From the inequality

[E(fod"-g)l =E(f - L"9)] < [IL"gllolf]Ix

(applied to g — Eg and f) and Ruelle’s theorem, we deduce that for non-
negative Holder functions g and f we have

(26)  (1—cp")* < < (1+¢8m)".

L Lllg — Egll < (foo"-9g) < 14 P2l = Eglly
Eg EfEg Eg
Inductively, for a finite number of functions g4, - - - , g» € H, and for integers

0=n) <ng <--- < ny we have

k—1 S
11 (1 Ay - EQJH\)
ey Eg;

< El;_19;00™ (1 + cﬁ g — EQJM)
= k :
Hj:l Eg; j=1 Eg;
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To get (B-G), we apply these inequalities to characteristic functions of cylin-
ders g; = 1p,. In fact, since all cylinders D; have the same length n, we

have

an 1 1 nmaxq (—o(x
lgsll = 1+2°",  — = < g mass(~9(@))

Eg;  n(D;)
(the inequality is a consequence of the Gibbs property). Take d := |wn|
with a sufficiently large w so that gw20+max(=¢) < 1. Take n; such that
ny = 0 and nj41 —n; =n+d for j > 2 and the equation (B-) follows. O

We will refer to this inequality as the multi-relation property of the Gibbs
measure [ie.

2.2. Multi-fractal analysis.

Furthermore we will use various notions from multi-fractal analysis which
can also be found in the reference [P]. The notion of Hausdorff dimension
of a set will be denoted by dimy. For a point y € ¥ and an invariant
measure v we denote the lower local entropy of v at y by

) By{y) = lim —logu(Culy))

We define the local entropy h,(y) if the limit exists. For a function f :
¥4 — R we denote the ergodic sum by

3

Suf(y) =Y flo'y).

J

Il
o

We denote a Gibbs measure with respect to a Holder potential ¢ by 4.
Without loss of generality we may assume that the potential is normalized
so that its pressure P(¢) = 0. Then

(2:8) by, (y) = — lim ~S,6(y)

n—oo

and hy,, (y) satisfies a similar relation when the limit exists. If v is an ergodic
invariant measure then for v a.e. y

o) == [ o
=3
Furthermore if v is another Gibbs measure p,; then for p, a.e. y
(2-9) hyuy (y) = =P (¢ + 1¢) =0
Multi-fractal analysis deals with the study of the entropy spectrum
E(t) == E_4(t) == hiop {y : hyu,(y) =t}.
The following conditional variational is well known ([BS3, [FF, FFW]).
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Theorem 2.2 (Variational principle I). Let ¢ be a Hélder function. For
any t € R, we have

(2:10) E(t)= swp {h(u) : / (—p)dv = t} .

We also have

(211) E(t(q)) = P(q®) — aP'(48) = Pyu_p (1100

where t(q) = —P'(q¢). The range of the function t(q) is an interval [e~, e™],
possibly degenerate to a singleton.

Let us state some more useful facts concerning the variational principle.
The function ¢(q) is invertible on the interval [e™,e™]. If ¢ is not in this
interval, then there is no point y € X3 with local entropy equal to t. The
entropy F(t) attains its maximum at the value

€max — t<0> = / (_(b)d,umax-
=3
We have t(q) < epayx if and only if ¢ > 0. Furthermore
o= max [odn e = min [(-0)dn
p:invariant p:invariant

The entropy spectrum is concave and real analytic in the interval (e, e™).
Its graph lies below the diagonal. Moreover the interval [e™, e™] is degener-
ate if and only if ¢ is cohomologous to the constant —hygp, i.e. the measure
ity is the measure of maximal entropy. In the degenerate case we have
e = e = hyop and E(hop) = hiop. For typical potentials in the sense of
Baire, E(e”) = E(e™) = 0.

We will need the following variational principle.

Theorem 2.3 (Variational principle II). Let ¢ be a Hélder function. For
any t € R, we have

htop {ﬁ:%ﬁ (?/) < t} = htop {E;w (y) < t} = supE(s),

s<t
Piop {E%(’y) > t} = Ntop Iy, (y) > 1} = 581;) E(s).
Proof. Let us start with the proof of the first fact. From the trivial fact
(B @) <t} 5 ) < 1} 5 Utk () = s},
s<t
we get immediately the following inequalities
rop {1, (0) < 1} = oy (T () < 1} = sup B(s).

Since sup,.,,F(t) = 1 the converse inequalities are trivial in the case
t > emax. It remains to consider the case t < en.x. Notice that we have
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A
E(®

hlop

\J

+
€ max e t

E(®

topf---------- n

¢ e e"=emace’

max

F1GURE 1. The entropy spectrum for typical, nontypical and
degenerate potentials.

E(t) = sup,., E(s). Also notice that there exists a positive number ¢(t) > 0
such that

min(P(q¢) + qt) = P(q(t)¢) + q(t)t = E(t).

q=>0

Now let y be any point such that h,,, (y) < t. For ¢ = q(t) > 0 we can apply
Equation (2-§) to yield

1
By oy W) = 0 =8, (= Pg0) +40) (y)

n—0o0

) 1
= Pao)+a ( Jim 5,000 )
< P(q¢) + qt = E(1).
Thus applying the mass distribution principle (see Theorem 7.2 of [H]) yields

Rop {ﬁ%(y) < t} < E(t), which completes the proof of the first line.

The second fact may be similarly proved. We just point out the following
differences that

(o) > 1} 5 { b, () =t} 5 Uth, (9) = s},

and that for ¢ > ep. there exists a negative number ¢(t) < 0 such that
E(t) = P(q(t)p) + q(t)t. 0

~Y
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3. COVERING QUESTIONS ARE DESCRIBED BY HITTING TIMES

It is well known that the doubling map is semi-conjugate to the shift map
on X5 . As we shall see, the initial covering questions can be translated into
similar questions concerning the shift map and these question are described
by the hitting time that we are going to define. We will also see that hitting
times are related to local entropy.

For z € X5 and C a cylinder let

7(2,0) :=1inf{l > 1: o'z € C}
be the first hitting time of C by z. For x,y € X5 let
(@, y) = 7(x, Ca(y))

1
(31) Oé(.ﬁlf,y) = h_m —lOng<.§L’,y>-
Let
F5(x) = {y€X]: y&N¥; Un>n Clotogn) (0"7)},
I°(z) = {y€Xy: y €NV Unsn Clatogn(0"2)}.

We have the following trivial decomposition
¥y =F"(x) UZ"(x), Fri(x) NI (x) = 0.

Suppose that pg, i, are o-invariant probability Gibbs measures on X .
Let

Kypst = sup{r : py(Z"(x)) =1 for py — a.e. x},
F - . _
Ryt = sup{x : F*(z) = 0 for uy — a.e. x}.
One of our goals is to determine the values of both critical exponents
K5t and /{g i+ and the other one is to compute the Hausdorff dimensions
b b 3 2

of F%(x) and Z"(z). Let
O(x) ={o"x:n >0}, OF(z)=0()\{z}.
Lemma 3.1. There exists an integer ng > 1 such that y = o™x (i.e.

y € OF(x)) if and only if the hitting time sequence Ti(x,y) is bounded.

Proof. If y = 0™z then it is obvious that 74 (z,y) < ng for all k. Conversely,
suppose there is a positive constant such that 7(x,y) < K. Fix an integer
1 <t < K such that 7, (z,y) = ¢ holds for an infinite subsequence k;. Then
o'z € Cy,(y) for all i. Letting i — oo we get o'z = y. O

Lemma 3.2.

1
{y e Xy alz,y) > E} C F¥(x) C {y e Xy a(z,y) >

buot),

b

x| =

==

{vestiawn < howeree{yestiawn <
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Proof. The top left and bottom right inclusions imply one another. Let
us prove the bottom right inclusion. Suppose y € Z"(x). Then y €
Clriogn| (0" ) or equivalently 0™z € C|x10g,)(y) for infinitely many n. Thus
Tlnlogn) (2, y) < n for infinitely many n, which implies a(z,y) < &~

The top right and bottom left inclusions imply one another. So, it re-

mains to prove the bottom left inclusion. Suppose a = a(z,y) < k!
and y ¢ Ot (xz). Take ¢ > 0 such that k < O%La By the definition of

a = «(z,y), there is a subsequence k; such that log 7, (x,y) < (o + &)k;,

e k; > % The definition of 74,(x,y) implies that

a+e

oTkix € Ck, (y) C Crog‘rkiJ (y) - CL/{longiJ(y).

Since y ¢ OT(x) the previous lemma yields that 74, is not bounded. Thus
0"x € Clriogn)(y) or equivalently y € C|.iogn)(0"x) for infinitely many
n = Tg,.

O

We should point out that points y on the orbit O (z) have the property
that a(x,y) = 0 < 1/k, but they are not necessarily contained in Z"(z).
For example, if x is an eventually periodic point but not periodic and if y
is on the orbit O (x) but not in the cycle of x, then y & Z*(x). However,
for pg-almost all z, we have the following situation.

Lemma 3.3. For jig a.e. x, we have O(z) C I%(x) if + > h,, and O(z) C
Fo(x) if £ < hy,.
Proof. Let y € O(x) where z is not eventually periodic. Then there exists

a unique integer ng > 0 such that y = ¢™x. Define the hitting time after
no by

700 (2, y) == inf{k > ng : "z € Cr(y)} = Tu(0™x, ) + no.

Since y ¢ OT(0™z)) Lemma B.1] implies that T,(L"O)(x,y) — 00 as n — 00.
Let

1
(3-2) a("O)(x,y) = lim —log Té"“)(x,y).
n—oo 1

Hence
1

1
y € () if a™(z,9) <=, and ye Fz) if o (z,y)>—.
K K
Now
")z, ) = a(y,y) = a(c™z,0™x).
Thus applying the Ornstein-Weiss return time theorem [JOW] yields that

a(z,z) = hy, for pg-a.e. x. Finally the invariance of p implies that
afo"x,0"x) = hy,, for py a.e. x and for all n. O
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4. HITTING TIME AND LOCAL ENTROPY: BASIC RELATION

As Lemmas and show, we have to study the hitting time a(z,y)
of the Gibbs measure j15. We will show that the hitting time is related to
the local entropy. Local entropy have been well studied in the literature.

In this section, we start with a basic relation between hitting times and
local entropy. This allows us to compute the critical value s TRR

Let us first introduce a generalized notion of local entropy. Let (C),) be a
sequence of (arbitrary) cylinders with length |C,| = n. We define the lower
local entropy of the sequence (C,,) by

(41) ., ({Ca}) = lim —08#elG)

n—oo n

4.1. Basic relation. We have the following basic relation between local
entropy and the hitting times.

Theorem 4.1. Suppose that p, is a Gibbs measure associated to a Holder
potential ¢ and that (C,,) is a sequence of (arbitrary) cylinders of length n.
Then for s a.e. x we have

(4-2) lim log 7(z, Cn)

n—oo n

= b,,({Cn})

Proof. A special case of this theorem was proven by Chazottes [d]. The
proof follows the idea of Chazottes closely. We include it for completeness.
Let 7,(z) := 7(z, C,). Note that the Gibbs property implies 14(C,,) — 0.
Fix € > 0 and let
A, ={z €] T(x)pe(Cn) <27},
B, :={z €%} 7(x)ps(Cn) > 27"}

We will prove that

ZN¢(An UB,) < Z/%(An) + Zﬂqﬁ(Bn) < 0.

Once we have shown this we apply the first part of the Borel-Cantelli lemma
to conclude the proof.
First consider the series Y p15(Ay), which is simpler to handle. We have

A, cAu-..uAr
where
Al ={rxeX]: ozeC}, m=|2""/us(Cyn)].
Since pg(AL) = pg(AL) = ug(C,,), this yields
27511
w4, < <7+2)u Crn) <27 4+ 2u4(Ch).
(40) < (=g +2) el oC)

Now we distinguish two cases: h, ({Cy}) > 0 and b, ({Cn}) = 0. In the
first case, 114(Cy,) decays exponentially fast, so that > us(C),) < 0o, then
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> ps(A,) < 0o. In the second case, since juy(C,,) — 0, we can find some
subsequence ny, such that ), f4( nk) < 00 so that ), u¢( L) < 00. So
lim

log 7(z,C)) < lim

n— oo n k—o0 ny

log7(z,Ch,) 0

Now we turn to the analysis of the series ) ji4(B,). Choose a big w > 0
and d :=d(n) := |wn|. Let
B = {z:0™" V2 g C}, m: = 27"/ pp(Cr)(n+ d) | —
Thus
B,CB’n---NB"™ = U DoNo~ ™D, n...ag- e+ p

where the D; are cylinders (not necessarily distinct) of length n disjoint
from C,. Thus, by the multi-relation property, we get

to(By) < Z (Do N~ ID n...qgmtd Dy

S 1 + Cﬁd Z Hu¢ Z(n-i—d)Di)

<[+ Cﬁd)(l — 1o (C))]

m—+1
2
—(m+1)pe(Cn)/2

IN
N

IA

o—27 Y (n+d)

VAN

Corollary 4.2. For any y € X3 and for jis a.e. x

An application of Fubini’s Theorem yields

Corollary 4.3. Let v be a probability measure on X35 . Then for iy X v a.e.
(x,y) we have

a(z,y) = h,, (y).

The hitting time a(z, z) is what we called the return time. The following
result due to Ornstein and Weiss [DW] concerning the return time is well
known and holds for all ergodic measures. For Gibbs measures, it can be
similarly proved as the above theorem.

Corollary 4.4. For js a.e. x we have
oz, r) = ooz, ofx) = h,, (z) = hy, (VkE > 1).
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4.2. Determination of £, .

Recall that — [ ¢dpy is nothing but the conditional entropy of p, relative
to py. As a direct consequence of Lemma and Chazottes’ theorem, we
get immediately the following critical value.

Theorem 4.5. Let ¢ and v be Holder functions on 5. We have

1 1
Ko = = — .
P L ediy EP(+ )]0

Proof. Suppose that p, and p are ergodic Gibbs measures with P(¢) =
P(¢) = 0. Corollary 1.3 implies that for ps x uy a.e. (z,y)

a(z,y) = (/¢mW———Pw+wmﬂ.

Thus applying Lemma B.2 yields the assertion of the theorem. O

5. BIG HITTING PROBABILITY AND STUDY OF F*(z)

We will give answers to question (Q2) and to the part of question (Q3)
concerning F*(z).

5.1. Big hitting probability.
Heuristically points of small local entropy (i.e. large “local measure”) are
hit with big probability. More precisely we have

Lemma 5.1 (Big hitting probability). Let K := 2". Fiz L cylinders
Cy,---Cy, of length n satisfying pg(C;) > 2= Then

pefz : 3C € {C;} such that 7,(x,C) > K} < 27"

for any positive X for sufficiently large n.

Proof. We have L possibilities for the cylinder C. Let m := | K/(14+w)n]| —
1. Fix a choice C' from these L cylinders and let Dy, ..., D,, denote any
cylinders of length n (possibly with repetition), which are disjoint from C'.
Choose w > 0 so that 8% < 2¢7. Let d := d(n) == |wn].

For a fixed C, let G¢ be the set of points in X3 in which the chosen cylin-
der C', considered as a word, does not appear up to time K. In particular,
it does not appear at times n+d,--- ,m(n + d). Thus

M¢(Gc) < Z M¢(D0 N 0_n+dD1 N---N U_m(n+d)Dm).
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By the multi-relation property, we get

1s(Ge) < (14 cph)m™! Z Hu —intd D)

1 . "
< (1 — ér%lin,u(b(@)) :
Summing over all the L(< 2") possible cylinders C' yields
pe{z : 3C € {C;} such that 7,(z,C) > K}

<> ug(Go)
C

<L (1 — %H&HMMC})))
1 27" /(ming; pg (Ci)(14w)n)
<L (1 3 r%iflud@»))
< const - 2™ - (6—1/2)27”/(1+w)n
< 2—)\n
for any positive A and sufficiently large n. O

5.2. The set of late hits.
Let us recall that {y € XF : a(z,y) > t} is random but {y € X7 :

h,,(y) = t} is deterministic (i.e. independent of x). The following theo-

rem is deduced from Lemma p.]] (big hitting probability) and Corollary .3
(Ornstein-Weiss type theorem on return times).

Theorem 5.2. For any t > 0 and for j14 a.e. x we have
(5-1) {veXy:alry) >t} c{yesy: n,(y) >t}
Moreover if v is any probability measure on X, then for js a.e. v we have
{yeXy:alr,y) >t} ={yeX: h,(y) >t}
Proof. The case t = 0 is trivial. Assume t > 0. Let
Hyy(x) ={y € X3 : a(r,y) > t}, Esr={y€Xy:h,(y)>1t}.
By definition, we have

Heolw) = () lim H,.(2)

e>0 n—oo

with H, .(z) = {y : 7(2,y) > 2079}, and
Bz =[] lim B,

e>0 n—oo
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with B, (z) = {y : us(Cr(y)) < 2729} Thus it remains to prove that
for pg-a.e. x there exists n(z) > 0 such that

H,.(x) CE,. VYn2>n(x).
Equivalently
B, . CH; (x) VYn>n(z).

Notice that Ej_ is the union of all n-cylinders C such that ug(C) >
2-(t=25)n_ Tet C,. be the set of all these cylinders. Applying Lemma [.1] to
{C1,---,CL} :=C, leads to

ZM¢{37 €3y:3C €Cpe st (2, C) > Q(t*f'?)n} < oo

So, by the Borel-Cantelli lemma, for ji4-a.e. z, for large n and for all C' € C,, .
we have 7,(z,C') < 2079 je. C' C HS (x). This proves the first assertion.

To prove the second assertion, it suffices to show that for pg4-a.e. v we
have

{y€Xy:hy, (y) 2t az,y) <t} =0.
Let
E={(z,y):afz,y) =h, (W)}, E.={y:alz,y)=h, (y)}

By Corollary f.3, we have pg x v(E) = 1. Then Fubini’s theorem asserts
that for ps-a.e. © we have v(E,) = 1, i.e.

v(ES) = vy : ale,y) # b, ()} = 0.

We conclude by noticing

{y:h,,(y) =t alzy) <t} CE.

We should point out that (5-1]) is equivalent to
(5-2) {yeXy b, (y) <t} C{yex]: alz,y) <t}

This justifies our heuristics that points of small local entropy are hit early.
We point out that the inverse inclusion of (5-3) does not hold. Actually
for t < e, the deterministic set {y € XJ : h,,(y) <t} is empty, but if
1/k < t, the random set {y € X7 : a(x,y) < t} contains I*(x) which is a
residual set.

5.3. Computation of dimy{y : a(z,y) >t} and dimg F*(x).
Theorem 5.3. For pg-a.e. x, we have

dimys {y Calz,y) > t} = dimy {y : ﬁ% > t}.
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Proof. By the second variational principle (Theorem P.3), there exists an
s >t such that

(5-3) dimp{y : h,, >t} = dimu p-pse)+ae)e-
Applying Corollary (With v = p_ p(g(s)¢)+q(s)e) implies that
1-Pa(s))+as)o(Y 1+ Dy, (y) = a(z,y) = s}) =1 for py —ae. .
It follows that for p4-a.e. x we have
dimp{y : a(r,y) >t} > dimg{y : b, (y) = a(z,y) = s}
2 dim pe p(g(s)6)+a(s)6-
This, together with (B-3), implies
dimys {y sa(x,y) > t} > dimpy {y : ﬁ% > t} Lp-ae.

Now we turn to the reverse inequality. Observe the following decompo-
sition

{y:ax,y) >t} ={alz,y) > t.h,, (y) <t} U{alz,y) > t,h, (y) >t}
Since

dimp{h,, (y) = t,a(z,y) 2 t} < dimy{h, (y) > t},

it suffices to remark that {y : h, (y) <t a(z,y) >t} = 0 for py ae. . O

By this theorem, Lemmas . and B.3, and the second variational principle
(Theorem P-3) we get

Theorem 5.4. For pg-a.e. v we have

1
hiop(FF(x)) = 1 for — < emax,
K

htop<gjn<$’)) = h for €max < E < ey

Pa(r)e
where q(k) is chosen such that hy,,(y) =+ for jige a.e. y. We also have
F5(x) = 0 (or equivalently Z"(z) = S') if % > e,

F5(x) # O (or equivalently Z%(z) # S') if % <eq.

Remark that the case % = et is not covered by the theorem because
E(t) is not continuous at t = e*. We have the upper bound dimy F'/¢+ <

E(e'). A result due to Kahane for the random covering shows that a strict
inequality may occur ([K], p.160).
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6. SMALL HITTING PROBABILITY AND UPPER BOUND OF
dimgy{y : a(z,y) < s}

6.1. Small hitting probability.

Lemma 6.1 (Small hitting probability). Let K := 2% [ := 2" N := 2
with a > 0,0 > 0,¢ > 0. Fiz L different cylinders Cy,---Cp of length n
satisfying

o(Cr) < 2,
Then if v > max(b — ¢,0), for any positive X\ and sufficiently large n we
have

polr : T(x,C;) < K for N different cylinders among the C;} < 27"

Proof. Let S be the set in question. That z € S means there exist times

ly < ly <--- </Uly < K and different cylinders C;,,C,,,- -, C;, such that
= Ci,, olx € Ciyy -+ Ny e Cin-

In this sequence (¢;) of length N there is a subsequence of N/(3n + d)

terms, denoted (7;) such that 7; — 7,1 > 3n+d. For example, we may take

7j = L(3n4q);- Thus o € S implies

o'~z e ()

IN’

for N' := N/(3n + d) different cylinders taken from the list Cy, Cy, - - -, CL.
Thus to each x € S we can associate the sequences (7;) and (Cj,). Thus
x e Cx) = ﬂa’”(Cji)

and S is covered by the union of C'(x). The multi-relation property implies
that the measure of C'(x) is bounded by

AN d\N'
max fip(C3)" (148%™

oz e Cj, oz e (|

o S

Now, we have to estimate the number of different (disjoint) sets C'(z). First
we have ( jé,) choices for the N’ different cylinders from the list of L words.

Then we can choose (fv(/) places (i.e. we fix the sequence 7;) to put the
chosen words in order to determine C(x) . Finally we have N’'! ways to
arrange words into these N’ (now fixed) places.

Thus the measure of the set in question can be majorized by

This is equal to
L K!
(L— N (K —N')IN'I
Next using the estimates

I .
Loy =1

- (max g (C)) - (14 f)™

K! N’ GN/
=Ny = ot R
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(the second one is implied by Stirling’s formula), we conclude that the
measure is majorized by

const - LN KN N NN (2’(‘”“’)”)]\[/ (14BN
= const - (Qb” Qg gTen gl n (] 4 cﬁd))N
< const (e (1+¢B3%) - 2(5”0’“’)”) M

Provided v > b — ¢, this is less that 2" for any positive A and sufficiently
large n. U

6.2. Upper bound of dimy{y : a(x,y) < s}.

Theorem 6.2. If h,, < s < emax then for ug-a.e. x we have

(6]-) htop {y : Oz(l‘,y) S S} S E(S)
If 0 < s < hy, then for all x we have

(6-2) heop {y + oz, y) < s} <s.
Proof. Let

Az(s) ={y : a(z,y) < s}.
The case s < hy,, is simple. In fact, if a > s, we have
2(171

A.(s) € Iim {y : 7,(2,9) <2} = lim U Cy(o*x).
k=1
Since C,,(c*x) C C,(c*x) for m > n, we have

oo 2¢m

Ax(s) € (VU Culo"z).

n=1k=1

We have hiopA.(s) < a since {C,,(0%)}1<p<aen is a cover of for A,(s) by
29" cylinders of length n. We conclude by letting @ | s. Remark that
htopAs(s) < s holds for any non negative s.

We turn to the case h% < 8 < €max. We start with a remark. For 6 > 0
and n > 1 and 0 < hy < hg, let £,(hy, he) := £,(h1,ha,0) be the set of
cylinders C' of length n such that 2=(h2=9n < 4;,(C') < 2=+ Then for
n sufficiently large (depending on hy, hy and &) we have

Card £, (hy, hy) < 2202 if by < epax
Card £,(hy, ho) < 2P0 if by > ey

In fact, assume hy < enax (the other case may be similarly proved). There
exists a positive number ¢ such that E(hy) = P(q) + hag. Then

9—a(ha=d)n 1414 £.(h1, hy) < Z p1g(C)7 < on(P(a)+4d)
CEEn(hl,hg)
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Write
Auls) = (A 0 {y = by ) < s U (A {y - by, ) > 5}).

Since hop{y @ by, (y) < st < E(s), it suffices to show

(6-3) heop <Ax(s) N {y b, (y) > s}) < E(s).
Let
H(W, B = {y LW <h, (y) < h}
If all choices s < A’ < h” such that A" < eax Or A’ > e the formula
hiop (Az(s) NH(W W) < E(s)

holds, then the equation (-3) also holds.
Let s < h;+d < h < h' < hy — 0 with hy close to i’ and hy close to h”.
Remark that y € H(I',h”) implies that C,(y)) € H(hi, hs) for infinitely

many n’s. In other words
Hw, e () Y U c
m=1ln=m C€&Ly,(h1,h2)

That is to say, for any fixed m, U, ,, Ln(h1, h2) is a cover of H(R', h").
Now we construct a cover of A,(s) NH(R',h"). For any s < a < hy, let

£n<.§L’, a, hl, h2) = {C € £n<h1, h2) : T(.T, C) S 2an}’
N,(x;a,hy,hy) = Card L,(x;a,hy, hs).
L,(x;a,hy, hy) is a cover of A,(s) NH(R',h"), because

A c (U Uy c

m=1n=m C:r(z,C)<29"

Clearly |J

n>m

Let v = hy — a if hy < epay, Or ¥ = hy — a if hy > epax. Since E'(t) < 1
when ¢ > h,,,, we have
E(a+~)—E(a) <~, ie. FEa+7v) —7v<Ea).

We apply the Small Hitting Probability Lemma to b = E(a + ) and ¢ =
E(a) to get

Z,ud){x : NTL('CU; a’ h17 hQ,) > 2nE(a)} < Q.

By the Borel-Cantelli Lemma, for pgs-a.e. x, we have N,(x;a,hy, he) <
2"@) for n > n(z). So, if m > n(x), for any € > 0 we have

Z Z (diam C)F(@+e

n>m  C€ELy(z;a,h1,h2)

< Z 2—n(E(a)+e) . 2nE(a) < Z 27N~ 5o,

n>m n>m
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Since U, £n(T; @, hi, hy) is a cover of A,(s) NH(R', h"), we have proved
dim A, (s) "H(K', ") < E(a) + €.

We finish the proof by letting first ¢ | 0 and then a | s. U

Theorem 6.3. If h,, < s < emax then for ug-a.e. x we have

hiop {y = a(x,y) < s} = E(s).
Proof. We simply need to prove the reverse inequality of (6-1]) in Theorem

b.3. By multi-fractal analysis there is a Gibbs measure with entropy E(s)
supported on {y : by, (y) = s}. Then Corollary implies the result. [

For 0 < s < h,,,, the opposite inequality of (-2):
heop {1 a(,9) < 5} > 5

also holds. But its proof is much more involved. It can not be deduced from
the mass transference principle as stated in [BV] since ps has nontrivial
entropy spectrum. In the next section we make a substantial improvement
in the mass transference principle to multi-fractal Gibbs states. In order to
prove it, we need to undertake a full investigation of the structure of typical

sequences.

7. TYPICAL SEQUENCES AND LOWER BOUND OF dimy{y : a(z,y) < ¢}

Recall that p, is a Gibbs measure associated to a normalized Holder
potential ¢. A cylinder C of length n is said to be a (n, €)-cylinder if

2—(h+6)n S u¢(0) S 2—(h—€)n

where h = hg denotes the entropy of py. We denote by C,. the set of
all (n,e)-cylinders. Sometimes we will say that a (n,¢)-cylinder is a good
cylinder or the word determining a (n,¢)-cylinder is a good word. As we
shall prove, a relatively short typical word contains plenty of good subwords
of a fixed length and they are even different.

The following notations will be used. If C' and D are cylinders, we denote
by C % D the cylinder C N o~ I°ID. If we read C and D as words, C' D
is nothing but the concatenation of the words C' and D. Let d > 1 be an
integer, by C' x4 D we mean C N o~ (CIHID e

Cxq D = U CxGxD.
G:|G|=d
For a set S, #5 will denote the cardinality of S.

7.1. Frequency of good words in a typical orbit.

Lemma 7.1. Let iy be a Gibbs measure with entropy h := hy,, > 0. For any
e > 0, there exist an integer n(e) > 1 and a Borel set G. with j15(G:) > 1—¢
such that for any x € G. and any n > n(e), the cylinder C = C,(x) is a
(n,e)-cylinder. Consequently, if n > n(e), we have

(1 _ 6)2(/1—6)71 S chn75 S 2(h+6)n'
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Proof. By the Shannon McMillan Breiman theorem, for p4-a.e. x we have

i 08 He(Cu(@) _

n—oo n

Then by Egorov’s theorem, there is a number n(e) > 1 such that the set

G. = {y €y : —%log,u(b(C’n(y)) elh—e h+e], Vn> n(e)}

has measure ji,(G:) > 1 —¢.
The upper estimate ij <2

i, < Y plC) <1
CeCn e
The lower estimate (1 — ¢)2"=9)" < #C,, . follows from G. C Ucec, . € and
L—e < pe(Ge) < Y pe(C) < 27mmye,

CGCn,E

(hte)n follows from

O
We call the set G. the set of e-good points. By the definition of G., we

have .
N Yy c

n=n(e) C€Cn.c
Hence it is a Gy set. We will write it as a decreasing limit of open sets in
the following manner

~NNue

) n=n(e) C€Cn e

This representation of G, is useful in the proof of the following lemma.

Lemma 7.2. Let 0 < e < 1/2 and let L' > 1 be an arbitrary integer. For
any cylinder D of length L', we have

Lo rigle

24
where v > 1 is the constant involved in the Gibbs property of 1, ([2-3).

(DN o 1PIg) >

Proof. We first recall the following quasi-Bernoulli property of u, (B-3): for

any two cylinders A and B we have
_ 1
no(Ano B) > ﬁuas(A)M(B)-

Let us prove the lemma. The set G, is the decreasing limit of the open sets

ﬂUC

) CGCn [
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Observe that Gy is a union of cylinders of length V. Thus we have

no(DN o PIG) = lim pue(DNo~PiGy ) = lim 3 ps(D 0o~ PIC)
C

where C' varies over all N-cylinders contained in Gy .. First applying the
quasi-Bernoulli property and then using the fact that py(Gne) > 1 —¢ >
1/2, yields

>_no(Dno7PC) > %(5) > us(C) = M¢(3D)u¢<gN,€) > M;(lg)).
c Y C y ~

To conclude, it suffices to remark that

1y(D) > LoD ol
~

which is assured by the Gibbs property of /4. OJ

The next theorem essentially says that a typical word of length 2¢%"

contains many good subwords of length n with an arbitrary but fixed prefix
D of length L'. We keep the notations n(e) and G, appearing in Lemma [/1].

Theorem 7.3. Let ¢ > 0 be fited. Let 0 < ¢ < min(3,¢), 0 < n < 3
and L' > 1. There exist an integer n(e,n, L") > L' 4 n(e) and a Borel
set E(e,n, L") with pys(E(e,n, L") > 1 —n such that if v € E(e,n, L") and
L" > n(e,n, L"), for each L'-cylinder D there are at least 2= points of

the finite orbit o9z (21 +1 < j < 2°L") which fall into DN o~1'G..
Proof. Let

1 ,
N = 9 L¢leo
m(L') = 2742
be the lower bound which appeared in the last lemma. For x € Y5, define
| TN 1
npre(r) =inf¢neN: N Z 1pn,-rrg. (07x) > ém(L'),VN >n
j=2L"41

and
ny(z) = mgan,L/,s(x).
By Lemma [(.d and Birkhoff’s ergodic theorem we have
po(r € g npy(x) <oo) =1
So, for any n > 0, there exists an integer n(L', €,n) such that the Borel set
E(L' e,n)={zxe€Xy: ny(x)<n(l, emn)}
satisfies

ue(E(L'e,m)) >1—n.
Fix n(L',e,n) > 1 sufficiently large so that

1 / /
57”([/)[2671(1/ ,8777) _ 2L ] Z 1’
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n(L' e,n)— L > n(e),
20n(L',6777) _ 2L’ > ﬁ(L/, £, n)

Assume z € £(L,e,n) and L” > n(L/,e,n). Since N := 2" — 28 >
n(L',e,n), we have

2CL”

- 1 1 ’
> Tona(on) = m(L)R - 2Y]
j=2L"+1
> lm(L/)[Zan(L’,e,n) _ 2L’] . 2(c—6)L”
-2
> gle=o)l”

O

Let C be a cylinder of length n. If C,,(0?x) = C, we say that the cylinder
C is seen in x at time j. Let ¢ > 0, L' < L” and let D be a cylinder of
length L'. For any x € 3,, we define a finite tree, denoted 7 (z, D, L', L"  ¢),
as follows:

e the nodes of 7 (z, D, L', L" ¢) are all those cylinders D x G’, where
G’ is a ({ — L' e)-cylinder with L' + n(e) < ¢ < L”, each of which
contains at least one (L”, 2¢)-cylinder seen in x at a moment between
the time 2~ + 1 and the time 2L

e a (-cylinder D x G' € T(x,D,L',L" ¢) is the parent of a (¢ + 1)-
cylinder DxG"” € T(z,D, L', L",¢) if and only if G” C G'.

Fix L' < L". For L' +n(e) < ¢ < L", denote
T(z,D,le):=8{DxG €T (x,D,L',L" ¢): |D*G'| =(}.

Theorem [I.J implies that if L” satisfies the condition of Theorem
and if x € (L, ¢,7), then in between the times 2% + 1 and 2°%”, for each

L'-cylinder D we can see at least 2(¢=9%" cylinders of length L” in z of the
form
(7].) D * G/ (G, 6 CL”—L’@)-

By the quasi-Bernoulli property (B-J), it is easy to see that if L” is suf-
ficiently larger than L’ then the cylinders D x G’ are good in the sense

(7'2) G = D * GI I~ CL”,2€'
Thus we have
T(z, D, L”,E) > o(c—e)L"
Next we will prove that with big probability, for all L' +n(e) < ¢ < L”

T(x,D, 0, c) > 22
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7.2. Trees associated to a typical orbit.

Assume that L” > n(L',e,n). Let L' +n(e) <L < L" x € &L e,n),
and D be a L'-cylinder. By definition T'(x, D, ¢, ) is the number of different
cylinders of the form

D G, Wlth G, € Cg_L/75

each of which contains at least one (L”,2¢)-cylinder belonging to the list
CL//(O'jl‘), 2L/ + 1 S] S 2cL/,.

Theorem 7.4. There exists no(e) such that for sufficiently large L" and
for L' +ng(e) < € < L" we have

2(672E)LN

o {w € E(L =) : T, D, £,2) < 20290 < o

In the rest of this subsection and the next two subsections we prepare
for the proof of this theorem, which will be presented in the subsection [.5.
We need to estimate the measures

po{r € E(Le,n) : T(x,D,l,e) =K}

for K < 2(¢=29(—L)  We will do that in the following.
For1 <t <L” +d (where d := [wL"]), let

) CL"_QL/
A =2V v+ (L +d)+t:0<k< =~}
¢ { +E(L"+d)+t:0<k< L”+d}

Fix K cylinders Cy, -+ ,Ck € C—p/ .. Let
Ti(z;C1,Cy, -+ ,Ck) =
ﬂ{j €A :Cri(oiz) € Cr 2c implies Cri(oiz) C D*é}

where

K
DxC = U D xC;.

i=1
T(z,D,l,e) = K means there exist K different (¢ — L', ¢)-cylinders, say
Cy,Cy, -+ ,Ck such that all (L”,2¢)-cylinders seen in x in between the
times 2" 4+ 1 and 2°" are contained in some of the D x C}’s, i.e. contained
in D+ C. On the other hand, by Theorem [[-3, there are at least 2(¢~=)L"
of the (L”,2¢)-cylinders seen in 2 in between the times 2% + 1 and 2¢%".

So, for at least one ¢ the number of the (L”, 2¢)-cylinders seen at moments
(c—e)L”"

L"+d’

belonging to A; and contained in D % C is at least Thus we get

L//+d

{re & en):T(x,D,l,e) =K} C | U Ey(Cy,---,Ck)

t=1 C1,
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where the second union is taken over all possible collections C1, - -, Ck of
(¢ — L', e)-cylinders, and where

. 2(676)[1”
Et(Ch'“ 7CK) = {ZU € 5(L7€7n) : Tt<x;01702,"' 7CK> > L”+d } .

Therefore, using the fact that the number of (¢ — L', ¢)-cylinders is at most
2(h+e)(t=L) " \we have proved
Lemma 7.5.
pe(x € E(L e,n): T(x,D,le) = K)
" 2(h+€)(ZfL/)
S (L _'_d) K sup :u(b(Et(Clu 7CK))
t;Ch,,Cx

7.3. Generalized quasi Bernoulli property.

In order to estimate the measure p4(E:(Ch,---,Ck)), we need the fol-
lowing generalized quasi Bernoulli property.

Let A be any cylinder and L > 1 be any integer. For z € A, we define

va(r) = inf{|A| + k(L 4+ d(L)) > 0 : Op(o!AHFEFED gy € ¢ )
where d(L) = |wL] for some big w > 1 (see Theorem P.T]).

Lemma 7.6 (Generalized quasi Bernoulli property). Let A be any cylinder,
G € Cre and 14 be defined as above. Then

3
po(z € A: Cp(o4@z) = G) < 1 j 28M¢(A)M¢(G)-

Proof. Notice that

{reA:Cpo®Wz) =G} = UAi
i=0

where
Ai={z € A:Cp(0"4Wx) = G, 1a(z) = |A| +i(L + d)}.
For ¢ = 0, we have
AQ =AxG.
So, by the Gibbs property (B-J) we get
116(A0) < 7 pg(A)ps(G).
For ¢ > 1, we have
AZ'C U A*Bl*d"'*dBi*dG-
Bi,,Bi#Cr e

So, by the multi-relation (-4) we get

po(Ai) <P (1L+ BN ps(A)ps(G) | D ps(B)
BgCr e
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Since Ypge, fa(B) < 15(G5.) < €, we get
Ho(A) < P E(L+ BY) s Aps(G).

Thus
pg(z € A: Cp(0@z) =G) < Puy(A Z (1+8%)’
=0
3
= T an _€<1+ﬁd)ﬂ¢(A)M¢(G)-

We finish the proof by observing that g < 1.

7.4. Estimation of p,(E(Ch,---,Ck)).
Let t be fixed. We define inductively
u(z) = inf{j € Ay: Cpn(o?z) € Crua};
te1(z) = inf{j € Ar:j > u(x);Crn(o’z) € Cpua}.

Let
_ 2(07€)L”
(7-3) ne=
We have
ti(x) <oo ifx € E(Cy, -+ ,Ck),and if i <n.
Then
(7-4) po(Ey(Ch, -+, C <Z,u¢ z:0"@y e )1 <Vi<n)

where the sum is taken over all F;’s with the property
F,€Crio, F,CcDxC (1<Vi<h).
Lemma 7.7. Let n > 1 and let F; € Crro. with 1 < i <n. We have

po (v : Cro(0"@r) = F;i=1,2,--- n) < (1—48) IIN¢

i=1

Proof. We prove it by induction on n. Let
={z:Cp(c"®z)=F;;i=1,2,--- ,n}.
Write
Oni1=QnN{r: CL//(UL"“(:B):L’) = Foi1}

Notice that Q,, is a disjoint union of cylinders, say

Q.= J4;.

Furthermore if z € A; we have

CLN(OL"H(QC)ZL‘) = Fn+1 <~ CL//(O'LAJ (m)l‘) = Fn+1-
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Thus, using the generalized Bernoulli property (Lemma [7.6), we have

fs(Qni1) = Z,qu(l’ = Aj7CL”(O-LAj($)x) = Fyi1)

J

3
Y
TP ;N¢><AJ’>/~L¢><Fn+1)

3
= 116(Qn) o (Frnin)-

1 —4e
OJ
Lemma 7.8.
2(4:75)L//
Mq&(Et(Cl’ . ’CK)) S <276K2(—h+5)(£—y)) L' +d
Proof. By the last lemma, we have
3 n n
v
Ho(B(Ch, -+, O)) < (1 - 45) > T
Fi,oe Fy i=1
where the sum is taken over all collections F1, ..., F;,’ consisting of different

(L”,2¢)-cylinder contained in D % C. Recall that 7 is defined in ([(-3).
Since fig(D x C;) < 3 ps(D)pg(Cy) and jug(C;) < 2L e have
N e(F) < pp(D#0) < Kypalhtol-i),
FGCL//’QE,FCD*G

So,

6 n
Md’(Et(Ch e 7CK)) < (ﬁKQ(hJFE)(ZL/)) .
— 4

7.5. Number of branches of a tree: Proof of Theorem [7.4.
By Lemmas [/.] and [[.§, we have

,ud)(a: e &L e,n): T(x,D,le) = K)

o(h+e)(-L)

2(4:75)L//
6 1-o—(h—e)(—L")) L7+d
. ) (27 K2 ) .

7)< W
For K < 2(=29(=L) and for ¢ < L”, we have on one hand

(7-6) ( 2(h+€])((£y) ) < hte) (=LK 2(h+e)L”2(C*2E)L”;

and on the other hand
Ko (o)=L < gle=h—e)(t=L)
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which implies that there exists an integer ng(¢) such that if £ — L' > ng(¢)
we have

9

So, from ([-), ([(-G) and ([[-]) we get
u¢(x e &L e,n): T(x,D,le) = K)

(77) 276K2_(h_5)(£_l/) S ie. 2762—(}1—6—6)([—1/) S

DN | =
N —

(7-8) < (L4 d) g
Choose L" sufficiently large so that
" ]_ 2(675)1//
79 h L/I2(cf2e)L < .
(7:9) (h+¢) <5 T

JFrom ([-§) and ([-9), we get
2(0*5)[;”

po(x € E(L'e,m) : T(x, D, lye) = K) < (L' +d) - 27 2075,

)(e-L)

Summing over all K < 2(¢=% , we obtain

o L) T 1) £ )

2(0*5)[;”

< (L' +d)- 220 oy < 92

72(676)11//
for large L”, because 2 2Z7+d tends to zero superexponentially fast.

(c—2e)L""

7.6. The Cantor set and lower bound of dimy{y : a(z,y) < c}.
The next theorem is an improvement of the mass transference principle
[BV] to the multi-fractal measure fi,.

Theorem 7.9. (Multi-fractal mass transference principle) For0 < ¢ < h
and for py-a.e. x we have

hiop {y = a(z,y) <c} >c.

Proof. Let € > 0 be an arbitrary small number. We can find an increasing
sequence of integers (Ly)r>o such that

[y

(c—2¢e) Ly, £
— 9k+2°

and that for each & > 1, the couple (L', L") = (Ly_1, L)) satisfies the
condition of Theorem [.4. Apply Theorem (.4 to L' = Ly, L” = Ly and
N = s to get Ex(e) == E(L',€,n). It has the properties that

3
(711) Hol€le)) > 1 o
and that there is a subset £ (e) of &(¢) with

(7:12) HolE(E)\ E5(9)) < 3o

(7-10) Ly=0, 272
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such that for any x € & (e), any Ly_q-cylinder D and any Ly_1 + no(e) <
¢ < Ly we have
<x7 L 767 E) > 2(6_26)(£_Lk_1).

Define
£(e) = )& (Ln.2).
k=1

Equations (F-11) and ([-12) imply that u4(Eji(¢))) > 1 — 5 and

00
3

219
k=1

(7-13) (€)= 1 — —1--

For z € £*(¢), we have
(7-14) T(z, D, 0, e) > 22 Li)

for all L_q-cylinders D and all Ly_1 4+ ng(e) < € < L.

Now, for each z € £*(¢), we construct a Cantor set as follows.

First step: for ng(e) < ¢ < Ly, consider the family &,(z) of (¢, ¢)-cylinders
which contain at least one (L, 2¢)-cylinder seen in x between the times 1
and 2°I1. This yields a tree T, () of height L;. The nodes of the tree
Tr,(z) are the (¢, ¢)-cylinders, with ng(e) < ¢ < Ly, belonging to &(x).
The edges are defined by the containment relation. We will extend this tree
inductively.

Second step: Let k > 2. Suppose that we have constructed a tree T, ()
of height L;_;. We will construct a tree of height L;. Let

L'=Li,, L'=1L,.

Fix a L'-cylinder D seen in z before time 2°F| which is the label of a node
of the tree Ty, () at level Ly_;. For L' 4+ ng(e) < ¢ < L”, take all
(¢, e)-cylinders that contain at least one (L”, 2¢)-cylinder of the form D* G
seen in 2 between the times 2% + 1 and 2°*". As before we denote this
family by €,(x) (both D and G varying). The tree ¥, () is obtained from
T, ,(z) by adding branches to each D. That is to say, by splitting D into
(¢, e)-cylinders belonging to €,(z).

We define
Cu@ =] [ U <

k=1 f=Ly_1+no(c) CEC(z)
We have Co(z) C {y : a(z,y) < ¢}, since for any y € C () and for all

kE>1
ve U ¢
CEQ:Lk (Z‘)

ie.y € Cp (0’x) for some

olv—1 11 < j < 200k,
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We claim that dimy C () > ¢ — 2¢. In fact, for L1 +ng(e) < € < Ly,
we have

N

logo 1€() = (c—2)(0— Ly 1)+ 3 (e —22)(L; — L; 1)

<.
Il

> (e—2e)t
Define a probability measure v on Cy(x) by
1
v(C) = VC € &(xr) and | € N).

It is clear that (note n(e) does not depend on Ly)
(C) < 272,
Thus we have proved that with probability bigger than 1 — ¢ we have
dimg{y : a(z,y) < ¢} > c— 2e.
0

Remark: The proofs in this section can be used to obtain a more pre-
cise estimate on the growth rate of the tree, however this estimate is not
necessary for our purpose. Namely one can show that L1 <1 < 7 Ly then

T(x,D,l,¢) > 203

This implies that the upper box counting dimension of the corresponding
Cantor set is h — 3¢ while the lower box dimension equals the Hausdorft
dimension equals ¢ — 2e¢.

8. RESULTS FOR THE FULL SHIFT

Our strategy is to prove all the theorems in the symbolic framework and
then transfer them to the circle. Let us get together the already obtained
results in the symbolic framework.

Lemma 8.1. For 0 < k < oo we have ji4-a.e.
1 1
sup{E(t) : p <k} > dimy F*(x) > sup{E(t) : 7 < K}.
For x <1/h,, (ie. 1/k > hy,) we have piy-a.e.

sup{ E(t) : % >k} > dimg Z%(x) > sup{E(t) : % > K},

and for k > 1/h,, (i.e. 1/k < hy,) we have pig-a.e.
dimy Z%(z) = 1/k.



AI-HUA FAN, JORG SCHMELING AND SERGE TROUBETZKOY 33

Proof. The first line is a consequence of Lemma .9, Theorem and The-

orem P.3.
The second line is a consequence of Lemma .3, Theorem [5.3 and Theo-
rem P.3.

The third line is a direct consequence of Lemma B.J, Theorems p.9 and

e O

Corollary 8.2. Let 1/k € (e7,eT). Then for jiy a.e. x
1
dimpyg F*(z) = max {h, :a(z,y) < — v —a.ey}.
v—ergodic K

For 1/k € (hy,,e") and py a.e. ©

1
dimy Z%(x) = max, {hy, 1 a(z,y) > — v —a.ey}.
v—ergodic K
The properties of the entropy spectrum which were stated in the back-
ground section immediately imply the following corollary.

Corollary 8.3. For 1/k € (e7,e") and uy a.e. x we have

sup  [P(q¢) — P'(q¢)q] > dimyF~(x) > sup [P(q¢) — P'(q¢)q] .

1 1
—Pg)=+ —P(g)>~

For 1/k € (hy,,e") and pg a.e. x we have
sup  [P(q¢) — P'(qd)q] = dimyI™(x) > sup  [P(qe) — P'(qd)q

—P'(q)<t —P'(q)<:

If we consider a typical potential, then the function E(t) is continuous
on the nontrivial interval (e7,e™), equals 0 on the endpoints (see [BZ)).
Hence the right hand side and left hand side inequalities in Lemma and
Corollary B3 are equal. Since the maximum value of E(t) is attained at
the value t = — fz; ¢ dfimax and equals hyop (X5 ) = 1 we have the following

corollary.

Corollary 8.4. For a typical potential and j14 a.e. x we have

dimy F*(x) = hiop(X5) =1 for k > m,
dimy Z5(z) = hiop(B3) =1 for k < m
Let q,, be the number such that P'(q.¢) = —=. Then
dimy F*(z) = E (£) = P (q.®) + ~¢x for k < m,
dimy I%(z) = E (L) = P (q.¢) + Ltq.  for h—; > K> m

Finally we come to the answer of the symbolic version of question (Q2).
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Lemma 8.5. For py a.e. x we have

1 1
3:% = < — = = F .
(x) @ fOT 8 et maX;L ergodic j‘(_(b) d:u Hd),E;L

Proof. From multi-fractal analysis, it is well known that

et = mlfxx/(—gb) dv = maxh,, (y).

yery
Therefore
F%(x) C{y:a(r,y) > 1/k and b, (y) < et <1/k} =1
by Lemma B.3, Lemma .3 and Theorem [p.3. O

Using the techniques developed in the previous sections we can conclude
a strong theorem on the structure of typical sequences. The subword struc-
ture of a typical sequence up to time L is completely determined by the
entropy spectrum of the measure.

Corollary 8.6. Consider n < L sufficiently large, a typical point x and the
set of cylinders C,, of length n satisfying u(C,) ~ 27P" which are subwords
of the cylinder Cp(x), i.e. the orbit of x hits the cylinder C,, before time L.

Then
£(C,) ~ max(0, 20In(EB)E@) -5+ (0g L) /nny

Here a,, ~ b, means that the ratio a/b is subexponential in n.

9. EXTENSIONS TO SUBSHIFTS OF FINITE TYPE

The previous results can be extended in a canonical way to subshifts of
finite type: 33 is replaced by a subshift space ¥4 and p, and py by two
Gibbs measures of the subsystem o : ¥4 — ¥ 4. Extensions to symbolic
spaces of several symbols are also obvious.

Here we consider another kind of extension. Given a compact subset K
in 5. What can we say about K NZ"%(z) and K N F*(x) ? We assume
that the reference measures ji, and p, are Gibbs measure of the full shift
o : Y5 — X5, We can answer this question when K = ¥4 is a subshift of
finite type. The proofs are still slight modifications of those for the full shift,
thus we only sketch them briefly here. We will emphasize the differences.

Let X4 C {0,1}" be a subshift of finite type. We are interested in the
following two sets:

Fhri(x) =F(z)N¥Ey and Z%(x):=Z%x)N 4.

Recall that ps(X4) = 0 if 4 # {0, 1} because ¥4 is a closed invariant set
(0¥ 4 C X4) and g is of full support and ergodic.

The analysis of these sets is related to the determination of the follow-
ing restricted entropy spectrum: Recall that — [ ¢dpu, is nothing but the
conditional entropy of p, relative to . Let

Ey(a) :=dimg{y € Xa: hy,(y) = a}.
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We list some facts concerning F 4 («) which are needed to modify the proofs.

(1) Clearly the restriction ¢|s, is a Holder function.
(2) Let P4(v) be the pressure of a potential ¢ : 34 — R related to the
subsystem o : ¥4 — X 4. Then

PA(¢|2A) <0.
This a consequence of the variational principle:
PaGls) = | max (bt [ odn)
@ invon X » YA

< max (h, —|—/E<bdu) = P(¢) =0.

@ inv on X

(3) pa(z) = ¢|s, — Pa(¢|s,) is normalized in the sense that Ps(¢a) =
0

(4) Let pg, be the Gibbs measure on ¥4 associated to ¢ 4. It is related
to the original Gibbs measure p, by

[ig A (Ch(x)) ~ eonda(@) — oSnd(@)=nPa(dls,) oy o= nPa(Plny (¢)M¢<Cn(x))

for x € ¥ 4. Here =~ means that the ratio is bounded between two
constants independent of n.

(5) Consequently, if one of the local entropies hy,, (x) or hy,(z) is well
defined then both are well defined and we have

hﬂ¢>A (SL’) = hu¢<x> + PA<¢‘2A)7 T € g

(6) The following spectrum is well known from multi-fractal analysis

EA(B) == dimg{y € Xa: hy, (y) =B}
The condition h,,, (y) = 0 is equivalent to limy, .. n™' (Sp(—¢4)(y)) =
B.
Now, by (5) and (6), we get that the spectrum E(-) is expressed in term
of the known spectrum E4(-):

Ex(a) =dimy{y € ¥a: hy,(y) = a}
= dimp{y € Xa: hy,, (y) = a+ Pa(9)}
= Ea(a + Pa(9)).
Furthermore, the set {y € X4 : h,,(y) = a} is empty, so Ea(a) = 0 unless

(9-1) E1 < o+ Pa(¢) < &}

where €}, €, are respectively the maximal and minimal entropy of h, on’
That is

el = sup /(—¢A)d,u = sup /(—¢)dﬂ+PA(¢|aA)

supppuC3A supppuCXa

=it [onda= it [o)dnt Patols,)

supppuC2A supppuCXa
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Define
e, = inf /(—(b)d,u, eh = sup /(—(b)du.

supppuC3ig supppuC3ig
So, (B-1) is equivalent to
ey <a< ej.
Thus E4(a) < E(a) because
EA(oz + Pa(0)) = sup h,= sup h,
supppuCXa supppuCXa
J(=¢a)dp=ca+Pa(9) [(=¢)dp=a
< sup h, = E(a).
J(~@)dv=a
Let e%* be the unique value for which F4(«) attains its maximum (sup-
ported by the Parry measure). In particular E4(e}®) = dimpg(2X4). Then
we can conclude

Theorem 9.1.
EA(%) if

S egax

> el

A =x =

dimpy Fj(x) = {

1
and Fh(x)=10 if ;>ej.

Theorem 9.2.

o+ Pa(dls,) if —Pa(dls,) <5 <
dimy Z5(z) = { Ealy) if hy,, = Pa(@ls,) < 5 < ef™
dimy (X 4) if 1> egex

and Ih(x)=0 if % < —Pa(9]s,)-

Remark: Unlike the full shift case Z%(x) is empty for large .

Proof. The only statement in the two theorems which differs from the full
shift is that Z%(2) may be empty. Fix ¢ > 0. Let = < —P4(¢|s,) —¢. Then
by (B-1) we have

hu¢ (y) Z é:‘ - PA(¢|2A)
for all y € ¥ 4. Then, by Lemma .2

1
I%(z) C {yEEA: a(az,y)<—+e}
K

1
= {yeBar aley) < —+e hy(y) 2 €y — Paldle,)}
C {yeXa: alz,y) < —Paldlsa), hu,(y) = €4 — Paldls,)}

< Uty ea: h) € [je, G+ 1)e) + &5 = Pa@lsa)}
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Thus, Lemma with K = 2x", [ = max(2F4(€atie) 2(€4+U+le) and N =
1 implies that each of the (countably many) sets on the right hand side is
empty for p4-a.e. x. O

10. TRANSFERRING TO THE CIRCLE

In this section we show that the results of the section § hold for the dou-
bling map of the circle, i.e. replacing F%(x),Z"(x) by F*(s), "(s). Recall
that the projection 7 : ¥ — S was defined in the section P For y € ¥;
y # 1°°,0% let

Chly) = C (y) UCu(y) U C,l ()
where C (y) denotes the cylinder of length n preceding C,,(y) in the lexi-
cographical order and Cf (y) denotes the immediate successor.

Theorem 10.1. For u, a.e. v we have
dimy (F*m(z)) = dimy 7(F*(x))
dimy (I"n(z)) = dimg 7(Z"%(x)).

Proof. For x € 35 with x # 1°°,0°, the projection of each of the cylinders
C, (z), C,(x),Cl(x) to S! is an interval around 7(z). Moreover we have

1 1 .
(10:1) T(Ctognien(@)) € (7(0) = o, 1(0) 4 1) € T(Cg )
Applying the left inclusion, it follows that
Fr(m(x)) C w(F(x)).

Hence
dimpy (Fr(z)) < dimg 7 (F*(z)),
and similarly
dimy (I"7(z)) > dimy 7(Z"%(x)).
We turn to the reverse inequalities. For this we define
m*(z,y) = 1inf{l > 1 : o'z € C*(y)},

o (z,y) =inf{l >1: oz e C, (y)}

and
mH(z,y) =inf{l >1: oz € CF(y)}
then
To(@,y) = min{r, (,9), 7(2,9), 7, (,9)}
and

a*(z,y) = min{a” (z,9), a(z,y),a"(z,y)}
where a*, o™, a™ are defined in the corresponding way. Therefore in analogy
to Lemma .9

(102) {7) @) > 1} € PG



38 DYNAMICAL DIOPHANTINE APPROXIMATION

and
(103) @) < {nlo) s o) < 1)

Next we need the following lemma to prove the reverse inequalities.

Lemma 10.2. For any x € X3 and v an ergodic Borel probability measure
different from dp and b1 we have

o (z,y) = a(z,y) v —a.e.

Proof. We will prove that at(z,y) > a(z,y) almost everywhere. The proof
for = (z,y) > a(z,y) a.e. is similar. Since

a’(z,y) = min{a™ (z,y), a(z,y), o (z,y)},
this will imply the lemma.
Fix € > 0. Let 1, be the characteristic function of the cylinder set

consisting of n 1’s. Since v is not concentrated on 1*° we can find an n,
sufficiently large that

/1n(:c) dv(z) < € (Vn > n,).
Now let y be a generic point for v. Then there is an ng = ng(y) > n. such
that |

—S,,1,(y) < VYm > )

—Sulaly) <e (¥ > o)

Let us consider the structure of C/f(y).

Chy)= [y Ym1l1] if y=v1 Yni10---
Co() = [y1-yr-1100---0] if y=y1- ye 1011 1ypmyr--- .
It follows that
Cih(y) € Craly)

where k = k(y, m) is characterized by y, = 0 and y; = 1 (Vk < j < m}).
Thus
(104) Tn—t(l‘, y) > Tk—l(xa y)
For a given x, the more 1’s at the end of C,,(y) is the only way to enlarge the
difference of ’s hitting times of C}}.(y) and C,,(y). Let n > ng, m > n—I1—1
and assume that we have a block of n + [ ones at the end (I > n). Then
(10-4) becomes

T; (SL’, y) > Tm*n*lfl@jv y)
The worst situation is when this block occurs very early. We are going to
estimate this first occurrence. First we observe that

1 [
e>—S,1,(y) > —.
m m

This implies that the first occurrence of the block in question is not earlier
than
m—n—1—1>m—2l>m(1— 2e).
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Therefore

ot (@,y) = lim <Al 1 Bl (1 gjae, )

Letting ¢ — 0 we obtain the result. O

We continue with the proof of the theorem. For any Borel set A we have
dimpy mA = hyop(A)

since diam7(C) = 27/l for any cylinder set C. Thus applying Theorem

F.3 yields
dimp 7(F™(2)) = hiop(T™ (%)) = hyg(w)o-

Let t(k) = q(k) if £ > epax and ¢(k) = 0 otherwise. Suppose € > 0. By
continuity of the multi-fractal spectrum we have

Hm Aye—cyp = hugoyg

and
1 1
h:u't(nfs)qb (y) = PR > P Hi(r—e)p —a-€. Y.
By Corollary B3 for jiy X fig(—e)s for a.e. (z,y) we have

0" (a,9) = () =, (4) >

Thus 7(y) € F*(n(x)) for jig—e)p a.e. y and dimgy F, > h
the limit ¢ — 0 shows

dimy F*(n(x)) > h

. Taking

Ht(k—e)g

= dimy 7(F*(x)).

Ht(k)g
This completes the proof for the set .

It remains to show that dimy I"(7(z)) < dimpy w(Z%(z)). If £ > epax
then this is trivial since dimpy 7(Z"(z)) = 1. Observe that for any ~ we
have dimy I*m(z) < +. To see this consider the natural covering (7" (z) —
-, T (2) + =) of I*(m(x)). The s-covering sum is ) —= < oo if s > <.
Therefore, if 0 < = < hy,, we have dim I*(n(z)) < + = dimy(Z"(x)).
Finally if h,, < % < emax the for any Holder function ¢ € H*(SY) let
¢ = ¢om. We have ¢ € H*(Zy) and ¢(zq, ..., 2,01%°) = ¢(xy, ..., z,, 10°)
thus by the Gibbs property we have

L logpg(Ci(2)
e Tog 1(Co())

Hence hy, (y) = hy,(y) for all y € ¥,
Consider the set

I"(m(@)\7(I"(z)) = {y:7(y) € ["(n(z)),y € T*(x)}
1 1
- {y : Oé*(.T,y) < Eva('rvy) = E :

=1
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By Theorem .3 for p4-a.e. © we have that the last set is contained in

(v 0% (e,) < o () 2 21

Thus Lemma 1] implies that for any e > 0 there are at most C(¢)-2E()n
cylinders of length n needed to cover {y : a*(z,y) < L,k (y) > £ +¢c} .
Hence

dim s (I( (2))\ 7 (T% () < E(2) = dimy 7(F ().

K

Corollary 10.3. For g a.e. x we have F*(m(z)) =0 if = > e,.

In Theorem P33 and Corollary we can ignore the delta measure on
fixed points since they have zero entropy and therefore do not give any
contribution. This transfer procedure allows us to conclude the following
Theorems and Corollaries from the analogous results of the section §. These
results contain more information than those stated in the introduction, thus

we reformulate them. We set vy = py 0 771

1 1

Theorem 10.4. (Theorem []) k4 = *fs11¢dl’w = @ = IR

Lemma 10.5. For vy a.e. s we have

sup{ E(t) : % <k} > dimy F®(s) > sup{E(t) : % < K}.

For vy a.e. s and k < 1/h,,, we have

sup{E(t) : % >k} > dimg I"(s) > sup{E(?) : % > K}

Corollary 10.6. For v, a.e. s

sup  [P(q¢) — P'(q¢)q] > dimyF"(s) > sup [P(q¢) — P'(q¢)q] .

1 1
—Pg)=+ —Pq)>~

For vy a.e. s and for k < 1/h,,

sup  [P(q¢) — P'(qp)q] > dimyI"(s) > sup [P(q¢) — P'(qp)q].

1 1
—P(g)<% —P'(q)<%

Corollary 10.7. (Theorems and [.4) For a typical potential ¢ and vy
a.e. s we have

dimy F*(s) = dimy (SY) = hep(SH) =1 for 1/ < —/ngdLeb.,

dimy I%(s) = dimg(S') = hiop(S') =1 for 1/ > —/(deeb..
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Let g, be the number such that P'(q.¢) = —%. Then
dimg F*(s) = E (%) = P(qu¢) + 2 for1/k > —/ngdLeb.,

dimy I"(s) = E (£) = P(qu®) + 2q ~ for hy,, <1/k < —/qdeeb.,
dimy [%(s) = * for1/k < hy,.

K

Remark: 1) If x > 1 then > [, < oo and we can not cover Lebesgue
almost all points infinitely often no matter which orbit we consider. Thus
it is likely that the dimension of I”(s) is less than 1. In the degenerate
case this is clear. To see this in the nondegenerate case note that since the
graph of the entropy spectrum is below the diagonal we have 1 = hi,, =
E(émax) < €max. Therefore the maximum dimension (i.e. 1) is attained for
k<1

2) For a non typical potential we have possibly discontinuities of the
function E(t) at e*. At these points the upper and lower estimates of
Corollary [[0.6 do not coincide. This indicates that the question about
infinite versus finite covering can not be completely answered in terms of
the exponent . At this point the answer might depend on a constant ¢
where [, = —. This is in particular the case for the i.i.d. case mentioned in
the introduction. The dynamical analog is Lebesgue measure whose entropy
spectrum is degenerate. Therefore we can not get any information about
the sequence £ which resembles the i.i.d. case.

Theorem 10.8. (Theorem [.7) For vy a.e. s we have
1 = /‘{,F 1.
- inf,u ergodic f (b d:u 5

These results are summarized in Figure 2.

Remark: The result of Corollary B.q can also be transferred to the circle.
The interpretation of this result is as follows. The distribution of a typical
orbit up to time L is completely determined by the entropy spectrum of the
measure.

Acknowledgment The authors thank L.—M. Liao and Q.—L. Li for their
useful remarks.
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